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Abstract

This paper presents new families of triangular norms (t-norms) and conorms (t-conorms)
specifically constructed for type-2 fuzzy sets. Our approach considers several partially
ordered sets of membership functions defined on the unit interval, each characterized by
different structural properties and suited to representing particular kinds of uncertainty.
For these settings, we define operators that consistently represent fuzzy intersection and
union, filling gaps where no such type-2 operators were previously available. It is the first
time that t-norms and t-conorms are obtained with respect to both usual partial orders in
the set of normal membership functions. Building on this framework, we integrate the
proposed operators into a type-2 fuzzy time series. A large-scale evaluation on multiple
benchmark time series shows that the new operators consistently achieve the best predictive
accuracy, in terms of MAPE, in comparison with classical type-2 and type-1 fuzzy time
series baselines. These results demonstrate that the algebraic design of type-2 operators has
a direct impact on forecasting performance and can substantially improve the modeling of
uncertainty in time-dependent data.

Keywords: normal function; convex function; type-2 fuzzy set; interval type-2 fuzzy set;
T-norm; T-conorm; time series

MSC: 03E72

1. Introduction

In recent years, it has become increasingly clear that different forms of fuzzy sets (FSs)
are required to describe uncertainty with precision [1]. Among them, type-2 fuzzy sets
(T2FSs) constitute a particularly relevant extension, whose use has expanded notably since
their original introduction in [2,3]. In this regard, the value of the membership function
of the T2FSs is itself a fuzzy set, enabling a more nuanced representation of uncertainty.
That is, the degree, in which an element belongs to the set, is merely a label of the lin-
guistic variable “TRUTH” (see [4-6]). A large body of work shows that T2FSs frequently
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outperform both type-1 and interval-valued fuzzy sets, as they offer a richer framework for
representing the uncertainty associated with linguistic terms. A comprehensive overview
of this development can be found in [7].

Beyond these theoretical developments, fuzzy-logic-based models remain relevant
in applied domains involving uncertainty, imprecision and complex decision processes.
Recent examples include fuzzy semantic methods for object detection and tracking in
sports competitions [8] and fuzzy-neural control strategies in electrical engineering automa-
tion [9]. These examples further motivate the development of robust algebraic tools for
fuzzy reasoning.

The rapid evolution of this area has also led to multiple parallel definitions and
notational conventions, a difficulty highlighted in [10]. To address this fragmentation,
substantial effort over the last two decades has focused on providing T2FSs with a consistent
algebraic foundation [5,11]. Within this unified viewpoint, several new operators have
recently appeared, taking advantage of the underlying structure [6,12-14].

In the different practical applications, the characteristics of the membership degrees
of T2FSs vary. In general, they are functions contained within the set M of all functions
f:10,1] — [0, 1]. However, it should be noted that many applications only consider the set
C of convex functions. In fact, these functions are generally considered to be normal. In this
particular case, the set of convex and normal functions is denoted by L. The occasions
where normality is not necessary are studied in the recent works, for example, [14-16].
Furthermore, the set N where the functions are normal but not necessarily convex has
attracted considerable interest. Indeed, the degrees of membership of the so-called interval
type-2 fuzzy sets (IT2FSs) belong to the set K of functions mapping the unit interval into
the set {0,1} (excluding the function 0(y) = 0 for all y € [0, 1]). These functions are normal
but need not be convex. It is well established that IT2FSs coincide with set-valued fuzzy
sets (SVFSs) and hesitant fuzzy sets (HFSs) (see Figure 1 and Section VII in [1]), which have
been successfully applied to decision-making problems [17,18]. In certain contexts, it even
suffices to consider the restricted class Kf C K, where the support consists of a finite union
of closed intervals [19,20].

Given this diversity of functional settings, defining appropriate operators for each
context becomes essential, particularly when modeling intersection and union within
type-2 fuzzy reasoning systems [21]. Motivated by this need, and building on previous
contributions such as [6,14,22-25], the present work develops new t-norms (triangular
norms) and t-conorms (triangular conorms) for several subclasses of M where no suitable
operators were previously available. These constructions provide new tools for modeling
the logical connectors AND and OR under different structural assumptions on type-2
membership functions. Moreover, it should be noted that this is the first time that t-norms
and t-conorms in N, K and Kf for both usual orders are determined.

This paper is organized as follows. Section 2 outlines the algebraic foundations of
type-2 fuzzy sets, detailing the various subsets in which their membership functions may lie
and the corresponding operations that can be performed on them. Section 3 introduces the
proposed families of operators, which behave as t-norms and t-conorms on several relevant
subsets of M, suchas C, N, L, K and Kf (see Table 1) . We also verify that these operators
satisfy the axioms required for t-norms and t-conorms in each setting. In Section 4, we
introduce a type-2 fuzzy time series forecasting method that incorporates the operators
proposed in this work. We illustrate its practical applicability by evaluating its performance
on several benchmark time series. Finally, Section 5 reviews the principal results of this
work and discusses potential directions for further investigation.
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Table 1. Some families of the set M of the functions from [0, 1] to [0, 1].
C Convex functions in M
N Normal functions in M
L Convex and normal functions in M
K Functions in N whose images are 0 or 1 (but not all 0)
KE Functions in K whose support is a finite union of closed sub-intervals in [0, 1]

2. Preliminaries

In this section, we introduce the definitions of type-2 fuzzy sets and interval type-
2 fuzzy sets, together with several key properties and operations associated with them.
Throughout the section, X denotes a non-empty universe of discourse, < stands for the
usual ordering on the real numbers, and A (V) represents the minimum (maximum) of two
real values.

Definition 1 ([4]). A type-2 fuzzy set (T2FS) A is characterized by a membership function:
U X — M where
M = [0,1]° = Map ([0,1],[0,1])

That is, p4(x) : [0,1] — [0,1] is a fuzzy set on the interval [0,1] and also the degree of
membership of an element x € X to the set A.

We now describe a number of relevant subsets of M that play a central role in the
developments of this paper.

Definition 2. We say that a function f € M is normal if sup{f(x) | x € [0,1]} =1, and it is
convex if, for any x <y < z, the inequality f(y) > f(x) A f(z) holds.

N denotes the set of all normal functions in M, C the set of convex functions and L
the set of convex and normal functions.

From now on, the notation | a,b |, where 0 < a < b < 1, will refer to any non-
empty interval (closed, open or half-open interval) in [0, 1], and its characteristic function
|a,b|:[0,1] — [0,1] is defined as:

1 ifx€|ab]|,
0 ifxé¢|ab]|.

[a,b|(x) =

Let us note that the characteristic function of any interval in [0, 1] is an element of L.
Moreover, we generally use the symbol | when we want to indicate that an endpoint of the
interval may or may not be included. However, to indicate that an endpoint is included,
we use the symbol [ or ], as appropriate. Similarly, if an endpoint is not included, we use
the symbol ( or ), as appropriate. For example, in the interval | 0,1], 1 is included, but 0
may or may not be included.

