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Abstract

This paper focuses on the two-block composite convex optimization problems preva-
lent in signal recovery, image processing and related fields. Although Alternating Block
Coordinate Descent (ABCD) is simple to implement and low in computational cost, its ob-
jective function often oscillates during iterations. We propose monotone ABCD (MABCD)
to guarantee the monotonic descent of the objective. On this basis, an inexact variant
iMABCD is presented, which allows inexact subproblem solutions to lower computational
overhead and adaptation to realistic application scenarios. Rigorous theoretical analysis
of numerical experiments demonstrates that both algorithms attain the O(1/k?) conver-
gence rate. The monotonic constraint effectively removes undesirable iterative fluctuations
and stabilizes the optimization process, while the inexact updating rule greatly improves
practical applicability.
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1. Introduction

Large-scale composite convex optimization problems with two-block separable nons-
mooth structures are ubiquitous in modern signal recovery, image processing, statistical
learning, and intelligent sensing systems [1-3]. The standard formulation of such problems
can be expressed as:

min 6(w) = h(w) + p(u) +4(v) (1)
w=(u,v)eUxV
where U and V are finite-dimensional Euclidean spaces. The smooth coupling term h :
U x V — R is assumed to have a globally Lipschitz continuous gradient, i.e., there exists
L > 0 such that

||Vh(w1) — Vh(ZU2)|| < L||w1 — ZUzH, le,wz e UxYV,

where || - || denotes the Euclidean norm. The nonsmooth functions p : U — R U {+o0}
and g : V — RU {+oo} are proper closed convex (i.e., lower semicontinuous and not
identically +00). Due to the inherent block-separable characteristic of nonsmooth terms,
block coordinate splitting optimization has become the mainstream solution framework
for this class of problems, which avoids the high computational cost of joint variable
optimization and adapts well to large-scale data scenarios [4].
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As a classic representative of block-wise optimization methods, the Alternating Block
Coordinate Descent (ABCD) algorithm [5] has attracted extensive attention in recent years
for its simple iterative framework, low per-iteration computational overhead, and excellent
adaptability to two-block-structured optimization problems. Different from traditional
alternating direction method of multipliers (ADMM), which relies on auxiliary variables
and penalty parameter tuning [2], and forward-backward splitting (FBS), which suffers
from restricted Lipschitz constant constraints [6], ABCD implements alternating iterative
updates of block variables u and v by combining gradient descent for smooth coupling
terms and proximal mapping for nonsmooth regularization terms [7]. This alternating
update mechanism effectively decouples the complex coupled optimization problem and
significantly reduces the difficulty of subproblem solving, leading to ABCD being widely
applied in matrix factorization, image reconstruction, and regularized regression tasks [8].

Despite the practical advantages of standard ABCD, it still exhibits defects in iterative
stability and objective function monotonicity, which limit its optimization performance and
convergence robustness. In the original ABCD iterative framework, the update rules for
the block variables only focus on the gradient descent optimization of the current iteration,
lacking effective constraint mechanisms for the overall objective function [9]. Affected
by ill-conditioned matrix distribution, uneven Lipschitz constants for different blocks,
and complex nonsmooth term superposition, the objective function value of standard
ABCD frequently fluctuates and rises during the iterative process [10]. This non-monotonic
iteration phenomenon not only slows the practical convergence speed and increases the
number of redundant iterations but also easily causes the algorithm to fall into local
suboptimal solutions.

Recent years have witnessed growing interest in block coordinate descent (BCD) and
inexact proximal methods for large-scale composite convex optimization. A number of
accelerated BCD variants have been developed to achieve the optimal O(1/k?) conver-
gence rate. Notably, the inexact majorized accelerated block coordinate descent (imABCD)
framework proposed in [11] establishes O(1/k*) complexity while allowing flexible inexact
subproblem solutions via adjustable error tolerances. Unlike methods that enforce mono-
tonic objective decrease through line search [3,12], this accelerated framework prioritizes
convergence rate guarantees over monotonicity, reflecting a deliberate algorithmic trade-off.
Meanwhile, monotone BCD approaches typically employ Armijo-type or backtracking
line search to ensure nonincreasing objectives [3,12], which may introduce additional
computational overhead per iteration. The integration of acceleration mechanisms with
monotonicity safeguards, as well as the design of parameter-free monotonic selection rules,
remains an active area of investigation [13,14].

To address the monotonicity deficiency of the original ABCD algorithm and further en-
hance its iterative stability, this paper proposes a monotone ABCD (MABCD) optimization
algorithm. In the full-gradient setting, ref. [15] introduced a monotone version of FISTA
via a simple two-point comparison that ensures nonincreasing objective values without
line search. In this work, we extend this monotone correction to the two-block ABCD
framework. By embedding monotone judgment, the algorithm strictly restricts the update
direction of block variables and ensures that the overall loss function maintains a nonin-
creasing trend in the entire iterative process. Unlike existing ABCD variants that either
accept non-monotone sequences or rely on costly line search procedures, this improvement
completely solves the objective function fluctuation problem of the original ABCD algo-
rithm and retains the advantages of low computational complexity and simple deployment
of the original framework, without introducing additional complex iterative operations.

On the basis of the proposed MABCD framework, we further develop an inexact
monotone ABCD (iMABCD) algorithm to improve practical applicability. Different from
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MABCD, which requires exact solutions for all subproblems in each iteration, the improved
inexact version allows the subproblems to be solved within a reasonable tolerance. This
inexact updating strategy possesses significant practical advantages for large-scale opti-
mization tasks. First, it greatly reduces the computational overhead per iteration, since
strict exact subproblem solving usually involves expensive operations. Second, the inexact
scheme enhances the flexibility and robustness of the algorithm in real-world scenarios,
where exact analytical solutions are often unavailable or computationally prohibitive. Ben-
efiting from the combination of strict monotonic descent guarantee and tolerance-based
inexact updating, the proposed iMABCD achieves a better trade-off between computational
efficiency and optimization accuracy, making it more suitable for real-time and large-scale
engineering applications.

