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Abstract

This paper represents a natural continuation of the study of biholomorphically pro-
jective mappings. It obtains new invariant geometric objects for equitorsion quasi-
canonical biholomorphically projective mappings, together with several relations satisfied
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1. Introduction

Differential geometry is a branch of mathematics, the results of which have wide
application across diverse fields, including physics [1-4] and chemistry [5,6]. Utilizing
transformations of affine connections, it is possible to describe transitions from initial to
current states (classical mechanics) and from a space with a Friedman-Lemaitre-Robertson—
Walker (FLRW) metric to a space with a perturbed FLRW metric, as well as numerous other
dynamical changes.

The coefficients of affine connections, which uniquely determine the connections
themselves, are not tensors, meaning that transformations of coordinate systems have
impacts on their forms. However, the difference between the coefficients of two affine
connections is indeed a tensor (the deformation tensor), which uniquely dictates the laws
governing the transformation of the affine connection.

One of the primary areas of research in differential geometry focuses on investigating
which geometric objects remain invariant under various types of affine connection transfor-
mations. The methodology for obtaining invariants of mappings [7,8] was improved in [9]
by finding one more invariant.

Among the most prominent of these objects is the Ricci tensor, which is invariant
under special geodesic transformations. A consequence of its invariance is the classical
Einstein—-Hilbert action, the variation of which describes gravity. Modified Einstein-Hilbert
actions arise as a result of applying non-geodesic transformations from the FLRW space to
the perturbed space.
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The present research addresses the invariants of biholomorphically projective map-
pings of generalized Riemannian spaces. In [10], where the methodology for obtaining
invariants of mappings presented by [8] was inapplicable, the formulas from [9] were
used for determination of invariants based on the transformation of the curvature tensor
under the action of such a mapping. Our main purpose in this paper is to apply the
methodology from [9] and to obtain the corresponding invariants in the case of equitorsion
quasi-canonical biholomorphically projective mappings.

2. Necessary Differential Geometry

Differentiable manifolds with symmetric and non-symmetric metric tensors, as well as
differentiable manifolds with symmetric and non-symmetric affine connections, and their
mappings have been considered in many papers [11-22]. Invariant geometric objects for
various mappings of spaces with symmetric and non-symmetric affine connections have
been obtained by many authors [7-13,20-26].

In the sense of Eisenhart’s definition [27], a generalized Riemannian space GRy is a
differentiable manifold equipped with a non-symmetric metric tensor g;;. The connection
coefficients of the space GRy are the generalized Cristoffel’s symbols of the second kind
Tl = gPT) jk, where [|g7]| = Hgij||7lr 8ij = 3(8ij+ i), and Tijp = 5(8jik — ki + i),
axk' det||g;i|| # O, detHgl]H # 0. In the general case, T]k # T
and they can be represented as the sum of the symmetric and antisymmetric parts, i. e .y

Ty = Sjk + T]k' where S;k = l"lk = z(rl +rkj)' Tjk = 1"}5( = i(r}k 1";(].).

where, for example, Sijk =

In the case of a Riemannian space, the covariant derivative with respect to I' /k' denoted

by |¢, for example, for a;-, is defined by the equality [18]

i
g = k + Fpka F]ka @D
The curvature tensor of a Riemannian space is

]mn = F;m n r;n mt Iﬂ]pmr;zm - I—‘]pnrlpm 2)

In a generalized Riemannian space GRy, there are four kinds of covariant derivatives.

For example, for a tensor at, we have [18]

]

a;’.'gk @y + r F]kup, (3)
1

gy = k+ka ; r,’j] o 4)
2

ao =al, + T al — P4 (5)
Jlgk ik pk%j kj*p

”;'ng Jk + ka j Fﬂf“ (6)
4

where |8, (z = 1,2,3,4) denotes a covariant derivative of the kind z with respect to the

4
affine connection of a generalized Riemannian space.
The family of curvature tensors of the space GRy is

+or? 1t 4+ /TP I +wFP .

kl — +Mr /n\?m ]m }77! ]}’l pm p], (7)

jmn ]mn

+u'T!

Jm\?n

for scalars u, u’,v, v, w.
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From family (7), we extracted five linearly independent curvature tensors by selecting
the following constants (u, u’,v,v', w):

(u,u',0,v',w) €{(1,-1,1,-1,0),(-1,1,1,-1,0),(1,1,-1,1,2),

8)
(1,1,—1,1,-2),(0,0,1,1,0)}.

For the given choice of constants, the curvature tensors will be denoted as ro rj-mn,

' Ymn’ jmn’ 4
i

. and i respectively.

o
3. Invariants for Equitorsion Quasi-Canonical Biholomorphically
Projective Mappings

Let F]-i be an affinor (tensor of the type (1,1)), and let 12-"; = F;,Fjp . An equitorsion
quasi-canonical biholomorphically projective mapping f : GRy — GRy between the
generalized Riemannian spaces GRy and GRy is the transformation of affine connection
F;:k to l_";k such that the deformation tensor P;k satisfies the following equation [23]:

. . . . . 2, 2,
Pi= Tl — Ty = i + §0; + piFj + p;F, O

for 1-forms ¢; and p;.

Remark 1. To obtain invariants for the equitorsion quasi-canonical biholomorphically projective

mapping f determined by (9), the summand p]-lz-"§c + pkl%j. should be expressed as the difference in
geometrical objects of the same form, one from the space GRy and the other one from GRy. To do
that, we need to start from the definition of quasi-canonical biholomorphically projective mappings
of a generalized space GRy to GRy;, where any quasi-canonical biholomorphically projective curve
¢ = U(t) of the space GRy;, defined by [23]

. .2,
ALAP = aA' 4 cF AP, (10)
lp P
) ) i
for the tangential vector of curve £ = (') equal to A' = %, scalars a = 2ap AP, c = 2cp AP to the

quasi-canonical biholomorphically projective curve of the space GRy

. . 2.
(AP =\ AP, (11)

fora =2a,A¥, ¢ = 2¢,AP, where a, and c are covariant vectors in the space GRy;, and a, and ¢,
are the corresponding geometrical objects in GRy.
The basic Equation (9) is obtained by subtracting the relation (10) from (11), using F]?' = I:“J?,

which gives the invariance 12_-“; = F;;F]P = F;;F]P = 12-“;, and by changing p; = ¢; — ¢j. Our purpose
is to obtain invariants for the analyzed quasi-canonical biholomorphically projective mappings by
saving ¢; as a vector in the space GRy and cj as a vector in the space GRy. The 1-form ¢; = a; — a;
will save this form because of simplification, but it will be expressed as the difference in identical
geometrical objects from the spaces GRy and GRy.

