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Abstract

The robotic grasping problem is firstly cast as a linear complementarity problem and re-
formulated into nonsmooth equations. We propose two block Kaczmarz methods to solve
the equations. The K-means clustering algorithm is utilized to partition the nonsmooth
equations. Based on the resulting block information, the subgradient greedy randomized
Kaczmarz method and the subgradient multi-step greedy Kaczmarz method are constructed.
Asymptotic convergence of the proposed block subgradient Kaczmarz methods is given.
Numerical results confirm the superior computational accuracy of the new methods.

Keywords: robotic grasping problem; complementarity problem; Kaczmarz method;
clustering algorithm; convergence
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1. Introduction
Robotic grasping lies at the heart of manipulation pipelines that integrate percep-

tion, grasp-pose generation, trajectory planning, constraint satisfaction, contact resolu-
tion, and feedback control. Recent progress has notably improved perception and grasp
planning. Category-level semantically aware methods strengthen generalization through
task-related semantics [1], while occlusion-aware grasping explicitly models occlusion
and scene context to boost prediction and execution reliability [2]. These works stress
the tight coupling between visual perception, high-level grasp planning, and physical
hand–object contact. Executing a grasp further involves online numerical computation,
manipulator control, and collision avoidance. Robust zeroing neural networks tackle online
dynamic matrix solving and trajectory tracking under disturbances and noise [3]. For un-
certain manipulators, an Udwadia-based adaptive robust constraint-following framework
delivers prescribed tracking performance despite time-varying uncertainties and sensor
noise [4]. At the motion-planning level, parallel model predictive path-integral control
with a gradient–velocity-modulated signed-distance-field cost enables real-time motion in
dynamic obstacle environments [5]. Taken together, these studies demonstrate that grasp

Axioms 2026, 15, 491 https://doi.org/10.3390/axioms15070491

https://crossmark.crossref.org/dialog?doi=10.3390/axioms15070491&domain=pdf&date_stamp=2026-06-30
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0001-9168-8223
https://orcid.org/0000-0001-8166-0243
https://doi.org/10.3390/axioms15070491


Axioms 2026, 15, 491 2 of 20

planning, trajectory tracking, constraint enforcement, and obstacle avoidance form a tightly
interwoven core of robotic manipulation.

During robotic grasping, the interplay between grasping displacement and contact
force exhibits a complementary relationship. By incorporating the equilibrium equation,
friction law, contact and slip condition, maximum dissipation principle, as well as material
deformation principle, the grasping process can be formulated as a complementarity
problem [6–8]. Through linearization of the friction law, the grasping problem can be
further expressed as a linear complementarity problem model [9,10]. With the model,
efficient numerical approaches can be used to compute grasping physical quantities, such
as grasping stability [11], contact force [8], slippage damage, and so on.

The coefficient matrix of the linear complementarity problem often fails to satisfy the
convergence conditions required by conventional solution methods, such as projection [12]
or modulus-based matrix splitting [13] iterations. To address this problem, the linear com-
plementarity problem is reformulated as an equivalent system of nonsmooth equations [14].
By integrating the subgradient Newton method with the Kaczmarz algorithm, we establish
an effective novel numerical approach to obtain the minimum-norm solution that satisfies
the complementarity condition. Here, the most crucial work is designing an appropriate
Kaczmarz iterative algorithm.

Ansorge [15] pioneered the greedy residual Kaczmarz algorithm by incorporating
a greedy row-selection strategy that prioritizes the equation with the maximal residual
component at previous iterations. Strohmer [16] established the exponential convergence
rate for a randomized row-selection strategy, which inspired numerous subsequent refine-
ments and extensions. Nutini [17] demonstrated that employing a non-uniform probability
distribution for row selection converges at least as rapidly as using a uniform distribu-
tion. Bai [18] pioneered the greedy randomized Kaczmarz algorithm by embedding a
residual-guided randomized sampling mechanism via a predefined index set. Critically,
these algorithms employ exactly one equation per iteration.

Concurrently, block Kaczmarz variants have emerged as a prominent research direc-
tion. Needell [19] formulated the theoretical foundation for convergence in block-iterative
Kaczmarz methods by deriving orthogonal projection onto a subspace defined by multiple
rows of the system matrix. Building on this, Needell [20] proposed the Randomized Block
Kaczmarz algorithm. Integrating a residual-guided greedy randomized sampling mech-
anism into the Randomized Block Kaczmarz framework, Liu [21] presented the Greedy
Randomized Block Kaczmarz algorithm for iterative linear system resolution. Jiang [22,23]
incorporated the clustering algorithm into the block Kaczmarz framework. More recently,
Xiao [24] extended the block greedy Kaczmarz method to systems of smooth nonlinear
equations, and further applied it to nonlinear signal recovery problems [25].

The Newton Subgradient Nonsmooth Greedy Randomized Kaczmarz (NSNGRK)
method [26] and the Newton Subgradient Nonsmooth Multi-Step Greedy Randomized
Kaczmarz (NSNMGK) method [27] have been employed to compute grasp-related parame-
ters such as grasping forces and relative displacement in robotic grasping problems. We
aim to enhance solution accuracy by integrating a block-wise framework based on the
K-means clustering algorithm into the aforementioned methods and accordingly propose
the Block Newton-Subgradient Nonsmooth Greedy Randomized Kaczmarz (BNSNGRK_k)
method and the Block Newton-Subgradient Nonsmooth Multi-Step Greedy Kaczmarz
(BNSNMGK_k) method. In these approaches, the residuals are partitioned into several
clusters based on Euclidean distance. By integrating a greedy block-selection strategy, this
approach prioritizes iteration on blocks containing rows corresponding to larger residual
components, thereby promoting more accurate solutions.
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This paper proceeds as follows: Section 2 formalizes essential mathematical prelimi-
naries and foundational lemmas. Section 3 details the construction of the proposed block
subgradient greedy Kaczmarz methods and derives their convergence guarantees. Section 4
validates computational efficacy through numerical experiments. Section 5 concludes with
a comprehensive summary of key contributions.

