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Abstract

In this paper, we prove that if a complete locally conformally flat Riemannian manifold
with positive Yamabe invariant has a positive lower bound on its scalar curvature, an upper
bound on its Ricci curvature, and the LY norm (g > 2) of the traceless Ricci curvature is
finite, then it is compact.
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1. Introduction

The interplay between curvature and topology has long been a central theme in Rie-
mannian geometry. A landmark result in this direction is Myers’ compactness theorem [1],
which asserts that a complete Riemannian manifold is compact whenever its Ricci curvature
is bounded below by a positive constant. This theorem has since been extended in various
directions (see [2-5]); for instance, Ambrose [2] and Galloway [4] showed that compactness
still holds if, for some ¢ € [0, 1), the Ricci curvature Rc along every unit-speed geodesic
emanating from a fixed point satisfies f0+°° s7Re(y(s),7(s)) ds = +oo. More recently, Ricci
flow techniques have been employed by Chen-Zhu [6], Ni-Wu [7], Brendle-Schoen [8],
and others to establish compactness under pinching conditions on the full Riemannian
curvature tensor. Gu [9] and Ma-Cheng [10] used the Yamabe flow to prove compactness
theorems for locally conformally flat Riemannian manifolds under pinching conditions
on the Ricci curvature. Recently, the Hamilton conjecture, which asserts that a complete
3-dimensional Riemannian manifold with Rc > €Sg > 0 for some positive constant € > 0
is either flat or compact, was verified by Lee and Topping [11] using the Ricci flow. Here S
denotes the scalar curvature of a Riemannian manifold. The analogous theorem in all di-
mensions was proved in [12] for Riemannian manifolds under the PIC1 pinching condition
and in [13] for locally conformally flat Riemannian manifolds with pinched Ricci curvature.

In this paper, we consider locally conformally flat Riemannian manifolds with finite
integral curvature. For locally conformally flat Riemannian manifolds with constant scalar
curvature, Xu-Zhao [14] and Fu-Peng [15] proved the following compactness theorem:

Theorem 1 ([14,15]). Let (M", g) be an n-dimensional complete and simply connected locally
conformally flat Riemannian manifold, where n > 3. Denote by S and Rc the scalar curvature and
the Ricci curvature tensor of M. Assume S is a positive constant and R satisfies T |Re|9dp < oo
for some g > n/2, then M is compact.

Axioms 2026, 15, 560

https://doi.org/10.3390/axioms15080560


https://crossmark.crossref.org/dialog?doi=10.3390/axioms15080560&domain=pdf&date_stamp=2026-07-28
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://doi.org/10.3390/axioms15080560

Axioms 2026, 15, 560

20f12

In Theorem 1, the traceless Ricci curvature tensor Rc is defined to be Rc = Rc — % g.
The aim of the present paper is to prove a similar compactness theorem for complete
locally conformally flat Riemannian manifolds without requiring S to be constant.

Theorem 2. Let (M",g) be an n-dimensional complete locally conformally flat Riemannian mani-
fold, where n > 3. Assume S > A1 and Rc < Ap for some positive constants A and Ay, and the
Yamabe invariant Y[g) of the conformal class [g] is positive. If Iy |Re|7du < oo for some q > 2,
then M is compact.

See Section 2 for the definition of the Yamabe invariant YJ,).

Theorem 2 will be proved by employing the Yamabe flow, as defined in Section 2. An
analogous compactness theorem for complete hypersurfaces with finite integral curvature
in the Euclidean space was proved by Cao-Zhao [16] with the aid of the mean curvature
flow by a similar argument.

The principal difficulty lies in controlling the traceless Ricci curvature in the presence
of nonconstant scalar curvature; this is addressed through the Yamabe flow and Moser
iteration. The result extends the work of [14,15] to the variable scalar curvature regime and
provides a new framework for compactness investigations. Moreover, it clarifies how global
curvature constraints force a complete manifold to be closed, with potential applications
to the study of singularities in geometric flows and the classification of non-compact
manifolds.

The remainder of the paper proceeds as follows. Section 2 provides the necessary
background, including evolution equations under the Yamabe flow. In Section 3, the Moser
iteration is applied to obtain an L estimate on the traceless Ricci curvature. Theorem 2
will be proved in Section 4.

