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Abstract

Using some new techniques, criteria for strongly exposed points of Orlicz sequence spaces
generated by arbitrary Orlicz function and equipped with the p-Amemiya (1 < p < c0)
norm are obtained. Next, strongly exposed property of these spaces is deduced. The
obtained results broaden the knowledge about these notions in Orlicz sequence spaces
equipped with the p-Amemiya norm.
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1. Introduction

Let X be a real Banach space, and let B(X) and S(X) be the closed unit ball and the
unit sphere of X, respectively. By X* we denote the dual space of X. For any u € S(X) we
denote by Grad(u) the set of all supporting functionals at x, i.e.,

Grad(u) = {f € S(X*) : f(u) = [lu]}-

Exposed points were first defined by Straszewicz in 1935 in the case of finite-
dimensional spaces (see [1]). The concept of strongly exposed points were introduced
by Lindenstrauss in 1963 (see [2]). Both exposed points and strongly exposed points are
basic concepts in the geometric theory of Banach spaces. There is a connection of strongly
exposed points and the Radon-Nikodym property. Phelps showed in 1974 that a Banach
space X has a Radon-Nikodym property if every non-empty closed, bounded convex subset
is contained in a closed convex hull of its strongly exposed points (see [3]). Criteria for
exposed points in classical Orlicz spaces equipped the Orlicz norm, Luxemburg nom and
p-Amemiya norms were presented in [4-8]. Criteria for strongly exposed points in classical
Orlicz spaces and Musielak-Orlicz spaces equipped the Orlicz norm and Luxemburg nom
were given in [9-13]. The p-Amemiya norms are generalization of the Orlicz norm and
Luxemburg norm. Up to now, no characterization of strong exposed points and strongly
exposed property of Orlicz sequence spaces equipped with the p-Amemiya norm was
known. The main aim of the paper is to complete this gap.

Definition 1 ([1]). A point u € S(X) is said to be an exposed point if there exists f € Grad(u),
such that for allv € B(X) \ {u}, f(v) < f(u) = 1. Then f is called an exposed functional of u.
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Definition 2 ([2]). A point u € S(X) is called a strongly exposed point if there exists f € Grad(u),
such that for any {u,}%,  C B(X), f(un) — f(u) = 1implies ||u, — u|| — 0as n — co. Then
f is called a strongly exposed functional of u.

Obviously, a strongly exposed point is an exposed point. If every x € S(X) is an
(strongly) exposed point, then X has the (strongly) exposed property. In a strictly convex
Banach space all points of its unit sphere are exposed, while in a locally uniformly convex
Banach space all points of its unit sphere are strongly exposed (see [5,9]).

In the sequel, N and R denote the set of natural numbers and the set of real num-
bers, respectively.

The triple (N, 2%, 1) stands for the counting measure space and 1°() = I° denotes the
space of all real sequences 1 = (u(i)). A Banach space X is called a Kothe sequence space
if it is a subspace of I° such that

(@) ifu € 1°v € Xand |u(i)| < |v(i)| fori € N, thenu € X and |ju|| < ||v|,

(ii) there exists u € X such that supp u = N, where supp u = {i € N : u(i) # 0}.

For any map @ : R — [0, o], define

ap =sup{x > 0:®(x) =0}, be =sup{x>0:P(x) < oo}.

Note that if ® is even on R, ap = 0 means that ® vanishes only at zero while by = oo
means that @ takes only finite values.

A map @ : R — [0, 00] is said to be an Orlicz function if ®(0) = 0, ® is not identically
equal to zero, ® is even and convex on the interval (—bg, bp) and @ is left continuous at
bq;., i.e., lll’il_ CD(X) = @(b@)

X—0g
For every Orlicz function ®, we define the complementary function, in the sense of

Young, ¥ : R — [0, co] by the formula
¥(y) = sup{x|y| — P(x) : x > 0}.

Let @, (x) and @' (x) (¥, (y) and ¥’ (y)) stand for the right and left derivatives
of ® (¥)atx € Rwith0 < x < bp (aty € Rwith 0 < y < by), respectively. Here
we define @', (bp) = co and ¥’ (x) = @’ (x) = co for all x > b, ¥/, (by) = co and
Y (y) =Y (y) =ocoforally > by.

For every x, y € R, we have the following Young Inequality:

[yl < @(x) +¥(y) ©)

which reduces to an equality when y € 9®(x) if x is given, or when x € 9¥(y) if y is
given, and

(@ (x),® (x)], for —bp <x < by,
0d(x) =S [@(x), +00), for x = by and ®_(bg) < oo,
(—o0, @' (x)], for x = —bg and @/, (—bg) > —o0.

Given any Orlicz function ®, we define on I° the convex modular of u by

®(u(i)), forany u = (u(i)) € 1°.

[1e

Ip(u) =
1

The Orlicz sequence space lg generated by an Orlicz function @ is a linear space of real
sequences defined by

https://doi.org/10.3390/axioms15030183


https://doi.org/10.3390/axioms15030183

Axioms 2026, 15, 183

30f19

lo ={u€1°: Ip(cu) < oo for some ¢ > 0 depending on u}.

The space he is the subspace of all order continuous elements of Ig defined by
he = {ucl®: Ip(cu) < oo forany c > 0}.