Lemma 1. Let f : GRy — GRy be an equitorsion quasi-canonical biholomorphically projective
mapping. Its deformation tensor is

. , ‘ 2. 2. 2. 2
Pl = 9+ 9504 + (e F + ¢;Fy) — (ccFi+ GF}).- (12)
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Proof. Unlike in [23], we will subtract the relation (10) from (11) and just take y; =

aj — ;. With respect to this difference, and the relations Nlp)m — /\1 i 1"; . APAT and
Aj, = Alp + Ty APAT, we obtain

I ‘ 2, 2
(T — T ) APAT = 29, APAT + 2, ATFEAP — 28, ATF AP

2. 2.
After symmetrizing the last relation by covariant indices p and ¢, ¢ATF,AP = %(ch;, +
2. 2. 1, 2. 2.
CPF,Q)M’/\'7 and ¢ATF AP = 5 (c‘qF;, + E,,F;)AP/W, one gets
. ) . . 2. 2. 2. 2.
T 1 1 1 1 1 = Tl = Tl
(rﬁ - rﬂ))\w = (g0, + ¥pd ) APAT + (cgF), + cpFo)APAT — (4F), + ¢, Fy ) AP AT,
which is satisfied if and only if the relation (12) holds. [

To simplify the future calculation, we need to involve the next geometrical objects:
2 2. 2. 2. 2 2 13
i i T 1 _ = Ti = Tl
.Fﬁ—cij—i—c]F, .Fﬁ—cij—i—c]Fk. (13)

The first set of results of this research is obtained in the next lemma.

Lemma 2. Let f : GRy — GRy be an equitorsion quasi-canonical biholomorphically projective
mapping. Its basic associated invariants of the Thomas type are

. . 1 1 2 2.
i _ i _ 1
tjk_ jk N+1](Fk fk) N1k ( -7:) jk’
) ) ) (14)
t;k: }k N—|—1 ](Fk—fk) N+15k(r ‘F])_ ;k’
2
forF,fF Li=1), Fi= f” J—" fp
The basic associated invariants of the Weyl type for the mapping f are
w;‘mn = r;mn - 5;a[mn] - 5;11 (F]T" + aj”) + 5111 (rjrm + {ij) + b;mn/ (15)
w;‘mn = ]mn 5 a[mn] - 5;n (F]F" + a/”) + 5;1 (T]fm + a]m) + E;'mn/
for
1 2 2, 2 1 2 1 2 2
% = 1 T = Fisi = Fjn e = 7o) = e Pl — e T = i)
N (16)
Bun = ~F tjen + Fi ajem + f]”mfl f” F,,m,

and the corresponding a;; and E;mn

Proof. The theoretical background of proof of this lemma is presented in Appendix A.1.
The deformation tensor P}k of the quasi-canonical biholomorphically projective mapping f

factored as (12) is of the same form as the deformation tensor in Appendix A.1, Equation

) 2.
(A4), where p;k = ]—";k

After contracting the basic Equation (12) by i and k, and using I' = =T o ie., P]k =
P& = 1_"’ F;k, we obtain
1 1 2 2
l/)jIN+1(Fj*Fj>7N+1(f 'Ff)’ (17)
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2 2, 2 lp
for]:]- = fjﬂ,fj = ]:LP'
Hence, with respect to expression (17), the basic Equation (12) transforms to

_. . 1 .2 2.
1 1 2 2,
-5 (T — Fy) — oM = F) + P

As in Appendix A, and with respect to the relation (18), the difference T ;k -T ;k is
factored as fik — 1";1( = 9]@,( - G;k for -

' I 2 2.

e = N—|—1 J(rk*fk) 0T~ Fi) + Fi

: 2 1 . 2 2 (19)
= NTl‘wk‘f O+ N1 = F) + Fe

Based on the results presented in [9], and reviewed in Appendix A, we obtain that
the basic associated invariants of the Thomas type [9] for this mapping are t;k = f;k for

i i i o i i
t]-k—I“i—ijandt].k—FE—ij,where

1

i i 1
T
k= Sk N 4+1

2 2.
(Fk_]:k) N-I—l ( ]:) ;'k’
1 2 2.

F"_f") N+1 r

f}k:_}k N+1 ]( 5k(r ]:j)— }kr
which completes the proof for the first part of this lemma.

With respect to the results presented in [9], and reviewed in Appendix A, the basic
associated invariants of the Weyl type for the mapping f are

w;’mn = r}mn G]m\‘ln +9]n\8m +9]pm9;7n aneé,m, (20)
I )
D = Fin = Ojmsn + Fjam + OsOpn = 01, 0m:
Because G;k has the form (19), we get
i 1, i 1
ejmlgn:f]m|?n+fmlgﬂ N+1 Tmjsn + N+1(5mr1|?n
1
N+1511'Fm‘g”_ N+151 }—lg"’
, 1
P pi 14 1 i i P i
6), O = ]—". +]—'n NHI Fn+N+1(5}" y — N+1]: Fy
1
_ 751 P i T i
Nyion f Frt N+1]: m+N+1F’””f
1 .
+ e (5}rmrn + éinrjrn + 25,grjrm)
- #yfnrm - #(sf ;zfnr« _ (5i32f«rm 1 ;zfmr«
(N +1)2 (N+1)27™ "1 (N41)27" ] (N+1)27" /
S~ 5 NN S 13 N S - I S ) W
N417 /™ (N+1)2 o mIn (N+1)27 ™ (N41)2777 ™0
1 ;2.2 1 ;2 1 ;2 1 ;2
* (N+1)2‘5”fff’” N+1]:’””]:] ; (N+1)25’"f7r” B (N+1)2‘5”ffr’"
1 S22 1 22
+ 7(N+ 1)2(57111./—"]'.7” + 7(N+ 1)25;]:]']:”1.
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+0.,5,, and efme;m — 67,0, we confirm that the

basic invariant of the Weyl type for the mapping f is w'  given by the first equality in (15).

