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Abstract

A global, uniform two-variable analytic approximation for the modified Bessel function
I,(x) is presented, valid for all real x and for orders —1/2 < v < 1/4. The approxima-
tion is constructed using a two-variable multipoint quasi-rational approximation (MPQA)
approach, in which the argument x and the order v are treated simultaneously as indepen-
dent variables. The method consistently incorporates the power-series expansion at small
arguments and the asymptotic behavior at large arguments, leading to an explicit analytic
representation that preserves the correct limiting behaviors. The resulting approximation
remains suitable for analytical differentiation and integration, while all parameters are ob-
tained from linear equations, avoiding numerical fitting procedures. A numerical analysis
over the entire domain considered shows excellent agreement with the exact function. The
largest relative error observed is e, = 0.0213, occurring at v = —0.34 and x = 2.56. These
results indicate that the proposed approximation provides an accurate and efficient analytic
representation of I, (x) throughout the investigated domain.

Keywords: multipoint quasi-rational approximation (MPQA); Bessel functions; analytic
approximations

MSC: 33C10

1. Introduction

The modified Bessel functions I, (x) play a fundamental role in a wide variety of scien-
tific and engineering applications, particularly in problems involving cylindrical symmetry
and exponential-type solutions [1-5]. They naturally arise in heat conduction and diffusion
processes in cylindrical geometries [6], electromagnetic wave propagation in waveguides
and optical fibers [7], mechanical stress and vibration analysis of cylindrical structures [8],
and fluid dynamics [9]. In condensed matter physics and materials science, I, (x) appear
in models of electronic and photonic transport [10], superconductivity, thermodynamic
partition functions, and nanoscale systems such as nanowires and nanotubes [11-13]. Fur-
thermore, they are also encountered in stochastic processes, statistical mechanics [8-10],
medical imaging [14], and field-theoretical models [15], highlighting their broad relevance
across multiple disciplines.

Several analytical approximations have been developed for Bessel and modified
Bessel functions. Classical approaches include rational minimax approximations [16,17],
Chebyshev polynomial expansions [18], and uniform asymptotic expansions for large
arguments or orders [19]. These methods often achieve high accuracy within specific
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parameter ranges, but may require piecewise representations, numerical optimization
procedures, tabulated coefficients, or separate treatments for different orders. In contrast,
the present work seeks a single analytic approximation that depends simultaneously on
the argument x and the order v, while preserving both the power-series behavior near the
origin and the asymptotic behavior for large arguments without numerical fitting.

This work presents a new technique for obtaining accurate analytical approximations
in the variables x and v, valid for real values of x and for —1/2 < v < 1/4. The method,
based on the two-variable multipoint quasi-rational approximation (MPQA) technique [20],
combines power-series and asymptotic expansions to construct an explicit analytic ap-
proximation that smoothly bridges both regimes. The resulting approximation preserves
the relevant symmetries of the problem and remains suitable for analytical differentiation,
integration, and computational applications.

A further distinction between the present MPQA approach and standard Padé approx-
imations [21,22] lies in the incorporation of asymptotic information into the approximation
structure itself. Classical Padé approximants are constructed exclusively from rational
functions and are designed to reproduce a finite number of terms of a local power-series
expansion. In contrast, the present MPQA formulation combines quasi-rational functions
with elementary functions such as sinh x and cosh x, allowing the exponential asymptotic
behavior of I, (x) to be incorporated directly into the approximation. Consequently, both
the local behavior near the origin and the asymptotic behavior at infinity are imposed simul-
taneously during the construction of the approximation. Since the asymptotic expansions
employed are derived for real variables, the resulting approximations are also intended
for real values of x. For this reason, the present approach should not be regarded as a
direct analytic continuation to complex or imaginary arguments. For instance, attempting
to obtain I, (x) from the approximation for J, (x) reported in Refs. [23,24] through analytic
continuation generally leads to significant difficulties, including the appearance of spurious
poles and defect-like structures.