2. Problem Description and Preliminaries
The linear complementarity problem arising from multi-fingered robotic grasping can

be expressed as
w = Mz + q ≥ 0, z ≥ 0, wTz = 0.

Here, q is the right-hand-side vector, and z and w form a pair of complementary
vectors. The coefficient matrix M has the following block structure:

M =

[
X Y
Z 0

]
,

where X, Y , and Z are matrix blocks of compatible dimensions, and 0 denotes a zero matrix
of the appropriate size.

A key tool for reformulating such problems is the Fisher–Burmeister function
ϕ(w, z) =

√
w2 + z2 − w− z, which possesses the equivalence property ϕ(w, z) = 0 ⇐⇒

w ≥ 0, z ≥ 0, wz = 0. Using this function, the complementarity problem is recast as a
root-finding problem for the nonsmooth vector equation

Φ(z) = [ϕ1(z), · · · , ϕn(z)]
T = 0.

To solve this nonsmooth equation, a subgradient Newton approach is employed,
which requires computing the generalized Jacobian matrix J of Φ. Here, J is evaluated
efficiently via a dual-number automatic differentiation scheme [28]. A dual number z is
defined as z = a + bε, where a, b ∈ R are the primal and tangent components, respectively,
and ε satisfies ε2 = 0, ε ̸= 0. For a nonsmooth vector function Φ : Rn → Rn, the ith column
of J is obtained by perturbing the ith input direction: let z(i)dual = z + eiε, where ei is the ith

standard basis vector. Substituting into Φ gives the dual expansion Φ
(
z(i)dual

)
≈ Φ(z)+ J:,i ε,

where J:,i is precisely the tangent part of the output. Extracting this tangent component
for each i = 1, . . . , n and assembling the results column-wise yields the full generalized
Jacobian matrix J ∈ Rn×n.

Let |τ| denote the cardinality of a set τ, and define [n] := {1, . . . , n}. For a vector x, ∥x∥2

denotes the Euclidean norm. For J ∈ Rm×n, define σmin(J) and σmax(J) as the minimum
and maximum singular values, respectively, and denote ∥J∥2 and ∥J∥F as the spectral and
Frobenius norms and Jτ as the submatrix formed by the rows indexed by the set τ.

Definition 1 ([29]). Let ϕ be a proper convex function and point z1 ∈ domϕ. A vector g ∈ Rn is
called a subgradient of ϕ at z1 if it satisfies

ϕ(z2) ≥ ϕ(z1) + gT(z2 − z1), ∀ z2 ∈ domϕ.

The set of all such vectors,

∂ϕ(z1) =
{

g ∈ Rn
∣∣∣ ϕ(z2) ≥ ϕ(z1) + gT(z2 − z1), ∀z2 ∈ domϕ

}
,

is called the subdifferential of ϕ at z1.

Definition 2 ([30]). Let Φ : Rn → Rm be a locally Lipschitz function. The generalized Jacobian of
Φ at a point z, denoted ∂Φ(z), is defined by
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∂Φ(z) = conv
{

lim
k→∞
∇Φ(zk) | zk → z, zk ∈ DΦ

}
,

where DΦ denotes the set of points at which Φ is differentiable, and conv represents the convex hull.

Definition 3 ([31]). A matrix A ∈ Rm×n satisfies the row lower bound property if there exists
ϵ > 0 such that

∥A(i, :)∥2 ≥ ε, ∀i ∈ [m].

Definition 4 ([31]). A function Φ : Rn → Rm satisfies the local tangential cone condition if there
exists η ∈ [0, 1/2) such that for all i ∈ [n] and z1, z2 ∈ Rn,

|ϕi(z1)− ϕi(z2)− (∇ϕi(z1))
T(z1 − z2)| ≤ η|ϕi(z1)− ϕi(z2)|.

The parameter η in the local tangential cone condition is understood as a uniform
upper bound within a neighborhood of a solution rather than as a global constant valid
over the entire iteration trajectory. Its value may depend on the nonlinear mapping, the
selected generalized Jacobian, and the local neighborhood under consideration. In the
numerical experiments, the iteration-dependent quantity η̂k is used only as an empirical
diagnostic of the local linearization error and should not be identified with a rigorously
established global value of η.

Lemma 1 ([32]). The Fisher–Burmeister function is smooth everywhere except at the origin and is
locally Lipschitz continuous.

Lemma 2 ([33]). Let A ∈ Rm×n have full column rank. Then for all z ∈ Rn,

∥Az∥2
2 ≥ σ2

min(A)∥z∥2
2.

Lemma 3 ([26]). Let ϕ : Rn → R be a nonsmooth function satisfying the local tangential cone
condition at point z2. If ∇ϕ(z2) ∈ ∂ϕ(z1), then for η ∈ [0, 1/2), there exists a subgradient
g(z1) ∈ ∂ϕ(z1) such that∣∣ϕ(z1)− ϕ(z2)− gT(z1)(z1 − z2)

∣∣ ≤ η
∣∣ϕ(z1)− ϕ(z2)

∣∣.
3. Block Subgradient Greedy Kaczmarz Method Based on K-Means
Clustering and Convergence Analysis

The condition number κ(J) of the generalized Jacobian matrix J directly governs both
the convergence accuracy and the convergence rate of the Kaczmarz method [34]. In the
block variant, the convergence behavior is related to the condition numbers of the block
Jacobian matrices Jτi . An appropriate partition may produce block Jacobian matrices with
better conditioning than the complete Jacobian matrix, thereby improving the efficiency of
the block projection steps.