After direct calculation of —6! |

jmn
The basic invariant @} mn from this equation, is obtained in the same manner. [

In the next lemma, we will correlate the invariants of associated invariants for equitor-
sion biholomorphically projective and geodesic mappings of the Thomas type. Moreover,
we will obtain a new invariant for the equitorsion biholomorphically projective mapping
f : GRy — GRy with respect to the transformation rule of the curvature tensor . of the

n of RN-

rt
jm
associated space Ry to the corresponding curvature tensor r]m
Lemma 3. The associated basic invariants t;'.k and f;.k for an equitorsion quasi-canonical biholomor-
phically projective mapping f : GRy — GRy given by (14) and Thomas projective parameters

. , 1 . , L
Ty =Ty — N1 ((S;Tk + 6,T;) and T =Ty — ((5‘l"k + 6LT;) satisfy the relations

N N+1
=T Fiot L 5y (5iJZT
[ S N+1J KT NT1k
) . ) (21)
o i _ii i
e = Tie = T 1\I+1J]E"+1\1+1‘“T
i i i fi i ; i P _ 4P P _ 7P
The zlrivagzants Ei and Eyy are symmetric by j and k, and their traces ti, =ty and b, =t are
equal to 0.
The geometrical objects
@ = L(&l Tin — 5ir'm) = SioP o
jmn jmn N\ ntj N + 1 j°P
1 p p
Nz_lé;,l((NJrl) /pn_”pjn)+N2 &L (N +1)0F - vp]-m),
) (22)
i o ] _ g
-~ N2_15}n((N+1) fon — Onin) Nz_lfs;((NJrl) fom — O

are invariants for the mapping f.

Proof. The direct calculation is enough to prove the first part of this lemma. Namely, it is
evident that t;k = tf( J and f;:k = f}; i such as

2 1 2 N 2

P _ 4P _ P . , . —

tp =ty = Ty ]:+N+1]:]+N+1]:]_0’
1 2 N %

P _ P _ FP
Bo=t =T ]—"+

©

N+1]: N+1}—f:

Following the procedure presented in [9] and in many subsequent research papers,
we express the difference 0 = w;m ,— WS i T the form

—i

0= wj'mn = Winn = (r;mn o ]mn) 5} (:["m - 571‘"@" + 6;‘1(:]"" + ( jmn b;m”) (23)

for gl] = a;j — ﬁij'
After contracting the relation (23) by i and j, and by i and m, we obtain
0=—(N+ 1)€[mn] + ( pmn — Egmn) (24)
— 7 p
0= (rjn o an) o ér[ln] - (N- 1)';(]'fl + ( jpn b]pn)
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1 bP.. — BP. ). After substi-

From the first part of Equation (24), we obtain J;; =N11 ( pii — Upij

tuting this result in the second equality in (24), we get

1 _ 1 - 1 -
Gij = N_1 (Vz‘j - rij) + N_1 (bzpp]’ - fp]’) N2 -1 (bZij - bZij)'

With respect to these solutions, the relation (23) becomes

. y . 1
0= (r;'mn - r;'mn) N+ 1511 (vpmn vzmn) N1

1 - _
+ N-—-1 (J;ﬂrj” - 5;11’]”1) - N2 51 ((N + 1) (b]ppn b]ppn) (bZ]n b;r;:]n))

1 .
O (N1 (O, = 5) = (B = 00) ) + B = D),

(5£,1an — 5; rjm)

which is equivalent to w]mn zﬁ}mn for w]mn and zﬁ;mn given by (22). O

The main results of this research will be presented in the next theorem.

Theorem 1. Let f : GRy — GRy be an equitorsion quasi-canonical biholomorphically projective
mapping of a generalized Riemannian space GRy.
The geometrical objects

. . . 2

tie = T — Fle — N+1( (T fk)JF‘Sk( f)) o5
» .2 1 .2

i =T — Fh — N+1(5( fk)+5k(r 7))

2. 2. 2. 2. 2. 2. 2 2 2 2
for .7-';-,( = CkF} + c]-F;( and f}k = EkF;» + c']-F;(, such as their traces Fi= ]-"fp and Fi= ]-"fp, are
the basic associated invariants for this mapping.
The geometrical objects

i _ i i P p i
Wimn = kjmn - p]’m\zn + pjn|8m + pjmppn - p]‘nppm

Jr u(plpﬂr]pm p]pnr;m) + ul(plpmrfn pfmrlpn) (ul + u)pglnr;p
A% v N

_ ﬁéﬁl ((N + 1) (Tjjsn = Pjisn + Phy(Tp = Pp)) + (T = pj) (Tn — pn))
+ ﬁé; <(N + 1) (Tjjem — Pjjem + p]’.’m(rp —pp)) + (T = pj) (T — pm))

1 1 I P
NPt ~ g WO+ 0T (T = ),
xi i =i =l P ) P =i (26)
wjmn = kjmn - pijSn + pjn||é(m + pjmppn - pjnppm

Pyl = PluTym) 4 (PonTy = PluTpn) = (1) Ph T
1 . _ B p = _ = - _

- e (N 1) (T = Pjon + P (Tp = 7)) + (T = p) (T — )
1 . _ B 7 = _ = N\ /e _

(ud}, l"p +u'ét, l"p )( —Pp),

1 1
TN 1P T N

, 2. . 2 2 2
for p;k = .F;.k, ﬁ}k = ]:;-k, pj = Fj, and p; = .7-" are the basic equitorsion invariants for the

mapping f.
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The geometrical objects

