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Abstract

In this paper, we introduce and investigate a new subclass of analytic functions in the
open unit disk by combining the (λ, q)-fractional differintegral operator with the Euler
generating function through the technique of subordination. This class, denoted by Kq,λ(τ),
unifies and extends several families of q-starlike and q-convex functions as special cases
corresponding to particular choices of the parameter λ. For this class, coefficient estimates
for the initial Taylor coefficients and a Fekete–Szegő inequality are established. Furthermore
it is shown that the transformed function Dλ

q f is q-starlike in the unit disk under suitable
assumptions on the parameters. In addition, first-order distortion estimates are obtained
for the associated q-starlike and q-convex subclasses. Several consequences are derived
for the special cases λ = 0 and λ = 1, corresponding, respectively, to q-starlike and q-
convex function classes. The classical limit q → 1− is also investigated and establish a new
connection between Euler generating functions, fractional q-operators, and subclasses of
analytic and univalent functions.

Keywords: q-calculus; (λ, q)-fractional differintegral operator; Euler generating function;
subordination principle; Fekete–Szegő inequality; q-starlike; q-convex functions
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1. Introduction
We consider the family A consisting of functions that are analytic in the unit disk

D = {z ∈ C : |z| < 1} and satisfy the standard normalization conditions f (0) = 0 and
f ′(0) = 1. Accordingly, any function f belonging to the class A admits a Taylor series
expansion of the form

f (z) = z +
∞

∑
n=2

anzn, (1)

which converges in D.
An analytic functions f1 is subordinate to an analytic function f2 in D, written as

f1(z) ≺ f2(z), z ∈ D,

if there exists a Schwarz function u, analytic in D, such that

u(0) = 0, |u(z)| < 1, z ∈ D,
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and
f1(z) = f2(u(z)), z ∈ D.

The symbol S is reserved for the subclass of A whose members are univalent in D.
Some important subclasses of S can be defined as follows.

Definition 1 (starlike functions of order α). For 0 ≤ α < 1. The class S∗(α) consists of a
functions f ∈ A satisfying the condition

ℜ
(

z f ′(z)
f (z)

)
> α, z ∈ D.

Equivalently, f ∈ S∗(α) iff

z f ′(z)
f (z)

≺ 1 + (1 − 2α)z
1 − z

, z ∈ D.

Definition 2 (convex functions of order α). For 0 ≤ α < 1, the class C(α) of f ∈ A satisfying

ℜ
(

1 +
z f ′′(z)
f ′(z)

)
> α, z ∈ D.

Equivalently, f ∈ C(a) iff

1 +
z f ′′(z)
f ′(z)

≺ 1 + (1 − 2α)z
1 − z

, z ∈ D.

Remark 1. For both of the above classes, setting α = 0 reduces them to the classical univalent
subclasses:

i. For S∗(α), we have S∗(0) = S∗ and S∗ is the standard class of starlike functions in D. In
this case, the subordination condition reduces to

z f ′(z)
f (z)

≺ 1 + z
1 − z

.

ii. For C(α), we have C(0) = C, and C is the standard class of convex functions in D. The
subordination condition becomes

z f ′′(z)
f ′(z)

+ 1 ≺ 1 + z
1 − z

.

Thus, the choice α = 0 recovers the standard starlike and convex function classes from the
more general order-α definitions.

Fractional calculus has appeared as a rapidly developing and influential area of study
in both mathematics and physics, providing powerful and flexible tools for the model-
ing and analysis of complex phenomena. Several types of fractional derivatives have
been introduced, including the Riemann–Liouville, Caputo, Hadamard, and fractional
q-derivative operators, each offering distinct analytical advantages [1–4]. More recently,
fractional calculus has been successfully incorporated into the theory of analytic functions
(AFs) and univalent functions (UFs). By employing both classical and modern fractional
operators, researchers have explored a wide range of geometric and analytic properties of
function classes [5,6]. These investigations include the characterization of analytic functions,
coefficient estimates and bounds [7], distortion inequalities describing geometric defor-
mation under fractional operators [8], and convolution (Hadamard product) properties
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for various subclasses of univalent functions. A comprehensive treatment of these devel-
opments can be found in several monographs and research texts. Notably, Srivastava [9]
introduced generalized fractional derivative and integral operators in the complex plane
and demonstrated their effectiveness in the study of univalent functions and associated
generalized hypergeometric functions. These pioneering contributions laid the foundation
for a systematic connection between fractional calculus and geometric function theory.