Under standard assumptions, this paper proves the O(1/k?) complexity of the pro-
posed MABCD and iMABCD algorithms. Theoretical analysis verifies that the introduced
monotone skill does not compromise the convergence accuracy of the original algorithm.
On the contrary, it provably refines the iterative optimization path, leading to more stable
and monotonic progress toward the optimum without altering the asymptotic precision. In
particular, the monotone skill eliminates undesirable oscillations or temporary increases in
the objective value, ensuring that every iteration yields a nonincreased cost while preserv-
ing O(1/k?) complexity.

The remainder of this paper is organized as follows: Section 2 presents a detailed
review of the original ABCD algorithm framework and its existing limitations. Then,
the specific iterative update rules of the proposed MABCD algorithm and the theoretical
convergence analysis are provided. In Section 3, we introduce inexactness and give the
framework of the iMABCD algorithm and its convergence analysis. Section 4 summarizes
the work and outlines prospects the future research directions.

Notation Overview

For the convenience of readers, we summarize all core mathematical notations used in
the subsequent algorithms and theoretical analysis in Table 1.

Table 1. Notation used in the algorithm and its analysis (operators, matrices, norms, and iterates).

Symbol Description

Self-adjoint positive semidefinite linear operator satisfying the lower bound in (5); characterizes the

< curvature lower bound of .

o Self—adjoipt ppsitive semidefinite linear operator satisfying the upper bound in (5); used to construct
the majorization upper model of /.

911, 92, Q1n 2 x 2 block decompositionof Q; Q11 : U —=TU, O : V=V, 0 : VU

@11, QZZ/ le 2 x 2 block decomposition of 0 with analogous mapping properties.

D;:U—-U Positive definite operators such that @ = Q + Diag(Dy, D5).

Dy: V-V (Assumption 1)

H Key positive semidefinite operator used in the complexity analysis; H = Diag(D;, Dy + Q).

E(w; W) Majorization quadratic upper bound of / at @; defined in (5).

Wkt = (ykt1 gkt Extrapolated point at iteration k for Algorithms 1-3 (after Nesterov acceleration).

@k = (2K, 55) Computed solution of the subproblems at iteration k for Algorithm 1.

* — () Computed solution of the subproblems at iteration k for Algorithm 2 or

inexactly computed solution of the subproblems at iteration k for Algorithm 3.
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Table 1. Cont.

Description

Selected solution to the monotone step at iteration k for Algorithm 2 or 3.

Exactly computed auxiliary solution of the subproblems for analysis; defined in (21)

Non-negative nonincreasing error tolerance for the inexact subproblem solutions; satisfies ) ie; < co.

Residual errors incurred when solving the 1 and v subproblems inexactly; they satisfy
19124511 < ex and |95 25| < e

Algorithm 1 ABCD: Accelerated Block Coordinate Descent algorithm for problem (1)

1: Select an initial point (u!,v!) = (i1%,9°) € dom(p) x dom(q), and take t; = 1. Then,
for each iteration k > 1, the following steps are carried out.
2: Compute the exact block minimizers:
ok _ - { By ok wk
= argmins p(u) + h(u, o5 w )},
ucl

k 7 ( =k k @

7= argmin{q(v) + h(%",v;w )}

veV

3: Denote @* = (&, 7").
4. Compute acceleration parameters and extrapolated iterate:

T+ /1+4£

t =,
k+1 >

Algorithm 2 MABCD: Monotone Accelerated Block Coordinate Descent algorithm for
problem (1)

1: Select an initial point (u!,v!) = (#°,9°) € dom(p) x dom(g), and take t; = 1. Then,
for each iteration k > 1, the following steps are carried out.
2: Compute the exact block minimizers:

<k . 7 k.. .k
7= argrunéﬂrjl{p(u) + h(u, v5;w )},

)

i = argmin{q(v) + (5, v;wk)}.

veV

3: Denote 25 = (%X, %).
4: Monotone constraint selection step:

at = (a0 = argminfo(w) | we {29, @0 ) ).

5. Compute acceleration parameters and extrapolated iterate:

1+ /1448

a1 = ———,
k+1 2

Wk — gk 4 tk_l(wk_ k1 +t7k(zk_wk).

fret1 b1
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Algorithm 3 iMABCD: an inexact Monotone Accelerated Block Coordinate Descent algo-
rithm for problem (1)

1: Select an initial point (u!,v!) = (°,9°) € dom(p) x dom(g), a non-negative, nonin-
creasing sequence of tolerances {¢;}, and take t; = 1. Then, for each iteration k > 1,
the following steps are carried out.

2: Compute inexact block subproblem solutions:

=k __ : i k... k k
= argrurgur}{p(u) + h(u, v*;w") + <5u,u)},

“k . Pk .0k k
7 = argmin{q(0) + h(&,v;0") + (8, 0) |,

where the error pair (65, 65) € U x V satisfies

A—1/2 sk
Qll/ 5M

max{ , Q£21/25§|‘} < g.

3: Denote 25 = (%X, 1).
4: Monotone constraint discrete selection step:

at = (a0 = argminfo(w) | we {29, @0 ) ).

5. Compute acceleration parameters and extrapolated iterate:

1+ /1+4£

b1 =—75—
Wkl = ok + B —1 (wk _ wkfl) + Lf(zk _ wk).
tr+1 bt

2. Monotone ABCD

In this section, we first present a detailed review of the original ABCD algorithm
framework. Subsequently, we introduce the monotone ABCD (MABCD) method, in which
all subproblems are solved exactly, and we prove that this algorithm attains a convergence
rate of O(1/k?).