The first rigorous definition of IT2FSs was introduced in [26]. However, this notion
has sometimes been mistakenly interpreted as equivalent to interval-valued fuzzy sets.
The distinction between the two was clarified by Bustince et al. in [27]. To prevent this
misconception, a more precise formulation was later provided in [6], stated as follows:

Definition 3 ([6]). A type-2 fuzzy set is said to be an interval type-2 fuzzy set (IT2FS) if, for
all x € X, py(x) € K = Map ([0,1],{0,1}) \ {0}, where 0 is a constant function such that
0(y) =0forally € [0,1]. That is, pu 4(x)(y) € {0,1} forally € [0,1] and p 4(x) # 0.
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The support of any f € K, denoted Supp(f), may be any non-empty subset of [0, 1];
thus, it is not required to be convex. In fact, the support of a function in K can be expressed
as a finite or infinite union of intervals, which may be closed, open, or half-open. We also
consider the subset K&, consisting of those functions in K whose support is a finite union
of closed intervals. Clearly, the inclusions Kf ¢ K ¢ N C M hold.

Zadeh’s Extension Principle [2,3] provides a general mechanism for defining the join
(4) and meet (M) of functions in M. Using this principle, these operations are given by:

(fU)(x) =sup{f(y) Ng(z) | yVz=nx},
(fM18)(x) =sup{f(y) ng(z) | yAz=x}

For any two T2FSs, their union and intersection are obtained pointwise. Concretely,

for every x € X: pau(x) = pa(x) Upp(x) and pugnp(x) = pa(x) Mpup(x). At this point,
we introduce the following two singleton functions, which will appear frequently:

~ 1 ifx=0, - 1 ifx=1,
0(x) = and 1(x)=
0 ifx#0, 0 ifx#1.

Some properties of the structure (M, ,M,0,1) are worth highlighting. As shown
in [5], both U and M are idempotent; that is, forany f € M onehas fMf = fand fU f = f.
Nevertheless, the absorption law does not hold, meaning that this structure does not form
a lattice (see [28]). Even so, these operations allow us to define two natural partial orders
on M.

Proposition 1 ([4,5]). The relations C and < in M given by:

fC g ifandonlyif f1g = f and
f=g ifandonlyif fLg=g,

are partial orders. Furthermore, they are different in general.

These orders can be naturally restricted to the subsets C, N, L, K and Kf , giving rise

to different partially ordered structures. Although each of these posets is bounded, their
greatest and least elements do not necessarily coincide across all cases. Table 2 summarizes
these bounds, using the notation P<? to represent each ordered pair (P, <p).

Table 2. Maximum and minimum in each poset of M (see [4-6,25]).

Poset Min Max Poset Min Max
ME 0 1 KE or K= 0 1
M= 0 0 ng or Kfj 0 1

NE or NZ 0 1 cE 0 1
LE =2 0 1 c= 0 0
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Computing the proposed operations is difficult in some situations and this is the
reason why it is necessary to introduce the operators f%, fR € M given by:

fH(x) = sup{f(y) |
fR(x) =sup{f(y) |

Note that f- and fR are, respectively, the non-decreasing and the non-increasing
upper envelope of the function f. These functions enjoy a variety of useful properties, well
documented in works such as [5,25,28,29], that make them particularly suitable for our
analysis. Some key facts to be used later are:

fL is non-decreasing and f* is non-increasing. (1)
f< )

(f9)E = fhand (F)R = £, 3)

f e Cifandonly if f = fL A R, 4)

If f € N then (fL A fR) € L. (5)
(FEAFOR = fRand (FF AR = fr (©6)

Note that the operations V and A for functions in M are defined as (f V g)(x) =
f(x)Vg(x)and (f Ag)(x) = f(x) Ag(x) for all x € [0,1], and the order < as f < gifand
only if f(x) < g(x), forall x € [0,1].

A major advantage of these auxiliary functions is that they provide a simple way to
characterize the partial orders C and <.

Theorem 1 ([5]). For any two functions f,g € M we have:

fEg ifandonlyif (fRng) < f<gN and
f =g ifandonlyif (g"Af) < g < f".

To close this section, we recall a useful characterization of these orders on the set L of
convex and normal functions. In this setting, the two partial orders C and < are known to
be identical.

Theorem 2 ([28,30]). Forany f,g € L, f C g (eq. f = g)ifand onlyif g8 < fLand fR < gR.

When extending the analysis to all normal functions, only one implication re-
mains valid.

Theorem 3 ([6]). Forany f,g € N such that f C gor f < g, we have fR < gR and gL < fL.

3. T-Norms and T-Conorms in the Different Subfamilies of M

In this section, we will introduce new families of t-norms and t-conorms in the different
posets of M discussed. We first need to recall some definitions and results about t-norms
and t-conorms which will be used throughout the text.

Definition 4 ([31,32]). Let (P, <p,0p, 1p) be a bounded poset. The binary operation T : P> — P
is a t-norm in P if:

T1. T(a,b)=T(b,a), foralla,b e P.

T2. T(a,T(b,c)) =T(T(ab),c), foralla,b,c € P.

T3. T(a,1p) =a,foralla € P.
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https://doi.org/10.3390/axioms15070513

Axioms 2026, 15, 513

6 of 22

T4. Leta,b,c € Psuchthatb <pc, then T(a,b) <p T(a,c).

Definition 5 ([32]). Let (P, <p,0p,1p) be a bounded poset. The binary operation S : P2 > Pisa
t-conorm in P if:

S1. S(a,b) = S(b,a),foralla,b € P.

S2. S(a,S(b,c)) = S(S(a,b),c), forall a,b,c € P.

S3. S(a,0p) =a,foralla € P.

S4. Leta,b,c € Psuchthatb <p c, then S(a,b) <p S(a,c).

In the literature, there exist different examples of t-norms and t-conorms in some of
the posets that we are studying. In [5], it was proven that ' and LI are t-norm and t-conorm,
respectively, in L. Something similar occurs in C where M (L) is a t-norm (t-conorm) with
respect to T (=), as it is established in [5,24,25]. Furthermore, in [25], we proved that M (L))
is a t-norm (t-conorm) in M, N, K and Kf with respect to the partial order C (<). However,
there are more operators that can act as t-norms and t-conorms. For example, in [23,24],
the two following families of binary operations in M were proposed. These operations are
extensions of those given in [5,33].

Definition 6 ([23,24]). Let x and A be continuous t-norms in [0, 1], and V a continuous t-conorm
in [0,1]. For each f,g € M, we define the binary operations A and V¥ as:

(fag)(x) =sup{f(y) xg(z) | y A z=x},
(fvg)(x) =sup{f(y) xg(z) | yvz = x}.

