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Abstract

This study establishes a rigorous monotonicity and composition analysis for fractional
difference operators defined via the generalized Mittag-Leffler kernel. A fundamental crite-
rion linking the sign of the discrete Atangana—-Baleanu-Riemann (ABR) fractional difference
to a new generalized form of monotonicity (w(1 — w)—monotonicity) of the function is
derived at first. Subsequently, a crucial composition rule for the ABR difference and its
associated sum is proved, providing an explicit formula that elegantly incorporates initial
conditions. The use of our theoretical findings is demonstrated practically by its application
in solving linear discrete initial value problems, transforming them into explicit solutions
by employing the composition theorem. The outcomes reveal the underlying dynamics of
discrete models, significantly enhancing the theoretical frameworks and applications.

Keywords: nonsingular difference operators; Mittag-Leffler kernel; monotonicity; composition
rule; dynamical models

MSC: 26D07; 26A48; 26D15; 26 A33; 39A70

1. Introduction

In the simulation of discrete-time dynamical systems, discrete fractional operators
have shown themselves to be an essential tool, offering a robust solution by introducing
non-local operators that capture the system’s dependence on its entire past history [1-3].
The foundational work on fractional differences and sums [4-6] has paved the way for
various operators, among which the Atangana-Baleanu (AB) types defined via the Mittag-
Leffler kernel (MLK) [7,8] have gained prominence due to its superior potential in the
modeling of memory and hereditary effects [9,10]. It is, however, absolutely essential that
the overall underlying dynamics of the discrete fractional operators be well understood
to take the theory and practice forward. In particular, how the operator’s sign dictates
function monotonicity is an area that still needs much development [11-14]. To bridge this
critical gap, our study provides a rigorous analysis of monotonicity for discrete operators
defined via the generalized MLK, which has not been discussed in the literature.

In this article, we establish two pivotal theoretical contributions that build upon
this framework. First, we derive a fundamental criterion that connects the sign of the

Axioms 2026, 15, 510

https://doi.org/10.3390/axioms15070510


https://crossmark.crossref.org/dialog?doi=10.3390/axioms15070510&domain=pdf&date_stamp=2026-07-06
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-5671-8308
https://orcid.org/0000-0002-2855-7535
https://orcid.org/0000-0003-2058-216X
https://orcid.org/0000-0001-6837-8075
https://doi.org/10.3390/axioms15070510

Axioms 2026, 15, 510

2 of 14

nonsingular discrete operator (ABR) to a novel form of w(1 — w)—monotonicity (unlike
classical monotonicity, this accommodates the non-local nature of fractional operators
by requiring y(t + 1) = w(1 — w)y(t), for w € (0,0.5)) for the underlying function itself.
From the perspective of applications, the term w(1 — w) is interpreted as a damping factor
that characterizes the dissipation of memory in applied models, like epidemiological and
biological population models. In particular, the growth at each time step must be reduced
due to the decaying impact of the history (hereditary damping). Remarkably, for w — 0 or
w — 1, the nonlocal memory effect disappears and we obtain the usual dynamics of an
integer order, and for w = 0.5, the scaling factor takes its smallest value of 0.25, meaning
the maximum hereditary damping. Second, we prove a crucial composition rule for the
ABR difference and its associated fractional sum, yielding an explicit formula that elegantly
incorporates initial conditions. This is a powerful diagnostic tool for analyzing the behavior
for solving linear discrete initial value problems (DIVPs) and it allows us to construct
solutions by transforming the fractional equation into an explicit solution structure directly,
a key challenge in the field [15,16].

The significance of these results lies in their dual contribution to both theory and
application of discrete fractional calculus. Our findings provide essential analytical tools
that advance the qualitative theory of discrete fractional systems, providing new analytical
tools for systems governed by AB operators [17]. The composition theorem is applied to
solve linear DIVPs as a practical utility of our results, which transforms complex fractional
systems into explicit solutions and opens avenues for stability analysis [18,19]. Addition-
ally, this research not only provides essential tools for current research but also lays the
groundwork for future extensions, such as paving the way for exploring Ulam-Hyers
stability [19], applying these techniques to other discrete operators with different kernel
structures, and developing analogous frameworks for the corresponding delta fractional
operators [20].

This study proceeds by first reviewing the theoretical background in Section 2, then
Section 3 presents our core theorems on monotonicity and composition. Section 4 demon-
strates their practical application through illustrative examples, and finally concludes with
a summary and outlines future directions in Section 5.