As previously indicated, the objective of this work is to solve the unconstrained
composite convex problem (1). In this setting, p(u) and q(v) are proper closed convex
functions, while the gradient V1 is globally Lipschitz. To enable efficient block-coordinate
updates, we introduce two self-adjoint positive semidefinite operators Q and Q:UxV —
U x V, which provide global quadratic lower and upper bounds for k. Intuitively, they
act as curvature matrices controlling the step sizes; for a quadratic , they reduce to its
Hessian, and, in general, they can be chosen via the Lipschitz constant of V. Such bounds
are standard in majorization-minimization schemes and help decouple the block variables
while guaranteeing convergence [11]. Consequently, for all w, @ € U x V, the following
inequalities hold:
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The 2 x 2 block decomposition of the operators Q and Q is as follows:

Q11 QP u A On On u
:: , — [ Yn < . Vw=(u,0) eUxV.
=3 8 )(0) =& &)(1) mmwmers

Here, Q11,911 : U — Uand Qp, Oy : V — V are self-adjoint positive semidefinite linear
operators; moreover, Oy, Q1 : V — U are linear, and their adjoints are Q7, and QTZ,
respectively. In what follows, we impose the following assumption.

Assumption 1 ([11]). There exist two self-adjoint positive semidefinite linear operators Dy : U —
Uand Dy : V — V such that
Q := Q + Diag(Dy, Dy). (6)

Furthermore, Q satisfies Q11 = 0and Oy = 0.

Below is the framework of the ABCD algorithm for solving problem (1).

Then, we introduce a strict monotone constraint mechanism [15] on the original update
of the ABCD algorithm and propose the following monotone Accelerated Block Coordinate
Descent (MABCD) algorithm to solve problem (1). The minimization operation over w is a
discrete two-point comparison rule: we evaluate objective 6(-) at two candidate points—the

k = (%%, %) and the previous iterate @ 1. We select the

newly updated block minimizer Z
candidate with a smaller objective value as @, which strictly guarantees a nonincreasing
sequence {#(@")} and provides the monotonicity property of MABCD.

In order to establish the O(k%) complexity rate for the objective values, we define a

positive semidefinite operator H : U x V — U x V as follows:
H := Diag(D1, Dy + Q22). ()
The following lemma holds for the sequence {f; };>1 generated by the MABCD algorithm.

Lemma 1 ([11]). The following properties hold for the sequence {ty }x>1 produced by the MABCD
algorithm:

2
(a)l—i:%.
fer1 ten
k+1 5 3

b) — <t < -k+ - <k

(b) 5 Shk=g +8,
1 1

(c) Given any W, € U x V. Considerw:(l—t—)w+t—u‘). Then,
k k

B2 [0(w) — 0(@)] < £, [0(0) — ().

In the following, we establish the O(1/k?) complexity of the MABCD algorithm when
its subproblems are solved exactly. To this end, we first present a lemma that highlights a
crucial property of the objective values along the iterates generated by the algorithm.

Lemma 2. Under Assumption 1, let sequences {z* := (£, §*)} and {@* := (@*, 5*)} be produced
by the MABCD algorithm. Then, for any k > 1, we have

1 1
6(@) —6(w) < 3w -} - Sllw -2, VweUxV.
Specifically, when w* is an optimal solution to (1), then

o™ — @[l < [lw* = 2|3 < [lw” — "l

https://doi.org/10.3390/axioms15070546
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Proof. Invoking the optimality condition for the subproblems in (1), we obtain

0 €9p () + Vuh(wh) + O (# — ub),
0 €9q(7%) + Voh(w®) + Q& (&% — uF) + Oy (7 — oF).

Consequently, from the convexity of p(-) and 4(+), it follows that

p(u) > p(F) + (u — &5, -V, h(wF) — O (B — b)), VueTl, ®
9(0) 2 q(7) + (v = 7, = Voh(w*) = Q3 (F —u¥) = Qo (7 — 1)), Vo eV.
Utilizing the inequalities stated in (5), we arrive at
- . 1 1, .
h(w) = h(2) = (V") w — 2 + 2w — 0¥|[5 - S l12° = w|l%, ©)

Summing (8) and (9) results in

Z(G(w) - e(zk))
= (ko — I — 12 = *11%) = (Iw — w1 — o — 2% — 2 —w|3)  (0)
= 2(8 —u, Quo(7* — o).
We can prove that the following inequality holds through the Cachy-Schwarz inequal-
ity
2(# —u, Qu(7* — "))

=2(Q(zF — w), ( 7 E " )} —2(sz(?" — v),y”k — ok,

< (N1 = wlg + 17 = oI, ) — (19 — ol + 17 — b, — I1F =0l ),

=[|2" — w|g + 10— olg, — 17~ 0l%,

(11)

Inserting the inequality above into (10), we derive

2(9(w) - e(zk))

k &k k sk sk _ ok
Z(Hw—w 15— 12" —w ||2Q) - (”w_w I =l =2 = 112" —w H2Q) (12)

sk k ~k
= (12 = wly + " = olib,, — 17 = old,,).