Further motivation for this line of research was provided by Srivastava [10], which
discussed the advantages of incorporating operators from the basic calculus (or q-) and
the fractional q-calculus into the Geometric Function Theory (GFT). In this framework,
the geometric properties of the analytic functions (AFs) were investigated using fractional
q-differential operators constructed via the classical Jackson q-derivative and its fractional
extensions of arbitrary order. In parallel, a rigorous and comprehensive account of quantum
calculus and fractional quantum calculus, including their theoretical foundations and
applications, has been presented in the monographs of Annaby and Mansour [11] and
Miller and Ross [12]. These works provide essential background and analytical tools that
continue to inspire further developments in fractional and q-fractional analysis.

Recent developments in geometric function theory have placed considerable emphasis
on coefficient inequalities and Fekete–Szegö problems for various subclasses of UFs defined
via fractional calculus operators. In particular, many studies have derived sharp or non-
sharp bounds for the initial coefficients and the Fekete–Szegö functional |a3 − µa2

2|, by
employing subordination techniques. These investigations frequently make use of Caputo-
type operators, Riemann–Liouville fractional derivatives, and q-calculus operators. Several
authors have examined distinct subfamilies of the class A and investigated |a2| and |a3|
(see, for example, [13–17]). Moreover, extensive attention has been devoted to |a3 − µa2

2|
within the GFT framework due to its significant background and theoretical importance.
The origin of this functional can be traced to the pioneering work of Fekete and Szegö, and
played a key role in the disproving of the Littlewood–Paley conjecture [18]. In recent years,
numerous investigators have established Fekete–Szegö inequalities for a wide variety of
function classes, reflecting the continuing and growing interest in this topic within the
GFT, see [6,19–23]. Motivated by the aforementioned developments, we continue the study
of the connections linking fractional q-calculus with GFT. The present study contributes
to the ongoing exploration of fractional q-operators in the field of GFT by investigating
new subclasses of AFs associated with Euler generating functions and (λ, q)-fractional
differintegral operator. In GFT, a lot of attention has been given to the study of several
new and known subclasses of AFs defined by means of quantum-calculus and fractional
quantum-calculus. The theory of quantum-calculus originated with Jackson [24], who
invented the notion of the q-difference operator. Building on this idea, Ismail et al. [25]
proposed a class (S∗) of q-starlike functions in D. Subsequent developments include the
introduction of the Ruscheweyh q-difference operator by Kanas and Wiśnkowska [26],
whose geometric properties were further examined in [27] via differential subordination.
In later work, Mahmood and Sokoł [28] analyzed associated subclasses, concentrating
on coefficient estimates and the classical Fekete–Szegő problem. In a different direction,
Srivastava [29] introduced q-starlike functions associated with special functions, while
further subclasses linked to the domain of lemniscate shape were studied in [30].

To facilitate the introduction of new subclasses of AFs, we first review the fundamental
definitions and essential concepts of fractional q-calculus and q-calculus.

Definition 3 ([31]). Let q be a real number with 0 < q < 1. The q-analog of a number n is
defined as

[n]q =
1 − q n

1 − q
, n ∈ C.
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For n ∈ N, this number admits the representation

[n]q =
n−1

∑
k=0

qk = 1 + q + q2 + . . . + q n−1,

with
[0]q = 0.

Definition 4 (see [32] (Chapter 6)). Let d ∈ C and n ∈ N0. The q-shifted factorial (also known
as the q-Pochhammer symbol) is defined by

(d; q)n =
n−1

∏
k=0

(
1 − dq k

)
, n ∈ N,

and
(d; q)0 = 1.

The q-shifted factorial in the form of the q-Gamma function is

(qd; q)n =
(1 − q)n Γq(d + n)

Γq(d)
, n ∈ N0,

where Γq(d) is defined for |q| < 1 as

Γq(d) =
(1 − q) 1−d(q; q)∞

(q d; q)∞
.

The infinite q-shifted factorial is given by

(d; q)∞ =
∞

∏
k=0

(
1 − dq k

)
, |q| < 1.

Similarly, we can write the following in terms of Γq

Γq(d + 1) = [d]q Γq(d).

Jackson[33] proposed a q-difference operator applicable to AFs and UFs as

Definition 5 ([33]). Let f ∈ A and 0 < q < 1. The Jackson q-difference operator acting on f is
given by

∂q f (z) =
f (qz)− f (z)

z(q − 1)
, z ∈ D, z ̸= 0

and

∂q f (z) = 1 +
∞

∑
n=1

[n]qanzn−1.

