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Abstract

This paper establishes several new bivariate Hardy-type dynamic integral inequalities on
arbitrary time scales. By utilizing delta integration, properties of rd-continuous functions,
and kernel estimates, we provide a unified framework that extends existing continuous
two-dimensional inequalities and generalizes their one-dimensional dynamic counterparts.
The established inequalities successfully bridge the gap between continuous and discrete
analysis, reducing to classical continuous cases when T = R and to their discrete analogues
when T = N. These results offer powerful analytical tools for establishing qualitative
properties of multi-dimensional dynamic equations.

Keywords: weighted Hardy-type inequalities; two-dimensional functions; dynamic inequalities;
arbitrary time scales; mathematical operators

MSC: 26D10; 34N05; 39A12

1. Introduction

Integral inequalities are fundamental in mathematical analysis, as they provide bounds
for integrals of functions and play a key role in studying function spaces and differential
equations. Hardy-type inequalities, in particular, are classical results with wide applications
in harmonic analysis, operator theory, and the qualitative study of solutions to dynamic
equations. Dynamic inequalities extend these classical results to arbitrary time scales,
thereby connecting continuous and discrete cases within a unified framework.

The discrete Hardy inequality [1] says, for any sequence {B,}’ ; of non-negative
real numbers,

) n P o0
S (L) < (E) B oren W
n=1 m=1

p_l n=1

while the continuous hardy inequality [2] says, if ¢ > 0is continuous function of [0, o), then

/000 ;(/;‘P(@)d@)pﬁ < (pp1>p/000 ¢f (t)dt, for p > 1, @)
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where the constant (p/(p — 1)) is sharp.
Hardy [3] gave generalizations of (2) as

& T¢(C)d5)pd~r < (fl)p | @, for pza>1 @)

T v

In [4], Pachpatte obtained that ¢ > 0 is an integrable function in the domain (0,4) x (0, b)
where a,b > 0, and rq, r are positive and absolutely continuous functions of (0, c0) such
that

~—

pe ri(e o
p—1ri(e) p—1r(n) = B’

for almost all ¢, 7 € (0, c0) and for some constants &, f > 0 and p > 1. If ¥ is defined by

¥(e, 1) / /17 nls rz k(s, t)dtds,
e)ra(n

1+

2% nd 14 P10 1

then

IS

where

R =niersken - (£(51) (4o D) ~n (DG D)

In [5], Benaissa et al. proved that if k, g, w are non-negative functions of (0,00), p > 1,
¥>1,

D anae < @8 (23)" [ [ (g B! ande,

Fi(e) = Qt_:)/;w(y)g( (y))dy, and A > p—i—lyfyil
" 0 ppieyge < (A2 [N 2O 6 opa 5
/0 CUORES (7—1) /0 (e C1 () de ®)
where

Gale) = g(k(e)) — W and Q(e) = /ng(y)dy for ¢ € (0,00).

They also proved that if k, g, w are non-negative function on (0,00), p > 1,and v < p — 1. Let

o tk(w)),

s (3)
wle 2 w
/Ob Qp_(y)(e)lff(s)ds < (pzl) p/ob o% (72 )\Gz( e)|Pde. (6)

In [6], B. Benaissa and M. Z. Sarikaya proved that if k is non-negative function on (0, 4) x
(0,b) where 0 < a,b < oo, then p,y > 1. Let

Ai(e,n) = // k(t,s)dsdt,

and

20

Then
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and
£ n
Halen) = k(e'”)_ig(ze))k(;'”) 519((2;7))"(8'3)
8(3)o(5) re
280726 () K(33):

IfA > pz;ll, then

a b e
//7(;3( %37) Af(w)dnds

< (P2)" [ aaet) e ranae ”

where ¢ is weight function and Q(x fo 0)dg for x € (0,c0). They also proved that k
is non-negative function of (0,a) x (0 b) when0 < a,b < co,and p > 1. Let