The Orlicz sequence space l¢ is a Kothe sequence space when it is equipped with the
Orlicz norm

lulle = sup ¥ u(i)oli)

or the Luxemburg norm
u
=i : —) <1;.
lulo = inf{A >0 b(A)—l}

At first sight the Orlicz and Luxemburg norms seem far from similar. In fact, in many cases
the geometric properties of Orlicz spaces under each of these norms differ from each other.
But in the fifties, I. Amemiya (see [14]) considered a norm defined by the formula

1

A .

=inf —(1+ Ip(ku)).
el = nf (1 + T (ki)

In 2000, Hudzik and Maligranda proved the Amemiya norm and the Orlicz norm co-
incide for any Orlicz function ®, i.e., || - || = || - | (see [15]). Moreover, it is not diffi-
cult to verify that the Luxemburg norm can be expressed by an Amemiya-like formula
(see [16,17]), namely

1
llu||o = lir;g E max{1, Ip(ku)}.
The only difference between the two Amemyia formulas is the function under the infimum
operation (we will call it the outer function): for all t > 0, s(t) = 1 + ¢ (for the Orlicz norm)

and s(t) = max{1, t} (for the Luxemburg norm). In [15], Hudzik and Maligranda proposed
to investigate the Amemiya formula-norms generated by the outer functions of the type

. (1+t’9)%, for 1<p<oo,
sp(t) =
max{1,t}, for p=oo,
and for any u € Iy,
Jullp = inf £5p(Ta (ki) (1< p < o9)

We obtain a family of topologically equivalent norms (called the p-Amemiya norm), indexed
by 1 < p < oo and satisfying the inequalities

1
lulle = llulle,e < llullep < l[uley < lulloy = lul® <27 uflo,,
foralll < p' < p <oco.

The first paper constituting some basic and crutial results allowing further research and
containing the complete characterization of rotundity and extreme points in Orlicz spaces
equipped with the p-Amemiya norms (1 < p < o0) was written by Cui et al. (see [17]).
After that, an intensive development of research connected with Orlicz spaces equipped
with the p-Amemiya norm have taken place. Necessary and sufficient conditions for
non-squareness properties, smoothness, midpoint local uniform rotundity, local uniform
rotundity, etc., were presented in [18-23]. These results broaden the knowledge about the
geometry of these spaces.
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In order to simplify notation, the Orlicz sequence spaces equipped with p-Amemiya
norms are denoted by lg, = (lo, || - [|op), hop = (ho, || - llo,p)-

An interval [a,b] is called a structural affine interval of ®, or simply a SAI of ®,
provided that @ is affine on [, b] and it is not affine on either [a — ¢, b] or [a,b + ¢] for any
e > 0. Let ([a;, b;]); be all SAIs of ®. We call SCoy = R\ (U2, (a;,b;)) the set of strictly
convex points of ®. Denote

A = U{(Ji : SAI({ZZ', bz) with & ({11') = d>’+ (ﬂi)},

B' = J{b; : SAI(a;, b;) with ®'_(b;) = @', (b;)},
A = J{a; : SAI(a;, b;) with @ (a;) < @', (a;)},
B = U{bl : SAI(a;, bz) with & (bz) < (D;(b,)}

We say an Orlicz function ® satisfies the Ay-condition at zero (® € A;(0), for short)
if there are positive constants k and 0 < xyp < oo with 0 < ®(xp) < oo such that
P(2x) < kd(x) for |x| < xo.

For any Orlicz function ®, ® € A,(0), we also write that its complementary function
¥ satisfies the V,-condition at zero, i.e.,¥ € V,(0). If ® € Ay(0) and ¥ € A,(0), then we
write ® € Ay(0) N V3(0). It is not difficult to prove that lp = he < © € Ax(0) N V2(0)
(see [24]).

By sgnx we will denote the sign function defined on R. This function sgnx is equal to
1forx >0, —1forx < 0andO0 forx =0.

Further details about Orlicz spaces, we refer to [24—27]. Some fundamental topological
and geometrical properties of Orlicz spaces equipped with p-Amemiya norms have been
investigated in [17,22].

2. Auxiliary Results

In this section we will present a few auxiliary definitions and results that will be used
in the main part of the paper.
Let1 < p < oo, forany u € lpp, i < j, we denote

[u]i = (0,---,0,u(i+1),---,u(j),0,---),
[ulj = (u(1),u(2),---,u(j),0,--).

By Theorem 1.43 in [24] and equivalence of p-Amemiya 1<p< o) norms, we have

Tim ([ = [u]u e, = (1) = inf{)t >0, 1@(%) < oo}.

For any u € lg ,, define

ki (u) = inf{k > 0 I (ki) - kg (@, (ku)) > 1} (withinf@ = o),
k¥ (1) = sup{k > 0: 15 " (ku) - Iy (@', (ku)) < 1}.

It is evident that kj(u) < ky*(u) for every u € lgpp \ {0}. Set Kp(u) = {0 < k <
0 1 ky(u) <k <ky*(u)}.

Lemma 1 ([17]). Forany 1 < p < oo the set of those k’s at which the p-Amemiya norm of an
element u € lg,, \ {0} is attainded is equal to the interval Kp(u).
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Lemma 2 ([17]). Let 1 < p < oo, the interval of norm attainable of all u € lg,, \ {0} is nonempty,
closed and bounded (in fact, equal to [k}, (u), ky*(u)]) if and only if ® is not linear on [0, co).