In particular,
∂q(zn) = [n]qzn−1,

and for a power series,

∂q

(
∞

∑
n=1

anzn

)
=

∞

∑
n=1

[n]qanzn−1,

where [n]q denotes the q-number. Moreover,

lim
q→1−

∂q f (z) = f ′(z).
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The notion of a q-analog of the class of starlike functions was introduced by
Ismail et al. [25] through the use of the operator ∂q f (z) for 0 < q < 1.

Definition 6 ([34]). The fractional q-integral operator Iλ
q,z is given as

Iλ
q,z f (z) =

1
Γq(λ)

∫ z

0
(z − tq)λ−1 f (t) dqt,

where the function f is required to be analytic in a simply connected complex domain that contains
the origin. The function (z − tq)λ−1 is interpreted in the sense q as

(z − tq)λ−1 =
∞

∏
n=0

1 −
(

qt
z

)
qn

1 −
(

qt
z

)
qλ+n−1

= zλ−1
1F0

(
q−λ+1;−; q,

tqλ

z

)
.

The basic hypergeometric series 1F0 is defined by

1F0(a;−; q, z) = 1 +
∞

∑
n=1

(a; q)n

(q; q)n
zn, |q| < 1, |z| < 1.

Definition 7 ([32]). For 0 ≤ λ < 1, the fractional q-derivative operator Dλ
q,z is investigated via

the fractional q-integral by

Dλ
q,z f (z) = Dq,z

(
I1−λ
q,z f (z)

)
=

1
Γq(1 − λ)

∂q

(∫ z

0
(z − tq)−λ f (t) dqt

)
. (2)

Definition 8. Let m be the least integer exceeding λ. The generalized fractional q-derivative of
order λ is defined by

Dλ
q f (z) = D m

q I m−λ
q,z f (z).

As a consequence of the above definition, one obtains

Dλ
q zn =

Γq(n + 1)
Γq(n + 1 − λ)

zn−λ, 0 ≤ λ < 1, , n > −1. (3)

1.1. The (λ, q)-Fractional Differintegral Operator

Definition 9. Let 0 < q < 1 and 0 ≤ λ < 1. A linear operator

Dλ
q : A −→ A

is introduced by

Dλ
q f (z) :=

Γq(2 − λ)

Γq(2)
zλ Dλ

q f (z). (4)

For a function f ∈ A of the form (1), the operator Dλ
q admits the series expansion

Dλ
q f (z) = z +

∞

∑
n=2

Γq(2 − λ)Γq(n + 1)
Γq(2)Γq(n + 1 − λ)

anzn. (5)

For convenience, we denote

Ln =
Γq(2 − λ)Γq(n + 1)
Γq(2)Γq(n + 1 − λ)

, n ≥ 2, (6)
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so that

Dλ
q f (z) = z +

∞

∑
n=2

Lnanzn.

Note that

i.
lim
λ→1

Dλ
q f (z) = Dq f (z) = z ∂q f (z).

ii.

Dλ
q

(
Dd

q f (z)
)
= Dd

q

(
Dλ

q f (z)
)
= z +

∞

∑
n=2

Γq(2 − λ)Γq(2 − d) Γq(n + 1)2

Γq(2) Γq(n + 1 − λ)Γq(n + 1 − d)
anzn. (7)

iii. In the special case λ = 0, the operator reduces to the form, and we obtain

Dq
(

Dλ
q f (z)

)
Dλ

q f (z)
=

Dq f (z)
f (z)

=
z ∂q f (z)

f (z)
.

For λ = 1, applying the q-difference operator once more yields

Dq
(

Dλ
q f (z)

)
Dλ

q f (z)
=

Dq
(

Dq f (z)
)

Dq f (z)
= 1 +

qz ∂2
q f (z)

∂q f (z)
.

Under these assumptions 0 ≤ λ < 1, 0 < q < 1, the (λ, q)-fractional differintegral
operator Dλ

q defined in Definition 9 is well-defined. Moreover, since

2 − λ > 1 and n + 1 − λ > 1 (n ≥ 2),

the quantities
Γq(2 − λ) and Γq(n + 1 − λ)

are finite and nonzero. Consequently, the coefficients Ln are well-defined for all n ≥ 2.

Remark 2. Throughout the paper, ∂q is used for the Jackson q-derivative, Dq for the normalized
operator z∂q, and Dλ

q for the (λ, q)-fractional differintegral operator.