No(e,n) = /; /’7’7 ﬁgggfg)k(t,s)dsdt,

and
_ 9(§)O(e) 9(3)Q(ry)
Ha(e) = klen) = 20?;)19(5)1‘(%”7) 20@)19(;7)"(8’%)
3(3)Q(e)8(5)00) e 7y
+20(2%)19(77)202(%)19(8)k(i'5)

Ify < p—1,then

/0 /o QPWEzga(g)'y(U)Ag(&’?)dﬂds
2y b 8(e)d
< (p—Z—]) /0/0Qp7230(:)7(17)|7‘[2(€,17)|pd17d£’ ®8)

where ¢ is weight function and Q(x) = [ 9({)d{ for x € (0,00).
In 1988, Stefan Hilger [7] introduced the calculus of time scale T in order to unify

continuous and discrete analysis. Since then, many researchers have explained various
topics of the theory of dynamic inequalities on time scales. For example, Rehak [8] proved
the time scale version of (1) and (2) as follows:

.00 (1) A P 0 roo
/r (W) AT<<pfl) /r (1) A1, for p>1, T € [r,00)p,

unless ¢ = 0. In addition, the constant (p/(p — 1)) is the best constant if y(7) /7 — 0 as
T — oo. Saker et al. [9] proved the time scale version of (3) as follows:

I (@) n¢)

CGED
o\ [®(c(r)— r)'r(pfl)
= (7—1> /r (T_r)(vfl)p P°(t) AT, for p> 9 >1, T € [r,00)T.
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K. A. Mohamed et al. [10] proved the time scale version of (5) and (6) as follows: Let k, g, w
be rd-continuous and non-negative functions, p > 1, ¥ > 1, and Q(e) = f; w(y) Ay for
e € (0, 00)1 be a nondecreasing function. If there exists constant A > 0 such that

v—1
Tptr-U

then

boow(e) |, Ap \P b (Q(e)) TP
/0 W(F3 (8)>pA£§ (H) /0 WW(&)\Gg(e)VjAs, 9)

RO = g ), vsk®) Ay, Gl = slkie)) - TLETIE,

_ ©_w(y)
Qo) = ooand/O WAy<oo.

They also proved thatif 1 < p < o0, and v < p — 1, then

b w(e) - Ap b(Qa(s))v(p—l)
/0 W(Fg ) Be < <’Y—1> /o Ww(£)|c3<£)|PA€/

F(e) = Qig)/:w(y)g(k(y))ﬁyr Gs(g)zg(k(sn_W’

2
©_wy)
Qo) = ocoand /0 Wﬁy< 0.

The main motivation of this paper is to provide a natural unification and extension
of the classical two-dimensional Hardy-type inequalities established in [6] (Which were
restricted to the continuous case) and the one-dimensional dynamic inequalities presented
in [10]. By utilizing delta integration and suitable kernel estimates on arbitrary time scales,
we establish a novel bivariate framework that handles continuous, discrete, and hybrid sce-
narios simultaneously, thereby contributing to the broader theory of dynamic inequalities.

The setup of this paper is organized as follows: Section 2 introduces the fundamental
concepts of delta calculus on time scales, as discussed in [11,12]. Section 3 presents the main
results along with their rigorous proofs, establishing new Hardy-type integral inequalities
in the dynamic setting.

2. Preliminaries

A time scale T is a non-empty closed subset of R. The forward jump operator o on T
is defined as
o) =inf{s€T:s>(}, forall €T.

A point { € T is right-dense if 0({) = { and right-scattered if c({) > ¢. If T has left-
scattered maximum m, then TF = T — {m}. Otherwise, T = T. Let ¢ : T — R. Then for
{ € T, we define ¢*({) to be the number (if it exists) with the property that given any
€ > 0 there is a neighborhood U of { such that, for all s € U, we have

[p(@(2) = ¢(s)] = 9 (E)[C —s]| < |o(2) —s].
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In this case, we say that ¢ is delta differentiable on T provided ¢ ({) exists for all { € T*.
A function ¢ : T — R is rd-continuous provided ¢ is continuous at each right-dense points

and has a finite left-sided limit at each left-dense points in T. The set of all rd-continuous

functions is denoted by C,;(T).
Theorem 1. Let ¢,6 : T — R be differentiable at { € T*. Then

($0)° = ¢20 + ¢70" = p207 + p0”, where 6” = f oo,
and

A A A
¢ 0= — ¢ -
(9 =g where 607 # 0.