B, =k L (N = 1)0KEp — GKE. + GiKT
Din = Kinn = 3777 (N = D)8 kpmn = Sk + Ok )
1 , - . .
N1 (51 K — ol Wk ) Wiy Sl + Syl — 83,11,
(27)
* 1 .
P P P
(G- k;mn - ﬁ((N — 1)kpmn — o kp]n + 4 kp]m)
1 1 [ = ;= -
- N1 (51 k]”pn ) kfpm) + Wiy + Stiln + Sy — Oy,
for u]mn = u}mn(u, u'), i = i (u,u'), 4 = i (u,u’), and ul] = 5,']‘(1/[, u') are defined as
i _ }i ]:' ]2:17 f’ %P ]2:1' ]2_-1' FP ]:'P rz
u]-mn = — m|$n + n|8m + jm? pn - jn? pm +u pn ] —u in pm
/21 p P i l ZP i (28)
+u J-"pml“ —u ]:]ml"pn (u+u )]—"mnl“]p,
. 1 2 w—u _p 2
ij = g7 mlsn) (N+1)2rij(rp —Fp) (29)
\%
- (N+2u+Nu' _p 2 N 2
i = - g ) e P
1 2 1 2
+ 1 1f]-\g,-——N_ ;ﬁ]lgﬁﬂf‘? f”fp (30)
uoz o q
- N_1]:F’rivf N iq ]P N — jqrig’
(N2+N+1)u+(N2+N—1)u' p 2
- re(r,—Fr
Hij (N-1)(N+1)2 1]( p p)
2 1 2 2
P P A P
+N2*1F‘8]+N2 ]‘glifiﬂgp F .F +./T fp (31)
W re U f” 9 +—J—“”rq
N—1""74 N-1"1 ]p N —
and the corresponding i’ imns iij, Eij, and Litl-]- are the derived equitorsion invariants for the mapping f.

Proof. The basic equation of the mapping f is

. 4 .2 2.
i — Uik = Yudj + 96 + Flje — Tl (32)
.2, R
The basic Equation (32) has the form of (A18) for p;.k =F ;'k and ﬁ;‘k = ]-";k. With respect to
2
the basic invariants of the Thomas type (A8), and having in mind that p; = .7-" and p; = Fj,

we confirm the invariance of geometrical objects (25).
. * . . .
Based on the invariants %;mn and w;mn given by (A23), and p}k, ﬁ}k, pj, and p; defined

in the previous paragraph, we complete the proof of invariance of geometrical objects (26).
.2
After substituting the expressions pl = .7-' and p; = .7-' in the relations (A31)—(A34),

one will obtain the geometrical objects u! ul], and uij given by (28)—(31), which

jmn’ ”z]r
completes the proof of this theorem. [J
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Corollary 1. Let f : GRy — GRy be an equitorsion quasi-canonical biholomorphically projective
mapping. The geometrical objects

* i p i
le)]mn 1]mn p]m|gn+p]n|gm+p]mppﬂ p]'nppm
P i P i
+ ppn jm p]nrpm ppmrjn + p]mrpn
\ \

_ (N—T—l)z(xn ((N—I— 1)(1—']"371 — Pjjsn T pfn(rp —pp)) + (Tj—pj) (Tn — Pn)) (33)
+ (Nil)zéi; ((N +1) (Tjjsm — Pjjem + pfm(r,, —pp)) + (T = pj) (T — pm))

1

Ng%

;'mn = ]mn p]m|gn + p]n|£’m + p]mppn pjnppm
- (ppn m P]pnr;om +Ppm jn p]pmrlp"
v v
T
B (N + 1)25m ((N + 1)(rj\8n — Pjlsn + an(rp B PP)) + (rj o P]') (rn - Pn)) (34)
1
+ (N+ )2 6 ((N+ 1) (Tjjem — Pjjsm + me(rp —pp)) + (L= pj) (Tm — Pm))

1 . .
8P misn) + oLt — T8 ) (Ty — pyp),
N+1] [m[$n] N+1( n ]m m ]y)( p P)

* .
Zg;mn = 3]mn p]m|‘€n +p]n|?m +p]mppl’l p]pnpzpm
= PouTn = Pl Py = PnTpn) = 20Ty
\% 4 Y \
1 .
o (N+ 1)25;1 ((N+ 1)(Fj\gn - Pj|gn + p]pn(rp - pP)) + (Fj - pj) (Fn - pn)) (35)
1
(N TR 3 ((N + 1) (Tjem = Pjfem + Phu(Tp = pp)) + (Tj = pj) (T — Pm))
1 p p
TN N+1 8iPlmpsn) N+1(‘5ZF +0,I" )(FP*PP)r
Y , ‘
Zu;mn = Z;mn - p;‘m|8n + pjn|gm + pjmppﬂ o Pjnppm
+ p;nl"]’?m p]”nl“’pm + ppm p]pml";gn 2P51n1"§p
\ \
1 ,
- m‘% ((N + 1)(rj\gn = Pjjen + 15 (T = pp)) + (T = pj) (Tn = Pn)) (36)
1
+ (N+ CESR (N +1) (T = pjiem + Phu(Tp = pp)) + (T = 1)) (T = pu) )
1 p p
+N+1 ]P[m|<n] N+1((5ZF +(5’F )(Fp—pp),
B = P — Poien + P + PluPos — PP + = 01p
5 jmn T gjmn jm|8n jn|8m jmFpn jplpm N 417 [m|&n]
1 .
- mfsﬁl ((N +1) (Tjjen — Pjjsn + P]Pn(rp —pp)) + (T —pj) (Tn — Pn)) (37)