2. Theoretical Background

To facilitate the development of our monotonicity analysis, this section first reviews
the fundamental concepts and characteristics of nonsingular discrete operators and MLK
functions, which form the theoretical backbone of our work.

2.1. MLK Functions and Their Corresponding Nonsingular Operators

Define Z, := {a,a+1,...} for any a within real numbers. The v-th rising factorial
serves as the discrete analogue of the continuous power function t” and is expressed as
(see [3,7,10,21]):

s I(t
tU — ( + U) , (1)
I'(t)
where t,v € R and assuming t + v to avoid the poles of the Gamma function. Note that
this function is crucial because it can satisfy the discrete power rule:

v (tﬁ) =0,

which directly leads to its monotonicity on Zy.
Now, the MLK can be defined based on (1) as its essential properties under the nabla
difference operator are detailed in the next lemma; they are essential for its application in

https://doi.org/10.3390/axioms15070510


https://doi.org/10.3390/axioms15070510

Axioms 2026, 15, 510

3o0f14

discrete fractional calculus, and this function is particularly significant in the definition of
discrete fractional operators, as demonstrated in the following definitions.

Definition 1 (See [10]). Consider w, B, € C and { € R, where Re(w) > 0and || < 1;
the discrete MLK of two-parameter type can be formulated as

éw—l—ﬁ 1
2
Z ¢! £w T(tw+ B)’ @
while the discrete MILK function of one-parameter type is given as
wa

N
Bo(ln)=).¢ T(lw+1) 3)

Lemma 1 (See [10]). Consider the same parameters given in the above definition with
Re(w),Re(B),Re(v) > 0and n € Zy; one can see that

VI Eg g (Cn) = Egg(lm). 4

Also, for n > a € [0, c0), we have
RLVUEW(é,Y] — a) = Em(g,l’] — ﬂ), (5)

where R%V” denotes the nabla difference in the Riemann—Liouville sense (see [3,7,10,21]):

t

(*Evy) () = X [t=p(s)] " y(s)/T(—0), tE Loy, (6)

s=a+1

with 0 < v < 1 and the backward jump operator p(s) = s — 1.

Based on the discrete MLK function of two-parameter type defined above, we now
recall the nonsingular discrete operators of AB types for the fixed parameters v = 1 and
B=w+1

Definition 2 (See [10]). Let the parameter { be such that { = — % with 0 < w < 1/2. Then
for the specific case of the generalized operators where we fixed the parameters as above, we see that

*  The nonsingular discrete operator of ABR type is formulated by applying the nabla difference
operator to a discrete convolution and its expression is given by:

t
(ARt () = f%vt 2 Egara@t—pOE), t€Ze )

*  The nonsingular discrete operator of ABC type is similarly formulated by applying the discrete
convolution to the nabla difference of the function and its expression is given by:

t
(Ap5vemsty) ) = By G p)Vs), tEZa @
s=a+1

https://doi.org/10.3390/axioms15070510


https://doi.org/10.3390/axioms15070510

Axioms 2026, 15, 510

4of 14

*  The Liouville-Caputo type AB can be expressed in terms of the Riemann—Liouville type AB
through the following fundamental relationship, which highlights their difference by a term
dependent on the initial condition y(a):

(ABCuvw,zu+1y) (f) _ (ABlsz,w-i-ly) (t) _ 1B(_7"2)

y(”)EL,w+1(§/f - ﬂ). (9)
In all expressions, B(w) represents a normalization function satisfying B(w) = 1at w =0, 1.

Remark 1. The normalization B(w) ensures the AB operators behave appropriately at the boundary
values of w (where w = 1 represents the full fractional case and w = 0 corresponds to the standard
integer-order case).

In this paper, we adopt the standard normalization function B(w) = 1 for the purpose
of our theoretical analysis of monotonicity and composition results. In the literature, this is a
common choice (e.g., [7,10]) since it is the simplest function meeting the required conditions
B(0) = B(1) = 1. Thus, it allows us to focus on the core properties of the discrete MLK without
introducing unnecessary complexity.

It is important to highlight that although the normalized value B(w) = 1 is cho-
sen for convenience purposes, selecting a non-trivial smooth normalization function, such as
Blw)=1-w+ %, will result in an inherent change to the bounds in Theorems 2 and 3. In par-
ticular, the (1 — w)w bound would get scaled by a factor dependent on the value of B(w), leading to
a more complicated bound.

In the following definition, the fractional sum is constructed as an infinite series,
where each term involves a scaled Riemann-Liouville fractional sum of order wk — w,
which complements the ABR difference, as it is defined as its corresponding left-inverse
operator and called the AB fractional sum.

