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Abstract

This study addresses the gap in research on distributed integrated scheduling for complex
products by presenting a tree-structured framework enhanced with Differential Evolution-
ary Flexible Integrated Assembly Production Distribution Scheduling (DE-FIAPDS). The
algorithm'’s effectiveness is demonstrated by validating standard benchmark problems
and custom-generated test cases. Using Taguchi’s method and comparative analysis, we
developed GA and DE heuristic evolutionary algorithms for the scheduling problem. Over
the course of 30 independent replications, applied to 100 randomly generated instances,
the DE-FIAPDS algorithm was observed to produce an average final-generation makespan.
We calculate the time complexity of the basic DE by combining these additional steps
with the basic DE time complexity, such as forward conversion, backward conversion
and local search, which can be expressed as O(Gmax - Npop - (d + 1op log 110p ) ), where Gmax
is the maximum number of generations, Npop is the number of individuals in the given
population, d is the dimension of the problem, and 7op is the the number of operations
in FIAPDS. The proposed DE-FIAPDS gives the same results as GA-FIAPDS, although
in some instances they differ by a huge difference in makespan. On the other hand, its
computing time was 100 times quicker.

Keywords: integrated scheduling; differential evolution; DE; nonlinear programming;
optimization

MSC: 90C30

1. Introduction

Efficient scheduling is crucial in today’s manufacturing industry to minimize produc-
tion costs, maximize resource utilization, and improve overall production effectiveness.
According to Pinedo [1], scheduling problems often arise when there is a mismatch be-
tween effective utilization of manufacturing resources and optimization of production goals
and cost efficiency. The scheduling problem is strongly Non-deterministic Polynomial
(NP-hard), which means that it is at least as difficult as the hardest problems in the class
of Non-deterministic Polynomial, for which no known polynomial-time algorithm can
provide an exact solution [2].

Traditionally, in many scheduling problems, to produce items on several machines,
they need to be scheduled independently. Specifically, in the integrated scheduling prob-
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lems, we built all components from the given times using a tree-like structure. In this kind
of structure, they processed the leaves on the tree first before the items were assembled into
a specific component according to a hierarchical assembly structure. Moreover, integrated
scheduling problems are divided into two main stages: processing and assembly. These
two stages tend to lengthen the manufacturing cycles, increase production costs, and also
increase processing time.

Destouet et al. [3] carried out survey research on scheduling that aligns with the transi-
tion from Industry 4.0 to Industry 5.0, following advancements in Al IoT, and optimization
concepts, divided into research problems. Mraihi et al. [4] reviewed modern manufac-
turing, adding to the busy machines and ineffective prioritization problem. The study
by Wang et al. [5] involves systematically arranging production tasks in line with pre-set
plans and market requirements. Ardyanti et al. [6] classified research about Integrated
Scheduling Problems (ISPs), such as Planning Scheduling [7-9], ISP for Manufacturing [10-
16], Production and Distribution [17-21], Assembly Job Shop Scheduling [22-25], Control
and Robotics [26], Supply Chain [27], Logistics [28,29], Security Systems [30], Energy and
Carbon [31,32], and Health [33-36].

Although the ISP extends job shop scheduling problems, the present study focuses on
a scheduling optimization problem in flexible machine and multi-factory environments.
The proposed approach employs a remaining-work probability selection coding strat-
egy to minimize the maximum product manufacturing completion time. As described
by Xie et al. [37], the integrated scheduling problem (ISP) approach, also known as the
flexible integrated scheduling problem (FISP), uses the Artificial Bee Colony Algorithm.
Gao et al. [38,39] represented process constraints using tree-structured relationships. Yuan
et al. [40] proposed a three-chain method for complex product manufacturing with priority
constraints on flexible machines and flexible factories. To ensure the feasibility, quality,
and heterogeneity of the initial population, an encoding strategy grounded in a remaining-
work probability selection mechanism is proposed. In addition, two dedicated methods are
developed for the crossover and mutation operators to handle specific cases of forward
and backward conversion of flexible machines and factories, each ensuring the correct-
ness and admissibility of the offspring chromosomes produced. To further strengthen
the algorithm’s search performance, a machine-oriented search strategy is introduced.
In addition, a straightforward and practical decoding procedure is provided. The feasi-
bility and effectiveness of the proposed algorithm are confirmed through comprehensive
experimental evaluation. This section specifically examines production allocation among
up to five factories, with the Differential Evolution Algorithm adopted as the underlying
optimization technique, having been established as the superior method at the IEEE World
CEC 2025 (https://attend.ieee.org/wcci-2026 /ieee-cec-2025/ accessed 3 April 2026), and
used Python Numba for fast machine code (http://numba.pydata.org/ accessed 3 April
2026) [41-43].