Note that, taking x =A= Aand V = V, we have A = Mand ¥ = L. In [24], it
was stated that A (V) is a t-norm (t-conorm) in L given the order C (in this case C==).
Furthermore the fact that, taking x = A, A (V) is t-norm (t-conorm) in C with respect to
the partial order C (<) was proven in [5,24,25]. Additionally, some examples of functions
for x, A and V, where A and V¥ are neither t-norm nor t-conorm in M, C, N, K and Kf
with respect T or <, were also provided. For a more concise summary of these previous
results, see Table 3. From now on, we will focus on obtaining new families of t-norms and
t-conorms in some of the studied posets.

As far as we know, no operators acting as t-norms (t-conorms) with respect to both
partial orders T and < simultaneously have been found in any of the studied subsets of M
excluding L. The objective of Section 3.2 is to propose such operators in N, K and K£. In
order to do that, it is necessary to recall some useful properties of A and ¥, whose proof is
given in [24]. For any f, g,h € M, we have the following:

A and ¥ are commutative and associative in M. (7)

fAl=f, fv0O=f, faAO=0and fV0 = 0. (8)

fa1=fR, fv1= fl where1=1[0,1]. 9)

fRagh = fagh = flag = (fag)t. (10)

frvgt = fvght = flvg = (fvg)t. (11)

fragh = (fag)tand fRvg" = (fvg). (12)

Forall f,g,h € M, suchthatg <h: (fAg) < (fAh)and (fVg) < (fVh). (13)
fA0=0, fvl=1, forall f € N. (14)

https://doi.org/10.3390/axioms15070513
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Foralla,b,c,d € [0,1] witha < bandc <d: (15)
[a,b]A[c,d] =[a Ac,bAd)and [a,b]V]c,d] = [ave, bVd].

If /a,b/, /c,d/ #0, then: /a,b/A/c,d/, /a,b/V/c,d/ € K. (16)

A and V¥ are closed on M, C, N and L. (17)

A (V) is a t-norm (t-conorm) in the lattice (L, C). (18)

These properties will be instrumental in showing that the operators proposed in the
following are t-norms or t-conorms.

Table 3. Posets where the discussed operators are t-norms or t-conorms.

T-Norms T-Conorms

A v
M :"i‘ A ® 0 L Y‘i‘ ® v

A\ A\
LE v v v v v v v v v v
NE v X X v v X X X X v
N= X X X X v v X X v v
KE v X X v v X X X X v
K= X X X X v v X X v v
K= v X X v v X X X X v
KF= X X X X v v X X v v
CE v v X v X X X X X X
c= X X X X X v v X v X
ME v X X v X X X X X X
M= X X X X X v X X v X

3.1. The Operations ® and &

This subsection is devoted to introducing and analyzing two new operations (® and
@), elucidating the posets where they are t-norms or t-conorms, respectively, in order to
use them to model conjunction and disjunction in applied scenarios. They will be studied
inM,C,N, L, Kand K.

Definition 7. For each f,g € M, we define the binary operations © and @ as:

f ifg=1, f ifg =0,
fog=13 iff=1 and f&g=1qg iff =0,
fRagR  otherwise, frwgl  otherwise.

The particular cases where the operators A and ¥ in M are replaced by the operator
A in [0, 1] were studied in [34]. In that case, ® (@) is a t-norm (t-conorm) in L and M,
with respect to C (=X).

https:/ /doi.org/10.3390/axioms15070513
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Clearly, none of the operations in this definition is a particular case of A or ¥, as we
can check in the following example.

Example 1. For each continuous t-norm (t-conorm) A (V) in [0,1], there exist a,b € (0,1)
such thata A a = ¢, bvb =d, b A'b = e, ava = jwithc,d,e,j € (0,1). In these cases,

the computation of the identities a © a = [0,c| and b & b = [d, 1] is easy using (15). Nevertheless:
aAa=c, bAb=¢, ava=] and bVb=d.

From now on, our main purpose is to prove that © is a t-norm with respect to the
partial order C and @ is a t-conorm with respect to <. In the following proposition, it is
established that ® satisfies the axioms T1, T2 and T3 of t-norm, and that & satisfies the
axioms S1, S2 and S3 of t-conorm in M.

Proposition 2. The operations ® and @ are commutative and associative in M. Moreover,
fol=fand f®0=fforall f € M.

Proof. The operations ©® and @ are commutative and associative because A and V¥ are
commutative and associative by (7). In addition, f ©1 = f and f ® 0 = f by definition. O

Remark 1. The boundary conditions of © and © guarantee the fulfillment of the axioms T3 and
S3. In fact, if they were defined as f © ¢ = fRagRand f © ¢ = f-wgl forall f,g € M, then the
axioms would not necessarily hold. For example:

=l
1
=i

©1=1RaIR =10,1]a[0,1] = [0,1] #1,
0@ 0=0"v0" =10,1]v[0,1] = [0,1] # 0.

It is key for these operators to be closed in C, N, L, K and Kf in order to be t-norms
and t-conorms. The next two propositions prove this fact.

Proposition 3. © and @ are closed in C, N and L. Moreover, if f,¢ € N, then (fRagR), (ffwgh)
L=NnNnC.

Proof. Forall f,g € C,wehave fol=f€C, 10g=9€C fd0=feCand0dg=
g € C. Consequently, suppose that f © g = fRagR and f & ¢ = fLvgl. The functions
fR and gR are non-increasing, and f% and g’ are non-decreasing (see Equation (1)) and
therefore they are all convex. Since the operations A and V¥ are closed in C by Equation (17),
f®gand f @& g € C. Therefore, ® and & are closed in C.

Iff,ge Nythenf©ol=feN,10og=g€N,f®0=fecNand0dg=g¢€ N.
Otherwise, we have f ® ¢ = fRagRand f® g = fLvgl. Since f,g € N, the identities
R(0) = fE(1) = gR(0) = ¢*(1) = 1 hold. Thus, fR, fL, g%, ¢& € N. As in the previous
case, A and V¥ are closed in N, so it is clear that f ©® g and f @ g € N. As a consequence, ®
and @ are closed in N. Furthermore, taking into account all the previous discussion, we
find that © and @ are closed in L.

In addition, we have proven that for all f,¢ € N, the functions fR, ff, ¢k and ¢*
belong to L. With this and recalling that A and ¥ are closed in L, we can state that
fRagR, flwvgt e L. O

Proposition 4. © and @ are closed in K and KE.

https://doi.org/10.3390/axioms15070513


https://doi.org/10.3390/axioms15070513

Axioms 2026, 15, 513

9 of 22

Proof. Let us take v; = inf{Supp(f)}, w; = inf{Supp(g)}, vs = sup{Supp(f)} and
ws = sup{Supp(g)}. If f,g € KE, it is easy to check that:

fo=Tdl, fA=T0u] g=Tw,1] and g&=[0wl.

