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Abstract

This paper investigates the dynamical behavior of a three-species commensalism–amensalism
system with Beddington–DeAngelis functional response. The model describes a novel
tripartite interaction: a neutral–commensal species (e.g., sea anemone) simultaneously
engages in a commensal relationship with a commensal–amensal species (e.g., clownfish)
and an indirect nutritional coupling with a neutral–amensal species (e.g., crustacean), while
the commensal–amensal and neutral–amensal species interact amensalistically. This paper
makes three principal contributions. First, by constructing a Volterra-type Lyapunov func-
tion, we rigorously prove the global asymptotic stability of the unique positive equilibrium
of the (x, z)-subsystem in the positive quadrant, and further establish the global asymptotic
stability of both the amensal-free equilibrium E3 and the coexistence equilibrium E4 in the
positive octant. Second, selecting the commensal benefit coefficient c as the bifurcation
parameter, we present a complete and rigorous proof of a transcritical bifurcation. Third, we
provide systematic Maple-based numerical verification: the bifurcation diagram exhibits
excellent agreement with the theoretical curve, and logarithmic-scale plots confirm expo-
nential convergence rates. Ecologically, our results reveal a sharp threshold phenomenon:
when the commensal benefit coefficient lies below a critical value c∗, the commensal species
inevitably goes extinct and the system collapses to a two-species state; when c exceeds c∗,
the commensal species can invade and achieve stable three-species coexistence. The explicit
formula for this threshold provides a quantitative criterion for determining the minimum
mutualistic strength required for persistence in conservation contexts. The results obtained
in this paper substantially extend the existing theoretical understanding of three-species
commensalism–amensalism systems.

Keywords: amensalism; Beddington–DeAngelis functional response; global stability;
Lyapunov function; transcritical bifurcation; center manifold reduction

MSC: 34C23; 34D05; 34D20; 34D23; 37G10; 92D25

1. Introduction
While predation, competition, and mutualism have each spawned a vast mathematical

literature, unilateral interactions—where one species affects another without being affected
in return—remain comparatively understudied, despite their documented prevalence in
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natural ecosystems [1]. The two canonical unilateral interactions are commensalism (one
species benefits, the other is unaffected) and amensalism (one species is harmed, the other
is unaffected).

Mathematical modelling of ecological interactions now constitutes a mature interdisci-
plinary enterprise, in which dynamical systems theory provides the principal framework
for analyzing population persistence and species coexistence [2]. While bidirectional
interactions—predation, competition, mutualism—have received sustained mathematical
attention, the dynamical theory of unilateral interactions remains comparatively underde-
veloped [3]. Recent field-informed modelling work has underscored the need for mecha-
nistic treatments of mixed positive–negative interaction networks in spatially structured
habitats [4].

Mougi [3] provided the first systematic evidence that unilateral interactions play
critical roles in maintaining community stability. Through large-scale ecological network
simulations, Mougi demonstrated that networks dominated by commensalistic and amen-
salistic interactions exhibit stability characteristics fundamentally different from those
governed by bidirectional interactions. This landmark finding has stimulated a growing
body of mathematical research, which we now review in a structured manner. One theme
that will emerge is the contrast between models that permit oscillatory dynamics and those
whose unilateral architecture precludes it.

1.1. Two-Species Unilateral Interaction Models

The mathematical study of unilateral interactions began with two-species systems.
On the amensalism side, Sun [5] first proposed the basic Lotka–Volterra framework; sub-
sequently, Guan and Chen [6] incorporated the Beddington–DeAngelis (BD) functional
response with Allee effects, Luo and Wang [7] further analyzed the global dynamics under
weak Allee effect, and Zhao et al. [8,9] extended it. More recent contributions include
discrete-time models that uncover chaos and period-doubling [10], and systems incorpo-
rating strong Allee effects [11–14]. On the commensalism side, Chen et al. [15] studied a
Holling type II model with stage structure, Fang et al. [16] considered Allee effects together
with non-selective harvesting, Ditta et al. [17] explored periodic dynamics in a harvested
discrete-time system, and Qu [18] introduced two time delays that induce Hopf bifurca-
tions. Further developments, including seasonal commensalism and weak Allee effects, are
surveyed in [19–21].

All of the above works, however, are confined to the two-species framework.
In real ecosystems a single species often participates simultaneously in multiple unilat-
eral interactions, making three-species models indispensable for capturing ecologically
realistic scenarios.

1.2. Three-Species Models Involving Unilateral Interactions

We now present a systematic review of existing three-species models that incorporate
unilateral interactions. These can be classified into four categories according to their
interaction architecture.

1.2.1. Type I: Commensalism + Parasitism with a Shared Host

Puspitasari et al. [22] proposed a three-species model in which a commensal and a
parasite share a common host: the commensal benefits from the host without cost, while
the parasite benefits from (and harms) the host. Michaelis–Menten-type harvesting acts
upon the commensal. Eight equilibria were identified and local stability was analyzed via
eigenvalue methods; subsequent corrections and strengthened results were provided by Liu
and Yue [23] and Chen, Zhou, and Lin [24]. Crucially, this model contains no amensalistic
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interaction, and all interspecific coupling terms remain linear. Consequently, oscillatory
dynamics are absent—a pattern shared by most pure unilateral-interaction models.

1.2.2. Type II: Predation + Competition + Commensalism (Food-Web Structure)

Gakkhar and Gupta [25] and Gupta, Jena, and Priyadarshi [26] investigated tri-trophic
food-web models in which commensalism enters as a secondary interaction alongside
predation and competition (with Holling type II or III functional responses). These systems
exhibit rich oscillatory and even chaotic dynamics—Hopf bifurcations, stable limit cycles,
period-2 solutions—that are driven primarily by the bidirectional antagonistic interactions
rather than by unilateral interactions per se. This contrast suggests that models constructed
exclusively from unilateral interactions may belong to a qualitatively distinct dynamical
class from those incorporating bidirectional feedback—a distinction that the present paper
will substantiate mathematically.