Definition 3 (See [10]). For the specific parameters v = 1 and B = w + 1, the AB fractional sum
is given by the following sum:

! w —(wj—w
(Al.va(ZU,qu)y) (t) = ];0 (j) B(w)(ljw)]_l (HV (wy )]/) (1), (10)

where ,V Y denotes the nabla sum in the Riemann—Liouville sense (see [3,7,10,21]):

t _

GV ) () = d Y [t—p@)]° " y(d)/T(v), tE Lo,
=a+1

with 0 < v.
The ABR fractional difference (7) can be expressed in an alternative but mathematically

equivalent form, which provides a series expansion that directly relates the ABR operator
to the classical Riemann-Liouville fractional sums.

Theorem 1 (See [10]). For a function y defined on Z,, the ABR fractional difference admits the
following convergent series representation:

B(w) v Wk (-
ABRow,w+1 _ k (wk+w)
(v ) @ = 75 LEEE V) o) (11
where { = — %% with 0 < w < 1/2, guaranteeing |{| < 1 and ensuring convergence of (11) for

each t € Z,.
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2.2. Properties of MLK Function and Monotonicity Concepts

A fundamental property for our analysis is the strict monotonicity of the 2—parameter
MLK function E o which we now state.

Lemma 2. Forany 0 < w < %,y € Cand { = —%, the two-parameter MLK function

Ego71(C ) is strictly increasing.
Proof. From Lemma 1, we have
VE;5(01) = VEggr(Cn) = V2B 720 m) = Eg = ().
Following ([11] Remark 1), Ezz(g, 17) is strictly positive; it follows, for f = w + 1, that
VE 5718 1) = Ezw({,n) > 0. (12)
This implies that E;;1(, 77) is strictly increasing. Thus, the proof is done. [

Remark 2. With the parameter { fixed as { = — %, the initial evaluations of E - ++({, 1) are

1—w’

determined explicitly. Specifically, we can find that

¢ Em@/ H=1-w
* Eyum(02)=(1-w)(1+w—w?).
* Ew,w-H (€,3) = PTW (2w4 - 3w® — 2w? + 3w + 2).

For functions defined on the discrete domain Z,, we recall the following generalized
concept of monotonicity as defined in [11], which will serve as a fundamental tool for
our analysis. It extends the classical ideas of increasing and decreasing behavior to the
fractional setting.

Definition 4 (See [11]). Suppose that y : Z, — R is a function. The concept of w—monotonicity
based on the function’s initial value is defined by:

e A w—increasing function requires y(a) = 0 and satisfies the condition
y(t+1) 2wy(t), VteZ, we(01]
* A w—decreasing function requires y(a) < 0 and satisfies the condition
y(t+1) Swy(t), VteZ, we(01].
Example 1. Let us work on the domain 7, and let the function be
y(t) = (0.7)" +¢.

Since the function is strictly increasing and y(1) > 0, it follows that it is 0.8—increasing. However,
one can use the definition of 0.8 —increasing directly to verify it. Figure 1 translates the abstract
mathematical inequality, y(t) = 0.8y (t — 1), into a simple visual test.

®  Blue stems: These represent the actual value of y(t) at each time step.
*  Red stems: These represent the minimum required value for the function to be considered
0.8-increasing. It is the value from the previous step, scaled down by 80%.

It clearly shows that the blue line stays consistently above the red line for all time steps plotted.
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Figure 1. Verification of 0.8—increasing property for y(t) = (0.7)! + ¢.

3. Monotonicity and Composition Theories

The core theoretical contributions of our study are presented here. We first establish the
rigorous monotonicity results for the discrete operators introduced in Section 2. Specifically,
we derive a fundamental link between the nonsingular operator’s sign and the function’s
w(1 — w)-monotonicity. Following this analysis, we investigate the composition rule for the
ABR operator with its associated fractional sum, a crucial tool for solving linear fractional
initial value problems.

3.1. Monotonicity Results
Throughout this section, we suppose that 0 < w < %

Theorem 2. Suppose y is a mapping defined on Z,_1 taking values in R. If the inequality
(4B5veetty) (1) S 2By (1), € Zon,
holds true, then it follows that y is w(1 — w)-increasing.