Let us first deduce that ® is closed in KX. We havethat f©T1 = f € Kfand1og =g €
KE. Therefore, we need to consider only the case where f © ¢ = fRAgR = [0,v5]A[0, ws].
According to Equation (15):

fO©g=10,vs]A[0,ws] = [0 A 0,05 A ws] = [0,05 A ws] € Kf.

Similarly, we can prove that @ is closed in K£.
Now, let us consider f, g € K. In this situation:

fL =|v;,1], fR =10,0s |, gL =|w;1] and gR = [0, ws |.

Note that all the previous functions are different from 0. By definition of ® and @, we
can assume that f ©1 = f € Kand 1 ® ¢ = ¢ € K. Therefore, the only other possibility
is that f © ¢ = fRagR = [0,0; |A[0,ws | € K. This last statement is a consequence of
Equation (16), since [0,vs |, [0,ws | # 0. We can show that & is closed in K in a simi-
lar way. O

The operations that we are considering have different absorbent elements when we
change the sets over which we define them.

Proposition 5. The following statements hold:

(1) 0 is the absorbent element of the operation ® in N, L, K and Kf .
(2) 1 is the absorbent element of ®in N, L, K and Kf .

(3)  0is the absorbent element of ® and & in M and C.

Proof. We will first prove (1) and (2) together. From Equation (14), we know that 0 and
1 are the absorbent elements in N of A and V, respectively. Therefore, f ©0 = fRAOR =
fRa0 = Oforall f € Nwith f # 1,and f @1 = fLvil = flwl = Tforall f € N
with f # 0. The remaining cases are direct since, by Definition7, 100 =0®1 = 0 and
10 =061 = 1. Thus, 0 is the absorbent element of ®, and 1 is the absorbent element of
@ on N. Furthermore, as 0 and 1 are contained in L, K and Kf and these are subsets of N,
the absorbent elements are inherited.
Finally, to prove (3), we will take f € M, such that f # 1. In this case:

(00 f)(x) = (08AfF)(x) = (0Af%)(x) = sup{0(y) * fX(z) | ysz=x} =0

forall x € [0,1]. Thatis, (0 ® f) = 0. In addition, whenever f =1,0® 1 = 0. The proof for
@ is similar. [

The next auxiliary result will help us to prove that ® is non-decreasing in each
component respect to C and that @ is non-decreasing in each component respect to <.

Proposition 6. The following properties hold:
(1)  Forall f,g,h € M with g T h, we have:

(FRagh) E (fRank).
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(2)  Forall f,g,h € M with g < h, we have:
(frwgh) < (fFfvnt),

Proof. (1) Let f,g,h € M, with ¢ C h. From Theorem 1, we have that (g8 A ) < ¢ < hR
and hence, ¢ < KR using Equation (3). Let us check that:

(FRagf) A (FRARR) < (fRagh) < (FRan®) = (fFRarf)R (19)

where the last equality comes from Equations (10) and (3). It is clear that (f Ra gR) A
(fRARR) < (fRagR). Moreover, since gR < KR, we can make use of Equation (13) to
state that (fRagR) < (fRahR). Therefore, the expression given by Equation (19) holds.
Thanks to this chain of inequalities and using again Theorem 1, (fRagR) C (fRahR), for all
f,g,h € M,such thatg C h.

(2) The proof is analogous to the previous one using Equation (11) instead of
Equation (10). O

Finally, we can prove the fulfillment of the last requirement for ® to be t-norm and &
to be t-conorm, the monotonicity in each argument.

Proposition 7. The following properties hold:

(1)  The operation © is non-decreasing in each argument in M respect to the partial order C.
(2)  The operation @ is non-decreasing in each argument in M respect to the partial order <.

Proof. (1) Let f,g,h € M, such that ¢ C h. We have to study four cases separately:

(a) Ifall arguments are different from 1, f © ¢ = fRagRand f © h = fRAKR by definition.
Thus, from Proposition 6, we have that (f © ¢) C (f ® h).

(b) If g = 1, then h = 1 since 1 is the maximum in M C. Therefore, by definition,
fog=f=fon

() Iff=1,sinccgChwehave fGg=9gCh=f0Oh

(d) Finally,if f #1 and 1 # ¢ C h =1, it must be checked that (f ©® ¢) C (f ® h). In this
case, f© g = fRagRand f O h = f ®1 = f. Consequently, it suffices to prove that:

(fRagt)Ccf.

Since ¢ C 1, then (fRagR) C (fRATR) by Proposition 6. Let us check that (fRa1R) C
f. Using Equations (9) and (3):

FRATR = fRaf0,1] = (F5)% = fX.

Additionally, the inequality ((fR)R A f) < fR < fR holds as a consequence of
Equation (2), and thus f R f because of Theorem 1. In summary,

fog=(faghc(ffal)y =R f=fon

With this discussion, we have shown that ® is non-decreasing in each argument in
ME. Consequently, it is also non-decreasing in the posets C=, N5, L=, K= and KX = as
they are subsets of M.

(2) To prove that @ is non-decreasing in each argument in M=, C=, N=, L=, K= and

= s
KE=, the procedure is similar. [

Based on the results in this subsection, we can conclude that the new operators we
presented are t-norms and t-conorms, respectively, with respect to the corresponding orders.
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Corollary 1. The two following statements hold:

(1) ®isat-normin M, C, N, L, K and Kf with respect to the partial order C. 1 is the neutral
element, 0 is the absorbent element in N, L, K and KCF , and 0 is the absorbent element in M
and C.

(2) ®isat-conormin M, C, N, L, K and Kf with respect to the partial order <. 0 is the neutral
element; 1 is the absorbent element on N, L, K and Kf > and 0 is the absorbent element in M
and C.

Remark 2. Note that © and @ are, respectively, families of t-norms and t-conorms in L that are
different from those obtained in previous works.

The following example shows that the operations ® and @ are not monotonically
increasing with respect to the partial orders < and C, respectively.

Example 2. Let us consider:

f(x) = L ifxe{0l), and ¢ =03.

0 otherwise,

If we set A = 1, it is easy to check that ¢ < 1. Nevertheless:

fog=fRagk =10,1mM10,03] =[0,03] £ f=fo1

(see Theorem 1). Therefore, © is not monotonically increasing with respect to <, and therefore it is
not a t-norm respect to <.
Now, let A = L. We have 0 C g. Using Theorem 1 again, we have:

fod=f1Z[03,1=[01u[031]=flvet=fag.
It is clear then that & is not a t-conorm with respect to the order C.

3.2. The Operations M and U

In the previous subsection, given the families M, C, N, K and KCF , we have only
obtained t-norms with respect to T and t-conorms with respect to <. It is also important to
define some t-norms (t-conorms) on such sets, with respect to < (C). In this subsection, we
address this issue. We will find these kind of operators in N, L, K and Kf . Nevertheless,
they will not work for M or C, which will become evident in the following (see Remark 3
and Example 4).