The remainder of this paper is organized as follows. Section 2 presents the theoretical
framework and the construction of the approximation. Section 3 contains the analytical
results together with the corresponding accuracy analysis. Finally, Section 4 summarizes
the main conclusions.

2. Theoretical Analysis

This section presents the construction of the proposed two-variable MPQA approx-
imation for the modified Bessel function I, (x). The procedure is based on matching the
power-series expansion valid for small arguments with the corresponding asymptotic
expansion for large arguments. The objective is to obtain an explicit analytic approxi-
mation that accurately reproduces both limiting behaviors while maintaining a simple
analytical structure.

The power series of the modified Bessel functions [5] are

Io(x) = (i)”gmkiw(’é)z’" M

which can also be written as

xi/

M BT

(1 a4 apxt +asx® ) , )

wherein
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1
ap = m ’ (3)
n = ! @
2T R+ +2)’
1
a3 = )

384(v+1)(v+2)(v+3)7

and the terms shown here are those to be used in this work.
The corresponding asymptotic expansions of these functions are expressed as [5]

N _n-1 2
I,(x) T 1 o +0(1/x7) |, (6)

where
U= 402 (7)

In order to simplify the notation, the following constants and variables will be introduced:

a(v) = 2'T(v+1), (8)
o) = 21, ©)
rv) = [N-2w-[W])l, (10)

wherein [v] denotes the integer-part function obtained by truncation toward zero. For
instance, [—1/4] = 0 and [1/4] = 0. It is also well-known that

2 cosh x
L1/2(95) = gﬁr (11)
2 sinhx

Liyp(x) = p W ’
2 (sinhx coshx
13/2(x) = \/;<\/W - \/m > . (13)

The bridge approximation connecting power and asymptotic expansions has been

(12)

constructed as

(o TTTR pod sinhr+ (¢ pay TR st
I (x) = a(1+ v*x2)P (g0 + x?) -1

To explain how this structure is reached, it is interesting to pay attention to the
following points:

1.  Inspection of the power-series expansion shows that only even powers of x appear.
Therefore, the approximation should be constructed in such a way that its Taylor
expansion preserves this property.

2. The exponential behavior of the asymptotic expansion, together with the parity re-
quirements of the power series, motivates the use of the functions sinh x and cosh x.
For large values of x, both functions behave asymptotically as ¢* /2, thereby repro-
ducing the exponential growth of I, (x). Moreover, the combination of sinh x and
x cosh x generates only even powers of x after multiplication by the prefactor x'~1,

which is consistent with the structure of the power series. The factor /1 + y*x2 is

introduced because it contributes only even powers in its Taylor expansion while
scaling linearly with x for large arguments, thus providing additional flexibility to
simultaneously satisfy the power-series and asymptotic constraints. The asymptotic
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power x~1/2 is obtained because the term p,x? is compensated by the denominator

factor (qo + x2), while the prefactor x’~! combines with the factor (1 + y*x2)P to yield
v —1—28 = —1/2. In the case of the cosh x contribution, the additional power of x
is similarly compensated by the denominator structure.

3. A further requirement is that the approximation must reproduce exactly the known
analytical expressions for I_q,,(x), I; /2(x), and I3, (x) once the parameters are deter-
mined. To achieve this, the factor (1 + v*x?)? must reduce to unity for these particular
values of v. This is accomplished through the definition of 7y (v), which satisfies y = 2
forv=—-1/2andv=1/2,and v =0 forv = 3/2.

The next step is first to determine the parameters pg, Po, p1, p2, p3, and qo, using the
power series and the asymptotic expansions. It is important to point out that, in order to
avoid complicated problems, the parameters should be determined by linear equations,
and in this way non-linear equations between parameters should be avoided. In order to
accomplish this, before matching the corresponding terms, we must multiply the series
I, (x) by the factors (go + x2) (1 + y*x?)P.

