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Abstract

This paper represents a natural continuation of the study of biholomorphically pro-
jective mappings. It obtains new invariant geometric objects for equitorsion quasi-
canonical biholomorphically projective mappings, together with several relations satisfied
by these invariants.
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1. Introduction
Differential geometry is a branch of mathematics, the results of which have wide

application across diverse fields, including physics [1–4] and chemistry [5,6]. Utilizing
transformations of affine connections, it is possible to describe transitions from initial to
current states (classical mechanics) and from a space with a Friedman–Lemaitre–Robertson–
Walker (FLRW) metric to a space with a perturbed FLRW metric, as well as numerous other
dynamical changes.

The coefficients of affine connections, which uniquely determine the connections
themselves, are not tensors, meaning that transformations of coordinate systems have
impacts on their forms. However, the difference between the coefficients of two affine
connections is indeed a tensor (the deformation tensor), which uniquely dictates the laws
governing the transformation of the affine connection.

One of the primary areas of research in differential geometry focuses on investigating
which geometric objects remain invariant under various types of affine connection transfor-
mations. The methodology for obtaining invariants of mappings [7,8] was improved in [9]
by finding one more invariant.

Among the most prominent of these objects is the Ricci tensor, which is invariant
under special geodesic transformations. A consequence of its invariance is the classical
Einstein–Hilbert action, the variation of which describes gravity. Modified Einstein–Hilbert
actions arise as a result of applying non-geodesic transformations from the FLRW space to
the perturbed space.
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The present research addresses the invariants of biholomorphically projective map-
pings of generalized Riemannian spaces. In [10], where the methodology for obtaining
invariants of mappings presented by [8] was inapplicable, the formulas from [9] were
used for determination of invariants based on the transformation of the curvature tensor
under the action of such a mapping. Our main purpose in this paper is to apply the
methodology from [9] and to obtain the corresponding invariants in the case of equitorsion
quasi-canonical biholomorphically projective mappings.

2. Necessary Differential Geometry
Differentiable manifolds with symmetric and non-symmetric metric tensors, as well as

differentiable manifolds with symmetric and non-symmetric affine connections, and their
mappings have been considered in many papers [11–22]. Invariant geometric objects for
various mappings of spaces with symmetric and non-symmetric affine connections have
been obtained by many authors [7–13,20–26].

In the sense of Eisenhart’s definition [27], a generalized Riemannian space GRN is a
differentiable manifold equipped with a non-symmetric metric tensor gij. The connection
coefficients of the space GRN are the generalized Cristoffel’s symbols of the second kind
Γi

jk = gipΓp.jk, where ∥gij∥ = ∥gij∥−1, gij =
1
2 (gij + gji), and Γi.jk = 1

2 (gji,k − gjk,i + gik,j),

where, for example, gij,k =
∂gij

∂xk , det∥gij∥ ̸= 0, det∥gij∥ ̸= 0. In the general case, Γi
jk ̸= Γi

kj,
and they can be represented as the sum of the symmetric and antisymmetric parts, i.e.,
Γi

jk = Si
jk + Ti

jk, where Si
jk = Γi

jk =
1
2 (Γ

i
jk + Γi

kj), Ti
jk = Γi

jk
∨
= 1

2 (Γ
i
jk − Γi

kj).

In the case of a Riemannian space, the covariant derivative with respect to Γi
jk, denoted

by |g, for example, for ai
j, is defined by the equality [18]

ai
j|gk = ai

j,k + Γi
pkap

j − Γp
jkai

p. (1)

The curvature tensor of a Riemannian space is

ri
jmn = Γi

jm,n − Γi
jn,m + Γp

jmΓi
pn − Γp

jnΓi
pm. (2)

In a generalized Riemannian space GRN , there are four kinds of covariant derivatives.
For example, for a tensor ai

j, we have [18]

ai
j|
1

gk = ai
j,k + Γi

pkap
j − Γp

jkai
p, (3)

ai
j|
2

gk = ai
j,k + Γi

kpap
j − Γp

kja
i
p, (4)

ai
j|
3

gk = ai
j,k + Γi

pkap
j − Γp

kja
i
p, (5)

ai
j|
4

gk = ai
j,k + Γi

kpap
j − Γp

jkai
p. (6)

where |
z

g, (z = 1, 2, 3, 4) denotes a covariant derivative of the kind z with respect to the

affine connection of a generalized Riemannian space.
The family of curvature tensors of the space GRN is

ki
jmn = ri

jmn + uΓi
jm
∨
|gn + u′Γi

jn
∨
|gm + vΓp

jm
∨

Γi
pn
∨
+ v′Γp

jn
∨

Γi
pm
∨
+ wΓp

mn
∨

Γi
pj
∨

, (7)

for scalars u, u′, v, v′, w.
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From family (7), we extracted five linearly independent curvature tensors by selecting
the following constants (u, u′, v, v′, w):

(u, u′, v, v′, w) ∈{(1,−1, 1,−1, 0), (−1, 1, 1,−1, 0), (1, 1,−1, 1, 2),

(1, 1,−1, 1,−2), (0, 0, 1, 1, 0)}.
(8)

For the given choice of constants, the curvature tensors will be denoted as r
1

i
jmn, r

2
i
jmn, r

3
i
jmn,

r
4

i
jmn, and r

5
i
jmn, respectively.

3. Invariants for Equitorsion Quasi-Canonical Biholomorphically
Projective Mappings

Let Fi
j be an affinor

(
tensor of the type (1, 1)

)
, and let

2
Fi

j = Fi
pFp

j . An equitorsion
quasi-canonical biholomorphically projective mapping f : GRN → GR̄N between the
generalized Riemannian spaces GRN and GR̄N is the transformation of affine connection
Γi

jk to Γ̄i
jk such that the deformation tensor Pi

jk satisfies the following equation [23]:

Pi
jk= Γ̄i

jk − Γi
jk = ψkδi

j + ψjδ
i
k + ρk

2
Fi

j + ρj
2
Fi

k, (9)

for 1-forms ψi and ρi.

Remark 1. To obtain invariants for the equitorsion quasi-canonical biholomorphically projective

mapping f determined by (9), the summand ρj
2
Fi

k + ρk
2
Fi

j should be expressed as the difference in
geometrical objects of the same form, one from the space GRN and the other one from GR̄N . To do
that, we need to start from the definition of quasi-canonical biholomorphically projective mappings
of a generalized space GRN to GR̄N , where any quasi-canonical biholomorphically projective curve
ℓ = ℓ(t) of the space GRN , defined by [23]

λi
|pλp = aλi + c

2
Fi

pλp, (10)

for the tangential vector of curve ℓ = (ℓi) equal to λi =
dℓi

dt
, scalars a = 2apλp, c = 2cpλp to the

quasi-canonical biholomorphically projective curve of the space GRN

λi
∥pλp = āλi + c̄

2
F̄i

pλp, (11)

for ā = 2āpλp, c̄ = 2c̄pλp, where ap and cp are covariant vectors in the space GRN , and āp and c̄p

are the corresponding geometrical objects in GR̄N .
The basic Equation (9) is obtained by subtracting the relation (10) from (11), using Fi

j = F̄i
j ,

which gives the invariance
2
F̄i

j = F̄i
p F̄p

j = Fi
pFp

j =
2
Fi

j, and by changing ρj = c̄j − cj. Our purpose
is to obtain invariants for the analyzed quasi-canonical biholomorphically projective mappings by
saving c̄j as a vector in the space GR̄N and cj as a vector in the space GRN . The 1-form ψj = āj − aj

will save this form because of simplification, but it will be expressed as the difference in identical
geometrical objects from the spaces GR̄N and GRN .

Lemma 1. Let f : GRN → GR̄N be an equitorsion quasi-canonical biholomorphically projective
mapping. Its deformation tensor is

Pi
jk = ψkδi

j + ψjδ
i
k +

(
ck

2
Fi

j + cj
2
Fi

k
)
−

(
c̄k

2
F̄i

j + c̄j

2
F̄i

k
)
. (12)
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Proof. Unlike in [23], we will subtract the relation (10) from (11) and just take ψj =

aj − āj. With respect to this difference, and the relations λi
|p λp = λi

,p + Γi
pqλpλq and

λi
∥p = λi

,p + Γ̄i
pqλpλq, we obtain

(
Γ̄i

pq − Γi
pq
)
λpλq = 2ψpλpλi + 2cqλq

2
Fi

pλp − 2c̄qλq
2
F̄i

pλp.