Theorem 2 (Integration by parts). Let r,t € T and u,v € C,4(T). Then

/t u?(T)o(t) At = u(t)o(r)| - /t u’ (1) (1) AT

(10)

Theorem 3 (Chain rule). For f : T — R is continuous and delta differentiable on T. If g :

R — R is continuously differentiable, then

/

(fo8)™(2) = £ (8(e)g™(2), where ¢ € [,0(2))-

(11)

Theorem 4 (Leibniz integral [13]). Assume h,u : T — T are delta differentiable. If ¢ and ¢p*

are continuous, then
[/h(g) (P(g "-) A I}
7
u(g)

(9]
N /ut; P22, T) AT+ (Q)d((Q),h(Q)) — w2 (Q)P(a (), u(D)),

A

where ¢ ({, T) is the delta derivative with respect to {.

Theorem 5 (Fubini’s theorem [14]). Let ¢ be bounded and delta integrable over R = [r,e) x

[c,d). If the single integrals

d e
@) = [ o@D LT ad 60 = [ 9@ AL
exist for each { € [r,e) and for each T € [c,d), respectively. Then the double integrals
e d d e
/r AC/C $(g,t) AT and /C AT/r oL, T)AC,
exist and the equality
e d d e
[ ot eenar=[ar[oemag
holds.

Lemma 1 (Holder inequality). If ¢,0 € C,4(T) and r,t € T, then

/rtlfP(T)G(T)I At < (/rt|¢(r)|9 AT>;</:9(T)|(D AT> ,

8=

(12)
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wherep >1and1/p+1/w = 1.

3. Main Results

Throughout this section, we adopt the usual convention 0/0 = 0; let T and T, be two
time scales, 0 < r,e < oo, and define

A= (0,1’)11-1 X (O,E)T2

Assume that

£ ole) 1 o(n)
2 > € Tiandy, ) € T,,

where ¢ denotes the forward jump operator on the corresponding time scale.
Let 9 : T — [0, c0) be an rd-continuous function on T = Ty U T, satisfying ¢(7) > 0,
for T € (0,00) and letk : A — R, be a nonnegative integrable function on A. Define

Q) = /OT19(1/) Av.

In what follows, we state and prove some preliminary lemmas required to establish our
primary theorems.

Lemma 2. Let p > 1and v > 1. Define

Yi(en) == / / t,s) As At,
d
" o 0
)= [0k At —gois [Cowk(t 3) At
Fixe e T1. If
> p—?—/;i 7 and Qal(s) Gi(e, 1) > Yi(e,0(n)),
then

/Oe [ﬁ(q)yﬂ(&a(ﬂ)) An

Q7 ()]
Ap e 9(m)[Q ()] Y

0
= (7—1> /o Q7 ()P Qe (1) G1(e,m) [P Ay (13)

Proof. Lete € T be fixed in (13). Then using Fubini’s theorem, we obtain

¥i(e,y) — Qa(g)lmn)/f(ﬁ’ﬂ(t)ﬁ(s)k(t,sms)At

2 2

- Qzﬂ).;g{f(?i)(/;ﬁ(t)k(t,s)AQAs.