1.2.3. Type III: Amensalism + Parasitism

Abd Alhadi and Naji [27,28] proposed and analyzed three-species models that com-
bine amensalism with parasitism. Global stability was established via Lyapunov functions,
and transcritical bifurcations were identified through Sotomayor’s theorem. Commensal-
ism, the positive counterpart of unilateral interactions, is conspicuously absent from these
models, and all interaction terms retain the linear mass-action (Lotka–Volterra) form.

1.2.4. Type IV: Commensalism in a Food Chain with Harvesting

Jawad and Hassan [29] considered a four-species food chain in which commensalism
appears as one among several interaction types; saddle-node, transcritical, and pitchfork
bifurcations were reported. Amensalism is not present in this model.

1.2.5. Summary of the Literature Landscape

To crystallize how the present work differs from existing three-species formulations,
we compare the key structural features of the four model categories in Table 1. The table
highlights interaction types, functional response forms, coupling architecture, and the
presence or absence of oscillatory dynamics—factors that collectively determine the mathe-
matical behavior and ecological relevance of each model.

Table 1. Comparison of three-species models involving unilateral interactions.

Reference Interaction Types Functional Response Coupling Structure Oscillations?

Puspitasari et al. [22] Commensalism
+ Parasitism

Michaelis–Menten
(harvesting only)

Linear; shared host
mediates both
interactions

No

Gakkhar & Gupta
[25]; Gupta et al. [26]

Predation +
Competition +
Commensalism

Holling II or III Linear commensalism;
predation-driven Yes (Hopf, chaos)

Abd Alhadi & Naji
[27,28]

Amensalism
+ Parasitism Linear (mass action) Two or three pairwise

LV couplings No

Jawad & Hassan [29] Commensalism +
Predation (4 species) Linear Food chain with

linear commensalism Not reported

Shofiyya et al. [30]
[the present study]

Commensalism+
Amensalism BD (nonlinear)

Dual unilateral;
(x, z)-subsystem
autonomous

No proved
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1.3. The Research Gap and the Present Contribution

Table 1 reveals a conspicuous gap in the literature: no existing three-species model
simultaneously incorporates commensalism and amensalism as its two defining unilateral
interactions. Type I models pair commensalism with parasitism rather than amensalism;
Type II formulations embed commensalism within food webs governed primarily by
predation and competition; Type III systems couple amensalism with parasitism and
employ only linear interaction terms; and Type IV works involve four species without any
amensalistic component.

In real ecosystems, however, a single species can simultaneously engage in both com-
mensalistic and amensalistic relationships with different partners. A well-documented
marine example illustrates precisely this configuration [31–33]. Specifically, sea anemones
shelter clownfish without cost to themselves—a clear case of commensalism—while their
toxins impair crustacean nervous systems (amensalism). Simultaneously, clownfish and
crustaceans compete for resources, with clownfish being disadvantaged—a second amen-
salistic link. Meanwhile, crustacean movements generate water currents that indirectly
enhance food delivery to the anemones, completing a three-species network in which
commensalism and amensalism operate simultaneously. This ecologically motivated
configuration had not been mathematically modeled until the recent work of Shofiyya
et al. [30].

Shofiyya et al. [30] proposed the following system, which is the object of study in the
present paper: 

dx
dt

= x(a1 − b1x) + βz,

dy
dt

= y
(

a2 − b2y +
cx

mx + ny + 1
− αz

)
,

dz
dt

= z
( a3

x
− b3z

)
.

(1)

Here x(t) denotes the neutral–commensal species (sea anemone), y(t) the commensal–
amensal species (clownfish), and z(t) the neutral–amensal species (crustacean). Three
interaction pathways define the network architecture. First, z supplies a nutritional subsidy
to x through the linear term +βz, while x reciprocates via the per capita contribution a3/x;
crucially, this (x, z) coupling is fully autonomous and independent of y. Second, x con-
fers a commensal benefit upon y through the Beddington–DeAngelis functional response

cx
mx+ny+1 , whose saturation form accounts for handling time and mutual interference be-
tween the two populations. Third, z exerts an amensalistic suppression on y via the linear
inhibition term −αz. Thus the system embodies, within a single three-species framework,
the two canonical forms of unilateral interaction.

Shofiyya et al. established positivity and boundedness of solutions, identified four
equilibrium points (E1,E2, E3, E4), and derived local asymptotic stability conditions via the
Routh–Hurwitz criterion (Theorems 4–7 in [30]). Their work laid the essential foundation,
yet a closer reading reveals that several fundamental questions were left open.

The most significant of these concerns global stability. Theorems 6 and 7 of [30] provide
only local asymptotic stability conditions—c < c∗ for the amensal-extinction equilibrium
E3 and c < c∗∗ for the coexistence equilibrium E4. Local stability guarantees attractivity
solely within an infinitesimal neighborhood of the equilibrium; it cannot exclude the
possibility that trajectories starting farther afield converge to a limit cycle or diverge
altogether. For ecological models, where the central question is whether a population can
recover from an arbitrarily large perturbation, global stability is the decisive criterion.

Closely related is the issue of bifurcation structure. The threshold values c∗ and c∗∗

mark the boundaries of the local stability regions for E3 and E4, yet the dynamical mecha-
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nism connecting these two equilibria—which, after all, represent the amensal-extinction
and coexistence states of the very same ecological system—remains unidentified. One
would naturally expect a transcritical bifurcation to mediate the transition, but neither the
nature of the bifurcation at c = c∗ nor the direction of exchange of stability is established in
the original work.

Finally, the numerical evidence presented in [30] is limited to a single set of initial
conditions (see their Section 5); without a systematic exploration of the phase space or a
bifurcation diagram, the analytical stability thresholds lack quantitative corroboration.

The present paper addresses each of these open problems through a systematic re-
examination of the model proposed by Shofiyya et al. [30]. We first establish, in Section 3,
the global asymptotic stability of both E3 and E4: the proof proceeds by constructing a
Volterra-type Lyapunov function that renders the autonomous (x, z)-subsystem globally
stable in R2

+, and then leverages ω-limit set arguments together with the theory of asymp-
totically autonomous systems to lift this stability to the full three-dimensional dynamics.
In Section 4 we turn to the bifurcation structure. All three conditions of Sotomayor’s
theorem are verified rigorously, the normal form ẏ = µ(c)y − γ(c)y2 is derived on the
center manifold, and we prove that the resulting transcritical bifurcation between E3 and
E4 is global: over the entire range of the bifurcation parameter c, the system admits no limit
cycles or other non-trivial attractors. We further explain this absence of oscillations as a
structural consequence of the unilateral coupling architecture (Sections 4.3 and 6).