After symmetrizing the last relation by covariant indices p and q, cqλq
2
Fi

pλp =
1
2
(
cq

2
Fi

p +

cp
2
Fi

q
)
λpλq and c̄qλq

2
F̄i

pλp =
1
2
(
c̄q

2
F̄i

p + c̄p
2
F̄i

q
)
λpλq, one gets

(
Γ̄i

pq − Γi
pq
)
λpλq =

(
ψqδi

p + ψpδi
q
)
λpλq +

(
cq

2
Fi

p + cp
2
Fi

q
)
λpλq −

(
c̄q

2
F̄i

p + c̄p
2
F̄i

q
)
λpλq,

which is satisfied if and only if the relation (12) holds.

To simplify the future calculation, we need to involve the next geometrical objects:

2
F i

jk = ck
2
Fi

j + cj
2
Fi

k,
2
F i

jk = c̄k

2
F̄i

j + c̄j

2
F̄i

k. (13)

The first set of results of this research is obtained in the next lemma.

Lemma 2. Let f : GRN → GR̄N be an equitorsion quasi-canonical biholomorphically projective
mapping. Its basic associated invariants of the Thomas type are

ti
jk = Γi

jk −
1

N + 1
δi

j
(
Γk −

2
F k

)
− 1

N + 1
δi

k
(
Γj −

2
F j

)
−

2
F i

jk,

t̄i
jk = Γ̄i

jk −
1

N + 1
δi

j
(
Γ̄k −

2
F k

)
− 1

N + 1
δi

k
(
Γ̄j −

2
F j

)
−

2
F i

jk,

(14)

for Γi = Γp
ip, Γ̄i = Γ̄p

ip,
2
F j =

2
F p

jp,
2
F̄ j =

2
F̄ p

jp.

The basic associated invariants of the Weyl type for the mapping f arewi
jmn = ri

jmn − δi
ja[mn] − δi

m
(
ΓjΓn + ajn

)
+ δi

n
(
ΓjΓm + ajm

)
+ bi

jmn,

w̄i
jmn = r̄i

jmn − δi
j ā[mn] − δi

m
(
Γ̄jΓ̄n + ājn

)
+ δi

n
(
Γ̄jΓ̄m + ājm

)
+ b̄i

jmn,
(15)

for 
aij =

1
N + 1

(
Γi|g j −

2
F i|g j +

2
F p

jm(Γp −
2
F p)

)
− 1

(N + 1)2

2
F iΓj −

1
(N + 1)2

2
F j(Γi −

2
F i

)
,

bi
jmn = −

2
F i

jm|gn +
2
F i

jn|gm +
2
F p

jm

2
F i

pn −
2
F p

jn

2
F i

pm,

(16)

and the corresponding āij and b̄i
jmn.

Proof. The theoretical background of proof of this lemma is presented in Appendix A.1.
The deformation tensor Pi

jk of the quasi-canonical biholomorphically projective mapping f
factored as (12) is of the same form as the deformation tensor in Appendix A.1, Equation

(A4), where pi
jk =

2
F i

jk.

After contracting the basic Equation (12) by i and k, and using Γi
jk
∨
= Γ̄i

jk
∨

, i.e., Pi
jk =

Pi
jk = Γ̄i

jk − Γi
jk, we obtain

ψj =
1

N + 1
(
Γ̄j − Γj

)
− 1

N + 1
( 2
F j −

2
F j

)
, (17)
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for
2
F j =

2
F p

jp,
2
F j =

2
F p

jp.

Hence, with respect to expression (17), the basic Equation (12) transforms to

Γ̄i
jk − Γi

jk =
1

N + 1
δi

j
(
Γ̄k −

2
F k

)
+

1
N + 1

δi
k
(
Γ̄j −

2
F j

)
−

2
F i

jk

− 1
N + 1

δi
j
(
Γk −

2
F k

)
− 1

N + 1
δi

k
(
Γj −

2
F j

)
+

2
F i

jk.

(18)

As in Appendix A, and with respect to the relation (18), the difference Γ̄i
jk − Γi

jk is

factored as Γ̄i
jk − Γi

jk = θ̄i
jk − θi

jk for
θi

jk =
1

N + 1
δi

j
(
Γk −

2
F k

)
+

1
N + 1

δi
k
(
Γj −

2
F j

)
+

2
F i

jk,

θ̄i
jk =

1
N + 1

δi
j
(
Γ̄k −

2
F k

)
+

1
N + 1

δi
k
(
Γ̄j −

2
F j

)
+

2
F i

jk.

(19)

Based on the results presented in [9], and reviewed in Appendix A, we obtain that
the basic associated invariants of the Thomas type [9] for this mapping are ti

jk = t̄i
jk for

ti
jk = Γi

jk − θi
jk and t̄i

jk = Γ̄i
jk − θi

jk, where


ti

jk = Γi
jk −

1
N + 1

δi
j
(
Γk −

2
F k

)
− 1

N + 1
δi

k
(
Γj −

2
F j

)
−

2
F i

jk,

t̄i
jk = Γ̄i

jk −
1

N + 1
δi

j
(
Γ̄k −

2
F k

)
− 1

N + 1
δi

k
(
Γ̄j −

2
F j

)
−

2
F i

jk,

which completes the proof for the first part of this lemma.
With respect to the results presented in [9], and reviewed in Appendix A, the basic

associated invariants of the Weyl type for the mapping f arewi
jmn = ri

jmn − θi
jm|gn + θi

jn|gm + θ
p
jmθi

pn − θ
p
jnθi

pm,

w̄i
jmn = r̄i

jmn − θ̄i
jm∥gn + θ̄i

jn∥gm + θ̄
p
jm θ̄i

pn − θ̄
p
jn θ̄i

pm.
(20)

Because θi
jk has the form (19), we get

θi
jm|gn =

1
F i

jm|gn +
2
F i

jm|gn +
1

N + 1
δi

jΓm|gn +
1

N + 1
δi

mΓj|gn

− 1
N + 1

δi
j

2
Fm|gn −

1
N + 1

δi
m

2
F j|gn,

θ
p
jmθi

pn =
2
F p

jm +
2
F i

pn +
1

N + 1

2
F i

jmΓn +
1

N + 1
δi

n
2
F p

jmΓp −
1

N + 1

2
F i

jm

2
Fn

− 1
N + 1

δi
n

2
F p

jm

2
F p +

1
N + 1

2
F i

jnΓm +
1

N + 1

2
F i

mnΓj

+
1

(N + 1)2

(
δi

jΓmΓn + δi
mΓjΓn + 2δi

nΓjΓm
)

− 1
(N + 1)2 δi

j

2
FnΓm − 1

(N + 1)2 δi
m

2
FnΓj −

1
(N + 1)2 δi

n
2
F jΓm − 1

(N + 1)2 δi
n

2
FmΓj

− 1
N + 1

2
F i

jn

2
Fm − 1

(N + 1)2 δi
j

2
FmΓn −

1
(N + 1)2 δi

n
2
FmΓj +

1
(N + 1)2 δi

j

2
Fm

2
Fn

+
1

(N + 1)2 δi
n

2
F j

2
Fm − 1

N + 1

2
F i

mn
2
F j −

1
(N + 1)2 δi

m
2
F jΓn −

1
(N + 1)2 δi

n
2
F jΓm

+
1

(N + 1)2 δi
m

2
F j

2
Fn +

1
(N + 1)2 δi

n
2
F j

2
Fm.
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After direct calculation of −θi
jm|gn + θi

jn|gm and θ
p
jmθi

pn − θ
p
jnθi

pm, we confirm that the

basic invariant of the Weyl type for the mapping f is wi
jmn given by the first equality in (15).

The basic invariant w̄i
jmn, from this equation, is obtained in the same manner.

In the next lemma, we will correlate the invariants of associated invariants for equitor-
sion biholomorphically projective and geodesic mappings of the Thomas type. Moreover,
we will obtain a new invariant for the equitorsion biholomorphically projective mapping
f : GRN → GR̄N with respect to the transformation rule of the curvature tensor ri

jmn of the

associated space RN to the corresponding curvature tensor r̄i
jmn of R̄N .