Applying the product rule in Theorem 1to¥1 (¢, 17), together with Leibniz’s rule for delta dif-

ferentiation on f q QL, ( f O(t)k(t,s) A t) A\ s, and using the assumption ( )Gl(s n) >
Y1(e,0(n)), we get
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[¥1(e, )] = [2,7) ; (;9(52) (/;ﬁ(t)k(t,S)AOAs}
(

we obtain

/Og b0n) ¥ (e, 0(n)) A= u(n)o(e,n |o+/ v(e, 1)) A,

[ (m)]”

where

)
w0 == [ ey

Applying the chain rule (11) with f() = #'~7 and ¢(17) = Q(7), we get
(fog)) =0""(n), £ (1) = (1=, f(O(0) = (1= 1O (0).
Since Q% (17) = ¢(y7) > 0 (i.e.,, Q is increasing), v > 1 and ¢ € [y, ()], we obtain

Q° (1)

1)]” = a-ma et <1 -
! ! TV

Integrating (16) from # to e, we have

Loty -0t e)].

u(e) —ul) < ——

Since u(e) = 0and Q' 7 (e) > 0, we get
—uly) < — 01,
S —

Substituting (17) into (15) and using > 1, we obtain

¢ _9(n)
/0 [QU(U)]’Y‘FQ)(EIJ(U))A’?

e 9(s)
e | e

%/0301’7(77) [‘Y‘f(w)] "AU-

IN

R 1/ Q= () [#(e )] 2

(14)

(15)

(16)

(17)

(18)
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Applying the chain rule to ¥/ (¢,77) and using ¥ (¢, 1) is increasing with respect to 77, p > 1,
we have
AY 1 A -1 A
em| " = p¥ (e (e n) < p¥) (6,0 () ¥, (e)

— pw‘f‘iil(&g(ﬂ)) — pMTQ)(S, (7(77)) (19)

Q7(e)(n) Q(n)

Combining (19) and (18) and using () is increasing, v > 1, we obtain

[ el o) oy

Q)" !
= 761 /O Qa(lz)(g)y(ﬂ)(;l(ezﬂ)‘qul(S/U(W))AU
5 [ e otn) Ay
E 7’11 Oe Qa(§)<g)7(,7)G1(€,17)‘1"1’ Heo(n) Oy
s [ B e o) A1,

here, using the assumption on A, we get
¢80 o
Yile o) Ay
/0 Qe ()]

'VA_pl Oe Qv(f)(g))v(n) (Gi(e, )] (e, o) Ay

p=1 1 2(p=1)
A el 9(n) 00 (n)[Q7 ()] P
7f1 0 <[Qg(’,77)]7‘1’§’(&0<17))) g”[(S)Qﬂ”(]U) Gy (e, 17)| Ay

IN

Finally, applying Holder’s inequality (12) with conjugate indices p and p/(p — 1), and after
simplification, we obtain

e 8(n) Ap \F e 8(p)[Q7 (i)"Y
/0)]7‘1’?(&‘7(77))&77§<7_1) /0 07 @F QP () Gi(e,m) [P Ay

Remark 1. When T = R, Lemma 2 reduces to the corresponding result established in ([6], Lemma 1).

Lemma 3. Let p > 1and v > 1. Assume that Gy (e, 1) is defined as in Lemma 2, and define

£ n
fufen) : =Hom = 3y05(51) = k(e )
8(3)9(3), (& 1
Yasiaet(22):
Fixl?ETz.If :
,
A‘P+v—1’
and
05) ) 2B my _ 0DO(5), e
e > 2ge*(27) + 2001 2) ~ satete) (2 2)
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r 9
[ ool o
= )p " 8(9)|Ga (e (e) )Y
= <f>/_1 /0 [QU(&‘)]”G](S,UHP((J*U( 1(5 77)) € ( )

Proof. Let# € T, be fixed in (20). Then, we have

|G1(e, )| = Gi(e, 1) x sgn(Gi(e 1))

By differentiating G (¢, 17) with respect to ¢ and applying Leibniz’s rule on time scales,

we obtain
A € Ae 9(L) e . A
Gyt (e,n) = U 19(t)k(t,17)At] - lzﬂw)/sé‘(t)k(t,z)m
Yo (e (&
-t~ Jogi - 4G+ Gt
= 0) & 8By ADOG) ey
= d(e) [k(e, )—219(28) (3 >_219(2,7)]((8’2)+419(2,7)l9(2€)k(2,2)1