Proof. Rewrite (f}}iﬁvwfszﬂy) (t) = B9 s (t), where S(t) = Tl y(s)Eguyi(Gt — p(s))-

From assumption and since E; (¢, 1) = 1 — w, we have

B(w)

T Vs

= B 150 st~ 1)
t—1

=2 [2 v() (Egasi(@t—p() — Egggr(@t = 1-p(1) +y<t>Ew,w+l<é,1>]
j=a

— Blao)y(t) + Blao) Y yly) e LI B Gl g,

j=a 1—-w
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This yields

=1
vS(t) =200 = w)y(t) = ¥ y() (Bgmrr(@t +1— 1) = gy (@t = 1))
j=a
~(1-wy(H) £0. (13)
The proof continues by mathematical induction. Substituting ¢ = a into (13) yields y(a) = 0.

Upon setting t = a + 1 in Equation (13), the sum on the right-hand side evaluates to only
one term that corresponds to s = g; that is,

VS(a+1) —2(1 - w)y(a+1)

= £ (@0 +2 )~ Bl +1-p) - (1 -wia 1) £0

Next, applying Remark 2, it follows that

Ew,w+1 (g’ 2) - Ew,w-H (é, 1)
1—w

=w(l—w)y(a).

ya+1) 2

y(a)

Now, we make the inductive hypothesis that

ya+M) 2wl —w)yla+M-1)2w*(1-w)y(a+M-2)
> . 2 wM(1 - w)My(a) 2 0.

We aim to demonstrate that y(a + M+ 1) = w(1 — w)y(a + M).
Upon inserting t = a + M + 1 into (13) and utilizing (12), we get that

VS(a+M+1)-2(1—w)y(a+M+1)
a+M

=—(1—wyla+M+1)+ Y y() (Egarr(@a+M+2—)) —Egmrr(a+ M+1-)))
j=a
a+M

=—(1-wyl@a+M+1)+ Y ViEym(la+M+2-7)y())
j=a
M

~(1-w)y(a+M+1) + Z ww(CM+2—7)y(+a)

~(1 = w)y(a+M+1) + [Egw(g, M+ 2)y(a) + Bga(l, M+ 1)y(a+1)

+ -+ (2, 3)y(M — 1) + Eq((,2)y(a + M)| < 0.

Then by using (12) together with Remark 2 and the inductive hypothesis, it follows that

ya+M+1) > —— [Em(g,M +2)y(a) + B (3, M+ 1)y(a +1)

1—w

+ -+ Bg(Z,3)y(a + M~ 1) + Eg(Z, 2)y(a + M)
1

2 7, Few(8,2)y(a+ M)

_ ﬁVEm(Cl)y(a M)
1

=1 [Evor1(62) — Egrg(@ D]y(a + M)

=w(l—w)y(a+ M).
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This finishes the proof. [
Theorem 3. Suppose y : Z,_1 — R satisfies the relation
(4ERT Ty ) (1) 2 2B(w)y(H),
forall t € Z,_1. Then, y possesses the property of being w(1 — w)-decreasing.
Proof. This proof follows a perturbation argument similar to Theorem 2. [J

Remark 3. This generalization of the classic monotonicity to w(1 — w)-monotonicity is a sub-
stantial improvement compared to the traditional monotonicity y(t + 1) > y(t). As the fractional
operator exhibits non-local memory properties, positivity of the fractional difference does not guaran-
tee that the solution will be monotonically increasing in the classic sense. Imposing an additional
constraint such that y(t +1) > w(1 — w)y(t), where w(1 —w) < 1 for w € (0,0.5), allows
for accounting for the decay and memory effects associated with the Mittag-Leffler kernel, thus
capturing a broader and more physically relevant class of solutions that classical monotonicity would
otherwise exclude.

Corollary 1. Consider a functiony : Z,_1 — R. If the inequality, at t € Z,_1,

(4BGv ety ) (1) < 2B(w)y(H) + %Em(g,t —at1)y(a—1),

holds true, then it yields that y is w(1 — w)-increasing.

Proof. This proof follows a perturbation argument similar to Theorem 2, utilizing (9)
withp=1. O

Corollary 2. Consider a functiony : Z,_1 — R. Assume that forall t € Z,_1,

B(w)

(/;éngrwﬂy) (£) Z 2B(@)y(t) + 7 Brrg(§t —a+ Dy(a—1).

Under this condition, we conclude that y is w(1 — w)-decreasing.

Proof. By utilizing (9) with B = 1, the proof can be done with the same steps as in
Theorem 3. [J

3.2. Composition Results

This section deals with a composition rule for the AB fractional difference with its
associated fractional sum.