=l — 23, — llw — "3,
where the last inequality is due to Assumption 1. Then,
ok =k 1 k2 1 k|12
0(@") — 0(w) < 0(2%) —0(w) < 7 flw — w3 — 5w — 23 (13)
The stated inequality therefore holds. [

Building on the preceding lemma, we now establish the O(1/k?) complexity of the
monotone ABCD algorithm.
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Theorem 1. Assume that Assumption 1 holds and that the solution set Q) of problem (1) is
nonempty. Take w* = (u*,v*) € Q. Then, for the sequence {@W*} = {(it*, 7*)} produced by the
monotone ABCD algorithm, the following estimate holds for every k > 1:

. o 2l — w3
e(wk) —0(w*) < (k+71)27{

Proof. Substituting w = (1 — %)w’ﬂ + %w* into Lemma 2 yields, for every k > 2,

1 1
70(2°) — 26(w) < 5 (k= D@* !+ w' — |3, - 5 (k= D@ +w' — b2, (14)

Letting @ = @1 and @ = w* in Lemma 1 (c), we derive
(16(w) — ()] < £ 4 [6(@ ) — (). (15)
Using the fact that
Wk — g1 4 el (@1 — 2) + fk;l(qu — @k, (16)
ti ti
we obtain
(t — 1)ZTJk_1 — tkwk = (fp_1 — 1)TIJk_2 — tk_lfk_l. (17)

Summing (14) and (15), for k > 2, we derive
- X 1, . ke
R1B(@) — 6(w")] + g2t — 0" — (1~ DB,
1
<t 4 [0(@ ") —(w")] + 5l = D! 4w — yak|3, (18)
sk— X 1 k- X ke
=t 4[0(21) = 0(w")] + 5l teaZ T — " — (e — Da@* |3,
Applying Lemma 2 with k = 1 and w = w*, we get
~. * 1 * 1 ~ ES 1 ~ * 1 '3 *
0(@") —0(w*) < 20" — ', — 212"~ wly = 1 — ' — 212t~ I,
Therefore, for any k > 1,
- X 1, . X ke
A1) — 0(w")] + 5 2 — w* — (5 — 1)k B,

k— 1 ke Lk
< g [6(@") —6(w)] + E”tk—lzk P—wt = (g — D@,

. (19)
_ 1, . _
< Blo(@") - 0(w*)] + §||i‘1Zl —w* = (t — 1)a@||3,
1. 0 2
< Sl —w

From Lemma 1 (b), we know that f; > HTl, and, since # is a positive semidefinite
operator, we derive

3 [@° —w*||3, 2@ —w*|}
0(@k) — o(w*) < H H
(@) = 6(w") < 212 = (k+1)2

(20)
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3. Inexact Monotone ABCD

In this section, we turn to the scenario where the subproblems are solved inexactly.
The notion of incorporating inexactness has been employed in various forms of the block
coordinate descent (BCD) and accelerated proximal gradient (APG) methods [5,16-18], and
it plays a crucial role in the efficient solution to multi-block problems. The minimization
operation over w is a discrete two-point comparison rule: we evaluate the objective 6(-) at
two candidate points—the inexact block minimizer 25 = (¥, 7*) and the previous iterate
@k, We select the candidate with a smaller objective value as @, which strictly guarantees
a nonincreasing sequence {6(@*)} and maintains the monotonicity property of iMABCD.
We first give our proposed iMABCD algorithm for solving problem (1).

The following lemma describes the monotone decrease in the objective values for the
iMABCD algorithm. Its proof follows the same reasoning as that of the exact counterpart
in Lemma 2, with the optimality conditions applied at (¥, 7*).

Lemma 3. Under Assumption 1, let sequences {z* := (z*, )} and {@* := (¥, 5*)} be produced
by the iMABCD algorithm. Then, for any k > 1, we have

1 1
~k k112 sk |12 sk
O(w") —0(w) < EHw—w 5 — §||w—z 5, + exllw — 2 HDiag(Qu,sz)' Vw e Ux V.

At the (k + 1)-th iteration, we denote the exact solutions as

#F = argmin {p(u) + R(u, o~ wk)},
ucl 1)

~k . N S <
y" = argmin {q(v) + h(£5, 0w )}/

and 25 = (2K, 9%). We set (£0,9°) = (29,3°) = (u',0") for consistency. The following
lemma characterizes the discrepancy between (%X, 7*) and (X, 7*).

Lemma 4. Suppose the iMMABCD algorithm produces the sequences {(fk, i )} and {(xk, v) },
and let {(J?k, yk)} be as defined in (21). Then, for any k > 1, the following inequalities hold:

15—l < ek — w3, (22a)

AL AL
107, (= #5) || < e, 05T — 79I < (1+ V2)ey, (22b)
125 — 2Kl < V7. (22¢)

Proof. (a) The optimality conditions of (21) and (1) are
0 € ap(£5) + Vuh(w) + O (825 — k) and 0 € dp(u*) + V, h(w*). (23)
Applying the monotonicity of dp gives
(2K —u*, Vo h(wF) — Viuh(w*) + O1q (£F — k) < 0. (24)

Given the global Lipschitz continuity assumed for V#, Clarke’s mean value theorem
applies. Consequently, one can find a self-adjoint positive semidefinite operator W* ¢
conv{d?h([wk=1,wk])} satisfying

Vh(w*) — Vh(w*1) = Wk(wk — w*1), (25)

https://doi.org/10.3390/axioms15070546
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where conv{a?h([wk~1,wk])} stands for the convex hull of all points in 3%h(z) with z €
[wk—1, wk]. We express WK in the block form

k k
Wk = ( V\;ll W}(Z )
* 7

(W12) WZZ

where WK, : U — U and WS, : V — V are self-adjoint positive semidefinite linear operators,
while W, : U — V is linear.
Using the two conditions

sk % sk % .
<<"k ”*>,wk<xk ”*>>zo and Q=< WF< 0, (26)
0" —0 0" —0

2<;ek —u*, Vuh(wk) — Vuh(w*)>
2 (15 =+l = By = 185 = bl ) = (185w + 15 = 0"l ) @2)

>k =i, — 1€ -

we derive

_ Hvk—

k
” dn O’

Now, putting together (24) and (27) yields

0>k — |y, — 85— bl — 0¥ — 0" [Py, +2(# —ut, Ou(# — "))