Definition 8. Let f,g € M\ {0} be two functions with v; = inf{Supp(f)}, vs =
sup{Supp(f)}, w; = inf{Supp(g)} and ws = sup{Supp(g)}. Let A, A be t-norms in [0,1],
and vV, ¥ t-conorms in [0,1], such that (x A y) < (x Ay)and (xVy) < (xVy) forall x,y € [0,1].
We define the binary operations M and W on M as follows:

f ifg =1,
fmg=1g iff=1,
[0; A vs A Wi A ws,v; AVs ANw; Aws]  otherwise,
f ifg =0,
fug=13¢ iff=0,
[0;VosVw;Vws, v; Y us Y w; Y ws]  otherwise.
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Below, we present an illustrative example in order to show how we operate with these
new functions in a simple case.

Example 3. Let us consider f = [0.1,0.2] and g = [0.5,0.7]. Moreover, let us set A= Tp (product
t-norm), N = N,V = V,and ¥ = Sp (drastic t-conorm). In this case:

fMg=[01-02-05-07,01A02A05A0.7] = [0.007,0.1]
fug=1[01v02Vv05Vv0701Y02Y05Y07] = [0.7,1].

Remark 3. Note that Definition 8 is given for f,g € M \ {0} because Supp(0) = @, and thus the
operations M and U are not defined when one of the arquments is 0. Additionally, Table 2 establishes
0 as one of the bounds in all the posets M=, M=, CE and C=. Therefore, using M or U as t-norms
or t-conorms in the aforementioned posets is not possible since the bounds should be either a neutral
or an absorbing element. For this reason, we exclude the study of these function in the sets M and C.

The next example gives another justification for setting the sets M and C apart in the
following discussion.

Example 4. Let us show that, generally, property T4 does not hold for @ and W in M=, M=, C=
or C=. Let f,g,5,0,1 € C with:

) = g(x) = 05 ifr=1 () = 05 ifx=0,

0 otherwise, 0 otherwise.

In this case, g C 1. Nevertheless, f Mg =1 Z f = f m 1. Moreover, by Theorem 1,1 < g
but fal=f £A1=fmg. Inaddition,0 < Tand fU0 = f A1 = fW1. Finally, s C 0,
but fUs=1F f = fWO.

We can draw some other conclusions from the definition:

e Mand Ware closed in M \ {0}, C\ {0}, N, L, K and Kf.

. M and U are commutative and associative because A, V, A and Y are commutative
and associative.

e 1and 0 are the neutral elements of M and U, respectively.

¢  The boundary conditions of the operations M and U in Definition 8 ensure that m
fulfills t-norm axiom T3, and W satisfies t-conorm axiom S3. Note that, if those
boundary conditions were eliminated, these properties may not be true as the next
example proves.

Example 5. Let us suppose that we omit in Definition 8 the special cases where f,g € {0,1}.
If A= A= Tpand V = Y = Sp (probabilistic sum t-conorm), then:

05m1=1[05-05-1-1,05-05-1-1] =0.25 # 0.5,

0.5UW0 = [0.5v0.5v0v0,0.5Y0.5Y0VY0] =0.75 # 0.5.

Therefore, without the boundary conditions, 1 would not be the neutral element of M, and 0
would not be the neutral element of U.

It is important to assess with Example 6 that M and U are not obtained as particular
cases of A, ¥, ® or @, and hence to make clear that they are new operators.

Example 6. It is easy to check that [0,1] @ [0,1] = 0and [0,1] W [0, 1] = 1. Nevertheless:
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0,1]A[0,1] = [0,1], [0,1]v[0,1] = [0,1],
0,160,1 =01 a0,1" =[0,1],
0,101 =01]"v[01]" =0, 1.

Since [0,1] € KCF, K, L, N, C, M, the operations M and U are always different from A, ¥, ©
and .

Let us determine the absorbent elements of M and W.
Proposition 8. 0 is the absorbent element of M, and 1 is the absorbent element of Uin M \ {0}.

Proof. Let us prove that fm0 = 0 forall f € M\ {0}. Clearly, 1m0 =0m1 = 0. Let us
suppose that f # 1. Since 0 is the absorbent element of any of the t-norms A and A, then
fmO=[v; Avs A0AO0,v;Avs ANOAQO] = 0.

The proof that 1 is the absorbent element of U is analogous. [

The last step to prove that M is t-norm and U is t-conorm in N, with respect to both
partial orders, is to show that they are non-decreasing in each component.

Proposition 9. M and U are non-decreasing in each argument in N, L, K and K with respect to
each partial order.

Proof. In the first place, let us study the monotonicity of M respect to the partial order <. Let
f,8,h € N, such that ¢ < h. By Theorem 3, we have that g’ < iR and h' < gl Let us take

vi = inf{Supp(f)}, vs = sup{Supp(f)}, wi = inf{Supp(g)}, ws = sup{Supp(g)}, zi =
inf{Supp(h)} and z; = sup{Supp(h)}. At this point, we need to distinguish four cases:

1.  If all arguments are different from 1, we have that:

fmg=[vi Avs Aw; A ws,v; Nvs ANw; Aws| = [a,b],

fMh=[v; Avs Az Azs,v;i NUs Azi ANzg] = [c,d].

with a,b,c,d € [0,1]. Since h* < ¢F and gR < kR, then w; < z; and wy < zs. Moreover,
A and A are non-decreasing in each argument, so we can conclude that:

a=(v; Avs Aw; Aws) < (v; Avs Az Azg) =g,
<

b= (viAvs Ahw; Aws) < (0; Avs Az Azg) = d.

As a consequence, [c, d]L < [a, b}L and [a, b]R < e, d]R. Taking into account that
(fmg), (fMh) € L (they are the characteristic functions of closed intervals) and by
Theorem 2:

fmg=lab] <X[cd =fmh

2. Let us now consider the case in which g = 1. Since g < h, and according to Table 2,
h:T,wehavefrmg:f:fm\h.

3. Iff=1thenfmg=g=<h=fmh

4. The only remaining case is when f # 1 and 1 # g < h = 1. Itis necessary to prove
that (fmg) < (f Mmh). In this case:

fMg=1[v;i Avs Aw A ws,v; ANVs Aw; Aws] = [a, b]
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and f Mh = fm1 = f. Therefore, it suffices to prove that [a,b] < f. By Theorem 1,
this is the same as proving that:

(@B AfY < f<ap]. (20)
Let us recall that if A is a t-norm, then (x Ay) < x and (x Ay) < y. Hence,

a<b=(v;AvsAw;Aws) < v; < vs

and it is clear that f < [v;,v5] < [a,1] = [a, b}L. Moreover, [a,b](x) = 0 for all
x € [0,1] \ [a,b] and, for those same points,

([a,6](x) A fH(2)) = (0 A fH(x)) =0 < f(x).