2. Notations and Preliminaries

In 1960, Yamabe [17] proposed a famous conjecture that every compact Riemannian
manifold (M, gp) admits a Riemannian metric g conformally equivalent to gy such that g
has constant scalar curvature. This conjecture was solved by Trudinger [18], Aubin [19],
and Schoen [20]. Hamilton [21] introduced the (normalized) Yamabe flow

58(t) = (S(t) = s(1))g(t),

g(O) = &0,

(1)

and attempted to use it as a tool to provide a new proof of the Yamabe conjecture. Here
S(t) is the scalar curvature of the metric g(t), and

fMth

is the average of S(t). Equation (1) is a modification of the negative gradient flow of the

n-2
(normalized) total scalar curvature functional S = ([,,du) " [,,Sdp, where n is the
dimension of M. It is easy to check that the volume of the manifold remains constant along
(1). Equation (1) is equivalent to the Yamabe flow

S8(t) = =S(t)g(t),
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In fact, assume that g(f) satisfies (2), and let
b
9(t) = exp ( / S(a)da)
0

s(f) = /Ot (o) do.

Set §(s) = ¢(t(s))g(t(s)), where t(s) is the inverse function of s(t). Then by a direct

and

computation, §(s) satisfies

Q.)‘Q)

{ ) 3(s) = (S(s) — 5(5))§(s),
3(0) = go,

where 5(s) = jfff Sd[zs.
The most ifldiportant property of both (1) and (2) is that they preserve the conformal
class of the metric, i.e., g(t) and gy belong to the same conformal class. If (M, go) is a
compact Riemannian manifold, the convergence of the Yamabe flow (1) has been studied
successively by Hamilton [21], Chow [22], Ye [23], Schwetlick-Struwe [24], Brendle [25,26],
among others. If (M, go) is a complete noncompact Riemannian manifold, there are rela-
tively few results on the convergence of the Yamabe flow (1) or (2) [9,10,27-30].
In the sequel, we write S for S(t), Rc for Re(t) and g for ¢(t). S and Rc satisfy the
following evolution equations along (2):
d

‘¢ o 2
5= (n-1)A5+5%, (©)

9
ot

Here Rl-]- and Sij denote the components of Rc and ¢ under a local frame field {eq, ez, - - - ,en }.

1 n—2
Rl']' = EASgij + TViVjS.

If go is locally conformally flat, then

d 1
ERij = (n — 1)ARi]' + mBi]', 4)

where B;; is given by
Bjj = (n —1)|Rc|*g;j + nSR;; — n(n — 1)Rz‘2j — S

Define the traceless Ricci curvature tensor Rc by Rc = Rc — 2¢. Then |Rc|? = |Rc|? —

‘%2. From (3) and (4), the evolution equation for |Kc|? can be obtained

nn—1)

0 o 2 s o s o 2 . 3
E|Rc| = (n—1)A|Rc|* —2(n —1)|VRc|* — p— tr(Rc”).

The following inequality, which follows from the Lagrange multiplier method,

is needed: I
(R > —— L2 |Rc]’.
Vn(n—1)
Therefore,

%|R°c|2 < (n—1)A|Rc]? —2(n —1)|VRc|* +24/n(n — 1)|Re]. )
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According to [17-20], the Yamabe invariant Y[g] on a complete Riemannian manifold
(M", g) is defined by

_ fM|Vu| dy+4n T fMSu d;t
Y[g] = ll’lf
uecs (M)\{0} ([ 172 dp) ™5

According to the definition of the Yamabe invariant, if Y[g] > (, then the following
Sobolev-type inequality

n—-2
(/ |u|n2”zdy) "< </ |Vu|2dy—|— / Suzdy> ©)
M
holds for any u € C°(M).