Lemma 3. The associated basic invariants ti
jk and t̄i

jk for an equitorsion quasi-canonical biholomor-
phically projective mapping f : GRN → GR̄N given by (14) and Thomas projective parameters

Ti
jk = Γi

jk −
1

N + 1
(
δi

jΓk + δi
kΓj

)
and T̄i

jk = Γ̄i
jk −

1
N + 1

(
δi

jΓ̄k + δi
kΓ̄j

)
satisfy the relations


ti

jk = Ti
jk −

2
F i

jk +
1

N + 1
δi

j

2
F k +

1
N + 1

δi
k

2
F j,

t̄i
jk = T̄i

jk −
2
F i

jk +
1

N + 1
δi

j

2
F k +

1
N + 1

δi
k

2
F j.

(21)

The invariants ti
jk and t̄i

jk are symmetric by j and k, and their traces tp
jp = tp

pj and t̄p
jp = t̄p

pj are
equal to 0.

The geometrical objects

w̃i
jmn = ri

jmn −
1

N − 1
(
δi

mrjn − δi
nrjm

)
− 1

N + 1
δi

jv
p
pmn

− 1
N2 − 1

δi
m
(
(N + 1)vp

jpn − vp
pjn

)
+

1
N2 − 1

δi
n
(
(N + 1)vp

jpm − vp
pjm

)
,

˜̄wi
jmn = r̄i

jmn −
1

N − 1
(
δi

m r̄jn − δi
n r̄jm

)
− 1

N + 1
δi

j v̄
p
pmn

− 1
N2 − 1

δi
m
(
(N + 1)v̄p

jpn − v̄p
pjn

)
+

1
N2 − 1

δi
n
(
(N + 1)v̄p

jpm − v̄p
pjm

)
,

(22)

are invariants for the mapping f .

Proof. The direct calculation is enough to prove the first part of this lemma. Namely, it is
evident that ti

jk = ti
kj and t̄i

jk = t̄i
kj, such as


tp

jp = tp
pj = Tp

jp −
2
F j +

1
N + 1

2
F j +

N
N + 1

2
F j = 0,

t̄p
jp = t̄p

pj = T̄p
jp −

2
F j +

1
N + 1

2
F j +

N
N + 1

2
F j = 0.

Following the procedure presented in [9] and in many subsequent research papers,
we express the difference 0 = wi

jmn − w̄i
jmn in the form

0 = wi
jmn − w̄i

jmn =
(
ri

jmn − r̄i
jmn

)
− δi

jξ[mn] − δi
mξ jn + δi

nξ jm +
(
bi

jmn − b̄i
jmn

)
, (23)

for ξij = aij − āij.
After contracting the relation (23) by i and j, and by i and m, we obtain0 = −(N + 1)ξ[mn] +

(
bp

pmn − b̄p
pmn

)
0 =

(
rjn − r̄jn

)
− ξ[jn] − (N − 1)ξ jn +

(
bp

jpn − b̄p
jpn

)
.

(24)
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From the first part of Equation (24), we obtain ξ[ij] =
1

N + 1
(
bp

pij − b̄p
pij
)
. After substi-

tuting this result in the second equality in (24), we get

ξij =
1

N − 1
(
rij − r̄ij

)
+

1
N − 1

(
bp

ipj − b̄p
ipj
)
− 1

N2 − 1
(
bp

pij − b̄p
pij
)
.

With respect to these solutions, the relation (23) becomes

0 =
(
ri

jmn − r̄i
jmn

)
− 1

N + 1
δi

j
(
vp

pmn − v̄p
pmn

)
− 1

N − 1
(
δi

mrjn − δi
nrjm

)
+

1
N − 1

(
δi

m r̄jn − δi
n r̄jm

)
− 1

N2 − 1
δi

m

(
(N + 1)

(
bp

jpn − b̄p
jpn

)
−

(
bp

pjn − b̄p
pjn

))
+

1
N2 − 1

δi
n

(
(N + 1)

(
bp

jpm − b̄p
jpm

)
−

(
bp

pjm − b̄p
pjm

))
+

(
bi

jmn − b̄i
jmn

)
,

which is equivalent to w̃i
jmn = ˜̄wi

jmn for w̃i
jmn and ˜̄wi

jmn given by (22).

The main results of this research will be presented in the next theorem.

Theorem 1. Let f : GRN → GR̄N be an equitorsion quasi-canonical biholomorphically projective
mapping of a generalized Riemannian space GRN .

The geometrical objects
ti

jk = Γi
jk −

2
F i

jk −
1

N + 1

(
δi

j
(
Γk −

2
F k

)
+ δi

k
(
Γj −

2
F j

))
,

t̄i
jk = Γ̄i

jk −
2
F i

jk −
1

N + 1

(
δi

j
(
Γ̄k −

2
F k

)
+ δi

k
(
Γ̄j −

2
F j

))
,

(25)

for
2
F i

jk = ck
2
Fi

j + cj
2
Fi

k and
2
F i

jk = c̄k

2
F̄i

j + c̄j

2
F̄i

k, such as their traces
2
F j =

2
F p

jp and
2
F j =

2
F p

jp, are
the basic associated invariants for this mapping.

The geometrical objects

∗
wi

jmn = ki
jmn − pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm

+ u
(

pi
pnΓp

jm
∨

− pp
jnΓi

pm
∨

)
+ u′(pi

pmΓp
jn
∨

− pp
jmΓi

pn
∨

)
− (u′ + u)pp

mnΓi
jp
∨

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
+

1
N + 1

δi
j p[m|gn] −

1
N + 1

(
uδi

nΓp
jm
∨

+ u′δi
mΓp

jn
∨

)(
Γp − pp

)
,

⋆
w̄i

jmn = k̄i
jmn − p̄i

jm∥gn + p̄i
jn∥gm + p̄p

jm p̄i
pn − p̄p

jn p̄i
pm

+ u
(

p̄i
pnΓ̄p

jm
∨

− p̄p
jnΓ̄i

pm
∨

)
+ u′( p̄i

pmΓ̄p
jn
∨

− p̄p
jmΓ̄i

pn
∨

)
− (u′ + u) p̄p

mnΓ̄i
jp
∨

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γ̄j∥gn − p̄j∥gn + p̄p

jn(Γ̄p − p̄p)
)
+

(
Γ̄j − p̄j

)(
Γ̄n − p̄n

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γ̄j∥gm − p̄j∥gm + p̄p

jm(Γ̄p − p̄p)
)
+

(
Γ̄j − p̄j

)(
Γ̄m − p̄m

))
+

1
N + 1

δi
j p̄[m∥gn] −

1
N + 1

(
uδi

nΓ̄p
jm
∨

+ u′δi
mΓ̄p

jn
∨

)(
Γ̄p − p̄p

)
,

(26)

for pi
jk =

2
F i

jk, p̄i
jk =

2
F i

jk, pj =
2
F j, and p̄j =

2
F j, are the basic equitorsion invariants for the

mapping f .
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The geometrical objects

⋆
w̃i

jmn = ki
jmn −

1
N2 − 1

(
(N − 1)δi

jk
p
pmn − δi

mkp
pjn + δi

nkp
pjm

)
− 1

N − 1
(
δi

mkp
jpn − δi

nkp
jpm

)
+ ui

jmn + δi
jũmn + δi

m ˜̃ujn − δi
n

˜̃̃ujm,

⋆
˜̄wi

jmn = k̄i
jmn −

1
N2 − 1

(
(N − 1)δi

j k̄
p
pmn − δi

m k̄p
pjn + δi

n k̄p
pjm

)
− 1

N − 1
(
δi

m k̄p
jpn − δi

n k̄p
jpm

)
+ ūi

jmn + δi
j ˜̄umn + δi

m
˜̄̃ujn − δi

n
˜̄̃̃ujm,

(27)

for ui
jmn = ui

jmn(u, u′), ũij = ũij(u, u′), ˜̃uij = ˜̃uij(u, u′), and ˜̃̃uij =
˜̃̃uij(u, u′) are defined as

ui
jmn = −

2
F i

jm|gn +
2
F i

jn|gm +
2
F p

jm

2
F i

pn −
2
F p

jn

2
F i

pm + u
2
F i

pnΓp
jm
∨
− u

2
F p

jnΓi
pm
∨

+ u′ 2
F i

pmΓp
jn
∨
− u′ 2

F p
jmΓi

pn
∨
− (u + u′)

2
F p

mnΓi
jp
∨

,
(28)

ũij =
1

N + 1

2
F [m|gn] +

u′ − u
(N + 1)2 Γp

ij
∨

(
Γp −

2
F p

)
, (29)

˜̃uij =
(N + 2)u + Nu′

(N − 1)(N + 1)2 Γp
ij
∨

(
Γp −

2
F p

)
+

N
N2 − 1

2
F i|g j

+
1

N2 − 1

2
F j|gi −

1
N − 1

2
F p

ij|g p +
2
F p

iq

2
F q

jp −
2
F p

ij

2
F p

− u′

N − 1

2
F pΓp

ij
∨
− u′

N − 1

2
F p

iqΓq
jp
∨
+

u′

N − 1

2
F p

jqΓq
ip
∨

,

(30)

˜̃̃uij =
(N2 + N + 1)u + (N2 + N − 1)u′

(N − 1)(N + 1)2 Γp
ij
∨

(
Γp −

2
F p

)
+

N
N2 − 1

2
F i|g j +

1
N2 − 1

2
F j|gi −

2
F p

ij|g p −
2
F p

iq

2
F q

jp +
2
F p

ij

2
F p

− u′

N − 1

2
F pΓp

ij
∨
− u′

N − 1

2
F p

iqΓq
jp
∨
+

u′

N − 1

2
F p

jqΓq
ip
∨

,

(31)

and the corresponding ūi
jmn, ˜̄uij, ˜̄̃uij, and ˜̄̃̃uij are the derived equitorsion invariants for the mapping f .