Section 5 complements the analysis with comprehensive numerical simulations—
multiple initial conditions, a full bifurcation diagram, and quantitative validation of every
theoretical prediction—together with the complete Maple code used to generate them.

The model formulation and necessary mathematical preliminaries are given in the
next section.

The remainder of this paper is organized as follows. Section 2 recalls the model equa-
tions and summarizes the existing analytical results from [30]. Section 3 is devoted to the
global stability analysis: we first establish the global asymptotic stability of the autonomous
(x, z)-subsystem via a Volterra-type Lyapunov function, then leverage ω-limit set argu-
ments and the theory of asymptotically autonomous systems to prove global stability of
E3 and E4. Section 4 presents a rigorous bifurcation analysis using Sotomayor’s theorem,
deriving the normal form on the center manifold and demonstrating that the transcritical
bifurcation between E3 and E4 is global—no limit cycles or other non-trivial attractors ap-
pear over the entire range of the bifurcation parameter c. Section 5 provides comprehensive
numerical simulations, including a bifurcation diagram and multi-initial trajectories, that
quantitatively validate all theoretical predictions. Section 6 concludes with a discussion
that locates our findings within the wider landscape of ecological modelling, addresses the
comparative absence of oscillatory dynamics in unilateral systems, and outlines directions
for future extensions.

2. Model Description and Preliminaries
2.1. The Model Equations

We consider the following three-species system of ordinary differential equations due
to Shofiyya et al. [30]:

dx
dt

= x(a1 − b1x) + βz := f1(x, y, z),

dy
dt

= y
(

a2 − b2y +
cx

mx + ny + 1
− αz

)
:= f2(x, y, z),

dz
dt

= z
( a3

x
− b3z

)
:= f3(x, y, z).

(2)
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Here x(t), y(t), and z(t) denote, respectively, the population densities at time t of the
neutral–commensal species (sea anemone), the commensal–amensal species (clownfish),
and the neutral–amensal species (crustacean). All parameters are positive real numbers:
a1, a2, a3 are intrinsic growth rates; b1, b2, b3 are intraspecific competition coefficients; β is
the coefficient of food subsidy provided by crustaceans to sea anemones; c is the commensal
benefit coefficient of clownfish derived from sea anemones; m, n are the half-saturation
constants of the Beddington–DeAngelis functional response; and α is the amensal inhibi-
tion coefficient of crustaceans on clownfish. Initial conditions satisfy x(0), y(0), z(0) > 0.
The reader is referred to [30,34–37] for the detailed model derivation and additional
ecological context.

Remark 1. A key structural feature of system (2) is that f1 and f3 do not depend explicitly on y;
hence the (x, z)-subsystem is fully autonomous and decoupled from y. This property serves as the
cornerstone of our global stability analysis.

2.2. Existing Analytical Results

Shofiyya et al. [30] established the following foundational results, which we
quote directly:

Theorem 1 (Positivity and Boundedness). All solutions of system (2) with positive initial
conditions remain positive for all t ≥ 0 and are uniformly bounded in R3

+.

Theorem 2 (Existence and Uniqueness of Solutions). The right-hand side of system (2) is Lips-
chitz continuous on R3

+, and for any positive initial condition there exists a unique global solution.

2.3. Equilibrium Points

System (2) possesses four nonnegative equilibrium points:

E1: E1 =
(

a1
b1

, 0, 0
)

—only the neutral–commensal species survives;

E2: E2 =
(

a1
b1

, y2, 0
)

—the neutral–amensal species goes extinct, where

y2 =
−A2 +

√
(A2)2 − 4A3

2
,

where

A1 = 1, A2 =
a1m
b1n

+
1
n
− a2

b2
, and A3 = −

(
a1a2m
b1b2n

+
a2

b2n
+

a1c
b1b2n

)
;

E3: E3 = (x3, 0, z3) — the commensal–amensal species goes extinct;
E4: E4 = (x∗, y∗, z∗) — three-species coexistence.

Here x3 = x∗ is the unique positive real root of the cubic equation

x3 − a1

b1
x2 − a3β

b1b3
= 0, (3)

and
z3 = z∗ =

a3

b3x∗
. (4)

E1 and E2 possess at least one positive eigenvalue and are therefore always unsta-
ble [30]. The local stability conditions for E3 and E4 are given in Theorems 6 and 7 of the
original paper and are not repeated here. The central goal of the present paper is to elevate
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these local results to global ones and to reveal the bifurcation structure connecting E3

and E4.

3. Global Stability Analysis
3.1. Global Stability of the (x, z)-Subsystem

Consider the (x, z)-subsystem decoupled from y:
dx
dt

= x(a1 − b1x) + βz ≡ F1(x, z),

dz
dt

= z
( a3

x
− b3z

)
≡ F3(x, z).

(5)

This system possesses a unique positive equilibrium (x∗, z∗) =
(

x3, a3
b3x3

)
in R2

+.

Theorem 3. The equilibrium (x∗, z∗) is globally asymptotically stable in R2
+ for system (5).

Proof. Construct the following Volterra-type Lyapunov function:

V(x, z) = x − x∗ − x∗ ln
x
x∗

+ k
(

z − z∗ − z∗ ln
z
z∗
)

, (6)

where k > 0 is a positive parameter to be chosen. V is C1 and positive definite on R2
+,

and satisfies lim∥(x,z)∥→∞ V = +∞ (radial unboundedness).
The Lie derivative along system (5) is

V̇ =

(
1 − x∗

x

)
F1 + k

(
1 − z∗

z

)
F3.

Using the equilibrium conditions a1 = b1x∗ − βz∗
x∗ and a3 = b3x∗z∗, we expand term

by term: (
1 − x∗

x

)
F1 = −b1(x − x∗)2 + β(x − x∗)

(
z
x
− z∗

x∗

)
,

k
(

1 − z∗

z

)
F3 = − kb3z∗

x
(x − x∗)(z − z∗)− kb3(z − z∗)2.