Lemma 3 ([22]). Let1 < p < co. Foreveryu € lg,, \ {0}, if Kp(u) = @, then ||u|ep = by OXO; |u(i)]
i=1

where by = xhﬁ@ﬁr(x) = lim 2%,

x—oo X

Lemma 4 ([19]). Let 1 < p < oo, Ifu € B(lo,p) \ {0}, then Lo(u) < [[u]o,.
We say that ¢ € (lg )" is a singular functional, or simply, ¢ € F, if ¢(he) = {0} .

Lemma 5 ([22]). Let ®, Y be Orlicz functions complementary to each other in the sense of Young
that take finite values only and let 1 < p,q < oo with % + % = 1. If the p-Amemiya norm is k*-
finite, then f € (lp,,)* \ {0} has the unique decomposition f = v + ¢ wherev € ly 4, ¢ € F, and

£ = Iflleq = inf 3 (Fe(2) + gl
Lemma 6 ([22]). Let1 < p,q < oo, u € g \ {0} and K, (u) # D. v € S(ly q) is a supporting
functional of u if and only if:
(i) v(i) = % -sgnu(i), for some w satisfying ®'_(klu(i)]) < w(i) < @ (klu(i)|),
ieN, keKy(u),
(i) 1" (ku) - Iy (w) = 1.

Lemma 7 ([20]). Let 1 < p < o0, g, is strictly convex if and only if ap = 0 and ® is strictly
convex on the interval [0, 7t (5 )] where

oy (3) =sup{t> 05 (@) w(@ () < o ).

Lemma 8 ([23]). Let 1 < p < oo, lg y is locally uniformly convex if and only if
(i) @ € Ay(0) and ¥ € A(0) (ie., @ € Ar(0) N V2(0)).
(ii) @ is strictly convex on the interval {O, ﬂ@,p(%) .

Lemma 9 ([22]). Let 1 < p < oo, ® € Ay(0) and u € lg \ {0}. Foranyi € N, if u, (i) —
u(i) (asn — oo) and
lim sup ) @(u,(i)) =0,

[e) . B
0= 1 i

then [|uy — ulle,, — 0asn — oco.

Lemma 10 ([28]). If sp(x) = (1 —|—x”)%,sq(y) = (1 +y‘7)%, forany 1 < p, q < oo
with % + % =1, and the Holder equality x +y = sp(x)sq(y) = (1+ x”)%(l + yq)% for all

1 1
0 < x,y < oo holds true, it is necessary and sufficient that x1y? =1 (ie., x*~ly = 1Lor xy?~! = 1).

Lemma 11 ([22]). (Minkowski Inequality) Let 1 < q < oo. For any sequences {;}, {nx} C R,
we have

(i) (Lk [Sx + 1x|7)
(i) (1+ (x + y)7)

= [

1 1
< (w8l )7 4 (L i)
< (A4 x7)7 4y forall x,y > 0.

Lemma 12 ([8]). Let1 < p < oo, u € S(lp,p) and Ky(u) = @. u is an exposed point if and only
if card(supp(u)) = 1.
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Lemma 13 ([8]). Let1 < p < oo, u € S(lg ) and Ky(u) # @. u is an exposed point of B(lg,p)
if and only if:

(i) Ky(u) is a singleton set, i.e., Ky (u) = {ky}.

(ii) card(supp(u)) = 1or card{i € N: ku(i) € (R\SCo)} < 1.

(iii) card{i € N : kyu(i) € A’} - card{i € N: k,u(i) € B’} =0.

(i0) I 15 (kyut) - I (D' (ki) = 1, then

card{i € N: kyu(i) € A’} - card{i € N: k,u(i) € B} = 0.
IFI0 " (kyt) - T (@, (kyut)) = 1, and O (kyu) < 1, then
card{i € N: kyu(i) € A} -card{i € N: k,u(i) € B’} =0.
3. Main Results
Theorem 1. Let 1 < p < oo, u € S(lp,p) and Ky(u) = @. u is a strongly exposed point if and
only if card(supp(u)) = 1.

Proof. Necessity. Since a strongly exposed point is an exposed point, by Lemma 12,
card(supp(u)) = 1 is necessary.

Sufficiency. Without loss of generality, we assume u = (u(1),0,---) and u(1) > 0. By
Ky(u) = @ and Lemma 3, ||u||p,, = byu(1) where by = xlgrc}o @. Thus v = (by,0,- - ) is
the supporting functional of u. If there is {uy }_; C B(lp,p) that satisfies

< v,y >= byu,(1) = byu(l),

then u, (1) — u(1) as n — oo.

We will consider the following two cases separately.

(I) There are infinite numbers of n such that K (u,,) = @. Passing to a subsequence of
{un}, if necessary, we may assume that for any n € N, K, (u,) = @. By Lemma 3, we have

1> HunHCD,p = by 2 lun ()]
i=1

= bylun(1)| +by ) [ua(i)|
i—2
— 1+by 2 [y ()]
i=2

as n — oo. Therefore, Y ;°, |u,(i)| — 0 as n — oco. Hence,

ity = inf (1 T (kG — )
< Jim (14 Tk~ )
(1) — (1)) 2 Pua()
- %5&( K L )
e (RGO —w (1) 2 )
- :Loo< fuc) () " O 2 Gy "”')
= bylu(1) — n(1)] + by ¥ Jun(i)] = 0
=2
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as n — oo. Thus, u is a strongly exposed point of S(Ig,).