Proof. The basic equation of the mapping f is

Γ̄i
jk − Γ̄i

jk = ψkδi
j + ψjδ

i
k +

2
F i

jk −
2
F i

jk. (32)

The basic Equation (32) has the form of (A18) for pi
jk =

2
F i

jk and p̄i
jk =

2
F i

jk. With respect to

the basic invariants of the Thomas type (A8), and having in mind that pj =
2
F j and p̄j =

2
F j,

we confirm the invariance of geometrical objects (25).

Based on the invariants
⋆
wi

jmn and
⋆
w̄i

jmn given by (A23), and pi
jk, p̄i

jk, pj, and p̄j defined
in the previous paragraph, we complete the proof of invariance of geometrical objects (26).

After substituting the expressions pi
jk =

2
F i

jk and pj =
2
F j in the relations (A31)–(A34),

one will obtain the geometrical objects ui
jmn, ũij, ˜̃uij, and ˜̃̃uij given by (28)–(31), which

completes the proof of this theorem.
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Corollary 1. Let f : GRN → GR̄N be an equitorsion quasi-canonical biholomorphically projective
mapping. The geometrical objects

⋆
w
1

i
jmn = r

1
i
jmn − pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm

+ pi
pnΓp

jm
∨
− pp

jnΓi
pm
∨
− pi

pmΓp
jn
∨
+ pp

jmΓi
pn
∨

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
+

1
N + 1

δi
j p[m|gn] −

1
N + 1

(
δi

nΓp
jm
∨
− δi

mΓp
jn
∨

)(
Γp − pp

)
(33)

⋆
w
2

i
jmn = r

2
i
jmn − pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm

−
(

pi
pnΓp

jm
∨
+ pp

jnΓi
pm
∨
+ pi

pmΓp
jn
∨
− pp

jmΓi
pn
∨

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
+

1
N + 1

δi
j p[m|gn] +

1
N + 1

(
δi

nΓp
jm
∨
− δi

mΓp
jn
∨

)(
Γp − pp

)
,

(34)

⋆
w
3

i
jmn = r

3
i
jmn − pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm

+ pi
pnΓp

jm
∨
− pp

jnΓi
pm
∨
+ pi

pmΓp
jn
∨
− pp

jmΓi
pn
∨

)
− 2pp

mnΓi
jp
∨

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
+

1
N + 1

δi
j p[m|gn] −

1
N + 1

(
δi

nΓp
jm
∨
+ δi

mΓp
jn
∨

)(
Γp − pp

)
,

(35)

⋆
w
4

i
jmn = r

4
i
jmn − pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm

+ pi
pnΓp

jm
∨
− pp

jnΓi
pm
∨
+ pi

pmΓp
jn
∨
− pp

jmΓi
pn
∨
− 2pp

mnΓi
jp
∨

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
+

1
N + 1

δi
j p[m|gn] −

1
N + 1

(
δi

nΓp
jm
∨
+ δi

mΓp
jn
∨

)(
Γp − pp

)
,

(36)

⋆
w
5

i
jmn = r

5
i
jmn − pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm +

1
N + 1

δi
j p[m|gn]

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
,

(37)

are associated basic invariants for the mapping f obtained from the five selected linearly independent
curvature tensors.
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Corollary 2. Let f : GRN → GR̄N be an equitorsion quasi-canonical biholomorphically projective
mapping. The geometrical objects

⋆
w̃
1

i
jmn = r

1
i
jmn −

1
N2 − 1

(
(N − 1)δi

jr1
p
pmn − δi

mr
1

p
pjn + δi

nr
1

p
pjm

)
− 1

N − 1
(
δi

mr
1

p
jpn − δi

nr
1

p
jpm

)
+ ui

jmn(1,−1) + δi
jũmn(1,−1) + δi

m ˜̃ujn(1,−1)− δi
n

˜̃̃ujm(1,−1),
(38)

⋆
w̃
2

i
jmn = r

2
i
jmn −

1
N2 − 1

(
(N − 1)δi

jr2
p
pmn − δi

mr
2

p
pjn + δi

nr
2

p
pjm

)
− 1

N − 1
(
δi

mr
2

p
jpn − δi

nr
2

p
jpm

)
+ ui

jmn(−1, 1) + δi
jũmn(−1, 1) + δi

m ˜̃ujn(−1, 1)− δi
n

˜̃̃ujm(−1, 1),
(39)

⋆
w̃
3

i
jmn = r

3
i
jmn −

1
N2 − 1

(
(N − 1)δi

jr3
p
pmn − δi

mr
3

p
pjn + δi

nr
3

p
pjm

)
− 1

N − 1
(
δi

mr
3

p
jpn − δi

nr
3

p
jpm

)
+ ui

jmn(1, 1) + δi
jũmn(1, 1) + δi

m ˜̃ujn(1, 1)− δi
n

˜̃̃ujm(1, 1),
(40)

⋆
w̃
4

i
jmn = r

4
i
jmn −

1
N2 − 1

(
(N − 1)δi

jr4
p
pmn − δi

mr
4

p
pjn + δi

nr
4

p
pjm

)
− 1

N − 1
(
δi

mr
4

p
jpn − δi

nr
4

p
jpm

)
+ ui

jmn(1, 1) + δi
jũmn(1, 1) + δi

m ˜̃ujn(1, 1)− δi
n

˜̃̃ujm(1, 1),
(41)

⋆
w̃
5

i
jmn = r

5
i
jmn −

1
N2 − 1

(
(N − 1)δi

jr5
p
pmn − δi

mr
5

p
pjn + δi

nr
5

p
pjm

)
− 1

N − 1
(
δi

mkp
jpn − δi

nkp
jpm

)
+ ui

jmn(0, 0) + δi
jũmn(0, 0) + δi

m ˜̃ujn(0, 0)− δi
n

˜̃̃ujm(0, 0),
(42)

are derived invariants of the Weyl type obtained from the selected five linearly independent curvature
tensors.

Example 1. Let us generalize a 4-dimensional FLRW spacetime with the space GR4 and the
perturbed space with GR̄4. The basic invariants of the biholomorphically projective mapping f:
GR4 → GR̄4 are elements of the next family

∗
wi

jmn = ki
jmn − pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm

+ u
(

pi
pnΓp

jm
∨
− pp

jnΓi
pm
∨

)
+ u′(pi

pmΓp
jn
∨
− pp

jmΓi
pn
∨

)
− (u′ + u)pp

mnΓi
jp
∨

− 1
(25

δi
m

(
5
(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
25

δi
n

(
5
(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
+

1
5

δi
j p[m|gn] −

1
N + 1

(
uδi

nΓp
jm
∨
+ u′δi

mΓp
jn
∨

)(
Γp − pp

)
.

(43)

The trace
∗
wij =

∗
wp

ipj of the invariant (43) is

∗
wij = kij − pp

ip|g j + pp
ij|g p + pp

iq pq
jp − pp

ij pp

+ upq
pjΓ

p
iq
∨
+ u′(ppΓp

ij
∨
− pp

iqΓq
pj
∨

)
− (u′ + u)pp

qjΓ
q
ip
∨

− 1
(25

δi
m

(
5
(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
25

δi
n

(
5
(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
+

1
5

δi
j p[m|gn] −

1
N + 1

(
uδi

nΓp
jm
∨
+ u′δi

mΓp
jn
∨

)(
Γp − pp

)
,

(44)

for pi
jk =

2
F i

jk and pj =
2
F p

jp.