Using the identity z
x − z∗

x∗ = x∗(z−z∗)−z∗(x−x∗)
xx∗ and combining, we obtain:

V̇ = −
(

b1 +
βz∗

xx∗

)
(x − x∗)2 +

(
β

x
− kb3z∗

x

)
(x − x∗)(z − z∗)

− kb3(z − z∗)2.

Choosing k = β
b3z∗ to eliminate the cross term, we obtain:

V̇ = −b1(x − x∗)2 − βz∗

xx∗
(x − x∗)2 − β

z∗
(z − z∗)2 ≤ 0. (7)

Since x, x∗ > 0, we have V̇ < 0 for all (x, z) ̸= (x∗, z∗). The equality V̇ = 0 holds if
and only if x = x∗ and z = z∗, and the maximal invariant set contained in {V̇ = 0} is the
singleton {(x∗, z∗)}. By Lyapunov’s direct method and LaSalle’s invariance principle [38],
(x∗, z∗) is globally asymptotically stable.

Remark 2. The key to the construction (6) lies in exploiting the natural structure of the Volterra-
type function

∫ x
x∗

ξ−x∗
ξ dξ in ecological models, which enables the cross term to be eliminated exactly
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by a suitable choice of k. This method is superior to conventional quadratic Lyapunov functions
because it simultaneously guarantees global positive definiteness and radial unboundedness on R2

+.

3.2. Global Stability of E3

Define the bifurcation function

µ(c) = a2 +
cx∗

mx∗ + 1
− αa3

b3x∗
. (8)

Theorem 4. If µ(c) < 0, i.e.,

c < c∗ ≡ mx∗ + 1
x∗

(
αa3

b3x∗
− a2

)
, (9)

then the equilibrium E3 = (x∗, 0, z∗) is globally asymptotically stable in R3
+.

Proof. By Theorem 3, for any initial condition (x(0), z(0)) ∈ R2
+, we have x(t) → x∗ and

z(t) → z∗.
Consider the dynamics of y:

dy
dt

= y
(

a2 − b2y +
cx

mx + ny + 1
− αz

)
≤ y
(

a2 − b2y +
cx

mx + 1
− αz

)
.

Since x(t) → x∗ and z(t) → z∗, for any ε > 0 there exists T > 0 such that for all t ≥ T:

dy
dt

≤ y(µ(c)− b2y + ε).

Because µ(c) < 0, we choose ε = |µ(c)|/2. Then for t ≥ T:

dy
dt

≤ y
(

µ(c)
2

− b2y
)
≤ µ(c)

2
y < 0 (y > 0).

Hence y(t) decreases monotonically with zero as a lower bound, so limt→∞ y(t) = 0.
More rigorously, let p ∈ R3

+ be an arbitrary initial point. Its ω-limit set ω(p) is
nonempty, compact, connected, and invariant. By the convergence of x and z:

ω(p) ⊆ Σ3 := {(x∗, y, z∗) : y ≥ 0}.

On Σ3, the limit equation is

dy
dt

= y
(

a2 − b2y +
cx∗

mx∗ + ny + 1
− αz∗

)
≡ yF(y). (10)

Noting that F′(y) = −b2 − cnx∗
(mx∗+ny+1)2 < 0. As y → ∞, the dominant term −b2y → −∞.

Hence, F is a strictly decreasing function, since F(0) = µ(c) < 0, it follows that F(y) < 0
for all y > 0, which means that the compact invariant sets are only {0}. Thus E3 is globally
asymptotically stable.

3.3. Global Stability of E4

Theorem 5. If µ(c) > 0, i.e.,

c > c∗ ≡ mx∗ + 1
x∗

(
αa3

b3x∗
− a2

)
, (11)

then the coexistence equilibrium E4 = (x∗, y∗, z∗) is globally asymptotically stable in R3
+.
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Proof. If µ(c) > 0, then for F(y) defined in (10), F(0) = µ(c) > 0, F(y) is strictly decreasing
on [0, ∞), the equation F(y) = 0 has a unique positive root y = y∗ in (0, ∞), and F(y) > 0
for 0 ≤ y < y∗, F(y) < 0 for y > y∗. Hence y∗ is globally asymptotically stable for (10) on
(0, ∞).

By Theorem 3, (x(t), z(t)) → (x∗, z∗). Take any p ∈ R3
+; its ω-limit set satisfies

ω(p) ⊆ Σ := {(x∗, y, z∗) : y ≥ 0}.

Σ is invariant under the flow of (2), so ω(p) is also an ω-limit set of (10). Equation (10)
is a one-dimensional autonomous ODE; its compact ω-limit sets must be fixed points, and
hence

ω(p) ⊆ {(x∗, 0, z∗), (x∗, y∗, z∗)} = {E3, E4}.

Since µ(c) > 0, y = 0 is a repeller for (10) (for 0 < y < δ, ẏ > 0). The initial condition
y(0) > 0 ensures y(t) ̸→ 0, so ω(p) = {E4}. Thus E4 is globally asymptotically stable.

4. Transcritical Bifurcation
4.1. Equilibrium Coincidence and Spectral Analysis

From (8), µ(c) is strictly increasing in c; hence there exists a unique c∗ such that
µ(c∗) = 0. At c = c∗, we have E3(c∗) = E4(c∗) = (x∗, 0, z∗)—the two equilibria coincide.

To perform the bifurcation analysis, we translate the system at E3(c∗). Let u = x − x∗,
v = y, w = z − z∗, and denote u = (u, v, w)T . The system becomes

u̇ = f1(x∗ + u, z∗ + w),

v̇ = v
[

a2 − b2v +
c(x∗ + u)

m(x∗ + u) + nv + 1
− α(z∗ + w)

]
= f2(x∗ + u, z∗ + w),

ẇ = f3(x∗ + u, z∗ + w).