Lemma 3. Forany 0 < w < %, we have

RV VEq (0, 7) = (Baw(8,7) — (1 - w) (14)

fort=14+t—aandt € Z,.

https://doi.org/10.3390/axioms15070510
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Proof. In light of (6), we have
RLow, (s _ Riow,py _ (t—a+1)~
V() = 21V0y(t) T(—w) y(a)
- T—w 1
Vi) = Fpy Y@
For y(t) = Ezw({, T), it follows that
RL T—w—l
oVEww(0,7) = 21V Eww({t — (a—1)) — WEW(C/ 1)
RL wafl
= —1vwEW(€' T) - (1 - w) F(—w) : (15)
Then by utilizing Lemma 1 and identity (15), one can have
RL vw VEw T (g T) RL VwEm(g T)
RLow Tt
= SV Eg(@ (0= 1) - (1= w)f—
wafl
= Eﬂ(gl T) - (1 - w)r(_w)
wafl
= CEa(8,) — (1 - 0) fp.
which completes the proof. [
Based on [10], it follows that
(Agv—(w,w-&-l) ABI;Vw,w-&-ly) (t) — ]/(f), (16)

with absence of y(a). However, the following theorem explicitly incorporates the
initial condition y(a), providing an essential framework for solving linear fractional
difference equations.

Theorem 4. Suppose y is a function defined on Z,_1. Then for 0 < w < %, we have

(All;vf(w,zUJrl) Aﬂli]}vw,erly) (t) _ y(t) _ (1 _ ZU) (17)

Proof. In light of (7), we have
(AB;V (w,w+1) ABRVw w+ly>
t

_ B®) apy-wainy, ) Egarr(@t—00))y <>]
J=

,_\

S

!

B(®) apg -1y [ .

oot & t—e(0)y() +y(a)Ey (3, 7)

—_
g

j=a+1

—(w,w w, B w —(w,w
= Apg= (ot askgwrry(p) 4 POy ) Abg—twnesgp g v)
by (16) B(w

MAS ( )y(a) AB;V (ww-‘rl)v szu+1(C T)

v+ 1,
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Applying (10) with y = 1 and § = w + 1, we deduce
(Allzvf(w,erl) z?zlilivw,uﬂrly) (l’)

1 1
=y(t) + My(ﬂ) ) C) W av_(m_w)VEW(Cf 7)

I-w 1=0
1 1 171 —(w1—w
=y(t) +y(“)l;)m(—l) i van )VEW(QT)

= y(t) + () VOV By (6, 7) = L(a) VOV B (8, 7).

By employing Lemmas 1 and 3, we obtain

(Ahv (oD ARGy ) (1) = y(E) - CE(, Ty (a)

= () ~ (1~ ) fy¥ (@),
which completes the required result. [

4. Applications

This section validates the core theorems in the previous section and, more significantly,
proves their value as essential tools for resolving discrete fractional initial-value problems.

Example 2. Let us analyze the function

y(x) = - Y ViEBy (G x—s+1)y(s), Vx>1,

=1
y(1) =1 (basecase),

1 x—1
s

with a = 1. Then we need to compute the ABR fractional difference operator and verify if it satisfies
(4BRw Aty ) (x) < 2B(w)y (). (18)

From the proof of Theorem 2 (see Equation (13)) with our given y(t), we have

(425 tty) (x) = B(w) —

1 x—1
y(x) + —— ) ViEgumg (L x —s+1)y(s)
s=1

= B(w)[y(x) +y(x)] = 2B(w)y(x).

Therefore, the condition (18) is satisfied with equality for each x > 1. As a result, according to Theorem 2,
this function must also be w(1 — w)—increasing, meaning it verifies y(x + 1) = w(1 — w)y(x) for
each x € Z,. For this specific function y(x), we can explicitly verify this property by following the
induction steps in the proof of Theorem 2.

On the other hand, we see that (18) is equivalent to

-1

gG%=§%Vﬂ%mﬂ@w—S+UW®—ﬂ—www)§0
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As one can see from the bottom of Figure 2, the green line is exactly at 0 (within numerical precision).
This is because we constructed y(x) to satisfy the condition with equality. Since the value is 0, it is
certainly less than or equal to 0, which confirms that the condition of Theorem 2 is met for all x.

Constructed function y(x)
1 T T T T T

Eost 1
P~
0 Il 1 1 1 1 ] 1 1 1
0 10 20 30 40 50 60 70 80 90 100
T
Verification of Theorem 3.1 condition
0.1 ‘ : : : : : : :
Condition Value
0.05 = = Boundary (g(z) =0)| {
O | M A S A I N S N A
f=)
-0.05 | ]
-0.1 1 | | | | | | | |
0 10 20 30 40 50 60 70 30 90 100

Figure 2. Verification of Theorem 2 for the constructed function y(x).