Applying the integration by parts formula on the left-hand side of (20) with

d(e)

A _
"I lar

and (e, ) = [Gi(e,1)|",
we get

[ i e e = el + [[(ur@)een)*ae e

where

Applying the chain rule with Q% (€) > 0, and ¢ € [¢, o (¢)], we obtain

1-(0+7) ()] © —(p+7) A 0% (e)

2 E] = A=+ M@0 < (- (Mg @

Integrating (22) from ¢ to r, and using p 4+ v > 1, we have
— 1 1=(p+7) (g) — Q1 (p+7)
u(r) —u(e) < pﬂ_l[o (e) — O (r)}.
Since u(r) = 0 and Q= (+7)(r) > 0, it follows that

— _ 1

u(e) < Py 10 (e). (23)
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Substituting (23) into (21) and applying the chain rule on |Gy (g, 77)|f, and using Gy (g, 77) is
increasing with respect to €, p > 1, we obtain

T 19 €
/0 ma(i)])p-k’ﬂcl(gr’?)pﬁs

r 8(s) As

< _|G1(€/’7)|p/ W

_I._
0

[y r d(e
7711 h forop

N f; -1 /0 [00(1:)(]8 ——Hi(e,)sgn(Gi(e,))|Gi(0(e), )|~ Ae.

Using the assumption on A, we have

Hi (e, 1)sgn(Gi(e,17))|Gi (o (e), )P~ Ae

[ i e

< Ao [T B(e)
S -1k joref”

_ Ao 7 d(e) G p>ppll95(8)|c;l(a(€)ﬂ7)|p—1 .
v—1Jo ([QU(E)}P-&-W 1(e,77)] [QV(e)]%|G1(g,;7)|ﬂ—1H1(8”7) ¢

Finally, applying Holder’s inequality (12) with conjugate indices p and p/(p — 1) and thus
on simplification, we get

Q7 (e)Hi (e,17)|Gi (o), )|~  Ae

/or pig})mcl(w)IpAe

Ao\ 8(e)|Gulo(e), )Y
: <’71) /0 [Q‘T(s)]17|G1(s,17)|P(P*1) (Hi(e,n))f Ae.

O
Remark 2. In Lemma 3, if T = R, then we get ([6], Lemma 2).

Lemma 4. Let p > 1. Define

Y, (e, ) = /;/; (mk(t,s)AsAt,

and
cuton = cupton 20 sty | a4 o
Five e Ty. If
w<p—1, andk(t,n) > zﬂ(gg)%é))k(t, 1) porte Soeln,
then
[ i teom) A
. (p o 1)P [ 8(1) [g‘;g)igi;)(p_l) (Gale, )P o, (24)
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Proof. Lete € T be fixed in (24). Then using Fubini’s theorem, we obtain

Wy (e, 1) = 1'7 (/; gﬁzi)k(t,s) At) As.

9(s)
5 Ofs)

Ay 9(n) ¢ () 8(3) e 9() (1
Y, (&) = WIZ])/% Qa(t)k(t'ﬂ)At_ 202) £ Q”(t)k<t’§) ot

_ 3(n)
= Q(W)GZ(S'”) > 0.

Applying the integration by parts formula on the left-hand side of (24) with

uA(U)=m;9(SQM and o (e,7) = ¥(e,0(1)),

/Oe mﬂ(ﬂ)p—zx‘fg(aa(ﬂ)) Aq = u(n)olen);+ /OE(_”(W))(U(S,U))A”AU,

where B e B(s)
u(n) = — /7 O As.