The family L =
√−ggpq ∗

wpq is the family of Lagrangians.
From the family of Lagrangians, one finds the family of Einstein equations (after perturbation).

The family of derived invariants may be applied for obtaining electricity and magnetic tensors.
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4. Conclusions
In this article, we continued the research on invariants for biholomorphically projective

mappings of generalized Riemannian spaces. Unlike in [10], we obtained two families of
the Weyl type. In the example at the end of this manuscript, we presented a possible family
of Lagrangian densities and a possible family of generalizations of the Weyl conformal
tensor (which may explain the electromagnetism of a system).

In the future, our work will focus on the applications of these invariants in models of
classical mechanics and cosmology.
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Appendix A. Basic and Derived Invariants
In this part of the research, we will review the methodology presented in [9] for obtain-

ing invariants of geometric mappings of symmetric and non-symmetric affine connection
spaces. The focus will remain on invariants for mappings of Riemannian and generalized
Riemannian spaces.

Namely, if f : RN → R̄N is a mapping whose deformation tensor is

Pi
jk = Γ̄i

jk − Γi
jk = θ̄i

jk − θi
jk, (A1)

for geometrical objects θi
jk = θi

kj and θ̄i
jk = θ̄i

kj, both of the type (1, 2), the associated basic

invariants of the Thomas type for this mapping are ti
jk = t̄i

jk for [9]ti
jk = Γi

jk − θi
jk,

t̄i
jk = Γ̄i

jk − θ̄i
jk.

(A2)

The associated basic invariants of the Weyl type for this mapping are [9]wi
jmn = ri

jmn − θi
jm|gn + θi

jn|gm + θ
p
jmθi

pn − θ
p
jnθi

pm,

w̄i
jmn = r̄i

jmn − θ̄i
jm∥gn + θ̄i

jn∥gm + θ̄
p
jm θ̄i

pn − θ̄
p
jn θ̄i

pm.
(A3)

Appendix A.1. Invariants for Mappings of Riemannian Spaces

Let us consider a mapping f : RN → R̄N whose deformation tensor is

Pi
jk = Γ̄i

jk − Γi
jk = ψkδi

j + ψjδ
i
k + p̄i

jk − pi
jk, (A4)
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where pi
jk and p̄i

jk are geometrical objects (tensors or parameters) of the type (1, 2), both

symmetric by j and k, whose difference is a tensor. After contracting the expression of Pi
jk

by i and k, we obtain

ψj =
1

N + 1
(
Γ̄j − p̄j

)
− 1

N + 1
(
Γj − pj

)
, (A5)

for Γj = Γp
jp = Γp

pj, Γ̄j = Γ̄p
jp = Γ̄p

pj, pj = pp
jp = pp

pj, and p̄j = p̄p
jp = p̄p

pj. Hence, the

deformation tensor Pi
jk takes the form

Pi
jk = pi

jk +
1

N + 1

(
δi

j
(
Γk − pk

)
+ δi

k
(
Γj − pj

))
− p̄i

jk −
1

N + 1

(
δi

j
(
Γk − pk

)
+ δi

k
(
Γj − pj

))
,

(A6)

which has the form (A1).
Following the procedure presented in [9], where Γ̄i

jk − Γi
jk = θ̄i

jk − θi
jk for the corre-

sponding geometrical objects θ̄i
jk = θ̄i

kj and θi
jk = θi

kj of the type (1, 2), we recognize
θi

jk = pi
jk +

1
N + 1

(
δi

j
(
Γk − pk

)
+ δi

k
(
Γj − pj

))
,

θ̄i
jk = p̄i

jk +
1

N + 1

(
δi

j
(
Γ̄k − p̄k

)
+ δi

k
(
Γ̄j − p̄j

))
.

(A7)

The associated basic invariants of the Thomas type for transformation f are [9] ti
jk = t̄i

jk,

ti
jk = Γi

jk − θi
jk, t̄i

jk = Γ̄i
jk − θ̄i

jk, i.e.,
ti

jk = Γi
jk − pi

jk −
1

N + 1

(
δi

j
(
Γk − pk

)
+ δi

k
(
Γj − pj

))
,

t̄i
jk = Γ̄i

jk − p̄i
jk −

1
N + 1

(
δi

j
(
Γ̄k − p̄k

)
+ δi

k
(
Γ̄j − p̄j

))
.

(A8)

The most important step in [9] is the equality wi
jmn := ti

jm,n − ti
jn,m + tp

jmti
pn − tp

jnti
pm =

t̄i
jm,n − t̄i

jn,m + t̄p
jm t̄i

pn − t̄p
jn t̄i

pm =: w̄i
jmn. After basic calculation, we obtainwi

jmn = ri
jmn − θi

jm|gn + θi
jn|gm + θ

p
jmθi

pn − θ
p
jnθi

pm,

w̄i
jmn = r̄i

jmn − θ̄i
jm∥gn + θ̄i

jn∥gm + θ̄
p
jm θ̄i

pn − θ̄
p
jn θ̄i

pm.
(A9)

The invariants wi
jmn and w̄i

jmn are named the associated basic invariants of the Weyl type
for the transformation f .

For θi
jk and θ̄i

jk given by (A7), and with respect to Γi|g j = Γj|gi and Γ̄i∥g j = Γ̄j∥gi, we
obtain

−θi
jm|gn + θi

jn|gm = −pi
jm|gn + pi

jn|gm +
1

N + 1
δi

j p[m|gn]

− 1
N + 1

δi
m
(
Γj|gn − pj|gn

)
+

1
N + 1

δi
n
(
Γj|gm − pj|gm

)
,

θ
p
jmθi

pn − θ
p
jnθi

pm = pp
jm pi

pn − pp
jn pi

pm

− 1
(N + 1)2 δi

m

(
(N + 1)pp

jn
(
Γp − pp

)
+

(
Γj − pj

)(
Γn − pn

))
+

1
(N + 1)2 δi

n

(
(N + 1)pp

jm
(
Γp − pp

)
+

(
Γj − pj

)(
Γm − pm

))
,

(A10)

and the corresponding −θ̄i
jm∥gn + θ̄i

jn∥gm and θ̄
p
jm θ̄i

pn − θ̄
p
jn θ̄i

pm.
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After substituting the expression (A10) in (A9), one gets



wi
jmn = ri

jmn − pi
jm|gn + pi

jn|gm + pp
jm pi

pn − pp
jn pi

pm +
1

N + 1
δi

j p[m|gn]

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
,

w̄i
jmn = r̄i

jmn − p̄i
jm∥gn + p̄i

jn∥gm + p̄p
jm p̄i

pn − p̄p
jn p̄i

pm +
1

N + 1
δi

j p̄[m∥gn]

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γ̄j∥gn − p̄j∥gn + p̄p

jn(Γ̄p − p̄p)
)
+

(
Γ̄j − p̄j

)(
Γ̄n − p̄n

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γ̄j∥gm − p̄j∥gm + p̄p

jm(Γ̄p − p̄p)
)
+

(
Γ̄j − p̄j

)(
Γ̄m − p̄m

))
.

(A11)

The invariants wi
jmn and w̄i

jmn given by (A11) may be expressed as wi
jmn = ri

jmn +

ui
jmn − δi

jv[mn] − δi
mvjn + δi

nvjm and w̄i
jmn = r̄i

jmn + ūi
jmn − δi

j v̄[mn] − δi
mv̄jn + δi

nv̄jm for

ui
jmn = −pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm,

ūi
jmn = − p̄i

jm∥gn + p̄i
jn∥gm + p̄p

jm p̄i
pn − p̄p

jn p̄i
pm,

vij =
1

(N + 1)2

(
(N + 1)

(
Γi|g j − pi|g j + pp

ij(Γp − pp)
)
+

(
Γi − pi

)(
Γj − pj

))
,

v̄ij =
1

(N + 1)2

(
(N + 1)

(
Γ̄i∥g j − p̄i∥g j + p̄p

ij(Γ̄p − p̄p)
)
+

(
Γ̄i − p̄i

)(
Γ̄j − p̄j

))
.