1.2. EulerGenerating Function and Euler Polynomials

Recently, Srivastava et al. (see [35]) have studied coefficient estimates and the second
Hankel determinant for subclasses of symmetric bi-starlike functions associated with Euler
polynomials. The Euler generating function Φ(τ, z) is given in [35] and is defined by

Φ(τ, z) =
2eτz

ez + 1
= 1 +

∞

∑
n=1

En(τ)

n!
zn, z ∈ D, (8)

where En(τ) denotes the Euler polynomials. It is well known that Φ(τ, z) satisfies

ℜ
(
Φ(τ, z)

)
> 0, z ∈ D. (9)

The Euler polynomials Em(τ) satisfy the recursive relation

Em(τ) =
m

∑
k=0

(
m
k

)
Ek

2k

(
τ − 1

2

)m−k
, (10)

where Ek denotes the Euler numbers and 0 ≤ τ < 1
2 .
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For convenience, the first few Euler polynomials are

E0(τ) = 1, (11)

E1(τ) = τ − 1
2

, (12)

E2(τ) = τ2 − τ, (13)

E3(τ) = τ3 − 3τ2

2
+

1
4

, (14)

E4(τ) = τ4 − 2τ3 + τ. (15)

Motivated by recent studies on fractional q-calculus, Euler generating functions, and
geometric function theory [35–38], we introduce a new subclass Kq,λ(τ) of analytic func-
tions defined via the (λ, q)-fractional differintegral operator, the Euler generating function,
and the principle of subordination. This class unifies and extends several q-starlike and
q-convex subclasses. For the proposed class, we establish coefficient estimates, a Fekete–
Szegő inequality, and geometric properties of the associated transformed functions. We also
discuss the special cases λ = 0, λ = 1, and the classical limit q → 1−, thereby connecting
the obtained results with existing results in geometric function theory. The following
definition introduces the new subclass of analytic functions considered in this work.

Throughout this paper, we assume that

0 ≤ τ <
1
2

, 0 ≤ λ < 1, 0 < q < 1.

Definition 10. A function f ∈ A belongs to the class Kq,λ(τ) if

Dq(Dλ
q f )(z)

Dλ
q f (z)

≺ Φ(τ, z), z ∈ D,

where A denotes the class of normalized analytic functions in D.

Remark 3. The class Kq,λ(τ) is defined as a subclass of the standard class A of normalized
univalent functions. Therefore, every function in Kq,λ(τ) is univalent in D by definition.

Remark 4. Using the properties of the (λ, q)-fractional differintegral operator, we have the following
special cases:

i. For λ = 0, we have
z ∂q f (z)

f (z)
≺ Φ(τ, z), z ∈ D. (16)

Thus, the class Kq,0(τ) = S∗
q(τ) is a class of starlike functions of the Euler function.

ii. For λ = 1, we have

Dq(Dq f )(z)
Dq f (z)

= 1 +
qz ∂2

q f (z)
∂q f (z)

≺ Φ(τ, z), z ∈ D. (17)

Hence, class Kq,1(τ) = Cq(τ) corresponds to the subclass of q-convex functions, involving
the second q-derivative and Euler functions.
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https://doi.org/10.3390/axioms15070528


Axioms 2026, 15, 528 8 of 19

Remark 5. As q → 1−, the q-operators satisfy

∂q f (z) → f ′(z), Dq f (z) → z f ′(z), Dλ
q f (z) → f (λ)(z),

where f (λ)(z) is the classical fractional derivative of order λ.

i. Case λ = 0, q → 1−: The subordination condition for Kq,0(τ) becomes

z f ′(z)
f (z)

≺ Φ(τ, z), z ∈ D. (18)

Thus, K1,0(τ) = S∗(τ) corresponds to the class of starlike functions related to Euler generat-
ing function.

ii. Case λ = 1, q → 1−: For λ = 1, the operator reduces to

1 +
z f ′′(z)
f ′(z)

≺ Φ(τ, z), z ∈ D. (19)

Hence, K1,1(τ) = C(τ) corresponds to the classical subclass of convex functions for λ = 1.

Proposition 1. The class Kq,λ(τ) is non-empty.

Proof. Let
f0(z) = z.

Since f0 ∈ A, it suffices to verify the defining subordination condition of Kq,λ(τ).
By the definition of the (λ, q)-fractional differintegral operator,

Dλ
q f0(z) = z.

Applying the operator Dq = z∂q, we obtain

Dq(Dλ
q f0)(z) = Dq(z) = z.

Therefore,
Dq(Dλ

q f0)(z)

Dλ
q f0(z)

= 1.

Since

Φ(τ, 0) =
2e0

e0 + 1
= 1,

we may choose the Schwarz function

ω(z) ≡ 0, z ∈ D.

Then
1 = Φ(τ, ω(z)), z ∈ D.