(IT) There are infinite numbers of n such that K, (1) # @. Passing to a subsequence of
{un}, if necessary, we may assume that for any n € N, K (u,) # @.

Take k, € Kp(u,). We will show that k;, — oo as n — co. Otherwise, without loss of
generality, we may assume that k, — ko as n — co. By the definition of ||u[¢ ,, we get

==

1

%8(1 + I (kou))
1
ko

A

Hu||<1>,p
(14 (@(kou(1)))") ¥

= Jim (1 (@ (1)))

n—o0 n

.1 P 1
< lim k—(1+1@(knun))i’

n—oo Ky

= lim J[ualloy <1 =[ufap

a contradiction.
Since,

1 1
1 > ”unH'iD,p:E(l"'Ig)(kn”n))p

N
_ L (1 + (d)(knun(l)) + Zé(knun(i))> >

i>2

=
= 2
=

> (4 (@knun(1)))7)P = [[un]s]

n

op = ullop, =1.

=

Therefore, } ;2 5 ®(kyuy,(i)) — 0 as n — co. Thus, we obtain

NG
||un - [”n]lHQp < l (1 + (Zq)(knun(i))) ) —0

n i>1

as n — oo. Hence,

[ = unlle,p < llu—=[unhillop + [[un = [un]1lle, =0

as n — co. Thus, u is a strongly exposed point of S(lp,). O

Theorem 2. Let 1 < q < o0, v € S(ly) and 8y (v) < 1. If there is {uy }5 C B(lg,p) such
that < v,u, >— lasn — oo, then

lim sup Z D(uy(i)) =0. (2)

0T m gy

Proof. Byv € S(ly ), {un};—1 C B(lo,p)and < v,uy >— lasn — oo, we get |[un|o,p, — 1
as n — oo. If there is iy * oo, such that Y ;. ; ®(un(i)) > do. We will consider the following
two cases separately.

M Kp(un) #0(n=1,2,---).

Take ky € Kp(un), 1 € Kg(v). By {un};q C B(lop), v € S(lyq), wegetk, >1, 1 > 1.
Since 0y (v) < 1, there exists « > 0 such that Iy(I(1+ a)v) < c0. For 0 < ¢ < "‘T‘SO, take
jo € Nlarge enough satisfying };-.;, ¥ (I(1 + a)v(i)) < e Thus,

https://doi.org/10.3390/axioms15030183
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1
1 «+ ] < kntty,lv >
1 Jo
= Y knun (i)l0(i) + T Y knun (0)1(1 4 )o(i)
n i=1 i>jo
1 Jo
< ( D (kpun(i)) + Z‘I’ (lv(i
knl i=1 i=1
(Zd)k un(i)) + Y F(I(1+a)v ))))
>]o i>jo
1 (
< — | Ip(knun) + Iy(lv) — D (kpun(i)) + —— ) Y1 +a)v ()))
kil 1;: 1+vcl;:
1 1 1 « 1 e
< - el -
< nsp(lq)(knun))lsq(lqz(lv)) knll+ak”50+ ilia
1 1 e
- 1= kll+ak”50+kll+a
1 ady 1 adp
< 1 11+a<1 2k><1 201+ «)

as n — oo, this is a contradiction.
) Kp(up) =@ (n=1,2,---).
By Lemma 3, We have ||uy ||, = by Y7 [uq(i)|. By 6y(v) < 1, thereis A > 0 and

ip € N such that
- v(i)
E ‘I’(l _)\) < 0.

So, for any i > iy, % < by. From

, 1) ) ,
D (11 (7)) :/0 q>'+(t)dtg/0 bydt = by |y (7).

We obtain Y-, by |u,(i)| > i, ®(un(i)) > do for i > ip. Thus,

1+<ou, > = iv(z)un()Jr(lfA) ) o(i) 1y (i)

i=1 izz‘nl_)‘
< bxyzwun D+ (1=A) Y bylua(i)|
i>iy
= bq;z\un )| =AY blun (i)
i>iy

S ||uan>,p — A50 —1-— /\(50
as n — oo, this is a contradiction. [

Theorem 3. Let 1 < p < o0, if & ¢ Ay(0) and the p-Amemiya norm || - ||e,p is ky,-finite, then
S(lp,p) has no strongly exposed point.