In addition, if x € [a,b] and because b < v;, then f(x) = fL(x). Therefore,

([a,b](x) A f(0)) = 1A f(x) = f(x).

As a consequence, the inequality in Equation (20) is proven, and the monotony is
given in this case.

We can now state that M is non-decreasing in each argument in N and its subsets K%, K and
L, with respect to the partial order <. The proof for the rest of the cases is similar. [

Corollary 2. The following statements regarding the operations M and Y hold:

(1) Mmisat-normin N, L, K and Kf respect to both partial orders, < and T. The neutral element
is the function 1 and the absorbent element the function 0.

(2)  Wisat-conormin N, L, K and Kf respect to both partial orders, < and T. The neutral
element is the function 0 and the absorbent element the function 1.

Remark 4. Let us note that, as a consequence of the previous corollary, M and U are, respec-
tively, new families of t-norms and t-conorms in L that are different from all those given in
previous research.

Table 3 notes all the general operators discussed in this section, indicating in which
posets of M they are always t-norm or t-conorm. The table also includes the cases where
there exists a counterexample.

4. Type-2 Fuzzy Operators for Time Series Forecasting

Time series forecasting is a key tool in many scientific and decision-making contexts.
A time series is an ordered sequence of numerical observations y1,...,y, € R, where
each y; corresponds to time f. The goal is to understand the underlying dynamics of the
phenomenon and to produce forecasts of future values from past observations.

Classical time series analysis relies on statistical models such as AR, MA, ARMA and
ARIMA, as well as decomposition, exponential smoothing and long-term seasonal mod-
els [35]. However, these approaches often require strong assumptions (linearity, normality,
stationarity) and a sufficiently large number of observations to be reliable, which may be
restrictive in noisy, highly uncertain or data-poor settings [36].

Fuzzy Time Series (FTS) models, introduced by Song and Chissom [37] and pop-
ularized by Chen [38], provide an alternative framework. They transform the original
numerical series into a sequence of fuzzy linguistic terms, allowing one to deal explicitly
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with imprecision, capture nonlinear behavior and build interpretable, rule-based mod-
els [36].

In this work we combine the FTS structure with our type-2 fuzzy operators to construct
forecasting models that can handle additional uncertainty in the membership functions.

4.1. Data Structure and Temporal Split

We use a broad collection of real series from the fma package [39]. For each series we
require: (i) a minimum length to allow for a meaningful train—test split (at least 30 observa-
tions), (ii) strictly positive, finite observations, and (iii) no missing values.

Given a series vy, ..., yn, we define the training set as y1,...,y,_j, and the test set
oflength hasy,_j41,...,yn. We set h so that approximately 80% of the data are used for
training and 20% for testing. Forecasts are generated in a rolling one-step-ahead fashion: at
each time ¢, we use information up to y; to predict y; 1.

Table 4 summarizes the datasets used in the experiments, grouped by application
domain. The classification is indicative, as some series may belong to multiple categories.

Table 4. Classification of the time series datasets used.

Category Time Series

Economic/financial advsales (advert), advsales (sales), capital,
cpimel, dowjones, dj, wagesuk, ustreas

Sales/commercial beer, books (Hardcover), books (Paperback),
chicken, eggs, milk, shampoo

Industrial /production bricksq, copper, plastics, nail, bicoal

Energy /resources oilprice, petrol (Chemicals), petrol (Coal),
petrol (Petrol), petrol (Vehicles), elec

Environmental /demographic lynx, pollution, ukdeaths, usdeaths,
cowtemp

Transport/tourism airpass, motel (Roomnights),
motel (Takings)

Other internet, strikes, writing, sheep

4.2. Fuzzy Partition of the Universe of Discourse

From the training data we define an expanded universe of discourse
[min(y;) — r| min(y;)|, max(y;) + r| max(y;)|],

with a stretching factor r = 0.1 [40].
On this interval, we build k equally spaced triangular FSs

AjZ(IZ]',bj,Cj), jZl,...,k,

forming the type-1 partition used to learn the fuzzy rules. These triangles also act as the
upper membership functions (UMFs) of the IT2FSs.

Since the performance of an FTS model is highly influenced by the number of
linguistic labels, we first perform a preliminary search with Chen’s method [38] for
k € {7,8,9,10,11,12}. The value k = 8 provides the best trade-off between overall accuracy
and stability across the series, and is therefore used in all subsequent experiments.
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4.3. Construction of IT2FSs

Each triangular set (a;, bj, ¢;) is converted into an IT2FS. We use this triangle as the
UMF, denoted as (a]-u, b]l-l, c}l) The lower membership function is obtained by a controlled
contraction governed by a parameter 1 € (0,1):

L_u u_ uy L_ . Uu_ U _pUy L _ U
ay = aj +u(by —aj), cg =cf —u(c; —b;), by =by.

Thus, each label is described by a pair of triangles yj-u(x) and y]L (x) that bound the
type-2 footprint of uncertainty:

l’l]u(x) = Vtri(x} a;'l/ b]u/ C]u>/ V]L(x) = ]’ltri (x/ a]L, b]L/ C][“)/

where pyi(+; a,b, c) denotes the standard triangular membership function with support [a, c|
and peak at b. Clearly, these IT2FSs are convex and normal, which ensures compatibility
with the operators introduced in Section 3.

4.4. Learning Type-1 Fuzzy Rules

Rule learning is carried out solely on the type-1 partition, as is standard in FTS [36].
Let p;(y:) denote the degree of membership of y; to A;. The strength of the transition from
Ajto Ajis given by
Ryj = max (min(p;(ys), 1 (141))).

i.e., using the minimum t-norm on the temporal co-activation of labels.

For the IT2-based models, the resulting matrix R is normalized row-wise, yielding
stable fuzzy transition relations. The same normalized relation matrix is used for all IT2
configurations, independently of the type-2 operators and the reduction method.

For comparison purposes, the Song—Chissom model [37] employs the same defini-
tion of R but without row normalization, while Chen’s method relies on fuzzy logical
relationship groups rather than on a numerical relation matrix.

4.5. Type-2 Operators Under Comparison

The main contribution of this method lies in the use of alternative type-2 fuzzy opera-
tors at the inference stage of fuzzy time series models. More precisely, once the fuzzy rules
have been learned and the interval-valued firing strengths are obtained, the aggregation
and composition of interval information are carried out using different families of type-2
operators. In the type-2 inference stage, we evaluate three families of operators on intervals:

1.  Classic type-2 (interval Mamdani): Extension of Mamdani inference to interval type-2
sets, using the minimum t-norm and maximum t-conorm on the lower and upper
bounds of the intervals [41].

2. Operators ® and @: Our proposed pair of type-2 t-norm/t-conorm operators, de-
noted as odot in the methods.

3. Operators M and U: The second family of operators introduced in Section 3. In the
experiments we refer to this configuration simply as Cap.