The K-means clustering algorithm provides an effective approach for partitioning
the equations into coherent blocks. In this work, K-means is applied to the rows of the
generalized Jacobian matrix. Rows with similar subgradient characteristics are assigned
to the same block. The residual vector is not included in the clustering data, thereby
avoiding the scale and dimensional inconsistency between derivative information and
function values.

The following presents the core derivation and design analysis of the algorithm. First,
we utilize the central difference scheme with an optimal step size to numerically replicate
the key properties of the dual-number method—specifically, the function value from the
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real part and the derivative from the tangent part. For the current iterate z(k), a small
perturbation h =

√
eps (the square root of machine precision) is chosen. The i-th column of

the numerical generalized Jacobian is then constructed as

J:,i(z) =
Φ(z + hei)−Φ(z− hei)

2h
,

where ei is the i-th unit vector. By constructing each column sequentially, an approximate
generalized Jacobian matrix J ∈ Rn×n is obtained. This matrix effectively captures the
differential characteristics of Φ at z, forming the foundation for the subsequent block
Newton iterations.

Denote the residual at the current iterate by r = Φ(z). At each outer iteration, K-means
is applied only to the rows of the current generalized Jacobian matrix J. Using the sum of
squared Euclidean distances as the clustering criterion, the row indices are partitioned into
p disjoint blocks,

{τi}
p
i=1,

p⋃
i=1

τi = {1, 2, . . . , n}, τi ∩ τj = ∅ (i ̸= j).

For the i-th block, its Jacobian centroid is defined by

ci =
1
|τi| ∑

j∈τi

Jj,:.

Since the K-means centroid ci is generally not an actual row of J, we select the row in
the block that is closest to the centroid:

ji = arg min
j∈τi

∥∥Jj,: − ci
∥∥

2.

The representative Jacobian row and its corresponding representative residual are
then defined as Ĵi = Jji ,:, r̂i = rji . Thus, Ĵi and r̂i are associated with the same original
nonsmooth equation. The representative quantities of all blocks are assembled as

Ĵ =
[

ĴT
1 , . . . , ĴT

p

]T
∈ Rp×n, r̂ =

[
r̂1, . . . , r̂p

]T ∈ Rp.

These representative quantities are used for greedy block filtering and randomized
block selection. Inspired by the greedy randomized Kaczmarz method, the threshold ϵk is
defined as

ϵk =
1
2

(
1
∥r̂∥2

2
max

1≤i≤p

|r̂i|2

∥ Ĵi∥2
2
+

1
∥ Ĵ∥2

F

)
.

The candidate block set is given by

Uk =
{

j
∣∣∣ |r̂j|2 ≥ ϵk∥r̂∥2

2∥ Ĵj∥2
2

}
.

A block j ∈ Uk is selected with probability

Pr(ik = j) =
|r̂j|2

∑
ℓ∈Uk

|r̂ℓ|2
.

Since the residual vector does not participate in the K-means distance, the convergence of r
toward zero does not cause scale degeneration in the clustering metric. Nevertheless, residual
information is retained in the greedy filtering and randomized block-selection rules.
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Finally, after the block index ik has been selected using the representative quantities, the
actual iteration is performed using the complete Jacobian submatrix Jτik

and the complete
residual subvector rτik

. The block Newton–Kaczmarz update is

z(k+1) = z(k) − J†
τik

rτik
.

The Moore–Penrose pseudoinverse ensures that the update remains well defined when
the selected Jacobian block is rank-deficient. Therefore, the representative Jacobian rows
and residuals are used only for block selection, whereas all equations in the selected block
are used in the solution update.

After each iteration, the residual is updated as r = Φ(z(k+1)). The generalized
Jacobian is recomputed and its rows are re-clustered at each outer iteration. The procedure
terminates when ∥r∥2 < ϵ, at which point an approximate solution of the nonsmooth
system is obtained. We refer to the resulting method as the BNSNGRK_k algorithm. Its
complete computational procedure is presented in Algorithm 1.

To fully utilize the greedy condition, we extend the BNSNGRK_k method by modifying its
block-selection strategy within each iteration. Instead of choosing only one block per iteration,
the proposed variant sequentially utilizes all matrix blocks that satisfy the greedy criterion as
working row blocks. This multi-step update scheme gives rise to the BNSNMGK_k method.
The complete computational steps of BNSNMGK_k are summarized in Algorithm 2.

We now establish the convergence of the proposed methods. First, we present some
key lemmas.

Lemma 4. Let Φ : Rn → Rm be a nonsmooth vector-valued function satisfying the local tangential
cone condition, and let J(z) ∈ ∂Φ(z) denote its Clarke generalized Jacobian. For any τ ⊆ [m] and
z1, z2 ∈ Rn with η ∈ [0, 1/2),∥∥Φτ(z1)−Φτ(z2)− Jτ(z1)(z1 − z2)

∥∥2
2 ≤ η2∥∥Φτ(z1)−Φτ(z2)

∥∥2
2,

and ∥∥Φτ(z1)−Φτ(z2)
∥∥2

2 ≥
1

1 + η2

∥∥Jτ(z1)(z1 − z2)
∥∥2

2.

Proof. Applying Lemma 3 component-wise to each i ∈ τ yields∥∥Φτ(z1)−Φτ(z2)− Jτ(z1)(z1 − z2)
∥∥2

2

= ∑
i∈τ

∣∣ϕi(z1)− ϕi(z2)− gT
i (z1 − z2)

∣∣2
≤ ∑

i∈τ

η2
i
∣∣ϕi(z1)− ϕi(z2)

∣∣2
≤ η2∥∥Φτ(z1)−Φτ(z2)

∥∥2
2,

thus proving the first inequality.
For the second inequality, we begin with the derived bound and apply the reverse

triangle inequality:

η2∥∥Φτ(z1)−Φτ(z2)
∥∥2

2

≥
∥∥Φτ(z1)−Φτ(z2)− Jτ(z1)(z1 − z2)

∥∥2
2

≥
∥∥Jτ(z1)(z1 − z2)

∥∥2
2 −

∥∥Φτ(z1)−Φτ(z2)
∥∥2

2.