The organizational structure of this paper is delineated as follows. Section 2 is rig-
orously formulated for the Integrated Scheduling Problem (ISP). For this research, we
considered complex products, flexible machines and factories, as shown in in Figure 1.
From Figure 1, our framework is a tree-structured framework where every node and leaf
node describes an assembly process performed under flexible machine and factory settings.
Then, Section 3 is about basic Differential Evolutionary (DE). Section 4 systematically de-
scribes Differential Evolutionary Flexible Integrated Assembly Production Distribution
Scheduling (DE-FIAPDS), comprising the encoding mechanism grounded in remaining
work quantities, two independent crossovers, selection with a local search strategy, the as-
sociated decoding procedure, and mutation operators based on forward and backward
conversion strategies to maintain consistency with Differential Evolution (DE). Section 5
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is the experimental setup of two comparative studies designed to rigorously evaluate
algorithm performance. Section 6 presents the results. Section 7 synthesizes the summary
and suggests avenues for future investigation.
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Figure 1. A sample for complex product.

2. Problem Formulation

As shown in Figure 2, consider 14, operations from a tree-structured complex product,
the manufacturing workload of which is collaboratively distributed across ¢, factories,
or equivalently, processing centers. Without loss of generality, each factory is assumed to
house a uniform number of machines, denoted by 71ac. To formally govern the admissible
processing sequences among the constituent operations, a priority constraint set C is
defined to be C = {(0;,0;) | O;,O; € O}, where the set O is the set of all operations O;.
If (O;, Oj) € C, operation O; is the immediate predecessor of O}, which means that O; must
be finished before operation O; is processed. For each operation O;, define two variables
that represent starting time s; and completion time c;. When the operation O; is processed
in factory f at machine m, we define x;,,s and set it to 1, otherwise 0. The subscript sequence
of x;, s follows the convention that we first need to place the operation at an available
machine in any factory. For each immediate predecessor of O; that has the same machine
and factory placement at O;, we define the variable y;;, where O; is one of the immediate
predecessor operations. If we set y;; = 1, it means O; is proccessed after O;; otherwise,
we set y;; = 0. The factory set F is defined as F = {f | f € {0,1,2,...,ng — 1}}, and
the machine set M is defined as M = {m | m € {0,1,2,..., nmac — 1} }. Because not all
machines are available to all operations, we define the set of available machines AM,; for
each operation O;. We also assume that the set of all machines M can be found in any
factory. We also define p;,,, as the processing duration required for operation O; on machine
m. The distance from the first factory to the second factory f, and f; is defined as Dy, ¢, .
We also define Zij, which has the same characteristic as Yijs but it is specified to include the
traversing time when bringing all the products after processing all immediate predecessors
O; of the operation O; to the factory where O; is placed. The scheduling objective is to
minimize the total completion time of the product. Accordingly, the problem investigated
in this study is formally formulated as follows.