Proof. Let u € S(lp,p). Since k(1) < oo, take k € Kp(u), then 0 (ku) < 1. We will
consider the following two cases separately.
(@) O (ku) = 1.

https://doi.org/10.3390/axioms15030183
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ku(i)
1—¢

Fore > 0, j € N, by the definition of 6 (ku), we have };2; (
0=mny<ny <ny<---,such that

k[”]ZH I ku(i .
Ip 1_’1 = Y @ 1_(1 >1 (j=23-).
j l:n]',lJrl ]

By the definition of || - ||q,c0, We obtain

) = oco. Take

Set uj = u — [u]:fl, then u; € B(lpp). Since @ ¢ A;(0), the supporting functional of u
must be in Iy ; © F. Suppose f = (v + ¢) € Grad(u) where v € ly 4, ¢ € F. We have

1> fl) = (o[ ) +o(u— ")

> Y o) + o)
— <ovu>+¢u)=f(u)=1
as j — co. However,

n;_
It = wlle,p = |y

> |l

d00  k ] k
as j — oo. This shows that u is not a strongly exposed point of S(lg ).
(I 9q>(ku) <1
Take w € lg,, such that Ip(w) < co and 0¢(ku — w) # 0 (indeed, if ¢ (ku) = 0, we

take w € S(lg,,) with 0e(w) # 0, if O (ku) # 0, we take w = 0). Since ® ¢ Ay(0), there
exists @9 € S(F) such that ¢g(ku —w) # 0. Set

o,p

Uy = (u(l), o u(n), (n 1), Tw(n +2), )

By Minkowski Inequality, we have

lunllop < %(1+I§>(kun))%
n o) p %
= ]1<<1+<Z<I>(ku(i))+ Y @(w(i))) >
i=1 i=n+1

IN
> =
/N

—_

_|_
VR
1=

oy

=

<
~
=
N——
=

_l’_
=

iy

5=}

< 7(1+I§)(ku))%+%i @ (w(i))
= lullo,

asn — oo where }°  ®(w(i)) — 0is deduced from Ip(w) < co. By O (ku) < 1 and
Lemma 8 in [22], we have Grad(u) C ly 4, take f = v € Grad(u), then

https://doi.org/10.3390/axioms15030183
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12 f(un) = <oup>
:jj@mwifu@w>
i=1 i=n+1

— <ovu>=f(u)=1

goo(ullcw>’ > 0.

Theorem 4. Let 1 < p < oo, u € S(lpp) and Ky(u) # @. u is a strongly exposed point of
B(lg,p) if and only if

(i) u is an exposed point.

(ii) ® € Ay(0).

(iii) u has a supporting functional v € ly 5 with 6y (v) < 1.

as n — oo. But

[t = 14

op > |po(u —un)| =

So, u is not a strongly exposed point of S(lp, ). O

Proof. Necessity. Since a strongly exposed point is an exposed point, (i) is trivial. By
Theorem 3, @ € A,(0) is necessary. We only need to prove (iii). If (iii) does not hold, then
for any supporting functional v € ly 4, 6y (v) = 1,1i.e., forand any T > 0, I¢((1 + T)v) = co.
By Theorem 1.43 in [24] and equivalence of p-Amemiya norms, we have

lim [[o— o]l = By(0) = 1.

Since [|o — [v]uly,, = Sup|\u\|¢p:1<“'v — [v]n), there exists {u, }5_; C S(lp,p) satisfying
o 1
(0= [olnun) =} 0(@un(i) 2 [lo = [olulbrg —

i=n+1

Without loss of generality, let

Uy =0, ,0,uy(n+1),u,(n+2),---).

Put
= S )+ 1) (14 2), ) = L
Then
1> (il + lunllo)
zumwz;mmm
— ;(iu(i)v(i) - i un(i)v(i)>
i=1 i=n+1
> ;( ; u(i)o(i) + [|o — [0]n]lw,q — i) —1
i=1

asn — oo. But ||zu — ullop > 3| [ulullop — 3 > 0asn — co. We obtain that u is not a
strongly exposed point of S(lg,p).-
Sufficiency. Now, we prove the sufficiency for card(supp(u)) = 1.
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Assume u = (u(1),0,---) and u(1) > 0. Since u € hg,p, we have Grad(u) C ly,.
Suppose v = (v(1),0,---) € Grad(u), then |[ulle, = u(1)v(1) = 1. If there exists
{un}s_q C B(lg,), satisfying < u,, v >—< u,v >, then u, (1) — u(1) as n — co. Since
Kp(u) # @, by Lemma 2, K (u,) # @, take ky, € Kp(uy,), we have

1 p 1
HunHCD,p = E(1+I¢(knun))p
1 1
> (1 (@ (1))
n
= Nunhllop = lullop =1

as n — oo. Hence, Y 7% » ®(kyuy,(i)) — 0 as n — co, which implies } ;> , ®(u,(i)) — 0 as
n — 00. By ® € A»(0) and Theorem 1.39 in [24], we have

lun — [un)i]| @00 — O

as n — co. By equivalence of p-Amemiya norms,

lun — [unlille,, — 0

as n — 0. So,
[ —unllop < lu—[unllop + llun — [unillop =0

as n — oo. Thus, u is a strongly exposed point of S(lg,).
Next, we will prove the sufficiency for card(supp(u)) > 1.
Suppose {u,}5 ; C B(lq>,p), < uy,v >—< u,v >= 1. By Theorem 2,

lim sup ) ®(u,(i)) =0 3)

o= 5,

holds. Combine ® € A;(0) and Lemma 9, to prove |[u, — ue, —+ 0asn — oo, we only
need to prove, for any i € N, u,,(i) — u(i) as n — 0. Take k,, € Kp(uy,). We can prove, for
any i € N, kyu, (i) — kyu(i) as n — co where k;, € K (u).
M 127" (k) - Ty (L (kyu)) = 1.
' (kyu)