(12)

For simplicity, we denote
u̇ = F(u; c), (13)

and F(0; c∗) = 0.
The Jacobian matrix at this equilibrium reveals the spectral structure that underpins

the bifurcation analysis. Evaluating at (0, c∗) yields

∂ f1

∂x

∣∣∣
E3

= a1 − 2b1x∗,
∂ f1

∂y

∣∣∣
E3

= 0,

∂ f1

∂z

∣∣∣
E3

= β,
∂ f2

∂x

∣∣∣
E3

= 0,

∂ f2

∂y

∣∣∣
E3

= a2 +
cx∗

mx∗ + 1
− αz∗ = µ(c),

∂ f2

∂z

∣∣∣
E3

= 0,

∂ f3

∂x

∣∣∣
E3

= − a3z∗

(x∗)2 ,
∂ f3

∂y

∣∣∣
E3

= 0,

∂ f3

∂z

∣∣∣
E3

=
a3

x∗
− 2b3z∗ = −b3z∗.

Note that a1 = b1x∗ − βz∗

x∗
, and hence

∂ f1

∂x

∣∣∣
E3

= a1 − 2b1x∗ = −b1x∗ − βz∗

x∗
.
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Hence,

A(c∗) = DuF(0; c∗) =

A11 0 β

0 0 0
A31 0 A33

, (14)

where
A11 = −b1x∗ − βz∗

x∗
< 0, A31 = − a3z∗

(x∗)2 < 0, A33 = −b3z∗ < 0.

Proposition 1. A(c∗) possesses a simple zero eigenvalue; the remaining two eigenvalues have
negative real parts.

Proof. The characteristic polynomial is

det(λI − A(c∗)) = λ · det

(
λ − A11 −β

−A31 λ − A33

)
.

The 2 × 2 block is precisely the Jacobian of the (x, z)-subsystem at (x∗, z∗). From the
negative definiteness of V̇ in Theorem 3, this block has negative trace and positive deter-
minant; hence both eigenvalues have negative real parts. The full spectrum is therefore
{0, λ2, λ3} with Re(λ2,3) < 0.

4.2. Sotomayor Verification and Center Manifold Reduction

Theorem 6 (Transcritical Bifurcation). Let c∗ be defined by (9). System (2) undergoes a transcrit-
ical bifurcation at (E3(c∗), c∗). Specifically:

(i) There exist δ > 0 and C1 families of equilibria {E3(c), E4(c)}|c−c∗ |<δ passing through
(E3(c∗), c∗);

(ii) For c < c∗, E3(c) is locally asymptotically stable, while E4(c) does not lie in R3
+ (y∗(c) < 0);

(iii) For c > c∗, E3(c) is unstable, while E4(c) lies in R3
+ and is locally asymptotically stable;

(iv) On the center manifold, the reduced dynamics are governed by the transcritical normal form

v̇ = µ(c) v − γ(c) v2 + O(v3, µv2, µ2v), (15)

where γ(c) = b2 +
cnx∗

(mx∗+1)2 > 0.

Proof. We apply Sotomayor’s theorem [39] and verify its three conditions.
Right and left eigenvectors. Right eigenvector v satisfies A(c∗)v = 0. Since the

second column of A(c∗) is entirely zero:

v = (0, 1, 0)T . (16)

Left eigenvector w satisfies wT A(c∗) = 0T :

(w1, w2, w3)

A11 0 β

0 0 0
A31 0 A33

 = (0, 0, 0).

Writing component-wise: w1 A11 + w3 A31 = 0,

w1β + w3 A33 = 0.
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The coefficient determinant of this homogeneous linear system is

∆ = A11 A33 − βA31 = det

(
A11 β

A31 A33

)
.

This is precisely the Jacobian determinant of the (x, z)-subsystem. Since this subsystem is
asymptotically stable at (x∗, z∗), we have ∆ > 0. Hence the homogeneous system admits
only the trivial solution w1 = w3 = 0. The component w2 is free; we take

w = (0, 1, 0)T . (17)

The normalization condition wTv = 1 is automatically satisfied.
Verification of (S1): wTFc(0, c∗) = 0.
Computing Fc =

∂
∂c F:

Fc(u; c) =
∂

∂c


x(a1 − b1x) + βz

y
(

a2 − b2y +
cx

mx + ny + 1
− αz

)
z(a3/x − b3z)

 =


0

xy
mx + ny + 1

0

.

At (0, c∗), we have x = x∗, y = 0, z = z∗, and hence

Fc(0; c∗) = (0, 0, 0)T .

and wTFc = 0. Hence (S1) holds.
Verification of (S2): wT [DuFc v] ̸= 0.

First compute DuFc:

DuFc =


0 0 0

∂

∂x

(
xy

mx + ny + 1

)
∂

∂y

(
xy

mx + ny + 1

)
∂

∂z

(
xy

mx + ny + 1

)
0 0 0

.

Computing term by term:

∂

∂x

(
xy

mx + ny + 1

)
= y · mx + ny + 1 − mx

(mx + ny + 1)2 =
y(ny + 1)

(mx + ny + 1)2 ,

∂

∂y

(
xy

mx + ny + 1

)
=

x
mx + ny + 1

− nxy
(mx + ny + 1)2 =

x(mx + 1)
(mx + ny + 1)2 .

At (0, c∗) (where y = 0):

DuFc(0; c∗) =


0 0 0

0
x∗

mx∗ + 1
0

0 0 0

.
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Thus

DuFc(0; c∗) v =


0 0 0

0
x∗

mx∗ + 1
0

0 0 0


0

1
0

 =


0

x∗

mx∗ + 1
0

.

wT [DuFc v] = (0, 1, 0)
(

0,
x∗

mx∗ + 1
, 0
)T

=
x∗

mx∗ + 1
> 0.

Hence (S2) holds.
Verification of (S3): wT [D2

uF(v, v)] ̸= 0.
The second derivative D2

uF(v, v):

D2
uF(v, v) = ∑

i,j∈{u,v,w}

∂2F
∂ui ∂uj

vivj =
∂2F
∂v2 ,

since only v2 = vy = 1 ̸= 0, while all other vi = 0. We compute
∂2 f2

∂y2 :

f2 = y
(

a2 − b2y +
cx

mx + ny + 1
− αz

)
.

∂ f2

∂y
= a2 − 2b2y +

cx
mx + ny + 1

− αz − cnxy
(mx + ny + 1)2 ,

∂2 f2

∂y2 = −2b2 −
cnx

(mx + ny + 1)2 − cnx
(mx + ny + 1)2 +

2cn2xy
(mx + ny + 1)3

= −2b2 −
2cnx

(mx + ny + 1)2 +
2cn2xy

(mx + ny + 1)3 .