2

Op’

>[5~ b~ k=, — ok o

SHek k12 ok — %12
> Py~ ok — w3,
from which we conclude that

ok k
I — k|

k%2
HZHW w*||%-

(b) Proceeding analogously to the derivation of (24) and invoking the optimality
conditions from (4) and (21) in conjunction with the monotonicity of dp and dg, the following
relations are obtained:

(Qn(+F — ) +6k,# — ) <0 and  (Qf(F — #) + Qn (7 — ) + 0k, 7 — ) <0

From the first inequality, we obtain

1%

Al A—1
= tHlg, = 197 (F =) < 19,264 < ex. (28)

The second inequality leads to

1
19— 917, <11Q5" 6kl O35 Ak>u—<9* (= 55,7 — )

(29)
<11 058111 O (7 — 911 + 5 (Hx =%, + 17

k12 )
Q»n )’

which implies that

~k ~k A—3 k ~k ~k ok
17~ 413, <2105 S5IQ% (7 — I + 17— 213, -

<2 inz(?k — 7l + e

https://doi.org/10.3390/axioms15070546
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Solving the resulting quadratic inequality yields

Nl—

195, (7 — )| < 1+ V2)ex. (31)

N

(c) Combining (a) and (b) yields

k ok ok ok -k _ ok
125 — 2813, = 1% — 25113, + 17" — 9

2 2
0,y < 7g”. (32)
O

We now proceed to state the principal theorem regarding the O(1/k?) complexity of
the inexact monotone ABCD algorithm.

Theorem 2. Assume that Assumption 1 is satisfied and the solution set () of (1) is nonempty. Take

w* as an element of Q). Further suppose that ) ie; < oo. Then, the following bound holds for the
i=1
sequence {@w*} := {(it*, 7)} produced by the iMABCD algorithm:

2 =0 _ . x]||2
e(wk)_e(w*) < Hw w |‘7—[+C0

>
S~ ks k=2l

where co > 0 is a constant independent of k.
Proof. Taking k = 1 and w = w* in Lemma 2 yields

2[6(21) — 0(w")] <[lw' —w*[|F, — lI2" — w*|3,

X ) (33)
=[12° — w5, — ll2" — w3,

For any k > 2, since 25 = (£, *) are the exact block minimizers, we set z¥ = 2* and

w= W in Lemma 2. This gives
' | (- D2 4w 2 (e — 1)1 ?
0(2") —0(w) < 3 —w - = =z, (34)
2 b 2 t
H H
which leads to
2 2
2L2[0(25) — 0(w)] < ’tkwk —w* — (b — 1)wk*1HH - H(tk 1) — tkﬁkHH. (35)

Applying Lemma 1(c) with @ = 251 and @ = w* gives

26 [6(w) —8(w*)] < 26_1[8(2*7) — 6(w")]. (36)

Merging the preceding two inequalities and using the identity t;w* = {@wF 1 + (t_; —
1) (@1 — @*2) + 1 (2F1 — @ 1), we obtain, for every k > 2,
217[0(2) — 0(w")] — 268, [6(2°71) — b(w")]

2 2
S R U L R VGt | I R O Vol

:HAklei _ 2<H}\k71/tk—l (2k71 _ Zkfl) _ (tk _ 1)(2k71 _ wkfl) _ (tk—l _ 1)(2k72 _ 7I]k72)> (37)

2 2
(B =2 = - T -k = (g - E 2 - - A
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2 2
where AF := t2F — w* — (t — 1)2k~1. We observe that Hﬁk - ZTJkHH < Hﬁk - ZkHH holds.
Consequently, by invoking Lemma 1(b), Lemma 4, and the nonincreasing nature of {e;},
we obtain, for all k > 3,

Htkq(ﬁk*l — 2 - (e -DET =) = (b — 1) (E? -2 H

H
(gt -1 - Z’HHH V(b — 1)H7:k*2 - zk*ZHH, (38)
<ci(k—1)eg—o,
where ¢; = 5. For the particular case k = 2, the same bound also holds:
[t (B =2 — (= DE =) = (g — D) E? )|
(bt —1)|]g 1 - z"—lHH (b — 1)H2’<—2 - ZHHH, (39)

:t2H21 — ZlHH <cp(k—1)egg o,
with the convention ¢y = ;. Then, applying (37) yields, for every k > 2,

22[0(25) — O(w*)] + H/\kH

<22, [0(£51) — o(w* +HA" 1” 201 (k — 1)ep ZHM 1H +3(k—1)%2_,,

< ...

A

<282[0(2") — B(w +HA1H +2c12wl i||r

) . z:zzsl y (40)
i

+612181 %

) +C1Zl€1 1-

* 2c _ie-_‘)x
7-L+ 1; i—1

20 *

2V —w !

2 k—1
1201 Y e ‘ A
X 1; i—1

From the above inequalities, the sequence {||A¥||3} is bounded. If ||A¥||3; < 1 holds
for every k > 1, then the conclusion follows. Otherwise, suppose that, for some arbitrarily
large positive integer m, we have

|25 gy := max {[|AT gy : 1 < i< mf > 1. (41)

Then, for each 1 < k < m, it holds that

1 .
1AM 13 < [[A% 3 <||)\k’”||< P ,, 2 2181 1H/\ H +cf Zz e 1>
20 fust H HH (42)
< +2c1 Z ie; VA [ +cf Zzel »
<||2° —|—2C12181 1+C%Zl & 4.