(A12)

The difference 0 = w̄i
jmn − wi

jmn takes the form

0 =
(
r̄i

jmn − ri
jmn

)
+

(
ūi

jmn − ui
jmn

)
− δi

jξ[mn] − δi
mξ jn + δi

nξ jm, (A13)

for ξij = v̄ij − vij, and ui
jmn, ūi

jmn, vij, and v̄ij given by (A12).

If we contract the relation (A13) by i and j, and by i and m, and if we use rp
pmn =

r̄p
pmn = 0, such as up

pmn = −p[m|gn] and ūp
pmn = − p̄[m∥gn], we will obtain the next system of

equations 0 = −
(

p̄[m∥gn] − p[m|gn]
)
− (N + 1)ξ[mn],

0 =
(
r̄jn − rjn

)
+

(
ūp

jpn − up
jpn

)
− ξ[jn] − (N − 1)ξ jm,

whose solutions are

ξ[ij] = − 1
N + 1

(
p̄[i∥g j] − pi|g j

)
,

ξij =
1

N − 1
(
r̄ij − rij

)
+

1
N − 1

(
ūp

ipj − up
ipj
)
+

1
N2 − 1

(
p̄[i∥g j] − pi|g j

)
.

(A14)

After substituting the solutions of (A14) in (A13), and using ūp
ipj = − p̄i∥g j + p̄p

ij∥g p +

p̄p
iq p̄q

jp − p̄p
ij p̄p and up

ipj = −pi|g j + pp
ij|g p + pp

iq pq
jp − pp

ij pp, one obtains
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0 =
(
r̄i

jmn − ri
jmn

)
− 1

N − 1
δi

m
(
r̄jn − rjn

)
+

1
N − 1

δi
n
(
r̄jm − rjm

)
+

(
− p̄i

jm∥gn + p̄i
jn∥gm + p̄p

jm p̄i
pn − p̄p

jn p̄i
pm

)
−

(
− pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm

)
+

1
N + 1

δi
j
(

p̄[m∥gn] − p[m|gn]
)

− 1
N − 1

δi
m
(
− p̄j∥gn + p̄p

jn∥g p + p̄p
jq p̄q

np − p̄p
jn p̄p

)
− 1

N2 − 1
δi

m
(

p̄[j∥gn] − p[j|gn]
)

+
1

N − 1
δi

n
(
− p̄j∥gm + p̄p

jm∥g p + p̄p
jq p̄q

mp − p̄p
jm p̄p

)
+

1
N2 − 1

δi
n
(

p̄[j∥gm] − p[j|gm]

)
+

1
N − 1

δi
m
(
− pj|gn + pp

jn|g p + pp
jq pq

np − pp
jn pp

)
− 1

N − 1
δi

n
(
− pj|gm + pp

jm|g p + pp
jq pq

mp − pp
jm pp

)
.

(A15)

The relation (A15) is equivalent to w̃i
jmn = ˜̄wi

jmn for

w̃i
jmn = ri

jmn − 1
N − 1

(
δi

mrjn − δi
nrjm

)
− pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm +

1
N + 1

δi
j p[m|gn]

+
1

N2 − 1
δi

m

(
Npj|gn + pn|g j − (N + 1)pp

jn|g p − (N + 1)
(

pp
jq pq

np − pp
jn pp

))
− 1

N2 − 1
δi

n

(
Npj|gm + pm|g j − (N + 1)pp

jm|g p − (N + 1)
(

pp
jq pq

mp − pp
jm pp

))
,

˜̄wi
jmn = r̄i

jmn − 1
N − 1

(
δi

m r̄jn − δi
n r̄jm

)
− p̄i

jm∥gn + p̄i
jn∥gm + p̄p

jm p̄i
pn − p̄p

jn p̄i
pm +

1
N + 1

δi
j p̄[m∥gn]

+
1

N2 − 1
δi

m

(
Np̄j∥gn + p̄n∥g j − (N + 1) p̄p

jn∥g p − (N + 1)
(

p̄p
jq p̄q

np − p̄p
jn p̄p

))
− 1

N2 − 1
δi

n

(
Np̄j∥gm + p̄m∥g j − (N + 1) p̄p

jm∥g p − (N + 1)
(

p̄p
jq p̄q

mp − p̄p
jm p̄p

))
.

(A16)

The invariants w̃i
jmn and ˜̄wi

jmn are the derived invariants for the transformation f .

As we may see, the first two summands of invariants w̃i
jmn and ˜̄wi

jmn are the Weyl
projective tensors of spaces RN and R̄N . That means that any transformation without
additional effects are geodesic.

The traces of invariants w̃i
jmn and ˜̄wi

jmn are

w̃p
pmn = ˜̄wp

pmn = 0, w̃p
ipn = ˜̄wp

ipn = 0, w̃p
jmp = ˜̄wp

jmp = 0. (A17)

Appendix A.2. Invariants for Mappings of Generalized Rimannian Spaces

If we extend the previously analyzed mapping f : RN → R̄N to F : GRN → GR̄N

such that Γi
jk
∨
→ Γ̄i

jk
∨
= Γi

jk
∨

, the equitorsion mapping F will be determined by the next

non-symmetric deformation tensor

Pi
jk = ψkδi

j + ψjδ
i
k + p̄i

jk − pi
jk, (A18)

for the geometrical objects pi
jk and p̄i

jk as above.

Because the deformation tensor Pi
jk is symmetric by j and k (its expression on the right

side is identical to the expression of tensor Pi
jk), the corresponding basic invariants of the

Thomas type are identical to these associated invariants (A8).
The families of curvature tensors of the spaces GRN and GR̄N are
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
ki

jmn = ri
jmn + uΓi

jm
∨
|gn + u′Γi

jn
∨
|gm + vΓp

jm
∨

Γi
pn
∨
+ v′Γp

jn
∨

Γi
pm
∨
+ wΓp

mn
∨

Γi
pj
∨

,

k̄i
jmn = r̄i

jmn + uΓ̄i
jm
∨
∥gn + u′Γ̄i

jn
∨
∥gm + vΓ̄p

jm
∨

Γ̄i
pn
∨
+ v′Γ̄p

jn
∨

Γ̄i
pm
∨
+ wΓ̄p

mn
∨

Γ̄i
pj
∨

,
(A19)

for the corresponding real constants u, u′, v, v′, w.
From research on the transformation f of the Riemannian space RN to R̄N , we have

Γ̄i
jk − Γi

jk = θ̄i
jk − θi

jk, which induces r̄i
jmn − ri

jmn = θ̄i
jm∥gn − θ̄i

jn∥gm − θ̄
p
jm θ̄i

pn + θ̄
p
jn θ̄i

pm −
θi

jm|gn + θi
jn|gm + θ

p
jmθi

pn − θ
p
jnθi

pm. Hence, the difference k̄i
jmn − ki

jmn in the families of curva-

ture tensors of the spaces GR̄N and GRN is

k̄i
jmn − ki

jmn =
(
r̄i

jmn − ri
jmn

)
+ u

(
(Γ̄i

pn − Γi
pn)Γ

p
jm
∨
− (Γ̄p

jn − Γp
jn)Γ

i
pm
∨
− (Γ̄p

mn − Γp
mn)Γi

jp
∨

)
+ u′((Γ̄i

pm − Γi
pm)Γ

p
jn
∨
− (Γ̄p

jm − Γp
jm)Γ

i
pn
∨
− (Γ̄p

nm − Γp
nm)Γi

jp
∨

)
,

i.e.,

k̄i
jmn − ki

jmn =
(
θ̄i

jm∥gn − θ̄i
jn∥gm − θ̄

p
jm θ̄i

pn + θ̄
p
jn θ̄i

pm
)

−
(
θi

jm|gn − θi
jn|gm − θ

p
jmθi

pn + θ
p
jnθi

pm
)

+ u
(
θ̄i

pnΓ̄p
jm
∨
− θ̄

p
jnΓ̄i

pm
∨
− θ̄

p
mnΓ̄i

jp
∨

)
+ u′(θ̄i

pmΓ̄p
jn
∨
− θ̄

p
jmΓ̄i

pn
∨
− θ̄

p
mnΓ̄i

jp
∨

)
− u

(
θi

pnΓp
jm
∨
− θ

p
jnΓi

pm
∨
− θ

p
mnΓi

jp
∨

)
− u′(θi

pmΓp
jn
∨
− θ

p
jmΓi

pn
∨
− θ

p
mnΓi

jp
∨

)
.