By Lemma 6, v = T e )Ty 2 the unique supporting functional of u. Since

If;l(kuu) Ty (@' (kyu)) = 1, we get 1 € Ky(®' (kyu)). By the Holder Inequality ([28])
and the Young Inequality, we have
B < D" (kyu) y >
127 (kute) [y, "

(14 18 (ki) 7 - | B (ki) g — (B (Kigte), Kt
kn”q’/f(ku”)”‘lﬂq

(14 18 (k)7 - (14 T (D (k1)) T — T2 ot (D) (K1)

anq)L(ku“)H‘Y,q

Lo (kpuin) + Ly (D (kyu)) — Y52 1 knttn (1) D (kyu(i))
anCDL(ku”)H‘P,q

Lo (ki) + T (' (kutt)) — Loy (ki) — T (@' (Kytt))
kn||q>L(ku”)||‘P,q

==

1
0 <« —(1+I5(kouy))
ky

v

Y

= 0

as n — co. Thus, forany i € N,
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D (kyun (i) + ¥ (D" (kyu(i))) — knun (i) - @ (kyu(i)) — 0 4)
as n — oc0. And
1 1
(1+ I§ (k) 7 - (14 L (@ (ky))) T — I (k) — Iy (P (kyu)) — 0
as n — oo, which means
107 (kntt) - T (D (kyrt)) — 1= 15" (k) - T (D (k)
asn — oo, 1.e.,
I@(knun) — I@(kuu> (5)

asn — oo.
We will discuss the following cases.
Case-11If k,u(i) € SCo, then kyu, (i) < k,u(i) — 6 for any § > 0 implies

D (knttn (1)) + ¥ (DL (kuut(i))) — kntin (i) - @ (kuu(i))
> the area of figure ABC > 0.

(see Figure 1). This contradicts to (4). So kyu, (i) > kyu(i) — 6 for n large enough and any
6> 0.
Moreover, ky i, (i) > kyu(i) + 6 for any 6 > 0 implies

D (kpuy (i) + ¥ (DL (kyu(i))) — kntn (i) - @ (kyu(i))
> the area of figure ADE > 0.

(see Figure 1). This contradicts to (4). So kyu, (i) < kyu(i) + 6 for n large enough and any
6 > 0. Thus, kyuy, (i) — kyu(i) asn — oc.

D' (u)
E
A
@ (k,u(i)) B D
C
I(S (5 1
0 k(i) kutt(i) knun())

Figure 1. k,u(i) € SCop
Case-2If k,u(i) = a € A, then kyu, (i) < a— J for any § > 0 implies

(ke (1)) + ¥ (D (kyta(i))) — kit (i) - ' (ki)
D (knuy (i) + ¥ (D" (a)) — kyun(i) - ®_(a)
> the area of the figure ABC > 0.

(see Figure 2). This contradicts to (4). So kyu, (i) > a — 6 for n large enough and any ¢ > 0.
Moreover, kyi, (i) > a+ 6 for any § > 0 implies

D (knttn (i) + ¥ (PL () = kntn (i) - DL (a)
the area of the rectangle ADEF
(@' (a) — D' _(a))s > 0.

https://doi.org/10.3390/axioms15030183


https://doi.org/10.3390/axioms15030183

Axioms 2026, 15, 183

13 of 19

(see Figure 2). This contradicts to (4). So kyu,(i) < a+ 6 for n large enough and any ¢ > 0.
Thus, kyu, (i) - aasn — .

@' (u)
./
@ (a) F F@
@ (@) I o
C
|(S d 1
0 kpi (i) @ Kaun(i)  CH

Figure 2. k,u(i) =a € A
Case-3 If k,u(i) = b € B, then kyu, (i) > b+ ¢ for any 6 > 0 implies

D (knutn (1)) + ¥ (D (kuu(i))) — kntin(i) - @ (kyu(i))
©(kytin (i) + E (D' (D)) — kytin (i) - (D)

the area of the figure ABCD

(@', (b) — D"_(b))s > 0.

v v

(see Figure 3). This contradicts to (4). So kyu,(i) < b+ 6 for n large enough and any ¢ > 0.
Moreover, ki, (i) < b — 6 forany é € (0,b —a) or (0,b — a’) implies

D (kpuiy (i) + ¥ (D (b)) — kyun(i) - ®_(b) = 0.
(see Figure 3). Thus, k,u, (i) < basn — oo.

D' (u)

L (b) | ﬁ
A B
@’ (b)

6 )

0 kot (i) b kpun(i) M

Figure 3. k,u(i) =b € B
Case-4 If k,u(i) = a’ € A, then k,u, (i) < a’ — ¢ for any 6 > 0 implies

D(kyun (i) + ¥ (D (kyu(i))) — knun (i) - @ (kyu(i))
= O(kpun(i)) + ¥ (P (") — kyun(i) - D" (a")
> the area of the figure ABC > 0.

(see Figure 4). This contradicts to (4). So kyu, (i) > a’ — ¢ for n large enough and any § > 0.
Moreover, ki, (i) > a’ 4+ 6 forany § € (0,b' —a’) or (0,b — a’) implies

D (knity (i) + ¥ (D (@) — knitn (i) - D'_(a') = 0.