Rearranging terms gives
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∥∥Φτ(z1)−Φτ(z2)
∥∥2

2 ≥
1

1 + η2

∥∥Jτ(z1)(z1 − z2)
∥∥2

2.

Algorithm 1 Block Newton-Subgradient Nonsmooth Greedy Randomized Kaczmarz with
K-means (BNSNGRK_k)

Require: Coefficient matrix M ∈ Rn×n, vector q ∈ Rn, tolerance ϵ > 0, initial iterate z(0)

Ensure: Approximate solution z∗

1: Initialize residual r(0) = Φ(z(0)) and set iteration counter k← 0.
2: while ∥r(k)∥2 ≥ ϵ do
3: Compute generalized Jacobian

J(k):,i =
Φ
(
z(k) + hei

)
−Φ

(
z(k) − hei

)
2h

, h =
√

eps, i = 1, . . . , n.

4: Partition the rows of J(k) via K-means into p blocks:

{τ(k)
i }

p
i=1.

5: Compute the Jacobian centroid of each block:

c(k)i =
1

|τ(k)
i |

∑
j∈τ

(k)
i

J(k)j,: , i = 1, . . . , p.

6: Find the actual Jacobian row closest to each centroid and define the corresponding
representative quantities:

j(k)i = arg min
j∈τ

(k)
i

∥∥∥J(k)j,: − c(k)i

∥∥∥
2
, Ĵ(k)i = J(k)

j(k)i ,:
, r̂(k)i = r(k)

j(k)i

.

7: Assemble the representative Jacobian matrix and residual vector:

Ĵ(k) =
[(

Ĵ(k)1
)T , . . . ,

(
Ĵ(k)p
)T
]T

, r̂(k) =
[
r̂(k)1 , . . . , r̂(k)p

]T
.

8: Determine candidate blocks:

ϵk ←
1
2

(
1

∥r̂(k)∥2
2

max
1≤i≤p

|r̂(k)i |
2

∥ Ĵ(k)i ∥2
2

+
1

∥ Ĵ(k)∥2
F

)

Uk ←
{

j
∣∣∣ |r̂(k)j |

2 ≥ ϵk∥r̂(k)∥2
2∥ Ĵ(k)j ∥

2
2

}
.

9: Select block ik ∈ Uk with probability

Pr(ik = j) =
|r̂(k)j |

2

∑
ℓ∈Uk

|r̂(k)ℓ |
2

.

10: Update solution:

z(k+1) ← z(k) −
(

J(k)
τ
(k)
ik

)†

r(k)
τ
(k)
ik

.

11: Update residual r(k+1) ← Φ(z(k+1)) and set k← k + 1.
12: end while
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Algorithm 2 Block Newton-Subgradient Nonsmooth Multi-Step Kaczmarz with K-means
(BNSNMGK_k)

Require: Coefficient matrix M ∈ Rn×n, vector q ∈ Rn, number of clusters p, tolerance
ϵ > 0, initial iterate z(0)

Ensure: Approximate solution z∗

1: Initialize residual r(0) = Φ(z(0)) and set iteration counter k← 0.
2: while ∥r(k)∥2 ≥ ϵ do
3: Initialization and preprocessing: Same as Steps 3 to 8 of Algorithm 1; compute J(k),

construct the blocks {τ(k)
i }

p
i=1 and their representative quantities, and determine Uk.

4: Set intermediate solution:

z(k,0) ← z(k), nk ← |Uk|.

5: for j = 1 to nk do
6: Select the next block:

ij ← Uk(j).

7: Multi-step update:

z(k,j) ← z(k,j−1) −
(

J(k)
τ
(k)
ij

)†

r(k)
τ
(k)
ij

.

8: end for
9: Finalize the outer iteration:

z(k+1) ← z(k,nk).

10: Update residual:
r(k+1) ← Φ

(
z(k+1)), k← k + 1.

11: end while

Lemma 5. Let Φ : Rn → Rm be a nonsmooth vector-valued function satisfying the local tangential
cone condition, with

η = max
i

ηi <
1
2

.

Assume that there exists z∗ such that

Φ(z∗) = 0.

At the k-th iteration, let τ
(k)
ik

denote the selected block. Suppose that there exist a representative

subgradient ĝ(k)ik
and a consistency parameter δk ∈ [0, 1) such that∥∥∥g(k)i − ĝ(k)ik

∥∥∥
2
≤ δk

∥∥∥ĝ(k)ik

∥∥∥
2
, ∀ i ∈ τ

(k)
ik

,

where
g(k)i ∈ ∂ϕi

(
z(k)

)
.

Consider the iteration

z(k+1) = z(k) − J
τ
(k)
ik

(
z(k)

)†
Φ

τ
(k)
ik

(
z(k)

)
.

If

1 ≤ κ2
2

(
J
τ
(k)
ik

(
z(k)

))
<

1
2η

,
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then

∥∥∥z(k+1) − z∗
∥∥∥2

2
−
∥∥∥z(k) − z∗

∥∥∥2

2
≤ − (1− δk)

2

|τ(k)
ik
|(1 + δk)2

[
1− 2η κ2

2

(
J
τ
(k)
ik

(
z(k)

))] ∣∣∣ϕℓk

(
z(k)

)∣∣∣2∥∥∥g(k)ℓk

∥∥∥2

2

,

where
ℓk = arg max

i∈τ
(k)
ik

∣∣∣ϕi
(
z(k)

)∣∣∣,
and κ2(·) denotes the spectral condition number.