3. The L™ Estimate of Rc

This section is devoted to deriving an L* estimate for the traceless Ricci curvature.
Here, the L® norm of Rc is equal to sup,, |Rc|. We show that, after a short time, |Rc|
becomes arbitrarily small outside some compact set. More precisely, we establish the
following lemma:

Lemma 1. Let (M", ) be an n(n > 3)-dimensional complete non-compact locally conformally
flat Riemannian manifold, and let xg € M be a fixed point. Assume that the scalar curvature
S satisfies S > Aq and the Ricci curvature Rc satisfies Rc < Ay, where Ay and A, are positive
constants, and the Yamabe invariant Y| of the conformal class [go] is positive. Let g(t) be the
solution of the Yamabe flow with initial value go. If for some q > 2, [,, |Re|dpu < oo, then
for any & > 0, there exist a time Ty > 0 and a constant R > 0 such that |Rc(x, Tp)| < & for
any x € M\Bg,(xo, R).

Proof. By the condition, the Ricci curvature of (M, o) is bounded in the sense that
|Rc| < A for a positive constant A that depends only on 7,11, As. To see this, assume
Rc is diagonalized as Rc = Y} ; p;w; under an local orthonormal frame {e¢; }, where {w;}
denotes the dual frame of {¢;}. Then S =Y ; y; and y; < Ay foranyi =1,2,--- ,n. For
any iop, one has

S_Zyl_#lg—i_zyl ,uzo 1’1—1))\2,
i#ig
which implies
Hig = A — (n—1)As.

Therefore, there holds |Rc| < |Aq| +|A1 — (1 — 1)Aa]. Setting A = [A1] + [A1 — (n — 1)Ay],
we get |[Re| < A

By [10,27], the Yamabe flow with initial value gy has a smooth solution g(t) on [0, 6],
6 > 0. Moreover, the Ricci curvature of g(f) is uniformly bounded on [0, ]. Since g(t)
remains locally conformally flat under the Yamabe flow, the Riemannian curvature tensor
is uniformly bounded for ¢ € [0, 8]. Consequently, the parabolic maximum principle for
scalar functions is applicable on this time interval.

By the maximum principle and (3), we have S > A; on [0,60]. By the maximum
principle and (4), we may suppose |Rc| < 2A for t € [0,] by choosing 6 small enough. Set
A = 2A. Then A is a positive constant depending only on 7, A1, As.

By the assumptions of the lemma, we may assume [, |Rel7 dpg, < A, where A'is a
positive constant and g > 2. Let T = sup{t € [0,min{6,1}] : [;, |Rc|7du < 2A}.
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Let fo = |Rce|, where R = Rc +eg. For e > 0, we have f. = y/|Rc|2+ne2 > 0.

From inequality (5), we obtain

2 < (r= 1A~ 2(n = DIVEP +2y/nln — 1)|Rel 2,

where we used the inequality |VRc|?> > |V f¢|?. Hence,

%fs < (n=1)Afe + Bfe,

with B being a positive constant determined only by n and A. For fixed xg € M, let
Bg(0)(x0, R) be the geodesic ball of radius R about xo under the metric go, which we
abbreviate as B(R).
Let 7 be a Lipschitz function supported in B(R). For any fixed r,q € R withr > q > 2,
we have
7,2 2 a
rat/ fen d#t\/ FN(n = V) fe + Bfe)dpe + AT

— (1 — 2 r—1 2 _r 2c 1
=(n 1)/B(R)17 fe Afsdw+/B(R) B fg = o /B(R)U Sfedpt.

Here, we used the evolution equation for the volume form dy; along the Yamabe flow that
%d‘ut = —%ndet.
Through integration by parts, we obtain

/B TS Aol = /B (VO g
= o U T I+ (= SV P

B(R)

4(1’71)/ L 2 4 2
S\t V() Pps + = Vil2frd
72 B(R)| (f 77)| ﬂt+7’2.B(R)| 77| fs Mt

+ # /B(R) V() fEVndpy
< [ IV DR+ [ 190
SB[ IV R [ V0P fd)
_ (2(; 2) 4(rr; 1)) ‘/I;(R) \V(ffn)lzdw
(222 [ 19

_2 ;
= [ IV P+ [V

Here, for the third equality we have used that

D+ A+

== (r=VfI 2V fel> = 20 f0 NV fe, V),

+ 222 v (g, o)
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which can be proved by direct computation. Thus,

J 7,2 / 5 2
= nedu+2(n —1 V(fEn)|“du
ot /B( )fe t ( ) B( )| (f )’ t

, , (7)
<2(n—1) /B(R) V7| fsdﬂt+ﬁr/B(R)17 fedus.