(A20)

The relation (A20) is equivalent to
⋆
wi

jmn =
⋆
w̄i

jmn for

⋆
wi

jmn = ki
jmn −

(
θi

jm|gn − θi
jn|gm − θ

p
jmθi

pn + θ
p
jnθi

pm
)

− u
(
θi

pnΓp
jm
∨
− θ

p
jnΓi

pm
∨
− θ

p
mnΓi

jp
∨

)
− u′(θi

pmΓp
jn
∨
− θ

p
jmΓi

pn
∨
− θ

p
mnΓi

jp
∨

)
,

⋆
w̄i

jmn = k̄i
jmn −

(
θ̄i

jm∥gn − θ̄i
jn∥gm − θ̄

p
jm θ̄i

pn + θ̄
p
jn θ̄i

pm
)

− u
(
θ̄i

pnΓ̄p
jm
∨
− θ̄

p
jnΓ̄i

pm
∨
− θ̄

p
mnΓ̄i

jp
∨

)
− u′(θ̄i

pmΓ̄p
jn
∨
− θ̄

p
jmΓ̄i

pn
∨
− θ̄

p
mnΓ̄i

jp
∨

)
.

(A21)

The invariants
⋆
wi

jmn and
⋆
w̄i

jmn given by (A21) are the basic equitorsion invariants of the
Weyl type for the mapping F.

For θi
jk given by (A7), we have

θi
pnΓp

jm
∨

− θ
p
jnΓi

pm
∨
− θ

p
mnΓi

jp
∨

=
1

N + 1
δi

n
(
Γp − pp

)
Γp

jm
∨

+ pi
pmΓp

jm
∨

− pp
jnΓi

pm
∨
− pp

mnΓi
jp
∨

+
1

N + 1

((
Γj − pj

)
Ti

mn −
(
Γn − pn

)
Ti

jm −
(
Γm − pm

)
Ti

jn

)
,

θi
pmΓp

jn
∨

− θ
p
jmΓi

pn
∨
− θ

p
mnΓi

jp
∨

=
1

N + 1
δi

m
(
Γp − pp

)
Γp

jn
∨

+ pi
pmΓp

jn
∨

− pp
jmΓi

pn
∨
− pp

mnΓi
jp
∨

− 1
N + 1

((
Γj − pj

)
Ti

mn +
(
Γm − pm

)
Ti

jn +
(
Γn − pn

)
Ti

jm

)
,

(A22)

and the corresponding θ̄i
pnΓ̄p

jm
∨
− θ̄

p
jnΓ̄i

pm
∨
− θ̄

p
mnΓ̄i

jp
∨

and θ̄i
pmΓ̄p

jn
∨
− θ̄

p
jmΓ̄i

pn
∨
− θ̄

p
mnΓ̄i

jp
∨

.
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After substituting the expressions of (A22) into (A21), one obtains the basic associated
invariants of the Weyl type for transformation F, which are

⋆
wi

jmn = ki
jmn − pi

jm|gn + pi
jn|gm + pp

jm pi
pn − pp

jn pi
pm

+ u
(

pi
pnΓp

jm
∨

− pp
jnΓi

pm
∨

)
+ u′(pi

pmΓp
jn
∨

− pp
jmΓi

pn
∨

)
− (u′ + u)pp

mnΓi
jp
∨

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γj|gn − pj|gn + pp

jn(Γp − pp)
)
+

(
Γj − pj

)(
Γn − pn

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γj|gm − pj|gm + pp

jm(Γp − pp)
)
+

(
Γj − pj

)(
Γm − pm

))
+

1
N + 1

δi
j p[m|gn] −

1
N + 1

(
uδi

nΓp
jm
∨

+ u′δi
mΓp

jn
∨

)(
Γp − pp

)
,

⋆
w̄i

jmn = k̄i
jmn − p̄i

jm∥gn + p̄i
jn∥gm + p̄p

jm p̄i
pn − p̄p

jn p̄i
pm

+ u
(

p̄i
pnΓ̄p

jm
∨

− p̄p
jnΓ̄i

pm
∨

)
+ u′( p̄i

pmΓ̄p
jn
∨

− p̄p
jmΓ̄i

pn
∨

)
− (u′ + u) p̄p

mnΓ̄i
jp
∨

− 1
(N + 1)2 δi

m

(
(N + 1)

(
Γ̄j∥gn − p̄j∥gn + p̄p

jn(Γ̄p − p̄p)
)
+

(
Γ̄j − p̄j

)(
Γ̄n − p̄n

))
+

1
(N + 1)2 δi

n

(
(N + 1)

(
Γ̄j∥gm − p̄j∥gm + p̄p

jm(Γ̄p − p̄p)
)
+

(
Γ̄j − p̄j

)(
Γ̄m − p̄m

))
+

1
N + 1

δi
j p̄[m∥gn] −

1
N + 1

(
uδi

nΓ̄p
jm
∨

+ u′δi
mΓ̄p

jn
∨

)(
Γ̄p − p̄p

)
.

(A23)

The invariance
⋆
wi

jmn =
⋆
w̄i

jmn, i.e., its equivalent form 0 =
⋆
w̄i

jmn −
⋆
wi

jmn, gives

0 =
(
k̄i

jmn − ki
jmn

)
− 1

N + 1
(
uδi

nΓ̄p
jm
∨

+ u′δi
mΓ̄p

jn
∨

)(
Γ̄p − p̄p

)
−

(
p̄i

jm∥gn − p̄i
jn∥gm − p̄p

jm p̄i
pn + p̄p

jn p̄i
pm

)
+ u

(
p̄i

pnΓ̄p
jm
∨

− p̄p
jnΓ̄i

pm
∨

)
+ u′( p̄i

pmΓ̄p
jn
∨

− p̄p
jmΓ̄i

pn
∨

)
− (u′ + u) p̄p

mnΓ̄i
jp
∨

+
1

N + 1
(
uδi

nΓp
jm
∨

+ u′δi
mΓp

jn
∨

)(
Γp − pp

)
+

(
pi

jm|gn − pi
jn|gm − pp

jm pi
pn + pp

jn pi
pm

)
− u

(
pi

pnΓp
jm
∨

− pp
jnΓi

pm
∨

)
− u′(pi

pmΓp
jn
∨

− pp
jmΓi

pn
∨

)
+ (u′ + u)pp

mnΓi
jp
∨

− δi
jξ[mn] − δi

mξ jn + δi
nξ jm.

(A24)

Because ki
jmn = ri

jmn + uΓi
jm
∨
|gn + u′Γi

jn
∨
|gm + vΓp

jm
∨

Γi
pn
∨
+ v′Γp

jn
∨

Γi
pm
∨
+ wΓp

mn
∨

Γi
pj
∨

and k̄i
jmn =

r̄i
jmn + uΓ̄i

jm
∨
∥gn + u′Γ̄i

jn
∨
∥gm + vΓ̄p

jm
∨

Γ̄i
pn
∨
+ v′Γ̄p

jn
∨

Γ̄i
pm
∨
+ wΓ̄p

mn
∨

Γ̄i
pj
∨

, such as Γp
ip
∨

= Γp
pi
∨

= 0 and

Γ̄p
ip
∨
= Γ̄p

pi
∨
= 0, we find that the contractions of ki

jmn and k̄i
jmn by i and j and by i and m are



kp
pmn = (v + v′)Γp

mq
∨

Γq
np
∨
̸≡ 0,

k̄p
pmn = (v + v′)Γ̄p

mq
∨

Γ̄q
np
∨
̸≡ 0,

kp
jpn = rjm + u′Γp

jn
∨
|g p − (v − w)Γp

jq
∨

Γq
np
∨
̸≡ 0,

k̄p
jpn = r̄jm + u′Γ̄p

jn
∨
∥g p − (v − w)Γ̄p

jq
∨

Γ̄q
np
∨
̸≡ 0.

(A25)

Because of differences in the forms of contractions (A25), the traces of equality (A24)
by i and j and by i and m are
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

0 =
(
k̄p

pmn − kp
pmn

)
− 1

N + 1
(u′ − u)Γ̄p

mn
∨

(
Γ̄p − p̄p

)
− p̄[m∥gn]

+
1

N + 1
(u′ − u)Γp

mn
∨

(
Γp − pp

)
+ p[m|gn] − (N + 1)ξ[mn],

0 =
(
k̄p

jpn − kp
jpn

)
− Nu′ + u

N + 1

(
Γ̄p

jn
∨

(
Γ̄p − p̄p

)
− Γp

jn
∨

(
Γp − pp

))
−

(
p̄j∥gn − p̄p

jn∥g p − p̄p
jq p̄q

np + p̄p
jn p̄p

)
+ u′( p̄pΓ̄p

jn
∨
+ p̄p

jqΓ̄q
np
∨
− p̄q

npΓ̄p
jq
∨

)
+

(
pj|gn − pp

jn|g p − pp
jq pq

np + pp
jn pp

)
− u′(ppΓp

jn
∨
+ pp

jqΓq
np
∨
− pq

npΓp
jq
∨

)
− ξ[jn] − (N − 1)ξ jn.