Proof. For simplicity, denote

Jk := J
τ
(k)
ik

(
z(k)

)
, Φk := Φ

τ
(k)
ik

(
z(k)

)
.

Since
Φ

τ
(k)
ik

(z∗) = 0,

expanding the squared Euclidean norm gives∥∥∥z(k+1) − z∗
∥∥∥2

2
−
∥∥∥z(k) − z∗

∥∥∥2

2
=
∥∥∥z(k+1) − z(k)

∥∥∥2

2
+ 2
〈

z(k+1) − z(k), z(k) − z∗
〉

.

Substituting
z(k+1) = z(k) − J†

k Φk

yields ∥∥∥z(k+1) − z∗
∥∥∥2

2
−
∥∥∥z(k) − z∗

∥∥∥2

2

=
∥∥∥J†

k Φk

∥∥∥2

2
− 2
〈

J†
k Φk, z(k) − z∗

〉
=
∥∥∥J†

k Φk

∥∥∥2

2
− 2ΦT

k

(
J†
k

)T(
z(k) − z∗

)
.

Using (
J†
k

)T
=
(

Jk JT
k

)†
Jk

and ∥∥∥J†
k Φk

∥∥∥2

2
= ΦT

k

(
Jk JT

k

)†
Φk,

we obtain∥∥∥z(k+1) − z∗
∥∥∥2

2
−
∥∥∥z(k) − z∗

∥∥∥2

2
= −

∥∥∥J†
k Φk

∥∥∥2

2
+ 2ΦT

k

(
Jk JT

k

)†[
Φk −Φ

τ
(k)
ik

(z∗)− Jk

(
z(k) − z∗

)]
.

Applying the Cauchy–Schwarz inequality gives∥∥∥z(k+1) − z∗
∥∥∥2

2
−
∥∥∥z(k) − z∗

∥∥∥2

2

≤ −
∥∥∥J†

k Φk

∥∥∥2

2
+ 2
∥∥∥∥(Jk JT

k

)†
Φk

∥∥∥∥
2

∥∥∥∥Φk −Φ
τ
(k)
ik

(z∗)− Jk

(
z(k) − z∗

)∥∥∥∥
2
.

By the local tangential cone condition,
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∥∥∥∥Φk −Φ
τ
(k)
ik

(z∗)− Jk

(
z(k) − z∗

)∥∥∥∥
2
≤ η∥Φk∥2.

Furthermore, ∥∥∥∥(Jk JT
k

)†
Φk

∥∥∥∥
2
≤ σ2

max

(
J†
k

)
∥Φk∥2.

Therefore, ∥∥∥z(k+1) − z∗
∥∥∥2

2
−
∥∥∥z(k) − z∗

∥∥∥2

2

≤ −σ2
min

(
J†
k

)
∥Φk∥2

2 + 2η σ2
max

(
J†
k

)
∥Φk∥2

2

= −
[
1− 2η κ2

2(Jk)
]
σ2

min

(
J†
k

)
∥Φk∥2

2.

Using

σ2
min

(
J†
k

)
≥ 1
∥Jk∥2

F
,

we obtain

∥∥∥z(k+1) − z∗
∥∥∥2

2
−
∥∥∥z(k) − z∗

∥∥∥2

2
≤ −

[
1− 2η κ2

2

(
J
τ
(k)
ik

(
z(k)

))]
∥∥∥∥Φ

τ
(k)
ik

(
z(k)

)∥∥∥∥2

2∥∥∥∥J
τ
(k)
ik

(
z(k)

)∥∥∥∥2

F

. (1)

By the definition of ℓk, ∥∥∥∥Φ
τ
(k)
ik

(
z(k)

)∥∥∥∥2

2
≥
∣∣∣ϕℓk

(
z(k)

)∣∣∣2. (2)

From the consistency condition, for every i ∈ τ
(k)
ik

,∥∥∥g(k)i

∥∥∥
2
≤ (1 + δk)

∥∥∥ĝ(k)ik

∥∥∥
2

and ∥∥∥g(k)i

∥∥∥
2
≥ (1− δk)

∥∥∥ĝ(k)ik

∥∥∥
2
.

In particular, ∥∥∥ĝ(k)ik

∥∥∥
2
≤ 1

1− δk

∥∥∥g(k)ℓk

∥∥∥
2
.

Hence, ∥∥∥g(k)i

∥∥∥
2
≤ 1 + δk

1− δk

∥∥∥g(k)ℓk

∥∥∥
2
, ∀ i ∈ τ

(k)
ik

.

Therefore, ∥∥∥∥J
τ
(k)
ik

(
z(k)

)∥∥∥∥2

F
= ∑

i∈τ
(k)
ik

∥∥∥g(k)i

∥∥∥2

2
≤ |τ(k)

ik
|
(

1 + δk
1− δk

)2∥∥∥g(k)ℓk

∥∥∥2

2
. (3)

Combining (2) and (3) yields
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∥∥∥∥Φ
τ
(k)
ik

(
z(k)

)∥∥∥∥2

2∥∥∥∥J
τ
(k)
ik

(
z(k)

)∥∥∥∥2

F

≥ (1− δk)
2

|τ(k)
ik
|(1 + δk)2

∣∣∣ϕℓk

(
z(k)

)∣∣∣2∥∥∥g(k)ℓk

∥∥∥2

2

. (4)

Substituting (4) into (1) completes the proof.

The requirement Lk > 0 is a sufficient condition for the error bound derived above to
be strictly contractive. It is not a necessary condition for the convergence of the numerical
method. In particular, when Lk ≤ 0, the present estimate cannot certify a contraction at
that iteration, but this does not imply that the iteration necessarily diverges. It should also
be emphasized that the spectral condition number in Lk is associated with the selected
Jacobian submatrix rather than with the complete saddle-point matrix. Consequently, an
ill-conditioned full system may still contain selected local blocks with moderate condition
numbers. Nevertheless, the block partition does not guarantee that every selected submatrix
is well conditioned, and the condition should therefore be interpreted as a local and
conditional assumption.