Hence
Dq(Dλ

q f0)(z)

Dλ
q f0(z)

= Φ(τ, ω(z)),

which implies
Dq(Dλ

q f0)(z)

Dλ
q f0(z)

≺ Φ(τ, z), z ∈ D.

https://doi.org/10.3390/axioms15070528
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Therefore,
f0 ∈ Kq,λ(τ),

and consequently the class Kq,λ(τ) is non-empty.

Figures 1–3 are provided only to illustrate the geometric behavior and image domains
of the considered functions. All assertions regarding inclusion in the class Kq,λ(τ) and its as-
sociated subclasses follow from the analytical results established in the preceding theorems.

Figure 1. Illustration of R(z) =
Dq(Dλ

q f1)(z)
Dλ

q f1(z)
for f1(z) = z + 0.5z2, q = 0.5, λ = 0.5, a2 = 0.5, and

τ = 0.25. Blue points represent the values of R(z) for z ∈ D, while red semi-transparent points
represent the image of the Euler generating function Φ(τ, z).

Figure 2. Illustration of the image of R(z) =
Dq(Dλ

q f1)(z)
Dλ

q f1(z)
for f1(z) = z + 0.5z2, q = 0.5, λ = 0, a2 = 0.5,

and τ = 0.25.
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Figure 3. Illustration of the image of R(z) =
Dq(Dλ

q f1)(z)
Dλ

q f1(z)
for f1(z) = z + 0.5z2, q = 0.5, λ = 1, a2 = 0.5,

and τ = 0.25. Blue points represent the values of R(z) for z ∈ D, while red semi-transparent points
represent the image of the Euler generating function Φ(τ, z).

2. Set of Lemmas
Lemma 1 ([39]). Let p(z) ∈ P , where

P =

{
p(z) = 1 +

∞

∑
n=1

cnzn : ℜ
(

p(z)
)
> 0, z ∈ D

}
.

Then
|cn| ≤ 2, n ≥ 1.

Lemma 2 ([40]). Let
p ∈ P

with
p(z) = 1 + c1z + c2z2 + . . . .

Then, for v ∈ C, ∣∣∣c2 − vc2
1

∣∣∣ ≤ 2 max{1, |2v − 1|}.

Lemma 3. For each fixed 0 ≤ τ < 1
2 and m ≥ 1, the Euler polynomial Em(τ) admits a representa-

tion in terms of lower-order Euler numbers via (10), and satisfies the growth estimate

|Em(τ)| ≤ Cm(1 + |τ|m),

where Cm is a positive constant depending only on m.

Proof. From the recursive representation of Euler polynomials given in (10), we have

Em(τ) =
m

∑
k=0

(
m
k

)
Ek

2k

(
τ − 1

2

)m−k
,

where Ek denotes the Euler numbers.
Applying the triangle inequality for complex numbers gives

|Em(τ)| ≤
m

∑
k=0

(
m
k

)
|Ek|
2k

∣∣∣∣τ − 1
2

∣∣∣∣m−k
.

https://doi.org/10.3390/axioms15070528
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For all 0 ≤ τ < 1
2 , ∣∣∣∣τ − 1

2

∣∣∣∣ ≤ |τ|+ 1
2
≤ C′(1 + |τ|),

where C′ > 0 is a constant. Hence,∣∣∣∣τ − 1
2

∣∣∣∣m−k
≤ (C′)m−k

(
1 + |τ|m−k

)
≤ (C′)m(1 + |τ|m).

Substituting this into the previous sum, we obtain

|Em(τ)| ≤
m

∑
k=0

(
m
k

)
|Ek|
2k (C′)m(1 + |τ|m) = Cm(1 + |τ|m),

where

Cm := (C′)m
m

∑
k=0

(
m
k

)
|Ek|
2k > 0

depends only on m.
Thus, for all 0 ≤ τ < 1

2 ,

|Em(τ)| ≤ Cm(1 + |τ|m).

3. Main Results
Coefficient Estimates for the Class Kq,λ(τ)

Theorem 1. Let an analytic function f (z) of the form (1) be in the class Kq,λ(τ).
Then, the coefficients a2 and a3 satisfy

|a2| ≤
2
∣∣∣τ − 1

2

∣∣∣
αqL2

,

and

|a3| ≤
2

βqL3

∣∣∣∣τ − 1
2

∣∣∣∣+ |τ2 − τ|+
2
∣∣∣τ − 1

2

∣∣∣2
αq

,

where
αq = [2]q − 1, βq = [3]q − 1.

Proof. From Definition 9, we have

Dλ
q f (z) = z +

∞

∑
n=2

Lnanzn, Ln =
Γq(2 − λ)Γq(n + 1)
Γq(2)Γq(n + 1 − λ)

.