Passing to the limit as m — oo yields

||Ak||H§c2::max{ 20 —w H +2c121£1 1+clzzsl 1} Vk > 1. (43)
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To obtain an upper bound for H2k+1 —w*|| , we take w = w* and @ = 2F1 in
Lemma 2, which yields
¢ H skl _ x|l <4 Hwk+1 —w|
k+1 5 St 2
by — 1)”2" o+ Htkik —(f— 1)
H H
k ak ok ok P |
sl el s vfe-o,
(trr1—1) 5 Tk » (t—1) »
2
< k sk
<— + C2 + 18k 1tki1,
fr1

where the equality results from w"*1 = @F 4 %(wk — k1) oy f_(zk — @), and the last

inequality is derived via Lemma 1(a). Consequently, the above inequality implies

Bk e (Bt 2
ol AR <S5 || —w + =+ g2 |,
ten HToE\ B Ho
P2 2 2 [ c
2k k21 1 < 2k ) kzl 1; 2 || k=2 _ g% +t72+clgk_3 ,
tk+1 te H iEkJrl t b1 H k—1
2 P2 12 22 (12 c
O 1 TP = Sy 4 R P +t£+cleo .
B 3 o fe B 3\ 2 " 2

Summing the preceding inequalities yields

2 k
skt 1 51 i+1
gk t21 sl —w* —i—czz d —i—chei_l,
k+1 i i=1
4 1 k
<— 2 —w*|| +2c0+c g
_(k+2)2 2 2 1; i—1rs
,_4 ~1 *
<cs3 =5 W —|—2cz+clzel 1,

i=1

where we employ the inequality Z i < % < 2, Vk > 1, which is derived from
i=1 k+1

Lemma 1(b). In addition, we have Hw —w HH < cs.
We now turn to establishing the boundedness of the quantity ||t%* — u* — (t; —
1&g, . Fork > 2,

el =], <t v
== D@ =) g (=) = (e D@ )|
<(te—1) (’ Pl -2 HH+ & H)
|t (T =2 — (e - D@2 -2

+ [t (F =) = (e = (@2 —w)

<(tp —1)(V7er_1 +c3) + (2t — 1)V7e 5 + [|A |3,
<tr(8¢1 +co + c3).
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sk

* 2

*

. <
Q11

Whenk =1, ||#% — u

—w » < ¢3. Consequently, for every k > 2,

Hi’kfk —u* — (f — 1)ﬁk_l o

gtkak—u* . +(tk—1)Hf"*1—u* ,
1 9n
Stk( fk_xk‘ R Py )+(tk—1)< k=1 _ + fkq_fkql A )
n 9n n 9n
<(2ty —1)[9¢1 + c2 + c3].
Atk =1, it holds that
=1 ~0 =1 *
[ —u' = (= )i, =% —u’llg,
SHJ?lfu* .+ flffl) A 7
on Qn
Sle—w* +e1,
H
<cz +¢1,

S(Ztk — 1)[981 + 0+ C3].
Meanwhile,

[t — v* — (e — 1)5"

O»
<t (7 = 0*) = (e = D)@ =)l g,
<t (@ = o) = (e = D@ =)o, + 16T =9 = (= D@ =9 Dllg,

k ok k1 ok
<A e + tiellg* = 9l g, + (B = DI =9

Q'
<c2 + (2t = 1)(1+V2)ery,
<(2t¢ — 1)[e2 4 3cs).
Substituting w = W into Lemma 3 and employing Lemma 1(c) yields

- 1 ke -
(l0(") —6(w)] + S| (e — D" + ' — 12|,
| (a4)

k1 K2 k1 e, sk
<5l =)@ 0" = |l + el (e = D)@ + 0" = 82 g 0,0,

and,
t[6(w) — 0(w*)] < £, [6(@ ) — 6(w")). (45)

Adding the foregoing two inequalities gives
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N 1, . e
([0(@") — 6(w™)] + EHthk —w* — (b — 1)@ |3
+ & || 52K — w* — (b — 1)@ ! I Diag (011, 020)7
ke 1 ke ke
<t (0@ 1) = 0(w)] + E”tkflzk '—w* — (o — D"

~k k—1
+el| 4z — " = (b = DT I piag 01,007

IN

<H[0(@") - 6(w")] + %Ilhfl —w* — (t; — 1)a°||3, (46)

k
i i1
+ ) eiltiZ —w" — (t; - 1)@’ ||Diag(Q11,Q22)’
=2
k
0_ w*||%{ + Z(Zti —1)[12e1 + 2¢c5 + c3]e;,
i=1
1

0 — w*H%_L + ZCO/

IN
&

IN
N = N =

=

where

[1e

co:=4) (2t; —1)[12e1 + 2c2 + ¢c3]ei1 (47)

1

I
—

[e9)
is a finite value since ) t;e; < oo. Noting #; > kJ”Tl, we have
i=1

2[|@° — w*||3, + co
~k _ k < H
(@) —0(w*) < k1) /

vk > 1. (48)

O

4. Numerical Experiments

In this section, we evaluate the numerical performance of the proposed MABCD
method and its inexact variant iMABCD on two problems: the extended Lasso problem
with sparse outliers and an ill-conditioned non-negative sparse regression problem. The
following methods are compared: the original ABCD, its monotone variant MABCD, the
inexact monotone method iMABCD, FISTA, and ADMM. All algorithms were implemented
in MATLAB and run on a workstation equipped with an Intel(R) Core(TM) i9-10920X CPU
at 3.50 GHz and 128 GB of RAM.