+ (N—T—l)zéz ((N + 1) (Tjism = Pjjgm + Phu(Tp = pp)) + (Tj = pj) (T — pm)),

are associated basic invariants for the mapping f obtained from the five selected linearly independent
curvature tensors. [
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Corollary 2. Let f : GRy — GRy be an equitorsion quasi-canonical biholomorphically projective
mapping. The geometrical objects

LA 1 i ip Lo ip

D = Tinn ~ gz =7 (N =Dt = S+ 0urin) = 57— Ot = It pm) (38)

o+t (1, 1) + Sfitn (1, —1) + 83, (1, —1) = 8 (1, 1),

o1 i ip oy 1 i p i P

Dimn = Himn ~ gz =7 (N = Dz = S +0urinn) = 57— CnLpn = Inpm) (39)
(=1, 1) + Sliln (=1, 1) + 8, (—1,1) —5;ujm(—1 1),

LA 1 ip i siP

Z:f))jmn g]mn N2 -1 ((N o 1)5’71””" o 5 p]n ) o (5 3]pn (sngjpm) (40)
+u]mn(1 1)+5umn(1 1)+(sm~]n( ) n:]m( 1)

i _ 1 i ip 1 i P ip

Z’jmn Z]mn N2 -1 ((N o 1)5'71””" o 5 p]n + Ot 4p]m) N — (5 4]pn - 5anpm) (41)
(1L, 1) 4 Sin (1, 1) + 8, (1, 1) = 811 (1,1),

i i 1 i i P i P p

zé)jmn B gjmn o ﬁ(( )5 rpm" B 5 p]n + 01 5p]m> - N (5 k]pn - k] ) (42)

+ 1 (0,0) + 8i1n (0,0) + 8,7, (0,0) — 84115 (0,0),

are derived invariants of the Weyl type obtained from the selected five linearly independent curvature
tensors. [J

Example 1. Let us generalize a 4-dimensional FLRW spacetime with the space GRy and the
perturbed space with GRy. The basic invariants of the biholomorphically projective mapping f:
GRy — GRy are elements of the next family
w;"mn = k;mn p;'m|gn + p;n|‘€m + p]pmplpn - p;’)np;m
T’ Pri p P i
+u(ppl = Pjum) 1 (ppm = Pulpn) = (' )T,
L s (5(r P(T r r
~ 50 (5(Tjsn = Pjn + Pou(Tp = pp)) + (T = pj) (Tn = pu)) (43)
1 .

+ géiz (5(Fj\gm — Pjgm + me(rp —pp)) + (Lj=pj) (Tm — Pm))

1 .
+ 2 0iPmlsn)

1
N+1(”51rp +u's, rp)(rP_PP)'

The trace w,] = of the invariant (43) is

ipj
A P 14
Wi = kij = Plyej & Pliey + PPl — Py
14 l P14
+upp]1" +u (ppl"iv]-—piq ’y) —(u +”)quri€

1
_ (2755,’11 (5(F]-\gn — Pjjsn + P]r-]n(rp —pp)) + (T = pj) (Tn — Pn)) (44)
1 .
+ gél (S(F]-‘gm = Pjjsm + pfm(l"p —pp)) + (rj — p].) (T — Pm))
1
+ 55; misn] = N ¥ 1 (1) rp + 'L, )(1",, — )

for p]k = ]:]k and pj = ]:p

The family L = \/—gg"1 z’BW is the family of Lagrangians.
From the family of Lagrangians, one finds the family of Einstein equations (after perturbation).
The family of derived invariants may be applied for obtaining electricity and magnetic tensors.
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4. Conclusions

In this article, we continued the research on invariants for biholomorphically projective
mappings of generalized Riemannian spaces. Unlike in [10], we obtained two families of
the Weyl type. In the example at the end of this manuscript, we presented a possible family
of Lagrangian densities and a possible family of generalizations of the Weyl conformal
tensor (which may explain the electromagnetism of a system).

In the future, our work will focus on the applications of these invariants in models of
classical mechanics and cosmology.
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Appendix A. Basic and Derived Invariants

In this part of the research, we will review the methodology presented in [9] for obtain-
ing invariants of geometric mappings of symmetric and non-symmetric affine connection
spaces. The focus will remain on invariants for mappings of Riemannian and generalized
Riemannian spaces.

Namely, if f: Ry — Ry is a mapping whose deformation tensor is

Ph = Ty — T = 0 — 6, (A1)

for geometrical objects 9]’:,( = Glij and éjk = 0i i both of the type (1,2), the associated basic
invariants of the Thomas type for this mapping are t§k = E}k for [9]

i _ i i

7i i ni (A2)
The associated basic invariants of the Weyl type for this mapping are [9]
I | p p
w}mn - r}mn G]m\‘é'n + ejn\gm e]mQ;m 9];49;7"1’ (A3)
D = Fin = Ojmn + Gjam + OOpn = 0, 0m:
Appendix A.1. Invariants for Mappings of Riemannian Spaces
Let us consider a mapping f: Ry — Ry whose deformation tensor is
% = D — T = 940 + 90, + P — Pl (A4)
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where P;k and p;.k are geometrical objects (tensors or parameters) of the type (1,2), both
symmetric by j and k, whose difference is a tensor. After contracting the expression of P]?k
by i and k, we obtain N

1 1

¥i= a0 P) NP (A5)

forI'; = Fp = Fp I = Tp = Fp pj = p]p = pp]., and p; = ﬁfp = ij' Hence, the

deformatlon tensor Pl takes the form

i i 1 i i
P

which has the form (A1).
Following the procedure presented in [9], where F}k - F}:j = é;:k - G;k for the corre-

sponding geometrical objects 9;:,( =0 J and G;k =0l J of the | type (1,2), we recognize

, 1 /g ]

;k =Pt N (5}(1} ) + 0T - p,-))/ (A7)
) P

= Pt g (61T = pe) + 6T = py) )-

The associated basic invariants of the Thomas type for transformation f are [9] t;‘k = Ej’k'

R i@ _Fi o_pi o
By = I’E— ejk, Fy = ij — 9jk, Le.,

. . . 1 .
e =T = Pl = 57 (9T = pi) + (T = ).