To determine the six parameters of the approximation, the power-series expansions
of both I, (x) and Iv(x) are matched up to order x°. Accordingly, the Taylor expansions
of sinh x, cosh x, and /1 + y*x2 are truncated consistently at this order. This procedure
provides four matching conditions associated with the coefficients of 1, x2, x*, and x°.
Together with the two additional conditions obtained from the asymptotic expansion, a
system of six linear equations is obtained for the six unknown parameters. Thus, for Iv(x),
the following expansions are obtained:

ax™V (14 7v*x?)P (g0 + x*) I (x) (15)

1.
=q0+ (1 +q0B7* + qoal)x2 + (ﬁv‘* + 5007 + a1 (1+ qopr) + ﬂz%) x

oB’Y

6 + ﬁ’y (4v +q0 +4)

Far By (8v + go + 16) + a3 (12v + go + 36)) X+ 0D,

where B = (B —1) and B = B(B — 1)(B — 2). Similarly, for I, (x) the expansions are

. 42 5\ sinh x
(po+po\/1+'y X +p2x> . (16)

1
=po+fo+ = (6172 + po+ po(3r* + 1))

10 (Po + Po + 20p2 + 10poy* — 15p07 )

+ 50 (42p2 + po + Po(219* — 10598 + 315912 + 1))x + 0%

(p1 +p3y/1+ 74x2> cosh x

1
=pitpitsy (m +pa(r* +1) )32 + o (p1 + pa + 6pa7* = 3pan®) !

1
oo (1 p3(1504(1 431474 = 1) +1) )® + O() (17)
In this way the following four equations for the parameters are obtained

qo = po+ pPo+ p1+p3, (18)
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1
L+ 0By +qoar = = (po+ o +3(p1 + 202+ p3) +3(po + pa)r*),  (19)

1 .
120 (ﬁv‘* + 5007 + (14 qopr*)ar + qoaz)

= po + fo +5(p1 + 4p2 + p3) + 10(fo + 3p3)7* — 15(po + p3)7®, (20)
EIOB’Yu 5.8 4
T + BY°(4v + g0 +4) ay + By (8v + g0 + 16) ax + (12v + g + 36) a3
= 5010 (Po+Po+7(p1 +6p2 + ps) +21(po + 5p3)7* — 105(Po + 3pa)7® + 315(0 + p3)r?), (21)

and from the asymptotic expansions [see Appendix A for details]:

2
p2tpay’ = [ -a 7, (22)
~ 2 -1
p1+poy’ = —\ = ay*f (V8> . (23)

Now six equations are obtained for the six parameters pqg, fo, p1, p2, p3, and qo. The
resulting linear system is well posed provided that the determinant of its coefficient matrix
is nonzero. An analysis of this determinant reveals the existence of isolated singular values
of v at which the coefficient matrix becomes singular and the corresponding parameters
develop pole-like divergences. Since the first singular value occurs at approximately
v &~ 0.26374 > 1/4, the present work restricts its attention to the interval [-1/2 < v < 1/4],
where the coefficient matrix remains nonsingular and the approximation parameters are
uniquely defined. Throughout this interval, the resulting approximation is regular and can
be applied without encountering singular parameter values.

3. Results

This section presents the explicit analytical expressions obtained for the parameters of
the proposed approximation, together with a numerical assessment of its accuracy. Particu-
lar attention is devoted to the dependence of the parameters on the order v, the behavior of
the approximation across the domain of interest, and the resulting relative errors.