We consider the Yamabe flow on the time interval [0, T], so [, |Re|du; < 2A for
t € [0,T]. Choose 1 = g that satisfies g = 1 on B(%), nr = 0 on M\B(R), and

|ViR|g < % on B(R)\B(%) From (7) we obtain
0 . o .
= Re|nzd <2n—1/ Vg |*|Re|9du; + / &|Re|7dps,
37 o |ReltRepe <200 =1) [V nPIRe e+ g | R IReld
where we set ¥ = g and let ¢ — 0. Note that |V17R|§(t) < |V11R|§(O)e”, where
I = maxo<i<T |g—§| ¢(t)- For t € [0,T], by the evolution equation of g(t) and the choice

of g, we have

. . Cy(n,A) .
Vg PIReldps < [ [Vl et Relidp < SRS [ Reldp,
Sy, VR Reltd < [V e el < S [ Relrdp

where the positive constant C;(1,1) depends only on n and A, and the t < T < 1is
invoked in the second inequality. For t € [0, T}, since || M |R°c|‘7dyt < 2A, forany € > 0, if

R>Rp:=2 (=DAGIA) hen
= . g 7
Cl(n,)\) g

2N = :
R3 2(n—1)

Vi || Re|Tdu; <
1711
Hence, for R > Ry, one has
2/ |Re|"ngdps <€+/311/ |Re|"kdps.
ot J(r) . B(R) .
Therefore, for R > R there holds
g Vel < b ([ aeliidpo-+2/ (ba) ) ~2/(Bo)
First sending R — co and then & — 0, we obtain
Re|9du; < W/ Re|dug < ePTEA.
], |Reltdpe <t [ |Reldo <e

3 .
Let Tp = min{@,l,h;;}. Then for t € [0, Tp], we have fM|Rc|‘7dyt < %A. Conse-

quently, T > Tj.
We now consider the Yamabe flow restricted to [0, Ty].

https://doi.org/10.3390/axioms15080560
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For a fixed point xyp € M and constants Ry, - - - , R4 satisfying 0 < Ry < Rp < R3 <
R4 < oo, we define a cutoff function satisfying

0, x € B(Ry),

7€ 10,1], [Vilgo) < mgmry ¥ € B(R2) \ B(Rq),
1, x € (R3) \ B(Ry),
7 €[0,1], |Villgo) < rir;s * € B(Ra) \ B(R3),
0, x € M\ B(Ry).

<
|

From (7), for r > q > 2, we obtain

0 _ L
L a2 =) [ ()P

B(Ryg) B(Ry)

(8)
an—l/ Vil frdu; + r/ T
(0 =1) fymy VI Sfedpa & Br [ T fedn
Forany 0 < T < v’ < Ty, we define a function ¢ on [0, Tp] as follows:
0, 0<t«<r,
P =q 55, 1<t<7,
1, T <t< Ty
Then from (8), we have
0 f, o T ) #2009 [ V() P
at el )

2(n—1) il frd 72 F7d .
(n l/J/B(R4)|V11| fe ut+(ﬁr¢+¢)/B(R4)f7 fidu

Integrating (9) over [t,t] for any t € [T/, Ty] gives

/ Frittdus +2( n—l/ / (F27) Pdpsds

t
— 712 dusd < > 72 £ dugds.
2(n 1)/T/L%(R4)IV17| fedusds + = /T/B(M)Wﬂ psds

As T < 7' < t < T, the above inequality implies

r

"72duy +2(n—1 / / i zd od
/B(R4)f£]7 Hi (” ) B(R,) | Hsds
— V s+ S.
" T B(Ry) g fe s T T B(Ry) TJedts

Since g(t) and go are conformally equivalent, one has Yj,(;; = Y[, |- By the Sobolev
inequality (6), we get

n-2

</B<R4)f€"mz'7"2"2dw)" :||f§:7|\§2f2
L (v ang + U2 kg ),

https://doi.org/10.3390/axioms15080560
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where we have used that S < y/nA on [0, Ty|. Therefore,

/:0 /Bum f£(1+%)ﬁ2(1+%)dytdt
</T,T° </B<R4) srﬁzdllty(/B(RUfeﬂﬁ”an}lt)"dt
< mox () [0 g (I9GENIB - SR g e
<co max ([ ) [ (I I o

; o VA2 dued o 2670 d i
<Ci2 72 fr P2 ,
C4</r /B<R4>| s ys”( r)/r /B(Roﬂfs s S)

where Cy = Y[gol] (1 + (nzz)@A) and C; = (n —1)Cy.