. 1 . (A8)
B = T — Pl — N+1(5}(rk—ﬁk)+f5z’<(Tj—Pj))~
The most important step in [9] is the equality w]mn = t;m n t;n m T tfm tlpn tf . t;m =
t;m n t;n m T tfmt;m tfn t;m =: w]mn After basic calculation, we obtain
N | p p
Wi = = i+ o+~ 0 9
G )
i = T~ en + Gson + 8} pn = 8By

The invariants w! imn and @' imn A€ named the associated basic invariants of the Weyl type
for the transformation f.
For G;k and 9]’-k given by (A7), and with respect to I';is; = I'yig; and I'ys; = Iy, we

obtain

_f! —|—6 :—pi. —|—p’ +L§ZP ¢
jm|&n jn|8m jm|8n jn|8m N+17 [m|8n]
1 ; 1 ;
N (Tjsn = Pjisn) + N7 1% (Tjism = Pjjsm)
0,00 = 05.0m = PhuPon — PP (A10)

(NJlrl) O ((N+ Dph (Tp = pp) + (T = pj) (Tn — Pn))

+ gt (N DR = )+ (5= 1) (T = ),

+6 and 67 éi — 6" o

and the corresponding — inllsm im inOpm-

Jml\gn
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After substituting the expression (A10) in (A9), one gets

= p 14
w}m" - r;m" N P}m‘gn + p}"lgm + pjmplpn - Pjnplpm + mé}p[mlxn]
1 .

+ ﬁéﬁ ((N + 1) (Tjjsm — Pjjem + p]’.’m(rp —pp)) + (T = p;) (T — pm)),

' , 4 ' 1 (A11)
Dn = Fiun = P + Pisme + PjuPon = PinPpm + 37779 Pllon]
i = = P = < N\ (T ~
(N+ Wz (O D) e = P+ 5T = 7)) + (5= 7) (T = Pu))
1 _ e o
+ m‘s ((N +1)(T jllsm = Pjjlsm + ij(rp —pp)) + (rj - Pj) (T — Pm))-
The invariants w! —and @' iven by (A11) may be expressed as w! = rl 4+
]mn ]mn g y y p ]mn ]mn
]mn élv[mn] 3 mUjn + b nYjm and w]mn = ]mn + u]mn 5]1 [mn] — 5mv]n + 5nv]m for
u;:mn = _p§m|8n + p;n|gm + p]pmpzpl’l - pjnplpm/
Ty = —Phnlen + Pl + PouPon — PrPyms
1 p (A12)
U= N1 ((N + 1) (Tysj = pigsj + 13 (Tp — pp)) + (T = pi) (T — p ))
_ 1 _ o (T = N/
0ij = W(U\H‘ 1) (Tijsj — Pagsj + 23 (Tp — Bp)) + (Ti = pi) (T — Pj))-
The difference 0 = @ ]mn - ]mn takes the form
0= (?;'mn - r;'mn) + (a;mn - u;mn) - 5;:6[111”] - 5;1‘:jn + 511'1ij/ (A13)

for §;j = 0;; — vjj, and ul and 0;; given by (A12).

jmn’ ]mn’ Yijs
If we contract the relation (A13) by 7 and j, and by i and m, and if we use r,f,’mn =
7§mn =0, such as ugmn = —P[m|gn] and a?mn = —Plm|sn), We will obtain the next system of

equations
0= —(Ppmljsn] — Pimjzn) — (N + 1) &)

0= (?j” - rj”) + (a;jpn - ]pn) g[]n ( - 1)5]"1/

whose solutions are

1
Cij) = — 31 Plileq) — Pitgj)s
1

| ) (Al14)
— P P >
Gij = =7 i = rii) + =7 iy = ipy) + 57— (Pllisil = Pigsy)-

After substituting the solutions of (A14) in (A13), and using ﬂfp j = ~Pijsj + ﬁZH gt

5P 51 _ 5P 5 P 4 P P ;
PigPjp — PijPp and Uipi = ~Pisj + Pijisp T PigPjp — PijPp, ON€ obtains
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0= (?;mn - r;‘mn) -

ﬁzsfﬂ (Fin — 1jun) + ﬁé,’; (Fjm — tjm)

+ (= Pofien  Ponfjom + PonaPon = PraPym)

= (= Phufsn + Pl + PhaPon = PhuPpm) + N%Llfsf (Ppmln] = Ppfsn)

- ﬁ%( = Pjllen + Phjep + PlgPiip — PluPp) = ﬁf% (Pljisn) — Pljjsn)) (A15)
+ ﬁ‘%( = P+ sy + PigPip = PlnPp) + ﬁfﬁ% (Pljjem) = Pljism))

+ ﬁéiﬁ( = Pjjen + Plujs, + PloPiy = Phubp)

1 p poa p
- méz( - pj|8m + pjm\gp + ijpmlﬂ - p]mpp)

The relation (A15) is equivalent to w imn =W imn for

y . 1 , .
w}mn = r;ntn T N_-1 (5;nrjn - 5:,,1’]‘,11)
~ Plfen T Plnfems T PPl = PlPom + N 0P lmlen)
1 .
+xz 1% (NPj|gn +Puej — (N+1)p), Pinjep — (N + D) (plypip — Pfﬂp))
1.
- m‘sﬁ <ij\8m + Pmjsj — (N + 1)me\gp - (N+ 1)(?%?% - melﬂp)>f
o (A16)
~;mn ?]mn - m ((5;”17]‘” - 5;171"1)

. . ) . 1
_ _ _p _p =
_ p}mHS’n + p;'n”gm + ijP;m - p]'nplpm N+ 15] [m||$n]

1 i 7 7 7P 71 AP 7
+ NZ_l(S’l”(ijHg”—FP””gj (N+1) ]nH p (N+1)(qup”l7_pjnpp)>

1 ; i i p T _
- m‘%’q <Np]'||8m + Pmjsj — (N + 1)p, Pimjsp - (N+ 1)(7’%?’?@ - P,!‘]mpp))-

The invariants w]mn and zﬁ;mn are the derived invariants for the transformation f.
As we may see, the first two summands of invariants w;imn and zﬁ;mn are the Weyl
projective tensors of spaces Ry and Ry. That means that any transformation without

additional effects are geodesic.