(A26)

The solutions of system (A26) by ξ[mn] and ξ jn are

ξ[mn] =
1

N + 1
(
k̄p

pmn − kp
pmn

)
− 1

N + 1
(

p̄[m∥gn] − p[m|gn]
)

− u′ − u
(N + 1)2

(
Γ̄p

mn
∨

(
Γ̄p − p̄p

)
− Γp

mn
∨

(
Γp − pp

))
,

ξ jn =
1

N − 1
(
k̄p

jpn − kp
jpn

)
− 1

N2 − 1
(
k̄p

pjn − kp
pjn

)
+

1
N2 − 1

(
p̄[j∥gn] − p[j|gn]

)
− (N + 2)u + (N2 + N − 1)u′)

(N − 1)(N + 1)2

(
Γ̄p

jn
∨

(
Γ̄p − p̄p

)
− Γp

jn
∨

(
Γp − pp

))
− 1

N − 1

((
p̄j∥gn − p̄p

jn∥g p − p̄p
jq p̄q

np + p̄p
jn p̄p

)
−

(
pj|gn − pp

jn|g p − pp
jq pq

np + pp
jn pp

))
+

u′

N − 1

((
p̄pΓ̄p

jn
∨

+ p̄p
jqΓ̄q

np
∨
− p̄q

npΓ̄p
jq
∨

)
−

(
ppΓp

jn
∨

+ pp
jqΓq

np
∨
− pq

npΓp
jq
∨

))
.

(A27)
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After including the solutions of (A27) in (A24), we obtain

0 =
(
k̄i

jmn − ki
jmn

)
− 1

N + 1
(
uδi

nΓ̄p
jm
∨
+ u′δi

mΓ̄p
jn
∨

)(
Γ̄p − p̄p

)
−

(
p̄i

jm∥gn − p̄i
jn∥gm − p̄p

jm p̄i
pn + p̄p

jn p̄i
pm

)
+ u

(
p̄i

pnΓ̄p
jm
∨
− p̄p

jnΓ̄i
pm
∨

)
+ u′( p̄i

pmΓ̄p
jn
∨
− p̄p

jmΓ̄i
pn
∨

)
− (u′ + u) p̄p

mnΓ̄i
jp
∨

+
1

N + 1
(
uδi

nΓp
jm
∨
+ u′δi

mΓp
jn
∨

)(
Γp − pp

)
+

(
pi

jm|gn − pi
jn|gm − pp

jm pi
pn + pp

jn pi
pm

)
− u

(
pi

pnΓp
jm
∨
− pp

jnΓi
pm
∨

)
− u′(pi

pmΓp
jn
∨
− pp

jmΓi
pn
∨

)
+ (u′ + u)pp

mnΓi
jp
∨

− 1
N + 1

δi
j
(
k̄p

pmn − kp
pmn

)
+

1
N + 1

δi
j
(

p̄[m∥gn] − p[m|gn]
)

+
u′ − u

(N + 1)2 δi
j

(
Γ̄p

mn
∨

(
Γ̄p − p̄p

)
− Γp

mn
∨

(
Γp − pp

))
− 1

N − 1

(
δi

m
(
k̄p

jpn − kp
jpn

)
− δi

n
(
k̄p

jpm − kp
jpm

))
+

1
N2 − 1

(
δi

m
(
k̄p

pjn − kp
pjn

)
− δi

n
(
k̄p

pjm − kp
pjm

))
− 1

N2 − 1

(
δi

m
(

p̄[j∥gn] − pj|gn]
)
− δi

n
(

p̄[j∥gm] − p[j|gm]

))
+

(N + 2)u + (N2 + N − 1)u′

(N − 1)(N + 1)2 δi
m

(
Γ̄p

jn
∨

(
Γ̄p − p̄p

)
− Γp

jn
∨

(
Γp − pp

))
− (N + 2)u + (N2 + N − 1)u′

(N − 1)(N + 1)2 δi
n

(
Γ̄p

jm
∨

(
Γ̄p − p̄p

)
− Γp

jm
∨

(
Γp − pp

))
+

1
N − 1

δi
m
(

p̄j∥gn − p̄p
jn∥g p − p̄p

jq p̄q
np + p̄p

jn p̄p
)

− 1
N − 1

δi
n
(

p̄j∥gm − p̄p
jm∥g p − p̄p

jq p̄q
mp + p̄p

jm p̄p
)

− 1
N − 1

δi
m
(

pj|gn − pp
jn|g p − pp

jq pq
np + pp

jn pp
)

+
1

N − 1
δi

n
(

pj|gm − pp
jm|g p − pp

jq pq
mp + pp

jm pp
)

− u′

N − 1
δi

m

((
p̄Γ̄p

jn
∨
+ p̄p

jqΓ̄q
np
∨
− p̄q

npΓ̄p
jq
∨

)
−

(
ppΓp

jn
∨
+ pp

jqΓq
np
∨
− pq

npΓp
jq
∨

))
+

u′

N − 1
δi

n

((
p̄Γ̄p

jm
∨
+ p̄p

jqΓ̄q
mp
∨
− p̄q

mpΓ̄p
jq
∨

)
−

(
ppΓp

jm
∨
+ pp

jqΓq
mp
∨
− pq

mpΓp
jq
∨

))
.

(A28)

The relation (A28) is equivalent to
⋆
˜̄wi

jmn =
⋆
w̃i

jmn, where

⋆
w̃i

jmn = ki
jmn −

1
N2 − 1

(
(N − 1)δi

jk
p
pmn − δi

mkp
pjn + δi

nkp
pjm

)
− 1

N − 1
(
δi

mkp
jpn − δi

nkp
jpm

)
+ ui

jmn + δi
jũ

i
jmn + δi

m ˜̃ujn − δi
n

˜̃̃ujm,
(A29)

⋆
˜̄wi

jmn = k̄i
jmn −

1
N2 − 1

(
(N − 1)δi

j k̄
p
pmn − δi

m k̄p
pjn + δi

n k̄p
pjm

)
− 1

N − 1
(
δi

m k̄p
jpn − δi

n k̄p
jpm

)
+ ūi

jmn + δi
j ˜̄ui

jmn + δi
m

˜̄̃ujn − δi
n

˜̄̃̃ujm,
(A30)
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for

ui
jmn = −

(
pi

jm|gn − pi
jn|gm − pp

jm pi
pn + pp

jn pi
pm

)
+ u

(
pi

pnΓp
jm
∨
− pp

jnΓi
pm
∨

)
+ u′(pi

pmΓp
jn
∨
− pp

jmΓi
pn
∨

)
− (u + u′)pp

mnΓi
jp
∨

,
(A31)

ũij =
1

N + 1
p[m|gn] +

u′ − u
(N + 1)2 Γp

ij
∨

(
Γp − pp

)
, (A32)

˜̃uij =
(N + 2)u + Nu′

(N − 1)(N + 1)2 Γp
ij
∨

(
Γp − pp

)
+

N
N2 − 1

pi|g j +
1

N2 − 1
pj|gi

− 1
N − 1

(
pp

ij|g p + pp
iq pq

jp − pp
ij pp

)
− u′

N − 1
(

ppΓp
ij
∨
+ pp

iqΓq
jp
∨
− pp

jqΓq
ip
∨

)
,

(A33)

˜̃̃uij =
(N2 + N + 1)u + (N2 + N − 1)u′

(N − 1)(N + 1)2 Γp
ij
∨

(
Γp − pp

)
+

N
N2 − 1

pi|g j +
1

N2 − 1
pj|gi

−
(

pp
ij|g p + pp

iq pq
jp − pp

ij pp
)
− u′

N − 1
(

ppΓp
ij
∨
+ pp

iqΓq
jp
∨
− pp

jqΓq
ip
∨

)
,

(A34)

and the corresponding ūi
jmn, ˜̄uij, ˜̄̃uij, and ˜̄̃̃uij.
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