As type-1 benchmarks, we include two classical fuzzy time series models. First, Chen’s
method [38] is considered in two variants: the standard frequency-based version (Chen-freq)
and a variant that only accounts for distinct labels in each fuzzy logical relationship (Chen-
unique). Second, we include the original Song-Chissom model [37], based on max—-min
composition of fuzzy relations.

4.6. Type-2 Reduction: Nie=Tan and Karnik—Mendel

We consider the two most used type-2 reduction methods.
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The Nie-Tan method [42] approximates the type-2 set by an equivalent type-1 mem-
bership function,

punt(x) = 3 (pu(x) + pr(x)),

and then applies standard defuzzification (centroid) to obtain a crisp output with low
computational cost.

The Karnik—-Mendel method [43] computes the extreme values y; and yr of the type-2
centroid via an iterative algorithm, and the final prediction is

s_ 1
y=3(yr+yr),
preserving the interval structure.

4.7. Model Configurations

The experimental framework includes all combinations of structure, reduction and
operator, as shown in Table 5.

Table 5. Types of structures, reductions and operators analyzed.

Structure Reduction Operator
1T2 NT, KM Classic T2, odot, Cap
T1 (FTS) - Chen-freq, Chen-unique, Song

This yields families of IT2 models sharing the same linguistic partition and the same
type-1 fuzzy relation matrix, differing only in the interval-valued operators used in the
inference stage and in the type-reduction method.

Each combination of structure, operator and reduction method is evaluated on all
series using the same protocol:

1.  Generation of rolling one-step-ahead forecasts on the test set;

2. Computation of the mean absolute percentage error (MAPE), a widely used scale-free
metric in forecasting studies [44];

3. Recording the computation time associated with each configuration.

4.8. Results

We first examine a representative series, advsales (advert), to illustrate the behavior
of the different methods. The results are shown in Table 6.

Table 6. Results for series advsales (advert).

Method RMSE MAE MAPE Time (s)
IT2-NT-Cap 2691 23.44 343.74 1.23
IT2-KM-odot 26.29 22.52 345.17 0.02
IT2-KM-Cap 27.13 23.72 345.36 0.02
IT2-KM-classic 27.28 23.94 353.53 0.00
IT2-NT-classic 28.09 25.28 437.40 0.92
FTS-CHEN-freq 28.30 25.53 438.87 0.00
FTS-CHEN-unique 28.30 25.53 438.87 0.02
FTS-SONG 28.30 25.53 438.87 0.02
IT2-NT-odot 30.69 29.04 714.33 0.64

The MAPE values in Table 6 are unusually large for all methods, and especially for the
IT2-NT-odot configuration. This behavior is mainly due to the well-known sensitivity of
MAPE to small observed values, since the absolute forecasting error is divided by the actual
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value. Thus, moderate differences in mean absolute error (MAE) or root mean squared
error (RMSE) may lead to very large percentage errors when some observations in the test
set are close to zero. In this example, IT2-NT-odot has the largest MAPE, but its RMSE
and MAE remain of the same order of magnitude as the remaining methods. Therefore,
this case should be interpreted as an outlier effect of the evaluation metric rather than as a
proportionally large absolute forecasting error.

For this particular series, the best MAPE is obtained by IT2-NT-Cap, slightly improving
upon IT2-KM-odot and clearly outperforming both the classical IT2 baseline and the type-1
FTS models. Table 7 summarizes, for all series, the method with the smallest MAPE.

Table 7. Best method per series according to MAPE.

Series Method MAPE Time (s) Series Method MAPE Time (s)
advsales IT2-NT-Cap 343.74 111 advsales IT2-KM-odot 10.95 0.02
(advert) (sales)
airpass IT2-KM-CLASSIC 9.60 0.06 beer IT2-KM-odot 11.39 0.03
bicoal IT2-NT-Cap 6.36 10.54 books IT2-NT-Cap 14.06 357
(Hardcover)
books IT2-NT-odot 10.82 1.01 boston IT2-KM-odot 23.66 0.01
(Paperback) (bse)
boston IT2-KM-odot 10.47 0.01 bricksq FTS-CHEN-freq 7.53 0.04
(nyase)
capital IT2-NT-Cap 8.45 4.72 capital IT2-KM-Cap 4.99 0.03
(appropriations) (capital)
chicken IT2-NT-CLASSIC 16.21 0.02 condmilk FTS-CHEN-freq 14.53 0.06
copper IT2-KM-Cap 17.99 0.12 copper3 FTS-CHEN-unique 8.44 0.01
cowtemp IT2-KM-odot 13.94 0.03 cpimel IT2-NT-Cap 2.13 3.45
dj IT2-KM-Cap 0.87 0.22 dole IT2-NT-Cap 5.63 37.89
dowjones IT2-NT-Cap 0.40 0.62 eggs IT2-KM-odot 10.26 0.03
elec FTS-CHEN-freq 6.55 0.18 fancy IT2-NT-odot 71.54 1.59
housing FTS-CHEN-freq 7.71 0.04 housing IT2-NT-Cap 9.09 15.48
(construction) (hstarts)
housing IT2-KM-Cap 1.98 0.03 hsales FTS-CHEN-freq 9.09 0.09
(interest)
hsales2 IT2-NT-CLASSIC 10.17 8.00 huron IT2-NT-Cap 7.99 14.39
tgnll ) IT2-NT-CLASSIC 6.51 0.15 ibmclose IT2-KM-Cap 1.89 0.14
ales
input IT2-KM-CLASSIC 31.98 0.02 internet FTS-CHEN-freq 4.20 0.11
jecars IT2-NT-Cap 3.69 0.88 labour IT2-KM-Cap 1.83 0.18
lynx IT2-NT-Cap 95.53 11.43 milk FTS-CHEN-unique 4.40 0.06
mink IT2-KM-odot 21.51 0.03 motel FTS-CHEN-unique 9.87 0.05
(Roomnights)
motel IT2-KM-Cap 11.46 0.08 motion IT2-KM-Cap 2.68 0.14
(Takings)
nail FTS-CHEN-freq 14.21 0.09 oilprice IT2-NT-Cap 14.04 25.32
petrol IT2-NT-CLASSIC 432 1.25 petrol FTS-CHEN-freq 9.31 0.13
(Chemicals) (Coal)
petrol IT2-KM-Cap 449 0.18 petrol IT2-KM-CLASSIC 16.09 0.09
(Petrol) (Vehicles)
pigs FTS-SONG 7.77 0.13 plastics IT2-KM-Cap 9.73 0.34
pollution FTS-CHEN-unique 32.85 0.05 schizo IT2-KM-odot 37.10 0.06
shampoo IT2-NT-Cap 29.62 1.19 sheep IT2-KM-Cap 7.33 0.05
strikes IT2-NT-odot 14.40 0.59 telephone IT2-NT-CLASSIC 9.78 0.02
ukdeaths IT2-KM-odot 11.88 0.05 usdeaths IT2-NT-Cap 6.41 15.36
uselec IT2-KM-Cap 6.85 0.09 ustreas IT2-KM-Cap 111 0.04
wagesuk FTS-CHEN-freq 3.40 0.27 wheat IT2-NT-Cap 15.10 98.92
wnoise IT2-KM-odot 206.29 0.02 writing IT2-KM-Cap 21.42 0.05