minimize  Cpax = max(c;) (1)
1
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Assembly and Production Stage
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Figure 2. The diagram of assembly operations, factory assignment (including machine assignment in
each factory). All the distances are measured in unit time.
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In the above problem, c; is the completion time defined by operation O;. Cmax is the
maximum of all possible c;. In constraint Equation (2), we set every operation only in one
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factory and one available machine. As shown in Equation (3), p; is processing time in
operation O; after we have assigned that operation to a specific machine and factory. We
set the constraint for the starting time of each operation, where its starting time must be
initiated after all its immediate predecessors have been completed, as shown in Equation (4).
The variable Dy, r. is the distance (in unit time) for bringing the product after operation
O; from factory f; to be processed by operation O; in factory f;. In Equation (5), we have
to make sure that c; satisfies the total processing time for its operation, where the starting
time is s;. The constraint in Equation (6) is a constraint to avoid any overlap between
two operations O; and O; for any operation O; that is an immediate predecessor of O;
at machine m and factory f. The constraint in Equation (7) is a constraint that the starting
time for any operation O; that is not an immediate predecessor of O; can be started earlier
than O; by setting a specific large constant L. Based on the last constraint in Equation (8),
we have to make sure that the starting point is never negative. Every operation has an
opportunity to start.
For realistic conditions, we need to define the following assumptions:

1.  Operations must not be interrupted while processing on the equipment. Once the
operation commences, it cannot be halted until its completion.

Every machine only processes one operator at a time.

Any operation may be executed on one of the accessible machines.

A prior tight-predecessor on the same machine is preferred.

SN IR

Preceding predecessors are favored for allocation to the machine and factory. For any

operation, it cannot start until all its predecessors are finished.

6. No loss of equipment. This presumes that no equipment will sustain damage or
require repair throughout the execution of all procedures.

7. No loss of time. We disregard the temporal expenses associated with component
supply and equipment initialization, meaning that the release time for each step
is zero.

8.  Prior information knowledge about the processing time in each operation. We know

prior to the execution of the procedure the equipment required and the necessary

processing duration.

For example, here we present the input data for 18 assembly operations in a tree-like
structure in Figure 3 that will be assigned to up to four machines and five different factories.
In that case, we also show the one possible solution to our problem using a tri-chain
encoding in Figure 4. To store the tree-like structure of the hierarchical assembly operation,
we use a simple array that stores the successors of each operation as in Table 1.

Figure 3. Hierarchical assembly operation in the form of a tree-like structure.
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Table 1. Representing the number of immediate predecessors for each operation O; in the tree-like
structure. The root operation Oy has no immediate predecessor, so we set it to negative one.

O; 0 12 3 45 6 7 8 9 10 11 12 13 14 15 16 17

Treeep -1 0 0 0 1 1 2 2 2 3 4 4 6 7 7 9 10 13

In the above example, we also need to know the available machines of each operation,
which have been collected in Table 2. We assume that all factories have the same type of
machines. It means that for each operation and its corresponding available machines, we
can put that operation in any factory. The more complicated problem can be handled by
restricting these to available factories for each machine. We leave this to our future work.

Table 2. (a) An example of machine assignment for 18 assembly operations. The processing time
number for operation pj,, for O; and machine m. There are some machines that have no processing
time, which represents an unavailable machine for the given operation. (b) An example of transfer
time between two factories. These travel times are symmetric (Factory 1 to Factory 2 is the same as
Factory 2 to Factory 1).

(@

Operation m=20 m=1 m=2 m=3
Op 9 7 - 5
o} 4 - 7 5
0, 7 4 - 6
O3 7 - 3 4
O4 7 5 - 7
Os 9 - 6 7
Os 6 - 9 -
Oy 8 7 9 -
Os - - 4 8
Oo 3 2 - 4
O1o 4 - 3 -
On 9 7 6 -
OlZ 3 - 2 -
O13 6 - - 5
O14 - 7 - 6
O15 8 - - 7
O16 4 - 2 -
O17 - 4 - 6

(b)

Start Factory End Factory Time
1 0 1
2 0 2
2 1 1
3 0 1
3 1 3
3 2 2
4 0 2
4 1 1
4 2 1
4 3 2
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Figure 4. A tri-chain of one possible solution to FIAPDS. To get the first row (operation chain), every
immediate predecessor of an operation O; must be put before (on the left side) the position of that
operation. With this rule, we always end up having the root operation Oy at the last position (right)
of a tri-chain. For the second row (machine chain), we can assign any available machine for each
operation. For the third row (factory chain), we can assign any factory for each operation.