Applying the chain rule with O (1) > 0 and ¢ € [,0(y7)], we obtain

A
(] = (1 (- QP05 () < (1 (p— )21

[Q ()]~

(25)

(26)

Integrating (26) from 7 to e and using u(e) = 0, Q' (°~%)(¢) > 0and p — & > 1, we have

1

a1 I,

—u(y) <

(27)

Substituting (27) into (25), and applying the chain rule on ¥5 (e, 77) and using Y2 (e, 77) is

increasing with respect to 7, o —a« — 1 > 0, we obtain

¢ 8(n)
J Qe e A

IN
\

6
RS
D
=

S

o

<

Z|=
>

»
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Finally, applying Holder’s inequality (12) with conjugate indices p and p/(p — 1) and thus
on simplification, we obtain

/Oe %‘Y’j(ww)) Ay

Q7)) 2
A ()] (0]
= (p —a— 1) /0 Qple=1) (1) (Galerm)) L.

O
Remark 3. In Lemma 4, if T = R, then we get ([6], Lemma 3).

Lemma 5. Let p > 1. Assume that Gy (e, 1) is defined as in Lemma 4, and define

— O%(e)8(5) , (¢ amsl) ;g4
o)+ =Ko~ g0+ (5) s (gt 2
Q)7 (e)9(3)8(5) e 1
S emee*22)
Fixn € Ty. If
x<p—1,
and
0‘7(8)19(2) P 0(77)19(1) .
Hem) = 20"(%)19E8)k(5’17)+20(g)19(2;7)k(8’§)
07 (e)8(3)9(5) k(g g)
40(3)Q7(5)8(n)8(e) \2"2/°
then
T (e
/0 sz(&ﬂ)lpﬁe
o N\ 8)[Gale(e), P S 8
- <p—“_1> /0 [ (2)]P*|Ga (e, 7)Y (Ha(e )P e (28)

Proof. Let# € T, be fixed in (28). Then

|Ga(e,17)| = Gale, 1) x sgn(Gal(e, 1))

By differentiating G (¢, 17) with respect to € and applying Leibniz’s rule on time scales, we

obtain
e 85 e O 8 . g
G2 (o) = o)~ 2 (72 s Doty (9 2
QOR8¢ g
a0 (5)e0) 2 2
— )
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we get
[ 2 Gate e = u(eotenly+ [ (@) e m) e @9)
0 [ '
where 8(s)
r S
u(e) = —/ W As
Applying the chain rule with Q% (€) > 0 and ¢ € [¢, o (¢)], we obtain
1—(p— A —(p— A (8
[ 9] = (1 (- 1) P IO < (1 () 2T (30)

[ (e))™"
Integrating (30) from e to 7 and using u(r) = 0, p —a > 1, and Q!~®*+7)(r) > 0, we have

—u(e) < p—i—lﬂl(pa) (e). (31)

Substituting (31) into (29) and applying the chain rule on |Gy (¢, 77)|f, and using G (g, 77) is
increasing with respect to ¢, p > 1, we obtain

T 9(e)
/0 W|G2(€/U)|pAs

r
< Gl | =

=1 Q‘rﬂ(?‘)"‘Sgncz(s"7)H2(€f’7)|G2(U(€)/’7)|p1As

o—a—1 (e)]
= ,xsg”Gz(&’?)Hz(&W)IGz(U(E)/W)Ip_1A8

Finally, applying Holder’s inequality (12) with conjugate indices p and p/(p — 1), and thus
on simplification, we get

o de)
[ e Getemiae

o\ [ 9(e)|Galoe), )PPV
- (P—“—1> k () [Go(e, ) D 2D A

O
Remark 4. In Lemma 5, if T = R, then we get ([6], Lemma 4).

Based on the preceding lemmas and the properties developed therein, we are now
ready to establish the principal Hardy-type inequalities presented in this paper.
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Theorem 6. Letp > 1,y > land A > p—z'y_l—l Then the following inequality holds, provided

that both sides are finite

[ ﬂ<£zﬂ<z>,7wq@,am>>w

* Q7 ()]G (o (e), )¢
( ) / / &)’ (y )\Gl(ls,n)lppﬂ) (F(e )P Lve, (32)

where ¥1 (e, 1) and Hy (g, 1) are defined as in Lemma 2, Lemma 3, respectively.