Note that |V17|§( |V17|2 ', where | = maxgc;<T |12 =

1 1
< (R4—R3)? + (R2—Ry)

/ / |V77‘2fsdlltdt / /R4 B(R |V;7|g0(32> fgrd‘utdt
s ((R4—R3) * (Rz—Rl > CSTO/ / fedpsdt,

=

& |o() < ny/nA. By the definition

of 77, one gets that | V7|3 > almost everywhere on B(Ry4). Thus,

where Cs = ny/nA. Hence

To r(1+2)
) du,d
/r' /B(R3)\B(Rz)f ¢ .
2
- 1 1 1 T
< 5To
C4<ﬁr+ T -7 +2<(R4 —R3)? - (Ro _Rl)z)e )

To 1+2
rddt)
8 </ /B<R4)\B<R1>fs Vt >

Let L(r,7,R,R) = fTTO fB(R)\B(R) frdudt. From the above inequality, we obtain

2
3 ; 1 1 1 CT) o
L(g2, 72, R2, R2) <C 2\ &% o
(92,2, Ro, R2) < 4<l3‘11+T2_T1 + ((Rz—R1)2+ (Rz—Rl)z)
x L(q1,71, Ry, Ry)'T

Let
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fork =0,1,2,3---. Then from the inequality above, we get

L(qk+1, Ter1, Rev1, Rest)

. 1 1 1 .
<C< k++2eC5T0( - —— + ))
s Cal P Ter1 — Tk (Rip1 — Re)?  (Resn — Ry)?

x L(qx, Te, Ry, Re)*

2 k §
~ Kk, W M CsTh 4u k 4u k
= Cy( Bgu +-+Ze50(-y +~y>)
p—1 ¢ r%(\/ﬁ—l)2 r%(\/ﬁ—l)z
X L(qk, T, er Rk)ﬂ
2 p
~ pe o1 csTy 8 4 ) k 5
= + .= 4 2eb5T0 — u 't L(ge, T, R, Re)H.
4<ﬁq =17 2 (/1) u - L(q, T, Ry, Ry)

Hence,

N L L 2 1 16eST "k
Tt < (ke pooo 1 H o
L(k+1, Te1s Rir1, Ry ) 1 <Cy (ﬁq LT B (VE- 1)2) .

~ 1
X L(qk, Tk, er Rk) ke,

Thus, for every integer m > 1,

1
L(qm+1/ Tm+]/ Rm+1/ Rm+1) Tmt1

m
o 1
= Tk+1 2 1 16€C5T0 Zﬁ
< ¢k=0 poo 1 K k=0
\C4 <ﬁq+]/l—1 t+ 1’% (\/}7—1)2

m
k
9k

~ 1
X I’lk:o : L(qO/ T0, RO, RO)qO .
Letting m — +o0, we obtain

sup fe

B(R-‘r}’o/Z)\B(R—Yo/Z) X [t,To]

n+2 n(n+2) 1
<ot i) <1+2) i (/TO / 14 dt)q
h 6( 6% ;,(2) > n 2t/ (n+2) B(R+r0)\B(R7r0)f£ pe

for a certain positive constant C¢ depending only on 7,4, A and Y[ j. Sending ¢ — 0,

we obtain

sup |Rc|
B(R-‘r}’o/Z)\B(R—VO/Z) X [i‘,To]
n+2 n(n+2) 1

1 eC5T(] 2q 2\ 47 To o q
< C6<C6++ 5 ) <1+> (/ / |Rqu]/ltdt> .
t 5 n 2t/(n+2) JB(R+79)\B(R—rg)