From the previous equations, all parameters can be explicitly determined. As a
first step, we determine the parameter g, obtaining

Np
=2 24
10 =D, (24)
wherein N is given by
No = — 72ﬁ(80a1 — 1120, — 4 +40(1 — 161 + 168a2)7>

— 5(25 +2520a, — 168 +28a1 (88 — 11))7*
+10(5 + 840ay — 648 + 672a18) v + 140(3 + 118 — 30a1 (1 + 38) — 4B)~®
—840(1 — 5a1 (1 +28) — 4B)7'° +525(1 — 88 — 12B) 1'% + 4200[&2714)
+3v2ay*H4P (256 + 67207° + 809* (1 — 37) + 52591 (i — 25)
—4209% (4 —9) —1692(39+ 1)), (25)

and Dy by
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4?/(% = 4 — 72a; + 14400, — 20160a3 — 48(1 — 15a; + 240a; — 2520a3) 7>

+9(21 — 25200a3 + 2804, (11 — 88) — 88 + 1041 (168 — 25))7*

+180(840a3 — 1+ a1 (5 — 64p) + 4B + 672a,8)~°

—90(7 + 258 + 840a5 (1 + 3B) + 28a1 (B(4B — 15) — 3) — 8p) 8

+90(21 + 108 + 840ay (1 + 28) + 168a1 (4B — 1) — 64p)y"°

—105(15 — 728+ 90a; (28 — 1)(1 + 6B) — 1323 + 32B) 7'

+5040(3B(5a18 — 1) +4B) ' +9450(8 — 4(B + B))7'® + 12600(35 + 2B)~8. (26)
Within the interval —1/2 < v < 1/4, the denominator Dy remains nonzero, and therefore
the parameter gp remains finite throughout the entire domain considered. The same regular
behavior is observed for the remaining coefficients obtained from the linear system.

The results for the remaining parameters (po, fo, p1, p2, and p3) are given in terms of
g0 by the following equations, where we have defined f = 7*(24v% — 459* + 307° — 4):

8Vt fpo = 4\/5(24@(610 —10) +2(12 — g0 — 120a24o)
—2(60 + 60a; (g0 — 6) — 740 — 360a240)v*
— 6(40a1 (3 +q0(B — 1)) + go(7 + 120a, — 4B) +40(B — 1)) ~*
+15(5q0 — 12 + 24a5q0 — 8(q0 — 6) B + 12a1(2 — 0 + 4908) )7°
—30(24B + qo(3 — 88 +24a1 8+ 4B))7®
+45(2 4 8B + qo(1 +2a; — 4B + 8a1 8+ 8B)) v™°
— 3609072 + 90g0 (B + 2/3)714)
+ V24 (64 + 72 (8 4 4807 + 242 ( — 21) + 4598 (4 — 9)

—459%(u—1) - 8y)), (27)

I Y B 4 2 4 204 _en2 6y _
fpo—z(% 6 — 6a1q0 — 640pY +6a\/;v )(57 (4—67"+37) 4)

+60(2—62+34(ﬂ— 4 a(1 4 1g, B
Y Y ) 3\/27_[ :Br)/ 111( +‘70,B7 )""‘70(120 ap 5 )
_ayt (8 — 2497 +159%) (u — 1) 28)
427 ’
8\/70

fr= 4ﬁ(Z4u1(qo —10) +2(12 — g0 — 120a240)

—2(60 + 60ay1 (g0 — 6) — 7q0 — 360a240) >

—3(q0(9 + 120a, — 88) — 60 + 80 + 20a; (6 — 390 + 4q08) ) v*
+120(6 + (6a1 — 1)q0) p7°

—15(6 + 24 + qo(6a; — 1 — 128 + 24a; 8 + 8f) )1

+ 360q0f7"° — 9040 (B + 2/;)712)

—V2a7" (4809" — 64 +450° (1 —1) + 422 (4 —1) —459°(u - 1)), (29)

72
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87

i fr= 4v/7(24a1(q0 — 10) — 2(q0 — 12 + 120820

— (60 + 60a1(q0 — 6) — 7q0 — 3602240 ) 1>
+24(go — 10 — 10a190) B* + 15(6 + (6a1 — 1)q0) (1 + 4B)7°