. . ..i =~
The traces of invariants @ imn and @ imn are
~P _ =P _ ~P  _ =P ~P  _ =P
Wypmn = Wpmn = 0, Wiy = Wiy = 0, Wiy = Wiy = 0. (A17)

Appendix A.2. Invariants for Mappings of Generalized Rimannian Spaces
If we extend the previously analyzed mapping f : Ry — Ry to F : GRy — GRy
such that I" — I"k =TI i the equitorsion mapping F will be determined by the next

\/
non—symmetrlc deformatlon tensor
Phe = 18+ 04 + Pl — Pl (A18)

for the geometrical objects p;:k and ﬁ;k as above.
Because the deformation tensor P;k is symmetric by j and k (its expression on the right
side is identical to the expression of tensor ID;k), the corresponding basic invariants of the

Thomas type are identical to these associated invariants (AS8).
The families of curvature tensors of the spaces GRy and GRy are
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Kinn = Tjn + “rfmwgn tu r]n\gm + UT oy pn 0 T T+ Wl
\Y, Vv Vi
i i P wi P (A19)
k]mn = ]mn + ul"]m”qn +u F]anm + vF]ml"pn + v F]nl"pm +wly, rp],

for the corresponding real constants u, u’, v, v/, w.
From research on the transformation f of the Riemannian space Ry to Ry, we have

T — 9 ] aP 14
Fz Fz 91 G;k, which induces r]mn — ]mn = Gijgn — Gjanm G]mG;m + Gm(?;jm
;m‘ an T 9]n| m Qfm G;m 9]’7 . 9;,,1 Hence, the difference k;m " k; o N the families of curva-
ture tensors of the spaces GRy and GRy is
k;mn ]mn (17 ]mn)
(B = )T = (0, =TT — (P — Th)T)
- - \

+u' (Chw — T} )r]f.’n — (0, =T )T — (Dl — Tha)T},),
v - - 2 N

ie.,
— (D ai 4
k;mn k;mn - ( ]mHSn - e;nﬂgm QJmG;m + 6];19;]111)
i 14 14
—( [ _em‘gm ejme;,n eme;,m)
+u (05, r” - efnr;,m — OhTE,) + 1 (8L, r’” - efmr;n — 0Tl (A20)
Vv Vv
— u (6}, r” —~ ej’jlr;,m — 0hTh,) — ' (6} r” — efmr;m OhinT},)-
Vv \%
The relation (A20) is equivalent to W mn z*TJ mn for
T ‘ p p
w}mn - k;‘mn - ( ]l'm\gn B 9]n|?m Gij;m 9]n9;,m)
i TP 14 P P p P i
u(%nl“j 9]nl"’pm Gmn%) —u (G;ml’] Bjml“;m Qm,ZI“;-vp),
(A21)

i 7i i all gl gi P gi
Wi = kjmn o (Gjmﬂgn - gjanm o 6]‘ 9 g]nepm)

pi TP P AP i p p AP i
—u(e;,nr]. emr’pm Bhly) — ' (8, —ejmr;m Bhnlt,).
\Y \

The invariants w' o and @' [ given by (A21) are the basic equitorsion invariants of the

Weyl type for the mapping F.
For G;k given by (A7), we have

, , 1 . A
PP p P p
%"Fj Hmrlpm Qm”r;’f N+1" N1 (T Pp)F]-Cn + PpnT, jim = Pjn Pm pmnl“}é,

T = pj) T = (Tn = ) oy = (T = ) T}y ),

(@

. 14 14 p i 1 p . P P i p . (A22)
i i i i ; ; 1
epmr Hjmr,m OnnLjp = 57 0m (Tp = o)y + Pom Ty = P Tpn — PhunTp
v v \% \ v
1 , , '
— 1 (T = p) T (O = ) Thy + (T = pu) T )

and the corresponding 61 l“p 1 K 951,,1_“;.5 and 61 l"p — Gfml’lpn 5,7,]1”1_“;@9.

ju pm
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After substituting the expressions of (A22) into (A21), one obtains the basic associated

invariants of the Weyl type for transformation F, which are

w;:mn _k;mn p;m‘8n+p;n|8m+pfmp;n _p]pnp‘lﬂm
+ 1 (plTh, — p]”nr;m) (T, — pfmr'pn) (o + u)p’fnnr}f
- m‘% ((N +1)(Tjjsn — Pjjsn + an(rp —pp) + (T =pj) (Tn — Pn))
1 ,
+ m‘% (N 1) e = pjiem + Pl (T = p)) + (T = 1) (T = p))
1
+ TH‘S}PWM N1 (4T +0T) (Tp = pp),
" . , (A23)
w}mn = k}mn - ﬁ;’mHé?n + p;nngrn + ﬁjmﬁlpn - ﬁ]nﬁlpm
+ ”(ﬁzpnrfm - ﬁfnrlpc”) + “/(plpm pjpmrlrm) (u' + u)ﬁf””r;lﬂ
~ o () T = P+ P (Tp = 2)) + (T = 73) (T = i)
1 ; - _ = _ - N\ = _
+ méﬁ <(N + 1)(FjH8m = Pillsm + me(rp pp)) + (T —p;) (T — Pm))
1 P ~
+ NPl — N — (ud] r” + /'8, )(r —Pp)-
. . * i * i . . xi * ; .
The invariance Winn w]mn, i.e., its equivalent form 0 = @ imn — Wiy 81VES
0= (k;mn k}mn)
_ (u&lrp +u(5’FP)( ]9) (—i _ — g 54 P i )
N+1 p p]mHgn p]anm pjmppn pjnppm
(el p;;r;m 4 (P = PlTn) = (@ 00T,
) v ! ! ! A (A24)
+ N+1 (u(silr}nm + ulé‘inrfn) (FP - PP) + (p;m|8n - p;'n\gm - p]pmplpn + p]pnplpm)
- ”(p;nrfm p]pnrlpm) —u (ppm p]m ) + (u' + u)annr;‘p
— 818 ] — 5216;;4 + 8pGjm-
Because k;mn =r .+ ul"]m‘qn +u 1"] om T vl"]ml";m + v/l"fnl"’pm + wl"ﬁml"l and k;mn =
7l 14 P _ P _
Fimn + uF]mH‘gn +u T] aljem T vF l"pn + v’r F;m + wF Fl i such as I, = Fpi = 0 and
Vv Vv
ff p = l_"Z =0, we fmd that the contract1ons of k , and k;mn by i and j and by i and m are
\% Vv
Kpmn = (v + 0" )T Th, #0,
Vv Vv
I_szmn = (U + U/)f‘raqup Z0,
Vv
p P (A25)
kjpn Tim +u F]n‘gp (v w)quanp #0,
\%
P P 71
k]pn =Tjm+u r]nl\gp (v w)F]grnvp £ 0.
Because of differences in the forms of contractions (A25), the traces of equality (A24)
q y
by i and j and by i and m are
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_ 1 - = _ _
0= (kgmn - k;mn) - m(u/ - u)rf’\l/n (rp - Pp) B p[mHgn]