Using the above lemmas, the following two convergence theorems can be readily proven.

Theorem 1. Let Φ : D ⊂ Rn → Rm be a nonsmooth function defined on a compact domain D.
Assume z∗ ∈ D satisfies Φ(z∗) = 0, and for all z ∈ D, Φ admits a Clarke generalized Jacobian
JC(z). The sequence {z(k)} generated by BNSNGRK_k converges to z∗ with the expected squared
error satisfying

E
[
∥z(k+1) − z∗∥2

2
]
≤
(

1− Lk(1− δk)
2

|τk| κ2
F(J(z(k)))(1 + δk)2(1 + η)2

)
E
[
∥z(k) − z∗∥2

2
]
,

for k = 0, 1, . . . , where Lk and κF(·) denote spectral and Frobenius condition numbers, respectively.

Proof. Let
Ek =

∥∥∥z(k) − z∗
∥∥∥2

2
,

and let Fk denote the information generated before the block selection at iteration k. By
Lemma 5, the update associated with the selected block τ

(k)
ik

satisfies

Ek+1 − Ek ≤ −
Lk(1− δk)

2

|τ(k)
ik
|(1 + δk)2

∣∣∣ϕℓk

(
z(k)

)∣∣∣2∥∥∥g(k)ℓk

∥∥∥2

2

,

where

Lk = 1− 2η κ2
2

(
J(k)

τ
(k)
ik

)
.

Taking the conditional expectation with respect to the block-selection probability and
using the definition of the greedy candidate set Uk gives the corresponding normalized
residual bound. Together with the block-consistency estimate in Lemma 5, this yields

E[Ek+1 | Fk] ≤ Ek −
Lk(1− δk)

2

|τ(k)
ik
|(1 + δk)2

∥∥∥Φ
(
z(k)

)∥∥∥2

2∥∥J(k)
∥∥2

F

.

By Lemma 4, ∥∥∥Φ
(
z(k)

)∥∥∥2

2
≥ 1

(1 + η)2

∥∥∥J(k)
(

z(k) − z∗
)∥∥∥2

2
.
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Furthermore, ∥∥∥J(k)
(

z(k) − z∗
)∥∥∥2

2
≥ σ2

min

(
J(k)
)
Ek.

Since

κ2
F

(
J(k)
)
=

∥∥∥J(k)
∥∥∥2

F
σ2

min
(

J(k)
) ,

we obtain

E[Ek+1 | Fk] ≤

1− Lk(1− δk)
2

|τ(k)
ik
|κ2

F
(

J(k)
)
(1 + δk)2(1 + η)2

Ek.

Taking the total expectation proves the stated result. The conditional expectation
argument follows the same principle as that used for the NSNGRK method in [26].

Theorem 2. Let Φ : D ⊂ Rn → Rm be a nonsmooth function defined on a compact domain D.
Assume z∗ ∈ D satisfies Φ(z∗) = 0, and for all z ∈ D, Φ admits a Clarke generalized Jacobian
JC(z). The sequence {z(k)} generated by BNSNMGK_k converges to z∗ with error decay satisfying

∥z(k+1) − z∗∥2
2 ≤

1−
1
2Lkβkγknk

(
||Jk

c ||2F
νk

+ 1
)
(1− δk)

2

|τk| κ2
F(J(z(k)))(1 + δk)2(1 + η)2

∥z(k) − z∗∥2
2,

for k = 0, 1, . . ., where βk, γk, νk are problem-specific positive parameters associated with the
multi-step update scheme.

Proof. Let
z(k,0) = z(k), z(k+1) = z(k,nk),

and define
Ek,j =

∥∥∥z(k,j) − z∗
∥∥∥2

2
.

For the j-th inner block update, Lemma 5 gives

Ek,j − Ek,j−1 ≤ −Dk,j, j = 1, . . . , nk,

where Dk,j denotes the nonnegative error-decrease term obtained from Lemma 5 for the
block used in the j-th inner update. Summing these inequalities over all inner updates
gives the telescoping relation

Ek,nk
− Ek,0 ≤ −

nk

∑
j=1
Dk,j.

Since
Ek,nk

=
∥∥∥z(k+1) − z∗

∥∥∥2

2
, Ek,0 =

∥∥∥z(k) − z∗
∥∥∥2

2
,

it remains to estimate the sum of the inner error decreases. Using Lemma 4, the consistency
estimate in Lemma 5, and the definitions of βk, γk, and νk, we obtain

nk

∑
j=1
Dk,j ≥

1
2Lkβkγknk

( ∥∥∥J(k)c

∥∥∥2

F
νk

+ 1

)
(1− δk)

2

|τ(k)
ik
|κ2

F
(

J(k)
)
(1 + δk)2(1 + η)2

Ek,0.

Substituting this estimate into the telescoping relation yields
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∥∥∥z(k+1) − z∗
∥∥∥2

2
≤
[

1−

1
2Lkβkγknk

( ∥∥∥J(k)c

∥∥∥2

F
νk

+ 1

)
(1− δk)

2

|τ(k)
ik
|κ2

F
(

J(k)
)
(1 + δk)2(1 + η)2

]∥∥∥z(k) − z∗
∥∥∥2

2
.

This is the claimed estimate. The telescoping multi-step argument is analogous to the
analysis of the NSNMGK method in [27].