By choosing rp = 2, we have

1
To

. ] 1
sup  |Re|(To) < C(n,4,A1, As, Y (/ / Re|?d dt) .
B(R+1)\1E:;(R—l)| (To) (9, A1, A2, Yigy) 2Ty/ (n+2) M\B(R72)| s

https://doi.org/10.3390/axioms15080560
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Since [}, |Re|9du; < 2/, we get

T o
/ ’ / |Re|ldpuydt < 2ATy < co.
2Ty/ (n+2) JM

This implies

To g o ;
lim (/ / |Rc|‘7dytdt> =0.
R—oo \ J2Ty/ (n+2) JM\B(R-2)

Consequently, for any given § > 0, we can choose Ry > 0 large enough such that for all
R > RO/

(/TO / |Re|7d dt>}’< 0
C NS .
2Ty/ (n+2)  M\B(R-2) . C(Tl, q, Al/ AZ/ Y[go] )

Therefore, for any R > R,
max |Re|(Tp) < 6.
B(R+1)\B(R—1)

This shows that for any x € M \ B(Ry + 1),
|Rel(x, Ty) < 6.
This completes the proof of the Lemma 1. [

4. The Proof of Theorem 2

We are now ready to prove Theorem 2.

Proof. Suppose that M is complete and non-compact.

Under the given conditions, there exist positive constants A; and A, such that the
scalar curvature and the Ricci curvature of (M, g) satisfy S > A1 and Rc < A,. We consider
the Yamabe flow with initial value (M, g). By Lemma 1, there exists a Ty > 0 such that
the Yamabe flow has a smooth solution g(t) on [0, Tp] and satisfies |Rc| < A for a positive
constant A. By the maximum principle and the evolution of S, we have that S > A; for
te [O, To].

Denote by My, the manifold M equipped with the Riemannian metric g(Ty). At every
point, we choose a local orthonormal frame {¢; } such that Rjj = p;dij. Then the sectional
curvature K(7) of the tangent plane 7t spanned by ¢; and ¢; satisfies

fi + 1l S
K =
() n—-2 nn-1)"
where fi; = p; — % are the eigenvalues of Re,i=1,2--- ,n. Ford := fﬁ‘f}ﬁl , by Lemma 1,

there is a compact subset () in M7, such that |Rc| < § on Mg, \ Q. So on Mt \ (2, we have

26 M M
> — = .
K(m) = — nn—1) 2n(n—1)

Setting b= zm()rllil—l)' we have that the sectional curvature K Mz, > 5on My, \ Q.

For a contradiction, by the Hopf-Rinow theorem it suffices to show that Mr, is
bounded. Otherwise, there exists a point p; € M, such that d(p1, Q) = inf,cqd(p1,y) >
71/ V3. The distance here and in the following is with respect to the metric g(Tj). Since Q) is
compact, there is a point py € My, such thatd(py, p2) = d(p1,Q). Lety : [0,51] = M, bea
unit-speed minimizing geodesic from p; to pp, where sy = d(p1, p2) and y(0) = p1, ¥(s1) =
p2- Then 7(s) € Mp, \Q for s < sq. Pick p3 € 7 such that n/VE < d(p1,p3) = sp < 51

https://doi.org/10.3390/axioms15080560
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Then v : [0,5,] — My, is also a minimizing geodesic with y(s2) = p3. We take a parallel
vector field E(s) along v : [0,s2] — Mr,, for s € [0, s3], with E(0) L 9/(0) and |E(0)| = 1.
Here and in the following, 7/ (s) denotes the tangent vector of 7(s) at s.

By (7.12) of Chapter 7 in [31], there is a piecewise smooth function ¢ : [0, V/5s;] — R
satisfying

\/gsz \/552
_ _ "2 2
¢(0) = ¢p(Vbs) =0 and /0 (¢")7ds < /0 ¢“ds,

where V&5, > 71. Define X(s) = ¢(V/3s)E(s). Then the index form satisfies

100X = [7((06),X() ~ (RO(6),X(E)X(3),7/()) ) ds

/052 (5<¢’(¢§s>2 — K(v’<s>,E(s>>¢2(¢§s))ds,

where X'(s) = V(5 X(s), R is the Riemannian curvature tensor defined by R(u, v)w =
ViuVow — Vo Vyw — Vi, ,jw for tangent fields u, v, w on M, and K(7'(s), E(s)) is the sec-
tional curvature of the tangent plane spanned by 7/(s) and E(s). Since K Mg, > §in Mg, \ Q,
we have