~ 120q0Bt° +90q0 (B +26)7"")

+V2ay% (32—360')/4 —49%(n —49) + 157 (u —9)), (30)

8

,\Y/ff p3 = 4\/E(Z(qo + 120a2g0 — 12 — 12a1 (g9 — 10))
+ (60 + 60a1 (g9 — 6) — 7q0 — 360a240) >
+24(10 + (1041 — 1)g0)By* — 15(6 + (6a1 — 1)qo) (1 +4B)7°
+12090B7° — 90g0 (B + 25)710)

—V2a7* (644 157°(j — 25) - 477 (1 - 1) ). (31)

The relative error is determined using the expression

L(x) — L,(x)
I,(x) ’

Since I, (x) grows exponentially as x increases, €,(x, V) provides a more meaningful

er(x,v) = (32)

measure of accuracy than the absolute error e 4 (x,v) = |I,(x) — I,(x)|. Accordingly, the
analysis presented in this work focuses on &, (x, v) in what follows.
For each value of v, the quantity

€r,max (V) = mxax[gr (x/ V)] ’ (33)

is computed over the interval of x considered in the numerical analysis. These values
are displayed in Figure 1a, while Figure 1b shows the corresponding two-dimensional
distribution of ¢,(x, v) over the investigated domain.

The largest relative error observed in the numerical grid is e, = 0.0213, occurring
atv = —0.34 and x = 2.56. This maximum occurs in the intermediate region where
the approximation transitions between the power-series and asymptotic regimes. In this
transition region, neither limiting expansion dominates completely, and the approximation
must interpolate between both behaviors. Nevertheless, as shown in Figure 1b, the relative
error remains below approximately 2.2% throughout the entire domain considered.

In order to further assess the quality of the approximation, Figure 2 presents a direct
comparison between the exact function I, (x) and its approximate expression I, (x) for
representative values of the order v = —1/4, 0, and 1/4. The left panels show the exact
and approximated functions, whereas the right panels display the corresponding relative
errors. As can be observed, the approximate curves closely reproduce the shape and
overall behavior of the exact solutions over the full range of x considered. The relative-
error panels make the small deviations visible and confirm that the largest discrepancies
occur in the intermediate region of x, where the approximation connects the small- and
large-argument regimes.

Table 1 presents representative numerical values of the six parameters entering the
approximation. As expected from the analysis of the previous section, all coefficients
remain finite throughout the interval considered.
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Figure 1. Maximum value of the relative error obtained as function of v [panel (a)], and color map of

the relative error as function of x and v [panel (b)].
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Figure 2. Comparison between the exact and approximated modified Bessel functions for v =
—1/4 [panel (a.1)], v = 0 [panel (b.1)], and v = 1/4 [panel (c.1)]. Panels (a.2,b.2,c.2) display the
corresponding relative errors.

https://doi.org/10.3390/axioms15060465


https://doi.org/10.3390/axioms15060465

Axioms 2026, 15, 465

9of 12

Table 1. Values of the parameters qq, po, Po, p1, p2, and p3 for representative values of v in the interval
-1/2<v<1/4.

v=—1/4 v=—1/8 v=20 v=1/8 v=1/4
qo0 0.183728 0.354446 0.800828 4.01812 22.8017
Po 0.0238806 0.0901908 0.227587 3.00702 21.2577
Po 0.0618661 0.199792 0.685899 0.599736 —1.23953
2] —0.0621194  —0.218746 —0.586163 -0.241327 0.390511
P2 0.0873106 0.160685 0.324379 0.649589 0.618017
p3 0.160101 0.28321 0.473505 0.652693 2.39305