A comparison of the convergence results for the NSNGRK method and the BN-
SNGRK_k method (Theorem 1) reveals a critical refinement: the convergence bound for the
block-based method incorporates the squared spectral condition number κ2

2
(

Jτk (z
(k))
)

of
the current block Jacobian. Given that 1−2η

(1+η)2 κ2
F

(
J(z(k))

) is positive and typically small, the

following inequality holds

0 < 1−
1− 2η κ2

2
(

Jτk (z
(k))
)

(1 + η)2 κ2
F
(

J(z(k))
) < 1− 1− 2η

(1 + η)2 κ2
F
(

J(z(k))
) < 1.

This demonstrates a strictly smaller contraction factor for the block greedy strategy.
Therefore, when solving the nonsmooth nonlinear system Φ(z) = 0 (Φ : Rn → Rm) with a
Kaczmarz-type iteration, employing a greedy rule to select row blocks after partitioning
yields faster convergence than applying a greedy rule to individual rows alone.

4. Experimental Results
In this section, we focus on comparing our new methods, i.e., the BNSNGRK_k and

BNSNMGK_k methods, with the current methods for solving grasping problems in terms
of the grasping force and displacement. To verify the effectiveness of the proposed methods
in practical grasping scenarios, we use the robot dexterous hand to grasp three typical
objects [27]: an L-shaped planar block, a prism, and a cube, as shown in Figure 1. The
numerical experiments are based on the grasping of these objects. In Figures 2–6, the
horizontal axis labeled “IT” denotes the outer iteration index k. For the BNSNMGK_k
method, all block updates performed within one outer iteration are counted together as one
iteration, rather than as separate iterations. The vertical axis reports the base-10 logarithm
of the nonlinear residual norm,

log10

∥∥∥Φ
(
z(k)

)∥∥∥
2
.

Consequently, a lower value on the vertical axis indicates a smaller residual and hence
a more accurate approximation to the solution. In particular, vertical-axis values of −6 and
−8 correspond to residual norms of 10−6 and 10−8, respectively.

Figure 1. Grasping scenarios.
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Figure 2. Residual error vs. iteration count for the planar grasping problem.

Figure 3. Iteration process for three-finger grasping of a prism with tetrahedral (4-sided) cone
approximation.

Figure 4. Iteration process for three-finger grasping of a prism with octahedral (8-sided) cone
approximation.
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Figure 5. Iteration process for three-finger grasping of a cube with tetrahedral (4-sided) cone
approximation.

Figure 6. Iteration process for three-finger grasping of a cube with octahedral (8-sided) cone
approximation.

4.1. Planar Grasping Problem

We begin with the planar grasping problem. The planar grasping problem can be
modeled as a linear complementarity problem ε

v−

v+

 =

 E GT −GT

−G 0 0
G 0 0


 r

ů+

ů−

+

 δ∗

P
−P

 ≥ 0,

 r
ů+

ů−

 ≥ 0,

 ε

v−

v+

 ≥ 0,
[
r ů+ ů−

] ε

v−

v+

 = 0,

where v− and v+ are parametric variables, E is the compliance matrix, G is the grasping
matrix, P is the external wrench vector, δ∗ is the initial gap, ε is the relative displace-
ment vector, r is the grasping force vector, and ů is the object displacement vector, with
ů+ = |ů|+ů

2 , ů− = |ů|−ů
2 . The coefficient matrix takes the form of a skew-symmetric saddle-

point matrix

[
X Y

−YT O

]
.
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Through regularization, the regularized model can be solved directly by the Lemke
method, which provides an exact reference solution. With the convergence tolerance set
to 10−6, the comparisons between numerical and exact results are summarized in Table 1,
and the decay of the residual versus iteration count is plotted in Figure 2. Table 1 and
Figure 2 demonstrate that the block Kaczmarz approach is effective for systems with a
skew-symmetric saddle-point coefficient matrix. Furthermore, the proposed algorithms
exhibit a clear advantage over the NSNGRK method in terms of iteration numbers.

Table 1. Planar grasping results (tol. 10−6).

Physical Quantity NSNGRK BNSNGRK_k BNSNMGK_k

Max Force Error 1.00× 10−6 4.38× 10−10 7.29× 10−16

Max Displacement Error 2.00× 10−6 4.38× 10−11 7.83× 10−13

To examine the practical relevance of the sufficient contraction condition, the ex-
act solution calculated by Lemke is used as the reference solution and empirical values
for the Jacobian submatrix selected at each iteration of the first numerical example are
recorded. Specifically,

η̂k = max
i∈τ

(k)
ik

∣∣∣ϕi
(
z(k)

)
− ϕi(z∗)− J(k)i,:

(
z(k) − z∗

)∣∣∣∣∣ϕi
(
z(k)

)
− ϕi(z∗)

∣∣ ,

where components with denominators close to machine precision were excluded.
For the first numerical example, empirical values of η̂k and κ̂2,k are evaluated along

the computed iteration trajectory. The first quartile, median, and third quartile of η̂k were
8.22× 10−6, 5.55× 10−2, 1.67× 10−1, respectively, while the corresponding values of κ̂2,k

were 1.00, 1.00, 2.18. For the empirical contraction quantity L̂k, the first quartile, median,
and third quartile were 0.23, 0.79, 0.99, respectively. These representative values show that
the derived contraction condition is practically attainable along the computed trajectory.

4.2. Three-Finger Grasping of an Isosceles Prism

The grasping problem in three-dimensional space can be modeled as the following
linear complementarity problem:εN

γ

w̄

 =

EN −GT
NUGN GT

N ATT e
TT

N − TT
T ATGN 0 0
−eT 0 0


rN

λ

z̄

+

dN + GT
NUP

TT
T ATP

r̄N

.

The associated nonnegativity and complementarity conditions arerN

λ

z̄

 ≥ 0,

εN

γ

w̄

 ≥ 0,

rN

λ

z̄


TεN

γ

w̄

 = 0.