1
N1 (u' — “)rf@n (Tp = pp) + Ppmjsn) — (N + 1)y,
. Nu' +u/p =
— (%P p p = P
0= (kjpn o kjpn)  N+1 (rj\;} (FP - pP) o r]cl (FP - pp))

=P =P =4 =P = (5 TP =P 74 =1 TP
jllsn = Pinjsp — PjgPrp + Pjnpp) +u (Pprjy + qurnvp - Pnpr]'vq)

(A26)

- g[]n] - (N - 1)§jn'

The solutions of system (A26) by ¢ [1mn] and ¢, are

1 1 _
g[mn] = m(k?mn - kZmn) - m(p[m\|8n] - p[m|gn])

w—u (op om
TNt (Tfi,vn (Tp = Pp) = Thun(Tp — PP))/
_ L o g Looqp P L
Cjn = m(k]pn - kjpn) - ﬁ(kp]n - kpjn) + N2 -1 (pb”m] - pW”])

 (N+2u+ (N*+N-1)u) (_,,

] (A27)
(N—1)(N+1) I, (Cp = Py) = T, (T — pp) )

7 g
— =1 (Bjisn = Phuje, = PPy + PuPr) = (Pjon = Pl — Plyplp + Phupp))

/

L O R Y e I p [ N
+ N_l((Ppern‘*‘ijrnvp Pnprjvq) (pprjcz—"_qur”vp Pnprjg))
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After including the solutions of (A27) in (A24), we obtain
= (K = Kiun)
- NiL (ud, rp +u'5, T ) (T = Pp) = Pijsn = Phnfjsm = PuPon + PruPpm)
+ (P TT anf;m) +u (ppm = PiuTpn) = (' + u)ﬁﬁmfj-f
+ N1+ o (uo,T fm +u's,T fn) (Tp— Pp) + (Phajsn = Plnfsm = PonaPpn + PhuPpm)
- u(pimffm PinTm) =4 (T = PjuTpn) + (4 + )P,
N N 70 (Rbmn = Kpmn) + ﬁ5}(ﬁ[m\|gn} ~ Plmisn))
+ M% (Fp (Tp—pp) - rﬁtvn (Tp - PP))
B ﬁ (5i (kfpn kfppn) O (kfpm kfpm»
T N27 (51' (kz’jm N kZ]") =3 (kZ]m N kZ]m))
7 (8 (Bytn = Pism) = 4 (Pljjsm = Pom) ) (A28)
+ “”f) s (0,0 = ) ~ 0, — 1)
;
O (87, (0~ p) ~ Ty T~ )
T ﬁ‘sﬁn (Bjlsn = Plujsp = PlaPip + PjuPp)
- ﬁ@i (Pilem = Phep = PlgPinp + PruPp)
- ﬁ% (Pilsn = Plujsp = PlgPip + Phup)
+ ﬁ‘sz(pf\gm - me\gp = PlgPip & PinPp)
u' _
= 51 (T + 2Ty = A T) = (ol Py = ot}
+ Nu_’ ((PF +T’]qrqmp Py ]q) (Ppr]% +P;’qr%p *P%pr%))-
The relation (A28) is equivalent to Z%; Z;:) imn? where
Wy = k;mn — ﬁ((z\r — 1)5;11&;% ol kZ]n + 4 k’;]m) )
— g Ok = 8k)) + i i+ B =
*]mn = Ky — Nzl_ : ((N = 1)8 K — 61uKD s, + OhR ) 0
g O =GR L) b Wy 81+ S — Sh
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for
Wonn =~ (Phnisn = Phnjsm = PP + PhaPom) + w(PynL by = Ph, Do)
1 i TP P i NP T ) ) (A31)
+u (ppml"jn — ijrpn) = (u+ )Ty,
\Y, \ \Y;
| u —u (1
- (N+2u+Nu' _, N 1
uif - (N* 1)(N+ 1)2 ivj(rl’ - pP) + N2 — 177,"3]' + N2 — 1pj|gi
. ) (A33)
P P4 P u P P P
= N =1 Pijisp + PigPjp — Pisbr) — N =1 (ppl"iv]- + piqrfvp B qurivp)'
= (N2+N+1Du+(N*+N-1)u_, N 1
Uij = (N*l)(N%»l)z rl\'/j(rpipp)+N271pi|gf+NZilp/‘gi
(A34)

/
— (P p.a _ P __u p Prd _ P
(Pij\xp T PigPjp Pz‘jpp) N_1 (Pprivj + Piqrj\fz ijfif),

i

=
i
Ray

and the corresponding imn ﬁij, ijs and
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