4.1. Extended Lasso with Sparse Outliers

Consider the linear measurement model with sparse outliers [19]
y=Xp"+Vne +ua, (49)

where X € R"*? is the measurement or design matrix, f* € R? is the unknown sparse
regression vector, e* € R" is a sparse vector of outlier errors, and a# € R" is random noise.
The extended Lasso formulation for robust recovery reads

. 1 2
seimin F(Bre) =5 lly = XB = /iell; + ApllBll + Aelell, (50)
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where Ag > 0 and A, > 0 are regularization parameters. Let z = (B, ¢), then (50) falls
exactly into the two-block composite convex framework studied in this paper, with

W(z) = =y - XB—vael’ p(B) = AglBl a(e) = Acllel.
2n

The Hessian of the smooth term is

IxTxy 1.xT
Q=V2h= ("1 Vi >
vl I

Following Algorithms 2 and 3, at each iterate z¥ = (B, ¢X), we construct the following
majorization model /(z; z¢):

h(z;2) = h(Z") + (Vh(ZF),z — 2F) + %|z -z 2@,

where Q is a self-adjoint operator satisfying 90 Specifically, we choose

1
Lgl —XT 1
N B Lgl — =XTX 0
Q=11 v —o+(F " m ,
—X Ll 0 (Le — DI

where Lg > %Amax(XTX ), and L, > 1. Both block subproblems then reduce to proximal op-
erators with ¢ regularization, which admit closed-form solutions via the soft-thresholding
operator Sy : R? — R?, defined component-wise by

[Sr(a)]; = sign(a;) max{|a;| — A, 0}.

Specifically, letting r* = Xg* + \/n ek — y, the updates are

~ 1 1
k _ k T k sk k k
B —SAﬁ/Lﬁ,(,B —nLﬁX r ), é —S,\E/Le(e Le\/ﬁrﬂ)'

where r]é = XBk+nek—y.

In our experiments, we set n = 1024 and p = 2048. The entries of X are i.i.d. standard
Gaussian. The support sets of §* and e* are drawn uniformly without replacement with
sparsity ratios 10% and 5%, respectively. Nonzero entries are generated as ‘37 =a+bgj,
witha =1,b =10and §; ~ N'(0,1), and ef = c +d {; withc =3,d = 2and {; ~ N(0,1).
The random noise is & = 0.01% with 7 ~ N(0,I,;). The regularization parameters are
fixed at Ag=3.0x 1073, A, = 4.0 x 1073, All algorithms are terminated when either the
maximum number of outer iterations Kyax = 3000 is reached or the KKT residual is below
107>, For . .

rF = XpF+ ek —y, 8f = EXTrk, gk = ﬁrk,
the residual is defined by

KKTy := max{ Hﬁk — S, (B* - g’lg)Hoo, ek — SAB(ek —gb)

b

FISTA is applied to the joint variable (B, e) using the reciprocal of the Lipschitz constant of
Vh as the step size. ADMM uses an adaptive penalty parameter, and its linear systems are
solved by Cholesky factorization.
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The solution quality is assessed by the relative errors

[e—ell2

7 p*
RelErrg = =2 RelErre = ———— "+,
max{e, [le*|l2}

max{e, [|f*2}’
and the F1 score for support recovery. Let S = {j : B # 0} and §5 ={j: |B]| > J}, with
threshold § = 10~2; S¥ and S, are defined analogously. Treating the union of the two blocks

as a single joint support, we compute the true positives (TPs), false positives (FPs), and
false negatives (FNs) and define

2.-TP

= Tp i N

Table 2 reports the numerical results for one representative random instance. This table
shows that all algorithms recover the true support almost perfectly and yield comparably
small relative errors. Comparing MABCD with ABCD, the monotone version has fewer
iterations and shorter computing time, while attaining essentially the same objective value.
This acceleration is attributed to the monotone descent constraint, which suppresses the
oscillatory behavior of the original ABCD and thus produces a more direct path to the
optimum, as further illustrated in Figures 1 and 2. In all subsequent figures, F* denotes the
optimal objective value. FISTA requires more outer iterations than the block-coordinate
methods but remains competitive in CPU time because of its low per-iteration cost. ADMM
is the slowest method for this instance in terms of both iteration count and CPU time.

Table 2. Single-instance performance comparison on the extended Lasso problem.

Method Iter Time(s) Objective F1 RelErrg RelErr,
MABCD 1064 0.7539  5.382327 1.0000  8494x107% 2489 x 103
ABCD 1117 0.7832  5.382326 1.0000 8.485x107% 2486 x 1073
FISTA 1296 0.8473  5.382326 1.0000 8469 x107% 2483 x 103
ADMM 1876 5.8806  5.382326 1.0000 8.467 x 1074 2482 x 1073
10°

X

& 10° ]
|

?

[\S)

o

S s

& 10 i

1 0—10 1 1 1

0 500 1000 1500 2000
Iteration k

Figure 1. Objective gap versus iteration number for the extended Lasso problem.

https:/ /doi.org/10.3390/axioms15070546


https://doi.org/10.3390/axioms15070546

Axioms 2026, 15, 546

18 of 22

CPU time (s)

Figure 2. Objective gap versus CPU time for the extended Lasso problem.

To assess robustness with respect to random data generation, the experiment was

repeated on 50 independent instances. Table 3 reports the mean results. All algorithms

attain the same mean objective value for the reported precision, and their mean F1 scores
and relative errors are nearly indistinguishable. MABCD achieves the shortest average
running time, which is approximately 3.7% shorter than that of ABCD and 15.5% shorter
than that of FISTA. Moreover, MABCD is about 8.24 times faster than ADMM. These results
show that MABCD maintains the same level of recovery accuracy as the competing methods

while providing the best average computational efficiency over 50 random instances.

Table 3. Mean performance over 50 random trials for the extended Lasso problem.