Applying Dq to Dλ
q f (z) gives

Dq(Dλ
q f )(z) = Dq

(
z +

∞

∑
n=2

Lnanzn

)
= z +

∞

∑
n=2

[n]qLnanzn.

Therefore
Dq(Dλ

q f )(z)

Dλ
q f (z)

=
z + ∑∞

n=2[n]qLnanzn

z + ∑∞
n=2 Lnanzn .
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Since f ∈ Kq,λ(τ), such that

Dq(Dλ
q f )(z)

Dλ
q f (z)

= Φ(τ, ω(z)). (20)

The Euler generating function has the series expansion

Φ(τ, z) = 1 +
(

τ − 1
2

)
z +

τ2 − τ

2
z2 + . . . . (21)

Substituting ω(z) into Φ(τ, z), we obtain

Φ(τ, ω(z)) = 1 +
(

τ − 1
2

)
c1z +

[(
τ − 1

2

)
c2 +

τ2 − τ

2
c2

1

]
z2 + . . . . (22)

Similarly, expanding power series up to z2:

Dq(Dλ
q f )(z)

Dλ
q f (z)

= 1 + αq A2z +
(

βq A3 − αq A2
2

)
z2 + . . . , (23)

where
An = Lnan.

Comparing coefficients of like powers of z in (20) and (23), we obtain

αqL2a2 =

(
τ − 1

2

)
c1, (24)

−αqL2
2a2

2 + βqL3a3 =

(
τ − 1

2

)
c2 +

τ2 − τ

2
c2

1. (25)

From (24) and using the Lemma 1, we arrive at

|a2| ≤
2|τ − 1

2 |
αqL2

.

From (25), we have

βqL3a3 =

(
τ − 1

2

)
c2 +

τ2 − τ

2
c2

1 +
1
αq

(
τ − 1

2

)2
c2

1.

Using the Lemma 1, we arrive at

|a3| ≤
1

βqL3

2
∣∣∣∣τ − 1

2

∣∣∣∣+ 2|τ2 − τ|+
4
∣∣∣τ − 1

2

∣∣∣2
αq

.

Remark 6. The coefficient estimates in Theorem 1 are obtained using the classical Carathéodory
coefficient bound

|cn| ≤ 2, n ≥ 1.

Accordingly, no sharpness claim is made for these estimates.
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Corollary 1. Let f ∈ Kq,λ(τ). Then, as q → 1−, the coefficient bounds reduce to

|a2| ≤
2
∣∣∣τ − 1

2

∣∣∣Γ(3 − λ)

Γ(2 − λ)
,

|a3| ≤
Γ(4 − λ)

6Γ(2 − λ)

(∣∣∣∣τ − 1
2

∣∣∣∣+ |τ2 − τ|+ 2
∣∣∣∣τ − 1

2

∣∣∣∣2
)

.

Corollary 2. Let
f (z) ∈ S∗

q (τ).

Then the coefficients a2 and a3 satisfy

|a2| ≤
2
∣∣∣τ − 1

2

∣∣∣
αq

,

|a3| ≤
2
βq

∣∣∣∣τ − 1
2

∣∣∣∣+ |τ2 − τ|+
2
∣∣∣τ − 1

2

∣∣∣2
αq


Corollary 3. Let f (z) ∈ S∗(τ). Then the coefficients a2 and a3 satisfy

|a2| ≤ 2
∣∣∣∣τ − 1

2

∣∣∣∣,
|a3| ≤

(∣∣∣∣τ − 1
2

∣∣∣∣+ |τ2 − τ|+ 2
∣∣∣∣τ − 1

2

∣∣∣∣2
)

.

Corollary 4. Let
f (z) ∈ Cq(τ).

Then the coefficients a2 and a3 satisfy

|a2| ≤
2
∣∣∣τ − 1

2

∣∣∣
q[2]q

,

|a3| ≤
2

q[2]q[3]q

(∣∣∣∣τ − 1
2

∣∣∣∣+ |τ2 − τ|+ 2
q

∣∣∣∣τ − 1
2

∣∣∣∣2
)

.

Corollary 5. Let f (z) ∈ C(τ). Then the coefficients a2 and a3 satisfy

|a2| ≤
∣∣∣∣τ − 1

2

∣∣∣∣,
|a3| ≤

1
3

(∣∣∣∣τ − 1
2

∣∣∣∣+ |τ2 − τ|+ 2
∣∣∣∣τ − 1

2

∣∣∣∣2
)

.