I(X,X) < /0525(@’(\/55))2—4;2(\/35))015
= VA [ (@r e

< 0

However, as vy is minimizing, one has I(X, X) > 0, which is contrary to the previ-
ous inequality. Therefore, Mr, is bounded, contradicting the assumption. The proof is
complete. [

5. Conclusions

We establish a compactness criterion for complete locally conformally flat Riemannian
manifolds. Under the hypotheses of positive Yamabe invariant, a positive lower scalar
curvature bound, an upper Ricci curvature bound, and finiteness of the L7-norm (g > 2) of
the traceless Ricci curvature, we prove that the manifold is compact. The proof uses the
Yamabe flow together with Moser iteration to obtain a uniform decay of the traceless Ricci
curvature outside large balls at a short time. This decay implies a positive lower bound on
sectional curvature in the exterior region, which rules out non-compactness by the standard
index form comparison. In this way, we extend previous compactness results from the
constant scalar curvature setting to the variable curvature case.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study.

Acknowledgments: The author would like to thank the reviewers for their valuable comments and
suggestions.

Conflicts of Interest: The author declares no conflicts of interest.

1.  Myers, S.B. Riemannian manifolds with positive mean curvature. Duke Math. ]. 1941, 8, 401-404. [CrossRef]

s~ w N

Ambrose, W. A theorem of Myers. Duke Math. |. 1957, 24, 345-348. [CrossRef]
Calabi, E. On Ricci curvature and geodesics. Duke Math. J. 1967, 34, 667-676. [CrossRef]
Galloway, G.J. Compactness criteria for Riemannian manifolds. Proc. Am. Math. Soc. 1982, 84, 106-110. [CrossRef]

https://doi.org/10.3390/axioms15080560


http://dx.doi.org/10.1215/s0012-7094-41-00832-3
http://dx.doi.org/10.1215/s0012-7094-57-02440-7
http://dx.doi.org/10.1215/s0012-7094-67-03469-2
http://dx.doi.org/10.1090/s0002-9939-1982-0633289-3
https://doi.org/10.3390/axioms15080560

Axioms 2026, 15, 560 12 of 12

7.
8.
9.

10.
11.

12.

13.

14.

15.

16.

17.
18.

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

31.

Galloway, G.J. A generalization of Myers’ theorem and an application to relativistic cosmology. J. Differ. Geom. 1979, 14, 105-116.
[CrossRef]

Chen, B.L.; Zhu, X.P. Complete Riemannian manifolds with pointwise pinched curvature. Invent. Math. 2000, 140, 423-452.
[CrossRef]

Ni, L.; Wu, B. Complete manifolds with nonnegative curvature operator. Proc. Am. Math. Soc. 2007, 135, 3021-3028.

Brendle, S.; Schoen, R. Manifolds with 1/4-pinched curvature are space forms. J. Am. Math. Soc. 2009, 22, 287-307.

Gu, H.L. Manifolds with pointwise Ricci pinched curvature. Acta Math. Sci. 2010, 30, 819-829. [CrossRef]

Ma, L.; Cheng, L. Yamabe flow and Myers type theorem on complete manifolds. . Geom. Anal. 2014, 24, 246-270.

Lee, M.C.; Topping, PM. Three-manifolds with non-negatively pinched Ricci curvature. J. Differ. Geom. 2025, 131, 633-651.
[CrossRef]

Deruelle, A.; Lee, M.C.; Schulze, E; Simon, M.; Topping, PM. PIC1 pinched manifolds are flat or compact. arXiv 2026,
arXiv:2603.22086.