4. Conclusions

An analytic approximation for the modified Bessel function I, (x) has been developed
for real values of x and orders in the interval —1/2 < v < 1/4. The proposed procedure
extends the multipoint quasi-rational approximation (MPQA) framework to a genuinely
two-variable setting, where both the argument x and the order v are treated simultaneously.
By combining the power-series expansion for small arguments with the asymptotic expan-
sion for large arguments, an explicit analytic approximation is obtained that reproduces
the correct limiting behaviors while preserving a simple analytical structure. The resulting
approximation is determined entirely from a system of six linear equations for six unknown
parameters, thereby avoiding the use of numerical fitting procedures commonly employed
in traditional approximations of special functions. The analysis of the coefficient matrix
further reveals the existence of isolated singular values of v, which motivates the restriction
of the present study to the interval —1/2 < v < 1/4, where the approximation remains
regular and uniquely defined. A detailed numerical analysis demonstrates excellent agree-
ment between the exact and approximated functions throughout the investigated domain.
The largest relative error observed is e, = 0.0213, occurring at v = —0.34 and x = 2.56,
while the error remains below approximately 2.2% over the entire domain considered. The
largest deviations occur in the transition region between the power-series and asymptotic
regimes, where the approximation interpolates between both limiting behaviors. Because
of its explicit analytical form, the proposed approximation is suitable for differentiation,
integration, and analytical manipulations involving modified Bessel functions. These prop-
erties make it a useful alternative for applications requiring simple and accurate analytic
representations of I, (x).
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Appendix A

In this Appendix we present the derivation of Equations (22) and (23) of the main text.
For large values of x, it is well known that cosh x ~ sinh x ~ e*/2. Furthermore the

\/ 14742 ~ 2x. (A1)

Thus, the following approximations are obtained

_ . er /.
(po + por/ 1+ y4a2 + pzxz) sinh x ~ > (poyzx + pzxz) , (A2)
X
4,2 ~ 8 2.2
<p1+p3\/1+7x>xcoshx_ 2(p1x+p3'yx). (A3)

On the other hand, the denominator in Equation (14) can be expressed as

following expression is used

a(1+ v*x?)P(go + x2) ~ ay*Px?P+2, (A4)

At this point it is important to note that for large values of x, the approximated
expression for I, (x) is given by

5 exxvfl o 2 o
L (x) =~ 20y P21 {(PO')’ +p1)x+ (p2 + p3r)x )} : (A5)

Now, since f = (2v — 1) /4 [Equation (9)],

xu—lx—Zﬁ—zx _ x*3/2, (A6)

xv—lx—Z‘B—ZXZ _ X_l/z, (A7)

and then, by direct comparison with Equation (6), we obtain the expressions given in
Equations (22) and (23).

Appendix B

To illustrate the regularity of the parameterization in the interval —1/2 <v < 1/4,
Figure A1l shows the coefficient g0 = Np/Dy as a function of v. Although gy increases
rapidly as v approaches 1/4, it remains finite throughout the entire interval considered.
This behavior is consistent with the fact that the first singularity of the coefficient matrix
occurs outside the domain adopted in the present work.

20¢

15¢

qo(»)

10f

5t

-05-04-03-02-0.1 0.0 0.1 0.2

V

Figure A1. Dependence of the parameter gg on the order v in the interval —1/2 <v <1/4.
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Appendix C

In this Appendix we verify that the approximation reproduces the known closed-form
expression for I_q,,(x). For v = —1/2, the parameters take the values g9 = p3 = 1/16,
while pg = o = p1 = p2 = 0. Moreover, a(—1/2) = /7/2 and v(—1/2) = 2. Substitut-
ing these values into Equation (14) gives

) % 1+ 16x2 cosh x
I 1/5(x) = (A8)

V2 33/2(1 + 16x2)~1/2 <x2 + 1)

16

and then, after performing the corresponding simplifications,

T,l/z(x) = I,l/z(x) = \/zcoshx. (A9)

Therefore, the proposed approximation reproduces exactly the modified Bessel func-
tion of order v = —1/2. This exact reproduction provides an additional consistency check
of the proposed approximation.
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