At (0, c∗) (where y = 0):

∂2 f2

∂y2

∣∣∣
(0,c∗)

= −2b2 −
2c∗nx∗

(mx∗ + 1)2 .

The remaining components satisfy ∂2 f1
∂y2 = ∂2 f3

∂y2 = 0. Hence

D2
uF(v, v)

∣∣∣
(0,c∗)

=


0

−2b2 −
2c∗nx∗

(mx∗ + 1)2

0

.

wT[D2
uF(v, v)

]
= −2b2 −

2c∗nx∗

(mx∗ + 1)2 < 0 ̸= 0.

Therefore, (S3) holds. By Sotomayor’s theorem, the system undergoes a transcritical
bifurcation at (0, c∗). Conclusion (i) is proved.

Center manifold reduction. By Proposition 1, the center direction is v and the stable
directions span the (u, w)-plane. The center manifold theorem [40] guarantees the existence
of a local C1 center manifold:

Wc
loc = {(u, v, w) : u = h1(v, c), w = h2(v, c), |v| < δ, |c − c∗| < δ},
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where hi(0, c∗) = 0 and Dhi(0, c∗) = 0.
On Wc

loc, the v-dynamics become

v̇ = v
[

a2 − b2v +
c(x∗ + h1)

m(x∗ + h1) + nv + 1
− α(z∗ + h2)

]
.

Expanding the BD term in a Taylor series and using hi = O(v2, µv, µ2) (the center
manifold is quadratically tangent to the center direction):

c(x∗ + h1)

m(x∗ + h1) + nv + 1
=

cx∗

mx∗ + 1
− cnx∗

(mx∗ + 1)2 v + O(v2, µv, µ2).

Substituting:

v̇ = v
[

µ(c)−
(

b2 +
cnx∗

(mx∗ + 1)2

)
v + O(v2, µv, µ2)

]
= µ(c) v − γ(c) v2 + O(v3, µv2, µ2v).

Conclusion (iv) is proved. The inequality γ(c) > 0 confirms that the normal form is
indeed of transcritical type (rather than pitchfork).

The reduced one-dimensional system has two equilibria: v = 0 (corresponding to E3)
and v = µ/γ (the y-component of E4). Their stability follows directly: when µ < 0, v = 0
is stable and v = µ/γ < 0 lies outside the nonnegative half-line; when µ > 0, v = 0 is
unstable and v = µ/γ > 0 is stable. By the reduction principle [40], the local stability of the
full system is completely determined by the reduced dynamics. Conclusions (ii) and (iii)
are proved.

4.3. Global Nature of the Bifurcation and Structural Absence of Oscillations

Combining the results of Sections 3 and 4, we obtain the following global conclusion:

Corollary 1 (Global Transcritical Bifurcation). Under the conditions of Theorem 6:

• For c < c∗, E3 is the unique global attractor of system (2) in R3
+;

• For c > c∗, E4 is the unique global attractor of system (2) in R3
+;

• The system possesses no limit cycles, invariant tori, or other non-trivial compact invariant sets.

This elevates what is usually a merely local transcritical bifurcation to a global trans-
critical bifurcation: over the entire range of the bifurcation parameter, the system converges
to a unique equilibrium, and the dynamics are globally devoid of complexity.

Remark 3 (Structural reasons for the absence of oscillatory dynamics). The conclusion that
system (2) admits no Hopf bifurcation, no limit cycles, and no quasiperiodic solutions is not an
artifact of the particular parameter values chosen; it has a clear structural origin rooted in the
unilateral coupling architecture. Three independent mathematical arguments support this result.

(i) Jacobian sign structure precludes Hopf bifurcation. At the bifurcation point E3(c∗),
the Jacobian (14) has its second column identically zero—a direct consequence of the fact that
y does not appear in ẋ or ż. The characteristic polynomial therefore factorizes as λ · det(λI −
Jxz), where Jxz is the Jacobian of the (x, z)-subsystem. Since Jxz is a 2 × 2 matrix whose
eigenvalues have strictly negative real parts for all admissible parameters (Proposition 1),
the full 3 × 3 Jacobian can never possess a pair of purely imaginary eigenvalues. Hence Hopf
bifurcation is ruled out a priori by the sign pattern of the interaction matrix—no additional
genericity conditions need to be checked.
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(ii) Asymptotic reduction to one-dimensional monotone dynamics. As established
in Sections 3.2 and 3.3, the ω-limit set of every trajectory lies in the invariant fiber
Σ3 = {(x∗, y, z∗) : y ≥ 0}, on which the y-dynamics reduce to the scalar ODE ẏ = yF(y)
with F′(y) < 0 for all y ≥ 0. A one-dimensional autonomous system cannot support periodic
orbits, and the strict monotonicity of F further guarantees that convergence is monotone
rather than oscillatory. The transcritical normal form v̇ = µv − γv2 derived in Theorem 6 is
precisely the universal unfolding of this one-dimensional dynamics on the center manifold.

(iii) Absence of bidirectional feedback loops. In classical ecological models, oscillations arise
from closed negative-feedback cycles: prey stimulates predator growth, which in turn sup-
presses prey, creating alternating phases of expansion and decline. In system (2), all inter-
specific interactions are strictly unilateral—the commensal benefit cx

mx+ny+1 flows from sea
anemones to clownfish without reciprocation, and the amensal inhibition −αz acts on clown-
fish without clownfish affecting crustaceans. No species both influences and is influenced by
another. The dynamical consequence is that the interaction graph contains no directed cycles,
and the system is effectively open-loop with respect to interspecific couplings.

These structural features are not peculiar to the present model; they characterize the entire
class of continuous-time ODE systems in which the (x, z)-subsystem is autonomous and the third
species y is a passive responder. Within this class, the transcritical bifurcation proved in Theorem 6
is the only codimension-one bifurcation that can occur in the positive orthant.