Here, rN denotes the normal force, GN and GT are the grasp matrices associated
with the normal and tangential forces, respectively, and EN and ET are the corresponding
normal and tangential compliance matrices. The vector P denotes the external wrench, εN

denotes the normal relative displacement, and dN is the vector of initial normal distances
between the fingertips and the object. Moreover, λ is the slip parameter associated with the
approximated friction cone, γ is the corresponding friction-cone force parameter, and r̄N is
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the prescribed maximum normal force. The variables w̄ and z̄ form a complementary pair,
while TT and TN are matrices arising from the linearization of the friction law.

The matrices A and U and the vector e are defined by

A =

[
E−1

T GT
T

(
GTE−1

T GT
T

)−1
]T

,

U = −
(

GTE−1
T GT

T

)−1
,

e =
[
1 · · · 1

]T
.

The coefficient matrix takes the form of a general saddle-point block structure

M =

[
X Y
Z 0

]
.

For the three-finger grasping of an isosceles prism in 3D space, we approximate
the friction cone with a 4-sided pyramid and an 8-sided pyramid, respectively, when
formulating it as a linear complementarity problem. When using the 4-sided pyramid to
approximate the friction cone, the Lemke method can obtain a set of exact solutions. We set
the convergence tolerance for the numerical algorithms to 10−6. The results of numerical
algorithms are compared with those of the Lemke algorithm in Table 2. The iteration
process of the block Kaczmarz methods is shown in Figure 3. When using the 8-sided
pyramid to approximate the friction cone, the Lemke method fails to find a solution. The
similarity of the results computed by the two block-iterative numerical methods, as denoted
by the mean absolute error, is shown in Table 3, and the iteration process is depicted in
Figure 4. From Tables 2 and 3, we observe that the same convergence tolerance does not
guarantee the same solution quality. The grasping forces computed by the NSNGRK
algorithm show noticeable errors compared to the exact solution. In contrast, both block
Kaczmarz methods not only achieve high accuracy in computing grasping forces but
also maintain high accuracy in computing grasping displacements. This advantage is
particularly evident in ill-conditioned problems such as the grasping complementarity
model, making the block Kaczmarz methods not only faster algorithms but also capable of
providing higher-quality solutions.

Table 2. Three-finger prism grasping results (4-sided cone, tol. 10−6).

Physical Quantity NSNGRK BNSNGRK_k BNSNMGK_k

Max Normal Force Error 3.0× 10−2 8.2× 10−5 8.7× 10−5

Max Tangential Force Error 1.2× 10−2 6.0× 10−5 4.6× 10−5

Max Relative Displacement Error 1.6× 10−6 4.3× 10−9 5.7× 10−9

Max Object Displacement Error 8.1× 10−7 5.3× 10−10 1.7× 10−10

Table 3. Three-finger prism grasping results (8-sided cone, tol. 10−6).

Physical Quantity Mean Absolute Error

Normal Force 8.69× 10−5

Tangential Force 4.34× 10−5

Relative Displacement 3.54× 10−7

Object Displacement 2.92× 10−7
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4.3. Three-Finger Grasping of a Cube

For the problem of three-finger grasping a cube in three-dimensional space, we again
approximate the friction cone using 4- and 8-sided pyramids. For this problem, we further
tighten the convergence tolerance for the algorithms to 10−8. The Lemke method provides
exact solutions when approximating the friction cone with a 4-sided pyramid, but not with
an 8-sided pyramid. The NSNGRK method does not converge to the required tolerance
in either case. We present the computational results and convergence iteration process
for the three algorithms that successfully yield solutions under the tetrahedral pyramid
approximation in Table 4 and Figure 5, and under the octahedral pyramid approximation
in Table 5 and Figure 6. We observe that the grasping forces computed by the proposed
methods are essentially consistent. The multi-step block Kaczmarz method requires fewer
iterations than the block Kaczmarz method and demonstrates that the new algorithms
effectively improve convergence accuracy.

Table 4. Three-finger cube-grasping results (4-sided cone, tol. 10−8).

Physical Quantity BNSNGRK_k BNSNMGK_k

Max Normal Force Error 1.8× 10−13 4.4× 10−11

Max Tangential Force Error 3.0× 10−13 8.8× 10−11

Max Relative Displacement Error 7.8× 10−7 8.9× 10−8

Max Object Displacement Error 1.2× 10−7 1.2× 10−7

Table 5. Three-finger cube-grasping results (8-sided cone, tol. 10−8).

Physical Quantity Mean Absolute Error

Normal Force 3.50× 10−12

Tangential Force 4.12× 10−12

Relative Displacement 6.64× 10−9

Object Displacement 7.95× 10−9

The results in Tables 1–5 show that the proposed block methods attain higher numeri-
cal accuracy and require fewer outer iterations than the comparison method for the tested
robotic grasping problems. These results demonstrate advantages in solution accuracy
and iteration count. However, because K-means clustering is performed during the outer
iterations, the reduction in the number of iterations does not by itself establish a reduction
in total wall-clock execution time.

5. Conclusions
This work addresses accuracy in multi-fingered robotic grasping complementarity

problems by introducing two novel algorithms: BNSNGRK_k and BNSNMGK_k. Lever-
aging K-means clustering for adaptive block partitioning of the generalized Jacobian
matrix, these methods significantly enhance computational performance. Convergence
is established and numerical experiments validate their efficacy in grasp planning for
multi-fingered robotic hands. Although the proposed methods achieve higher numerical
accuracy and require fewer outer iterations in the reported experiments, the repeated K-
means clustering step introduces an additional computational overhead. Therefore, fewer
outer iterations do not necessarily imply a shorter total wall-clock time for every imple-
mentation or computational platform. Reducing the clustering overhead is an important
direction for future work. Possible strategies include warm-starting K-means with the
centroids obtained at the preceding iteration, using incremental clustering, updating the
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block partition only when the generalized Jacobian changes significantly, and performing
re-clustering periodically rather than at every outer iteration.
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