The aggregate pattern favors the proposed Cap-based configurations. As shown
in Table 8, Cap obtains the largest number of wins according to MAPE, being the best-
performing operator in 29 out of the 64 analyzed series. The odot-based models and
Chen-type FTS models obtain 13 wins each, while the classical interval type-2 configuration
obtains 8 wins and Song—Chissom obtains 1 win. These results suggest that the algebraic
design of the type-2 operators has a direct impact on forecasting accuracy, although no
single operator dominates uniformly across all time series.
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Table 8. Number of winning methods per operator (criterion: MAPE).
Operator Chen Song Classic T2 odot Cap
Number of wins 13 1 8 13 29

The results clearly show that the operator Cap dominates in terms of MAPE, achieving
the best performance in 29 of the analyzed series. It is followed by the odot operator
and Chen-type models, both being the best choice in 13 series each, while the classical
interval type-2 configuration attains the minimum MAPE in 8 series. Finally, Song-Chissom
achieves the best MAPE in one series.

4.9. Sensitivity Analysis

The construction of the IT2FSs depends on two relevant parameters: the number of
fuzzy partitions k and the shrinkage coefficient u used to define the lower membership
functions. To evaluate the robustness of the proposed framework, we performed an
additional sensitivity analysis.

First, we fixed k = 8, as in the main experiment, and evaluated u € {0.1,0.3,0.5}.
These values represent low, moderate and strong contraction of the lower membership
functions. Second, we fixed u = 0.25 and evaluated k € {7,8,9,10,11,12}, which is
the range considered in the preliminary tuning stage. All remaining components of the
forecasting pipeline were kept unchanged.

Table 9 shows that the behavior of the proposed operators depends on the size of the
footprint of uncertainty. When u = 0.1, the lower membership functions remain close to the
upper membership functions, and the IT2 model behaves closer to a type-1 configuration;
in this case, Chen-type models and odot-based models are highly competitive. However,
for moderate and stronger contractions, u = 0.3 and u = 0.5, the Cap-based configurations
clearly dominate, obtaining 34 and 36 wins, respectively. This indicates that Cap benefits
from a richer interval type-2 representation of uncertainty.

Table 9. Sensitivity analysis with respect to the IT2 shrinkage parameter 1. Number of wins according
to MAPE.

u Chen Song Classic T2 odot Cap
0.1 19 5 7 19 14
0.3 11 2 5 12 34
0.5 10 4 4 10 36

Table 10 confirms that the conclusions are not tied to a single value of k. The Cap-based
models obtain the largest number of wins for k = 7, 8,10, 11 and 12, and tie with Chen-type
models for k = 9. The value k = 8, used in the main experiment, provides the largest
number of wins for Cap and offers a favorable compromise between accuracy and stability.
Smaller values of k may lead to overly coarse linguistic partitions, whereas larger values
increase the granularity of the rule base and may reduce stability in shorter series.

Similar trends are observed when using RMSE and MAE as evaluation metrics, con-
firming that the dominance of the Cap-based configurations is not specific to MAPE.

Overall, the sensitivity analysis supports the robustness of the proposed approach.
In particular, the Cap-based configurations remain consistently competitive across different
choices of u and k, which reinforces the conclusion that the proposed type-2 operators
provide useful alternatives for fuzzy time series forecasting.
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Table 10. Sensitivity analysis with respect to the number of fuzzy partitions k. Number of wins
according to MAPE.

k Chen Song Classic T2 odot Cap
7 20 1 6 11 26
8 13 1 8 13 29
9 22 1 9 10 22
10 15 3 10 16 20
11 16 2 6 15 25
12 11 5 7 15 26

5. Conclusions

In this paper, we provide new operators acting as t-norms and t-conorms in different
subsets of type-2 fuzzy sets. In particular, we introduce the novel operations ®, @, M and U.

We analyze the posets of M where these operations satisfy the required axioms for
them to be t-norms (operators M and ©) or t-conorms (operators U and &). More precisely,
the proposed operators are studied in M, C, N, L, K and K! with respect to the two most
commonly used partial orders, namely, C and <. It should be noted that this is the first time
that t-norms and t-conorms in N, K and Kf are determined for both orders. The following
list contains the main results obtained in this work:

1.  The operator ® isa t-normin M, C, N, L, K and Kf with respect to the order C.
2 The operator @ is t-conorm in M, C, N, L, K and Kf with respect to the order <.
3. The operator Mis t-normin N, L, K and Kf with respect to both partial order C and <.
4 The operator U is t-conorm in N, L, K and Kf with respect to both partial orders C and <.

T-norms and t-conorms are fundamental tools to compute logical operators in fuzzy logic.
In particular, they represent the conjunction and disjunction, respectively. This is the reason
why we expect the proposed novel operators to show their utility in type-2 fuzzy logic systems,
providing new alternative ways of reasoning with T2FSs. In future work, we plan to study other
interesting structures in type-2 fuzzy sets, such as similarity measures or fuzzy implications,
and to analyze their connection with proposed negations, t-norms and t-conorms.

Beyond the algebraic analysis, a second contribution of the paper is the integration of
the proposed operators into a fuzzy time series forecasting framework. We have presented
odot and Cap in IT2 Mamdani-type models, combined with both Nie-Tan and Karnik—
Mendel type-reduction, and we have carried out an extensive empirical study on a large
collection of real time series from the fma package. All models share the same fuzzy
partition, rule base and experimental protocol, and differ only in the underlying type-2
operators and reduction schemes.

The forecasting results, primarily evaluated in terms of MAPE, reveal a clear and con-
sistent pattern. Models based on the M operator (Cap models) achieve the best performance
in the largest number of series (29 out of the analysed datasets, around 45% of the cases),
followed by the ® operator (odot models) and Chen-type fuzzy time series models, which
attain the minimum MAPE in 13 series each. The classical interval type-2 extension based
on minimum and maximum operators also remains a competitive baseline, achieving the
best results in eight series.

These findings indicate that the algebraic design of type-2 operators has a tangible
impact on predictive accuracy in time series applications, and that operators such as M and
U can provide a favorable balance between robustness and flexibility.
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The following abbreviations are used in this manuscript:

MAPE Mean absolute percentage error
RSME  Root mean square deviation
FSs Fuzzy sets

T2FSs  Type-2 fuzzy sets

IT2FSs  Interval type-2 fuzzy sets

FTS Fuzzy time series

UMF Upper membership function
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