5. Numerical Verification
5.1. Simulation Setup and Case Studies

We adopt the following parameter set (ecologically plausible and satisfying c∗ > 0):

Parameter Value Biological Meaning

a1 2.0 Intrinsic growth rate of sea anemone
b1 1.0 Intraspecific competition of sea anemone
β 1.0 Food subsidy from crustaceans to sea anemone
a2 0.5 Intrinsic growth rate of clownfish
b2 1.0 Intraspecific competition of clownfish
α 1.0 Amensal inhibition coefficient
a3 2.0 Growth parameter of crustacean
b3 1.0 Intraspecific competition of crustacean
m 1.0 BD half-saturation constant (with respect to x)
n 1.0 BD half-saturation constant (with respect to y)
c Variable Commensal benefit coefficient (bifurcation parameter)

Computation yields: x∗ ≈ 2.3593, z∗ ≈ 0.8477, c∗ ≈ 0.4951.
Case A: c = 0.3 < c∗ (Extinction of the commensal species).

Five distinct initial conditions are chosen to verify global convergence:

IC x(0) y(0) z(0)

IC1 1.0 0.5 0.3
IC2 3.0 1.0 1.5
IC3 0.5 0.2 0.1
IC4 4.0 1.5 2.0
IC5 2.0 0.05 0.5

Numerical simulations (T = 80, fourth-order Runge–Kutta with adaptive step size)
reveal: x(t) → 2.3593 and z(t) → 0.8477 for all initial conditions; and y(t) decreases
monotonically to 0 (y(80) < 10−8 for all ICs). In the 3D phase portrait, all trajectories
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converge to E3 = (2.3593, 0, 0.8477) on the (x, z)-plane. Figures 1–3 are the time series
solution of x(t), y(t) and z(t), respectively. Figure 4 is the 3D phase portrait of the system.
Figure 5 is the projection of solutions onto the xz-plane. One could see that (x(t), z(t)) →
(x∗, z∗) as t → +∞.

Figure 1. Time series solutions of sea anemone x(t) for case c = 0.3.

Figure 2. Time series solutions of clownfish y(t) for case c = 0.3.

Figure 3. Time series solutions of crustacean z(t) for case c = 0.3.
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Figure 4. 3D phase portrait of the system for the case c = 0.3.

Figure 5. Projection of solutions onto the xz-plane.

Case B: c = 0.7 > c∗ (Three-species coexistence).
With c = 0.7, we obtain y∗ ≈ 0.12613. Using five distinct initial conditions distributed

across the phase space (with y(0) values 0.3, 0.8, 0.05, 1.5, 0.01), all trajectories converge to
E4 = (2.3593, 0.1263, 0.8477). Figures 6–8 are the time series solution of x(t), y(t) and z(t),
respectively. Figure 9 is the 3D phase portrait of the system.
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Figure 6. Time series solutions of sea anemone x(t) for case c = 0.7.

Figure 7. Time series solutions of clownfish y(t) for case c = 0.7.

Figure 8. Time series solutions of crustacean z(t) for case c = 0.7.
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Figure 9. 3D phase portrait of the system for the case c = 0.7.

The ln |y(t)− y∗| plot (Figure 10) exhibits a clear linear decay trend, confirming the
exponential convergence rate. Theoretically, the exponential decay rate is governed by
γ(0.7) ≈ 1.02, corresponding to a half-life of approximately 0.68 time units.

Figure 10. Graph of the function ln |y(t)− y∗|.

5.2. Bifurcation Diagram and Numerical Validation

Scanning c ∈ [0.05, 1.0] (step size 0.025, 40 values in total), for each c we integrate
from (x, y, z) = (2, 0.3, 0.5) to T = 200 and record y(200) as the steady-state value y(∞).
Comparison of the numerical scatter plot (blue filled circles) with the theoretical bifurcation
curve y∗(c) (red solid line) (Figure 11) demonstrates:

• For c < c∗ ≈ 0.495, y(∞) = 0 (the zero branch), in exact agreement with the theory;
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• For c > c∗, y(∞) > 0 (the nonzero branch), and the numerical points lie almost
perfectly on the theoretical curve;

• At c = c∗, the zero and nonzero branches intersect, exhibiting the classical transcritical
bifurcation morphology.

Figure 11. Transcritical bifurcation diagram.

Verification of the limit function F(y).
For c = 0.7, plotting F(y) = a2 − b2y + cx∗

mx∗+ny+1 − αz∗ confirms that F(y) is strictly
decreasing (F′(y∗) ≈ −1.02) and that F(y) = 0 has a unique root y∗ in (0, 0.5), ruling
out the possibility of multiple coexisting equilibria in the one-dimensional limit equation
(Figure 12).

Figure 12. Strictly decreasing of function F(y), y ∈ (0,+∞).
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6. Discussion
6.1. Comparison with Existing Results

Shofiyya et al. [30] obtained, via local linearization, the stability condition c < c∗ for
E3 and c < c∗∗ for E4, but did not reveal the bifurcation relationship between the two
equilibria. The present paper has proved that:

• As c approaches c∗ from below, E3 and E4 coincide at (x∗, 0, z∗);
• A transcritical bifurcation occurs at c = c∗, with stability exchanged between E3

and E4;
• The bifurcation is global; i.e., there exist no attractors other than the locally stable

equilibrium.

In other words, the stability condition c < c∗ for E3 in the original paper is algebraically
equivalent to the existence condition B3 < 0 for E4—indeed, B3 < 0 ⇐⇒ c > c∗, which
we have rigorously proved. The condition c < c∗∗ in the original paper is thus essentially a
more conservative subset of c > c∗.

6.2. Superiority of the Lyapunov Approach

Global stability analysis of systems with three or more species has traditionally been
avoided due to the difficulty of constructing Lyapunov functions. The success of the
present paper stems from two structural features of the model: the decoupling of the
(x, z)-subsystem, and the algebraic form of the BD functional response, which allows
the cross term to be eliminated by tuning a single parameter. The applicability of the
Volterra-type function

∫ x
x∗

ξ−x∗
ξ dξ in commensalism–amensalism systems suggests that

similar constructions may be systematically feasible for a broad class of ecological models
with unilateral interactions.

6.3. Ecological Implications

The central ecological findings of this paper can be summarized in three points:

(1) A threshold dictates invasion success. The persistence of the commensal species
(clownfish) is determined by a precise threshold c∗. This threshold represents a
delicate balance between the commensal benefit term cx∗

mx∗+1 and the amensal loss
term αa3

b3x∗ —the former must exceed the latter minus the intrinsic growth rate for the
commensal species to invade.