Theorem 2 (Fekete–Szegő Inequality). Let µ ∈ C and 0 ≤ τ < 1
2 . An analytic function

f (z) ∈ Kq,λ(τ). Then

∣∣∣a3 − µa2
2

∣∣∣ ≤ 2
∣∣∣τ − 1

2

∣∣∣
βqL3

max

{
1,

∣∣∣∣∣2µ
(

τ − 1
2

)
βqL3

α2
q L2

2
−

2
(

τ − 1
2

)
αq

− τ2 − τ(
τ − 1

2

) − 1

∣∣∣∣∣
}

.
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where
αq = [2]q − 1, βq = [3]q − 1.

Proof. Let f ∈ Kq,λ(τ). Then, there exists a Schwarz function

ω(z) = c1z + c2z2 + . . .

Such that
Dq(Dλ

q f )(z)

Dλ
q f (z)

= Φ(τ, ω(z)). (26)

From (22) and (23) along with (26), we have

a2 =
τ − 1

2
αqL2

c1 (27)

and

βqL3a3 − αqL2
2a2

2 =

(
τ − 1

2

)
c2 +

τ2 − τ

2
c2

1. (28)

Hence, from (27) and (28), we have

a3 =
αqL2

2a2
2 +

(
τ − 1

2

)
c2 +

τ2−τ
2 c2

1

βqL3
. (29)

Therefore, from (27) and (29), we get

a3 − µa2
2 =

(
αqL2

2 − µβqL3
)
a2

2 +
(

τ − 1
2

)
c2 +

τ2−τ
2 c2

1

βqL3
. (30)

Taking the square of (27) and using (30), we get

a3 − µa2
2 =

τ − 1
2

βqL3

[
c2 −

{
µ(τ − 1

2 )β3L3

α2
q L2

2
−

(τ − 1
2 )

αq
− τ2 − τ

2(τ − 1
2

}
c2

1

]
.

Using the standard Schwarz Lemma 2, we obtain

∣∣∣a3 − µa2
2

∣∣∣ ≤ 2
∣∣∣τ − 1

2

∣∣∣
βqL3

max

{
1,

∣∣∣∣∣2µ
(

τ − 1
2

)
βqL3

α2
q L2

2
−

2
(

τ − 1
2

)
αq

− τ2 − τ(
τ − 1

2

) − 1

∣∣∣∣∣
}

.

This completes the proof.

Corollary 6. Let f (z) ∈ Kq,λ(τ). Then, in the classical limit q → 1−, for any µ ∈ C,

∣∣∣a3 − µa2
2

∣∣∣ ≤
∣∣∣τ − 1

2

∣∣∣Γ(4 − λ)

6Γ(2 − λ)
max

{
1,

∣∣∣∣∣12µ
(

τ − 1
2

)
Γ(3 − λ)

Γ(4 − λ)
− 2
(

τ − 1
2

)
− τ2 − τ(

τ − 1
2

) − 1

∣∣∣∣∣
}

.

Corollary 7. Let
f (z) ∈ S∗

q (τ).
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Then, for any µ ∈ C,

∣∣∣a3 − µa2
2

∣∣∣ ≤ 2
∣∣∣τ − 1

2

∣∣∣
βq

max

{
1,

∣∣∣∣∣2µ
(

τ − 1
2

)
βq

α2
q

−
2
(

τ − 1
2

)
αq

− τ2 − τ(
τ − 1

2

) − 1

∣∣∣∣∣
}

.

Corollary 8. Let f (z) ∈ S∗(τ). Then, for any µ ∈ C,

∣∣∣a3 − µa2
2

∣∣∣ ≤ ∣∣∣∣τ − 1
2

∣∣∣∣max

{
1,

∣∣∣∣∣4µ

(
τ − 1

2

)
− 2
(

τ − 1
2

)
− τ2 − τ

τ − 1
2
− 1

∣∣∣∣∣
}

.

Corollary 9 (Fekete–Szegő inequality for Cq(τ)). Let

f (z) ∈ Cq(τ).

Then, for any µ ∈ C,

∣∣∣a3 − µa2
2

∣∣∣ ≤ 2
∣∣∣τ − 1

2

∣∣∣
qβq[2]q

max

{
1,

∣∣∣∣∣2µ
(

τ − 1
2

)
βq[2]q

α2
q

−
2
(

τ − 1
2

)
αq

− τ2 − τ(
τ − 1

2

) − 1

∣∣∣∣∣
}

.

Corollary 10 (Fekete–Szegő inequality for Cq(τ)). For q → 1−. Let

f (z) ∈ Cq(τ).