Proof. By using Lemma 2, Lemma 3 and Fubini’s theorem on the left hand side of (32),
we get

/Or 01‘97((2))]7 (/oe [le<71))]v‘yq(£r‘7(77)) A 77) Ae

A N 9(e) [ e 9] e
1) | wor </o Py | EmIAn |4

|
() ﬂ<n>[ggr@1;“’“ ( [ a8 e U)pA£> Ay

Ap NP 1 o0p0e e Ao NP [T 8(e)Gy(o(e)n) P 0
) [ I 5 (Ha(e, 1)) e ) 1

v—1 ()] [Ga () [P*~

20 o re - -
9(e)8( Q7 ()] "V |Gy (o (), ) [PV o
/0 /0 OO IG e T (EN) A e

Remark 5. In Theorem 6, if T = R, then inequality (32) reduces to (7).
In Theorem 7, setting ¢(7) = 1 yields the following corollary.

Corollary 1. Under the assumptions of Theorem 7 with 9(7) = 1, the following inequality holds:

rore 1
//qu(sfg(ﬁ))ﬁﬂﬁs

2 7(p )|G p(p—1)
( ) //U n”iléf(e(;)wzll (Hi(e,n))P & e,

where ¥1 (e, 1) and Hy (g, 1) reduce to

1 e
Yi(e,n): = /S /}7 k(t,s) AsAt,
372

e =i 34 (5) - 3(e)  3454)

Remark 6. In Corollary 1, if T = R, then we get ([6], Corollary 1).

and

Remark 7. In Corollary 1, if T = R and A = 1, then we have a Pachpatte-type integral inequality.
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Corollary 2. In Theorem 6, if T = 7Z, then inequality (32) becomes

8(e)d(n)
szonzom m(n+1)ws”7“)

A 20r—1e-1 19 Q'y(p—l) +1)|G(e+1, p(p—1)
< (,), P ) Z Z (77 )‘ 1( 77)| (Hl(e,n))P,

-1/ = 05=0 QW(e+1)Qw( )|G1(€,,7)‘P(P—1)
where
1 e1n]
Yien) = aernam é ;Z 9(£)9(s)k(t,s),
and

- 0(5) (& 9(3) 9(3)8(5) (¢
Hae,n) = k(en) = 219(23)k<§”7) N 219(217)"(8' g) + 419(217)19(2)"(2 Z)

Suppose k(e,17) = ki(e)ka(n7), where ky, kp are nonnegative integrable functions on
(0,00)7. Then, Hy (¢, %) and G4 (¢, 77) factor as

and

where

Gi(e) := /;kl( YAt and Gy(7) :=ka(n) — %kz(g)

Consequently, from Corollary 1, we obtain the following result.

Corollary 3. Under the assumptions of Corollary 1 with k(e,n7) = ki(€)ka(n), the following
inequality holds:

/or/oem(g)lmw)‘ff(ww)mnm
Ao \ 2 .r’G(T(e)’p(pil)(kl(g)_lk1(§)>
() | e

71 07 ()| Gy () [P

8 ( [l M),
¥, (e, 1) ;_<0(1€)/;k1(t)m) <117/;k2(s)As).

Remark 8. In Corollary 3, if T = R, then we get ([6], Corollary 3).

o

AN

where

Theorem 7. Let p > 1, ¥, (e, 17) and Hy (e, 1) be defined as in Lemma 4 and Lemma 5, respectively.
If « < p —1, then the following inequality holds, provided that both sides are finite

r e o P
|| e ]pﬂ%a( m) BB

<( —zx—l) / / [ Gl (b (e ) g A (39)

ms 1*’ *mp %) (17)|Gy (e,) [P~V
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Proof. Applying Lemma 4, Lemma 5, and Fubini’s theorem on the left-hand side of (33),

we get
I o s Heen) A A
Lt (£ ipicem 21)a
S( —zx—l)p/o gﬁie) (/0 g;(: t]x)(ﬂ) & 1)|GZ(S”7)|M’7>AS
T L )
< (i) [ s () ﬁﬁiﬁﬁiﬁiﬁ;’iﬂ?ﬁiiw ()P ) o1
- (le)zp/o /0619 ;7)[(12: s <:7>||cczz<(sr§>|)ﬂ B () e
O