(2) The foundational role of neutral species. Regardless of the presence of the commensal
species, the neutral species (sea anemone and crustacean) maintain stable positive
densities. This is consistent with conclusions from two-species commensalism [15]
and amensalism [9] models: neutral species constitute the cornerstone of commu-
nity persistence.

(3) Convergent dynamics without oscillations. Global convergence to a fixed point
implies the absence of the oscillatory behavior commonly observed in predator–prey
systems. This feature stems from the very nature of unilateral interactions—the lack
of bidirectional negative feedback loops predisposes the dynamics toward monotone
convergence. A detailed mathematical and ecological discussion is provided in
Section 6.4.

6.4. Structural Absence of Oscillatory Dynamics

The global convergence result established in Sections 3 and 4 and Corollary 1 implies
that system (2) exhibits no oscillatory behavior whatsoever—no Hopf bifurcations, no limit
cycles, no periodic or quasiperiodic solutions. This finding naturally raises three questions,
which we address below.
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6.4.1. Is the Absence of Oscillations an Intrinsic Structural Property of
Unilateral Interactions?

The evidence presented in this paper, together with the pattern observed across the
literature surveyed in Section 1 (see Table 1), strongly supports an affirmative answer.
As detailed in Remark 3, the absence of oscillations stems from three structural features
shared by pure unilateral-interaction models: (i) the Jacobian possesses a zero column, fac-
torizing the characteristic polynomial and precluding purely imaginary eigenvalues; (ii) the
asymptotic dynamics reduce to a one-dimensional gradient-like system on an invariant
fiber; and (iii) no species both affects and is affected by another—bidirectional feedback
loops, the engines of oscillation in predator–prey and food-web models, are absent.

These features are not parameter-dependent; they follow directly from the interac-
tion architecture. Table 1 reveals a striking dichotomy: models incorporating at least one
bidirectional antagonistic interaction (Type II: predation + competition + commensalism)
exhibit Hopf bifurcations and chaos [25,26], while all pure unilateral-interaction models
(Types I, III, IV) display only equilibrium convergence. This suggests that the dynami-
cal simplicity observed here is a signature of pure unilateral interaction networks, not a
limitation of the specific model.

6.4.2. Could Modifications of the Model Produce Hopf or Hopf-like Bifurcations?

While the present model is structurally incapable of supporting oscillatory dynamics,
several biologically plausible modifications could alter this conclusion. First, introduc-
ing a time delay in the commensal benefit term (e.g., c x(t−τ)

mx(t−τ)+ny(t)+1 ) would increase
the effective dimensionality of the system and could destabilize the equilibrium via a
delay-induced Hopf bifurcation—a mechanism already documented in two-species com-
mensalism models [18]. Second, allowing the amensal toxicity parameter α to depend
on the population density of the neutral species (reflecting metabolic costs of toxin pro-
duction by sea anemones) would introduce a density-dependent feedback that breaks
the autonomous nature of the (x, z)-subsystem. Third, replacing the singular term a3/x
with a Holling-type or Michaelis–Menten functional response would modify the Jacobian
sign pattern and could, in conjunction with other modifications, produce a pair of purely
imaginary eigenvalues. Investigating these enriched model variants constitutes a natural
direction for future work.

6.4.3. How Does This Behavior Compare with Related Ecological Models Exhibiting Cyclic
Dynamics?

The contrast with classical ecological models is instructive. In the Lotka–Volterra
predator–prey system and its derivatives, the bidirectional antagonistic interaction creates
a closed feedback loop that generates neutrally stable cycles or, with nonlinear functional
responses, stable limit cycles via Hopf bifurcation [2,39]. Even in models where com-
mensalism or amensalism is present, oscillatory dynamics persist as long as at least one
bidirectional interaction remains in the network—as exemplified by the Type II models in
Table 1 and by broader food-web modelling studies [4].

What distinguishes system (2) is that it is, to the best of our knowledge, the first
three-species model in which all interspecific interactions are strictly unilateral (commen-
salism + amensalism) and a nonlinear functional response (Beddington–DeAngelis) is
employed. The resulting dynamical picture—global convergence to a unique equilibrium,
with a single transcritical bifurcation as the only qualitative transition—may therefore be
viewed not as a shortcoming but as a characteristic dynamical signature of pure unilat-
eral interaction networks. From an ecological standpoint, this suggests that communities
structured predominantly by commensalistic and amensalistic interactions may exhibit
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greater long-term predictability and be less prone to boom–bust population cycles than
those governed by predation and competition.

7. Conclusions
This paper has provided a systematic and in-depth study of the three-species

commensalism–amensalism model proposed by Shofiyya et al. [30]. The main conclu-
sions are as follows:

(1) By constructing a Volterra-type Lyapunov function, we proved that the unique pos-
itive equilibrium of the (x, z)-subsystem is globally asymptotically stable in R2

+,
and subsequently established, via ω-limit set analysis, the global asymptotic stability
of E3 (amensal extinction) and E4 (three-species coexistence). These results elevate
the local stability conclusions of the original paper to the global level.

(2) We rigorously proved that the system undergoes a transcritical bifurcation at c = c∗.
Through verification of all three conditions of Sotomayor’s theorem and center man-
ifold reduction, we derived the classical normal form ẏ = µ(c)y − γ(c)y2. The bi-
furcation is global: over the entire range of c, the system converges precisely to a
unique equilibrium.

(3) We provided complete Maple-based numerical verification: time series and 3D phase
portraits for multiple initial conditions, together with a bifurcation diagram, were
all in excellent agreement with the theoretical conclusions. Logarithmic-scale plots
confirmed the exponential convergence rate.

From a methodological perspective, this paper demonstrates how the organic combi-
nation of Lyapunov’s direct method, Sotomayor’s bifurcation theorem, and center manifold
reduction can achieve a complete qualitative analysis for a class of ecological models with
unilateral interactions. From an ecological perspective, this paper reveals a precise invasion
threshold in commensalism–amensalism systems, providing quantitative insight into how
unilateral interactions shape community structure.
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