Then, for any µ ∈ C,

∣∣∣a3 − µa2
2

∣∣∣ ≤
∣∣∣τ − 1

2

∣∣∣
2

max

{
1,

∣∣∣∣∣8µ

(
τ − 1

2

)
− 2
(

τ − 1
2

)
− τ2 − τ(

τ − 1
2

) − 1

∣∣∣∣∣
}

.

Theorem 3 (q-starlikeness of the transformed function). Let

0 ≤ τ <
1
2

, 0 ≤ λ < 1, 0 < q < 1.

If
f ∈ Kq,λ(τ),

then the function
F(z) = Dλ

q f (z)

is q-starlike in D, that is,

ℜ
(

DqF(z)
F(z)

)
> 0, z ∈ D.

Proof. Since f ∈ Kq,λ(τ), we have

Dq(Dλ
q f )(z)

Dλ
q f (z)

≺ Φ(τ, z), z ∈ D.

Put
F(z) = Dλ

q f (z).
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Then
DqF(z)

F(z)
≺ Φ(τ, z).

Now, let z = x + iy ∈ D. Since

Φ(τ, z) =
2eτz

ez + 1
.

A direct calculation gives

ℜΦ(τ, z) =
2eτx[cos(τy) + ex cos((1 − τ)y)]

|ez + 1|2 .

Since z ∈ D, we have |y| < 1. Moreover, for 0 ≤ τ < 1
2 ,

|τy| < 1
2

, |(1 − τ)y| < 1.

Hence
cos(τy) > 0, cos((1 − τ)y) > 0.

Therefore,
ℜΦ(τ, z) > 0, z ∈ D.

Thus, by subordination,

ℜ
(

DqF(z)
F(z)

)
> 0, z ∈ D.

Hence F = Dλ
q f is q-starlike in D.

Theorem 4 (first-order distortion estimate for the q-starlike case). Let

f ∈ S∗
q (τ), 0 ≤ τ <

1
2

.

Then

|∂q f (z)| ≤ 1 +
2[2]q

αq

∣∣∣∣τ − 1
2

∣∣∣∣r.

Proof. Let

f (z) = z +
∞

∑
n=2

anzn.

Then
∂q f (z) = 1 + [2]qa2z + O(z2), z → 0.

Hence, for |z| = r,
|∂q f (z)| =

∣∣∣1 + [2]qa2z + O(z2)
∣∣∣ = 1 + O(r).

Since f (z) ∈ S∗
q (τ), thus by using the coefficient estimate

|a2| ≤
2
∣∣∣τ − 1

2

∣∣∣
αq

,

we obtain the required result. This completes the proof.
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Theorem 5 (first-order distortion estimate for the class Cq(τ)). Let f ∈ Cq(τ), 0 ≤ τ < 1
2 .

Then,

|∂q f (z)| ≤ 1 +

∣∣∣τ − 1
2

∣∣∣
qα

.

Proof. Let f (z) = z + ∑∞
n=2 anzn. Then

∂q f (z) = 1 + [2]qa2z + O(z2), z → 0.

Hence, for r = |z|,
|∂q f (z)| =

∣∣∣1 + [2]qa2z + O(z2)
∣∣∣ = 1 + O(r).

Since f ∈ Cq(τ), so by using the coefficient estimate

|a2| ≤

∣∣∣τ − 1
2

∣∣∣
qαq[2]q

,

we obtain the required result.

4. Conclusions and Future Directions
In this paper, we introduced and investigated a new subclass of analytic and univa-

lent functions defined through the (λ, q)-fractional differintegral operator and the Euler
generating function via the principle of subordination. The newly defined class Kq,λ(τ)

provides a unified framework connecting the fractional q-calculus with geometric function
theory. For this class, we derived coefficient estimates for the initial Taylor coefficients and
established a Fekete–Szegő inequality. We further showed that the transformed function
Dλ

q f is q-starlike in the unit disk under suitable assumptions on the parameters. In addition,
first-order distortion estimates were obtained for the associated q-starlike and q-convex
subclasses. Several consequences were discussed for the special cases λ = 0 and λ = 1,
which correspond, respectively, to q-starlike and q-convex function classes. The classical
limit (q → 1−) was also examined, demonstrating that the obtained results reduce to
corresponding results from classical geometric function theory. Consequently, the proposed
framework extends and complements existing studies on fractional q-operators, Euler
generating functions, and subclasses of analytic and univalent functions, providing new
connections between these areas.

Possible future investigations include the study of Hankel and Toeplitz determi-
nants, higher-order coefficient functionals, differential subordinations and superordina-
tions, inclusion relationships, and radius problems associated with the class Kq,λ(τ) and its
related subclasses.
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