Cheng, L. Yamabe flow and locally conformally flat manifolds with positive pinched Ricci curvature. Calc. Var. Partial Differ. Equ.
2025, 64, 102. [CrossRef]

Xu, HW.,; Zhao, E.T. L? Ricci curvature pinching theorems for conformally flat Riemannian manifolds. Pac. . Math. 2010, 245,
381-396. [CrossRef]

Fu, H.P; Peng, ].K. Conformally flat Riemannian manifolds with finite LP-norm curvature. Ann. Mat. Pura Appl. 2017, 1903-1912.
[CrossRef]

Cao, SJ.; Zhao, E.T. On the compactness of hypersurfaces with finite total curvature via mean curvature flow. J. Geom. Phys. 2020,
158, 103857. [CrossRef]

Yamabe, H. On a deformation of Riemannian structures on compact manifolds. Osaka Math. J. 1960, 12, 21-37.

Trudinger, N. Remarks concerning the conformal deformation of Riemannian structures on compact manifolds. Ann. Sc. Norm.
Sup. Pisa 1968, 22, 265-274.

Aubin, T. Equations différentielles non linéaires et probléme de Yamabe concernant la courbure scalaire. J. Math. Pures Appl. 1976,
55,269-296.

Schoen, R. Conformal deformation of a Riemannian metric to constant scalar curvature. J. Differ. Geom. 1984, 20, 479-495.
[CrossRef]

Hamilton, R.S. (Department of Mathematics, Columbia University, New York, NY, USA). Lectures on geometric flows. Unpub-
lished work, 1989.

Chow, B. The Yamabe flow on locally conformally flat manifolds with positive Ricci curvature. Comm. Pure Appl. Math. 1992, 45,
1003-1014. [CrossRef]

Ye, R. Global existence and convergence of the Yamabe flow. J. Differ. Geom. 1994, 39, 35-50. [CrossRef]

Schwetlick, H.; Struwe, M. Convergence of the Yamabe flow for large energies. J. Reine Angew. Math. 2003, 562, 59-100. [CrossRef]
Brendle, S. Convergence of the Yamabe flow for arbitrary initial energy. J. Differ. Geom. 2005, 69, 217-278. [CrossRef]

Brendle, S. Convergence of the Yamabe flow in dimension 6 and higher. Invent. Math. 2007, 170, 541-576. [CrossRef]

Chen, B.L.; Zhu, X.P. A gap theorem for complete noncompact manifolds with nonnegative Ricci curvature. Comm. Anal. Geom.
2002, 10, 217-239. [CrossRef]

Cheng, L.; Zhu, A. Yamabe flow and ADM Mass on asymptotically flat manifolds. J. Math. Phys. 2015, 56, 101507. [CrossRef]
Ma, L. Gap theorems for locally conformally flat manifolds. J. Differ. Equ. 2016, 260, 1414-1429. [CrossRef]

Ma, L.; Cheng, L.; Zhu, A. Extending Yamabe flow on complete Riemannian manifolds. Bull. Sci. Math. 2012, 136, 882-891.
[CrossRef]

Wu, H,; Shen, C.L.; Yu, Y.L. An Introduction to Riemannian Geometry; Beijing University Press: Beijing, China, 1989.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/axioms15080560


http://dx.doi.org/10.4310/jdg/1214434856
http://dx.doi.org/10.1007/s002220000061
http://dx.doi.org/10.1016/s0252-9602(10)60081-1
http://dx.doi.org/10.4310/jdg/1760725985
http://dx.doi.org/10.1007/s00526-025-02971-1
http://dx.doi.org/10.2140/pjm.2010.245.381
http://dx.doi.org/10.1007/s10231-017-0646-3
http://dx.doi.org/10.1016/j.geomphys.2020.103857
http://dx.doi.org/10.4310/jdg/1214439291
http://dx.doi.org/10.1002/cpa.3160450805
http://dx.doi.org/10.4310/jdg/1214454674
http://dx.doi.org/10.1515/crll.2003.078
http://dx.doi.org/10.4310/jdg/1121449107
http://dx.doi.org/10.1007/s00222-007-0074-x
http://dx.doi.org/10.4310/cag.2002.v10.n1.a9
http://dx.doi.org/10.1063/1.4934725
http://dx.doi.org/10.1016/j.jde.2015.09.027
http://dx.doi.org/10.1016/j.bulsci.2012.06.004
https://doi.org/10.3390/axioms15080560

	Introduction
	Notations and Preliminaries
	The Linfty Estimate of mathringRc 
	The Proof of Theorem 2
	Conclusions
	References