Method Obijective F1 RelErrﬁ RelErr, Time(s)
MABCD 5.565720 0998  8.098x10°%  2.368x 1073 0.7649
ABCD 5.565720 0.9986 8.110 x 1074 2371 x 1073 0.7945
FISTA 5.565720 0998  8111x107% 2371 x 1073 0.9049
ADMM 5.565720 0998  8.093x107% 2367 x1073 6.3008

4.2. 1ll-Conditioned Non-Negative Sparse Regression Problem

Consider the following two-block non-negative sparse regression problem:

1
min F(u,0) := || Au+ Bo - b3+ A1 T u4+A1T0, u>0,0>0, (51)

u€RP1,veRP2

where A € R"™*P1 and B € R"*P2 are two data blocks, b € R" is the observation vector, and

Au, Ay > 0 are regularization parameters. This problem falls into the two-block composite

convex optimization framework, with smooth part

and nonsmooth convex parts

p(u) = Aul—ru + éRil (1/[),

h(u,0) = %HAu + Bo—b|2,

q(v) = Al o+ Sgr (v),
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where épq denotes the indicator function of the non-negative orthant. The Hessian of & is
~+

Q__V%L_<ATA ATé)

B'A B'B
The following majorization scheme is adopted to construct the majorized model:

@ =0+ Diag(PuI/Pvl)/ Ou, 00 > 0.

The corresponding block subproblems are

. 1
ii* ~ argmin fHAu—kak—b||§—|—/\ulTu+&Hu—uk||% , (52)
u>0 2 2
and .
7 ~ argmin{ = | AT + Bo — b|2 + 1,1 v + 220 — oF| 2 L. (53)
>0 2 2

Both are strongly convex non-negative quadratic programs. They are solved by an active-set
Newton-type method. For MABCD, the inner problems are solved to a fixed high accuracy;
for iMABCD, the inner stopping tolerance is chosen as

C

& =

In our experiments, we set n = 2000 and p; = po = 500. The full design matrix

X = [A B] € R"™*("+r2) js generated through a prescribed singular value decomposition

X = ULV, where the singular values decay geometrically from 1 to 1/xx. With xx = 10,

the spectral condition number of X ' X is approximately 10'°. This construction produces a

severely ill-conditioned test problem. The vectors u* and v* are non-negative and sparse,

with sparsity ratios 10% and 5%, respectively. Their support sets are sampled uniformly

at random, and the nonzero entries are generated from u} ~ U(1,11), v7 ~ U(3,5). The
observation vector is

b= Au* +Bv* +¢&  &~N(0,0%L,), o¢=10"2

Weset A, = A, = 1073, C = 0.5, 7 = 0.5, and Knax = 3000. The first-order optimality
conditions are monitored through the projected KKT residual

KKT(u,v) = max{||u — max(0, u — gu) ||, [ — max(0,2 — 0) || }, (55)

where
gu=AT(Au+Bo—Db)+ A1, g0 =B'(Au+ Bv—b) + A, 1.

The algorithms terminate when KKT(uk, vk) < 107° or when Kpay is reached.

Table 4 reports the results for one representative ill-conditioned instance. ABCD
and its variants are substantially more effective than FISTA and ADMM for this problem.
MABCD improves upon ABCD in both iteration count and CPU time, while iMABCD
achieves the best overall performance, requiring approximately 18.6% less CPU time
than ABCD. All three methods attain nearly identical objective values and KKT residuals.
In contrast, FISTA reaches the maximum iteration limit without satisfying the stopping
criterion, whereas ADMM converges but incurs the largest computational cost. These
results demonstrate that exploiting the two-block structure, together with the inexact
strategy, improves computational efficiency on ill-conditioned problems without sacrificing
solution accuracy.
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Table 4. Single-instance performance comparison on ill-conditioned non-negative sparse regression

problem.
Method Iter Time(s) Objective KKT
ABCD 279 0.6434 5.779102 x 1071 9.90 x 10~7
MABCD 260 0.6072 5.779102 x 10~} 9.61 x 1077
iMABCD 254 0.5235 5.779102 x 1071 9.91 x 1077
FISTA 3000 1.9894 5.779103 x 1071 1.58 x 10~°
ADMM 2723 6.7648 5.779102 x 1071 9.98 x 10~7

Figures 3 and 4 display the objective gap versus iteration number and CPU time,
respectively. The accepted objective sequences of MABCD, and iMABCD are nonincreasing,
whereas the ABCD curves exhibit upward steps during the iteration. The CPU time
comparison shows that iMABCD reaches the prescribed objective accuracy earlier than the
other methods, indicating that relaxed inner solves are beneficial when the cost of solving
the curvature-aware subproblems is non-negligible.

@ ABCD
0 e MABCD
10 iMABCD
X
9
|
é\
>
%
S
9
_10 1 1 1 1 1
10

0 500 1000 1500 2000 2500 3000
Iteration k

Figure 3. Objective gap versus iteration number for ill-conditioned non-negative sparse regression
problem.

10°

107

F(uF,o%) — F*

10710 ' ' ' ' ' '
o 1 2 3 4 5 6 7

CPU time (s)

Figure 4. Objective gap versus CPU time for ill-conditioned non-negative sparse regression problem.
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5. Conclusions

This paper proposes two improved alternating block coordinate descent algorithms,
namely, MABCD and iMABCD, for solving two-block composite convex optimization
problems. To overcome the non-monotonic fluctuation issue of the original ABCD method,
MABCD incorporates a monotone descent constraint to guarantee stable nonincreasing ob-
jective updates throughout the optimization process. Furthermore, the developed iMABCD
algorithm relaxes the exact subproblem solving requirement, allowing inexact iterative
updates to reduce computational cost and enhance practical flexibility. Under standard
assumptions, rigorous theoretical analysis demonstrates that both proposed algorithms
achieve the optimal O(1/k?) convergence complexity, while the monotone mechanism
effectively stabilizes the iteration process without sacrificing convergence accuracy. This
work provides a stable and flexible alternative for block coordinate optimization, and future
research will extend the monotone inexact framework to nonconvex optimization and more
general structured learning problems.
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