All'in all, Figure 2 demonstrates a function y(t) that was recursively constructed to satisfy the
condition of Theorem 2. The top figure shows the resulting positive, w(1 — w)—increasing function,
while the bottom figure provides the numerical proof, confirming that the condition g(t) < 0
from Theorem 2. The green line shows the value of g(t), which is identically O (within numerical
precision), satisfying the inequality (18) (or g(t) < 0) with equality. The red dashed line represents
the boundary value of 0.

Our last example demonstrates that Theorem 4 is essential for solving linear fractional
difference equations. This provides the direct link to transform an equation involving a
fractional difference into an explicit formula for the solution. Finding the solution without
this theorem would be significantly more difficult. It makes it a cornerstone for analyzing
discrete-time systems with memory modeled by the AB fractional operators.

Example 3. Consider the following discrete initial value problem (DIVP):
(A5veety) () = £0), ez, (19)

with y(a) = yo, where 0 < w < 0.5.
Apply the fractional sum operator “BN7~(@+1) 1o both sides of the equation:

(P49 BTty () = (M9 £ )

Applying Theorem 4 to the left-hand side and solve for y with the initial condition, we can write the
explicit solution:

a1
() = (1= ) S Ly (9wt ) ),

The solution is composed of two distinct parts:

https://doi.org/10.3390/axioms15070510
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*  Particular Solution: The term (AEV_(’”’“’“) f ) (t) is the response of the system (19) to the
external input or forcing function f(t).

—_ —w—1 . .
%yo is the solution to the correspond-

ing homogeneous equation, where f(t) = 0. This represents the natural behavior of the
system (19), which is determined entirely by its initial state yy.

*  Homogeneous Solution: The term (1 — w)

Particularly, if we consider the following specific DIVP:

(ABIZVw,w—Hy) (t) — 1, te Za,
y(1) =1

As shown in the previous example, it gives the solution:

y() = (1- w)“‘rj_if)l + (A1) (1),

yp=homogeneous solution

yp=particular solution

In Figure 3, we have demonstrated the total solution y(t) for t from 1 to 20 with a = 1. The yj, (red
line) follows a power form t~“~1 and is not identically zero, though it appears to be so when plotted
on the same scale as the linearly growing y, (blue dashed line). The sum of these two components is

the total solution y(t) (black line), with the contribution of the solution yy, being most significant
for small values of t and diminishing as t increases.

x10°
6 T T T T
Total solution y(t)
.l - = = -Homogeneous solution |
7 ——— Particular solution
4
3L
=
>
2L
1L
0k
_1 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Time step t

Figure 3. Verification of Theorem 4 for a constructed function: The total solution y(t) (black) is the
sum of yj, (red) and v, (blue).

Figure 3 provides an intuitive confirmation of the analytical solution derived using Theorem 4.
This visually separates the contributions of the initial condition and the external forcing, showing
how the system’s “memory” of its starting state fades away, leaving only the response to the ongoing
input. The initial dip and the eventual linear growth are key signatures of the dynamics of this

specific DIVP.

5. Conclusions and Future Directions

This paper has successfully established rigorous analytical tools for discrete fractional
operators with generalized Mittag-Leffler kernels. We derived a novel monotonicity cri-
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terion that directly connects the sign of the ABR fractional difference to a new w(1 — w)
monotonicity of the function. Furthermore, we proved a fundamental composition rule
for the ABR difference and its associated sum, providing an explicit solution structure for
linear initial value problems. These results significantly advance the qualitative theory of
discrete fractional calculus.

Future work will focus on and immediately pursue four key directions:

e Extending these analyses to other fractional operators with different kernel structures.
* Investigating the Ulam-Hyers stability of fractional difference systems using these

new tools (see [22,23]).

*  Applying the theory to more complex real-world phenomena, nonlinear dynamical

models (see [24]).
¢  Establishing the analogous framework for the corresponding delta fractional operators

(see [20]).

Moreover, there is an unresolved issue on how to extend the existing monotonicity and
composition results to the 0.5 < w < 1 range of parameters. As the inequality |{| < 1 does
not hold in this case, future research can consider some different approaches, for example,
sequential fractional difference or analytic continuation methods, which are required due
to divergence of the corresponding infinite sums.
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