(see Figure 4). Thus, kyuy, (i) > a’ asn — oo,
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@' (u)
B A
@ (a)
C
I(S (Sl
0 kni(i) @ kpua(i) M

Figure 4. k,u(i) =a’ € A’
Case-5If k,u(i) = b’ € B/, then kyu, (i) > b’ + 6 for any § > 0 implies
@ (knun (i) + ¥ (PL (kuua(i)) — knttn (i) - DL (kuu(i))

D (kpuiy (i) + ¥ (D_(V)) — knun (i) - D (V')
> the area of the figure ABC > 0.

(see Figure 5). This contradicts to (4). So kyuy, (i) < b’ + 6 for n large enough and any § > 0.
Moreover, kyuy, (i) <b' — 5 forany § € (0,b' —a’) or (0,1' — a) implies

D (knttn (i) + ¥ (D' (1)) — ki (i) - @ (') = 0.

(see Figure 5). Thus, kyuy, (i) < b’ asn — oco.

@ (u)
C/
A
(1) =B
I(S (SI
0 kntta (i) U kpua(i) ¥

Figure 5. k,u(i) = b € B’
If k,u(i) € A’, by u is an exposed point and Lemma 13, we get
{i e N: kyu(i) € B'} = {i e N: kyu(i) € B} = .
Set Ip = {i € N : k,u(i) € A’}. By case-1, case-2 and case-4, we have

knuy (i) = kyu(i) (i€ N\I) as n— oo,
knpuy (i) > kyu(i) (i€ ly) as n — oco.

In fact, for any i € Iy, we can claim that k,u, (i) — kyu(i) as n — oo. Otherwise, there
exists iy € Iy, g > 0, ng € N such that k,u,(ig) > k,u(ip) + ¢g for all n > ng. Since ®
is affine on [a’,b] or [a’,V']: ®(u) = cu + d where ¢,d € R for u € [a',b] or [a',']. For all
n > ng, we have

D(kyuy(ig)) = ckoun(io) +4d
> c(kyu(ip) +e9) +d
= ckyu(ip) +d + cep
= D(kyu(ig)) + ceo.
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Then,

lp(kpun) = Z D (kpun (i) + D (knun(io))
iZio
> ; @ (knun(i)) + (®(kuu(io)) + ceo)
> g (kyu) + ceg

as n — oo, this contradicts to (5). Hence, for any i € N, k,u,, (i) — kyu(i) as n — oo.
If k,u(i) € BUB’, by u is an exposed point and Lemma 13, we get

{ieN: kyu(i)e A'} = Q.
Set ; = {i € N: k,u(i) € BUB'}. By case-1, case-2, case-3 and case-5, we have

knuy(i) — kyu(i) (i€ N\IL) as n— oo,
knuy (i) < k,u(i) (i€el) as n— oo.

Use the analogous way as above, we obtain, for any i € N, k,u,, (i) — kyu(i) asn — oo.
Thus, for any i € N, we have kyuy (i) — kyu(i) asn — 0. By |lunllo,p, — 1, [ullo, =1,
1 1
we have (1 + Ig)(knun))? — ky and (1+ Iff)(kuu))F = ky. From (5), we get k, — k; as
n — oo. Hence, forany i € N, u,,(i) — u(i) as 1 — co. By Lemma 9, u is a strongly exposed
point of S(Ig,)-
(1) 15 (ke T (@, (kyt)) = 1.
By Lemma 6, v = i % (ki)

\<1>'+ (ku”)H‘I’,q
analogous way as case (I), we have, for any i € N, u, (i) — u(i) asn — oo, and u is a

is the unique supporting functional of u. Use the

strongly exposed point of S(Ig,p)-
(L) 15 (g0 By (1 (ky10)) < 1< I e B (@ (k).
By ® € A;(0), we have (lp,)* = (hop)* = lyy. Thus, there exists v € ly, such

_ X . v v
that < u,0 >= |ulle, - 0]y, ie., Teles € Grad(u), and G(HUH‘Y,L]) < 1. By Lemma 6,

@ (kyu(i)) < v(i) < @, (kyu(i)) forany i € N,and 15" (kyu) - Iy (v) = 1.
Set Jo = {i € N: & (kyu(i)) < @/ (kyu(i))}. Then

o @ (kuu(i)), i Jo,
o _{ L (kyu(i)) +ei, i€ o, ?

where for any i € Jo, D (k,u(i)) +¢ < P’ (k,u(i)). By Ig,_l(kuu) - Iy(v) = 1, we obtain
1 € Ky(v). For any {uy};q C B(lp,p) with (1——,u,) — 1asn — co. Take k;, € Kp(up).

[0l

By the Young Inequality and the Holder Inequality, we have

v 1 1
— U = — (v, kpuy) < ——(Iy(v) + Lo (kyu
(Tl = ool ) < g 0+ o)
1 1
< —sy(lp(kyuy)) - sq(Iy(v)) — 1
=k, P( @( n 71)) ||U||‘Y,q q( ‘I"( ))
as n — co. Thus, forany 7 € N,
D (kpun(i)) + ¥ (v(i)) — knun(i) -0(i) — 0, (7)

asn — oco. And

(14 I (knttn)) 7 - (14 I ()T — I (kitn) — Ty (0) — 0,
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as n — oo, which means