Remark 9. In Theorem 7, if we take T = R, then we get ([6], Theorem 2).

Corollary 4. In Theorem 7, if T = 7Z, then inequality (33) becomes

(SRS 9(e)d (1)
L ; e e+1)QF:7“(17+1) ey +1)

< <p>2p r=le=l 9(e)8 () Q=01 (3 +1)|Gy (e + 1,17)[P° Y T
p-a—1) 5 7=0 QP2 (e +1)Qele—2) (,7)|G2(€,,7)|p(p—1)
where -
Fale,n) = tg 5 Q(fi)f)(g(s)k(t,s),
and

20551 ) 8(e)
_0mo(d) ¢, my, Qe+ DIF)B(5) e n
CHETAE 20<Z>20(%1)l9<r;>19<s>k<2’ 2)

Setting ¢(7) = 1 and replacing k(e, ) with o(¢)nk(e,17) in Theorem 7 yields the
following corollary.

Corollary 5. Let p > 1and a < p — 1. Then

//(fP a Up zx(n)qu(g ,o(n)) An e

<( o )P T e ot (ar e ()| Galor(e), )Y
T \pma—1) Jo o 7Pe=)|Ga (e, )PP~V

(Ha(e,m))P A e,
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where ¥, (e, 1) and Hy (e, 17) reduce to
€ 1
Y, (e, 1) ::/E [7 k(t,s) AsAt,
1732

and 1 /e 1 n 1, /ey
Halen) = Keom) = ok{(5) = 5k(e3) + 35(3.3)

Suppose k(¢,17) = ki(e)ka(n7), where ky, kp are nonnegative integrable functions on
(0,00)7. Then Hy(¢,77) and Gy (¢, 77) factor as

Halen) = (k@) = 34 (5) ) (ke - 32(2) ),

and

where

Gi(e) = /; Ugt)kl(t) At and Go() = ko) — ko (1),

Consequently, from Corollary 5, we obtain the following result.

Corollary 6. Let p > 1land o < p — 1. Then

r e 1
/0 /o WM‘P@W@)) Anpde

20 [ o 0*(e) ’G‘T(S)‘p(pil) (kl (€) — 3k1 (§)>P
. (pp) /0 1 2 2 A

—a—1 plp=1)
‘ |G1(e)]

e 0?05 () (k) = Sa(3))"
x /o nPle=)

€

An |,

where ¥, (e, 1) reduce to

Fale, ) i= (/;kl(t) bt (/” fals) &),

Remark 10. In Corollary 5, if T = R, then we get ([6], Corollary 2).

4. Conclusions

In this research, we have established new Hardy-type integral inequalities involving
functions of two independent variables on arbitrary time scales. The results were obtained
using elementary analytical methods such as direct applications of classical Holder and
Jensen inequalities, shifting techniques via the jump operator ¢, and mathematical induction
on discrete domains. These inequalities unify the continuous and discrete cases, which can
already be viewed as direct applications of our framework.

We note that while the constants appearing in our inequalities coincide with those
known to be sharp in the classical continuous case, the sharpness of these constants in
the general dynamic bivariate framework has not been established in this paper and
remains an interesting direction for future research. Moreover, in future work we intend to
explore concrete applications of our results in the qualitative analysis of dynamic equations,
fractional dynamic equations, and related problems on time scales. Thus, the continuous
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and discrete forms presented here already serve as immediate applications, while further
applied investigations will be pursued in subsequent studies.
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