107 (ki) - Tg(v) = 1= 15 (k) - Iy (0),

asn — oo, i.e.,
Iq;(knun) — Iq:.(kuu), (8)

asn — oo.
Ifi € Jo, then v(i) = @ (kyu(i)) +¢ < @, (ku(i)). Forany 6 > 0, kyu,(i) <
kyu(i) — 6 implies

D (kyuy () + ¥ (v(i)) — knyuy (i) - 0(i)

the area of the figure ABCD

>
> €6>0

(see Figure 6). This contradicts to (7). So kyu, (i) < kyu(i) — ¢ for n large enough and any
0> 0.

q)’(u) /
F
G

@, (kau(i)  F @
B E
o(i) "
D (ky,u(i)) -
c D
1 5 5 1
0 Kot (i) kau()  oun(i)

Figure 6. @' (k,u(i)) < v(i) < @', (k,u(i))
For any § > 0, kyu, (i) > kyu(i) + 6 implies

D (kntun (i) + ¥ (0(i)) — kntin(i) - 0(i)
> the area of the figure AEFG
> (@ (kuu(i)) —o(i))é > 0

(see Figure 6). This contradicts to (7). So kyu,(i) < k,u(i) + ¢ for n large enough and
any 6 > 0. Thus, for any i € Jo, kyun(i) — kyu(i) asn — oo. If i € N\ Jy, then
v(i) = O (kyu(i)) = ©4 (kyu(i)). We have kyu, (i) — kyu(i) as n — oo. Similarly, by (8),
we can prove k, — k, asn — oo. Hence, for any i € N, u,(i) — u(i) asn — oco. By
Lemma 9, u is a strongly exposed point of S(lp, ). O

Theorem 5. Let 1 < p < oo, lg,, has the strongly exposed property if and only if
(i) @ € Ap(0) and ¥ € A(0) (i.e., P € Ar(0) N V2(0)).
(ii) ® is strictly convex on the interval {O, TT,p (%)} .

Proof. Sufficiency. By Lemma 8, g , is a locally uniform rotundity space. So I, has the
strongly exposed property.

Necessity. @ € A;(0) follows from Theorem 4. If condition (ii) fails, by Lemma 7, I
is not strictly convex, and therefore it does not have the strongly exposed property either.
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So (ii) is necessary. If ¥ ¢ A,(0), for any n > 2, there exist a; \, 0 such that 2;%’, (a;) < %
and ¥', ((1 + %) al-) > n'¥’, (a;). Choose natural numbers m; satisfying

and define

my moy ms
e N /—/ﬁ M\
y=\a, - ,m,4a2,-,4a2,43, -, 03, " |.

Then we have
1

n—1

o (o) 1
<y Yi(y) >= Y ma¥(a) <} — =
i= i=1

Whenceby < y, ¥ (y) >= Iy(y) + lo (¥ (y)), we get Iy (y) < ;7 and Lo (¥, (y)) < 717
Thus, I ' (y) o (¥, (y)) < 1.
Notice that for any A > 0,

(P (1+A)y) + Iy (y) <y, ¥ (1+A)y) >

ad 1
= Y ma;¥, (1 +A)a;) > ) mua ¥, (( + > 1)
i=1

1>]

Y

= 0Q.

S

Y mian'¥, (a;) >
27

i>

S

So we derive that Io(¥’, ((1+ A)y)) = oo. We also have that for any A > 0,

Ly((1+270)y) = qu> (1+2A)a;)
(14+2M\)a
m /H—/\ ds

miAa; ¥’ ((1+ A)a;)

v

v
,MS

I

— Il
> > "

>

e

mi(1+A)a; ¥ ((1+A)a;)

Il
-

- 5 <1+ )y, (1 +A)y) >

—_
+l>+

> o Ia(YL(1+A)) = .

So qul((l—l—/\)y) Ip(¥', ((1+)\)y)) = oo, whichshows K;(y) = {1}, ie, [|yllvg = 1+ e (y).
Set x = ¥/, (), by Lemma 6, e H is the unique supporting functional of x. For any € > 0,
Ya

there exists 19 € N such that - 2 1 < eforalln > ng, then

I“’(““’wuw) g “’((” n21>1+y,;1> =e((143)v) ==

This is contradicts to condition (iii) of Theorem 4. So ¥ € A;(0) is necessary. [

4. Conclusions

The classical Orlicz and Luxemburg norms generated by an Orlicz function &
can be defined with the use of the Amemiya formula: [|u||$ = infi-q 1 (1 + Lo (ku))
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and |[ulle = infy~g {1, Io(ku)} respectively (see [15]). Furthermore, the family of p-
1
Amemiya norms |[ull¢, = infi~o H1+ Ih(ku))? (1 < p < o) (under the convention:
1
(1+ x°°)é = ILm (1+xP)? = max{1,x} for all x > 0) were introduced in the same paper.
p (o9

In last few years, a number of papers about the geometrical properties of Orlicz spaces
equipped with the p-Amemiya norms have been published. The criteria for the strongly
exposed points and strongly exposed property of Orlicz spaces equipped with the classical
norms were presented in [9-11]. However, the criteria for the strongly exposed points
and strongly exposed property of Orlicz sequence spaces equipped with the p-Amemiya
norms have not been found. In this paper, Theorems 1, 4 and 5 resolves these issues.
The obtained results broaden the knowledge about strongly exposed points and strongly
exposed property in Orlicz spaces equipped with the p-Amemiya norms.
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