3. Basic DE

For this section, we follow the description of DE from [44]. Essentially, DE modifies the
real-valued vector taken as a sample in a way that differs from the other two random vectors.
After that, it performs another vector manipulation and checks if the vectors will have the
minimum value. Before we can start DE, we need to determine the control parameters.
The parameters comprise the mutation scale factor (Fca1e), population size (Npop), and the
crossover probability (C;). Identifying an effective parameter configuration enhances the
algorithm’s capability to converge toward the global optimum or a near-optimal region at
an accelerated rate.

We represent the subsequent generations in DEas g = 0,1, ..., Gmax. In the current
population generation, the i-th vector is expressed as:

T
Xig = |X1,i,g/ X2,igs -+ xd,i,g} )

where d is a vector dimension. The first population (§ = 0) of vectors is often created
randomly to maximize coverage of the confined search space. Consequently, the j-th
element of the i-th vector can be represented as

xj,i,O = xj,min + (xj,max - xj,min) U(O, 1) (10)

where a random variable U(0, 1) represents a real number distributed uniformly between 0
and 1. The lower and upper bounds (X;jmin, Xjmax) are determined by the problems. After

we initialize the initial population X; ,, we can use these vectors to perform mutation.

i,g/
3.1. Mutation Basic DE

During the evolutionary process, a perturbation that is applied to an individual might
be considered to be part of the mutation. A candidate vector that is drawn from the
current generation is identified as the target vector in the DE. An example of a mutant
vector is produced by the mutation operator. V;¢ = [v1,4,02i¢,---, vd,i/g]T. It is widely
recognized that various mutation strategies are available for the DE . This work adheres
to the DE/best/1. The term “best” means that we select the best individuals from the
population after we perform mutation on all individuals. The last term “1” means that we
use only one difference to update a vector. This update can be written explicitly as

Vi,g = Xbest,g + Fscale (Xr1,g - sz,g) (11)

In the above update, we define r; and r; as two unique random integers drawn from
{1,2,..., Npop } for each individual in each generation. The individual vector Xpest,¢ rep-
resents the vector that, within the population at the time of generation g, achieves the
highest fitness value (that is, the value of the minimum objective function in the context

https://doi.org/10.3390/axioms15080566


https://doi.org/10.3390/axioms15080566

Axioms 2026, 15, 566

8 of 26

of a minimization issue). The scaling factor Fy., is a real-valued constant defined over
the interval [0,2], typically taking a value less than 1. The mutation operator in DE differs
substantially from that employed in classical GA. In contrast to the marginal perturbations
characteristic of GA mutation, DE mutation is performed through a linear combination of
individual vectors. Upon completing the mutation operation for each individual vector,
the crossover operation is subsequently applied.

3.2. Crossover Basic DE

The crossover illustrates a standard instance of information sharing among individu-
als. The crossover operator vector Uio = [ul,l-,g, Udigr-s ud,i,g]T, by mixing components
from X; ; and its associated V; ; mutated vector. The formulation to perform crossover is
conceived by these conditional transformations:

jigr if u,1) <Crorj=gq

(12)
Xjigq Otherwise

Ujig =

where j = . We are able to use an integer that has been chosen at random from within the
interval from [1, d], ensuring U; , inherits a minimum of one element from the altered vector
Vi - The real-valued constant defined over the interval [0, 1] has a crossover probability C;.

3.3. Selection Basic DE

The selection of the operator is the fundamental task of determining if the vector U; ¢
substitutes the existing individual in the future generation, which can be expressed as:

Uig, if f(Uig) < f(Xig)
X

Xig+1 = (13)

igr otherwise

In this context, f(X) denotes the objective function, where f operates on a designated
vector X. In the aforementioned equation, we advance the individual vector Xl-,g if the
newly generated vector U; ; demonstrates a superior minimum compared to the minimum
of the objective function associated with X; ;. These procedures of mutation, crossover,
and selection are repeated until we have convergent solution vector X; ;.

4. DE for FIAPDS

We apply DE to our problem FIAPDS; we call it DE-FIAPDS. This algorithm was
developed from [40]. We use the principle of DE in the new problem and also develop
the new local search. Our local search is simpler to implement than in [40]. To start the
DE, we have to prepare the initial real-valued vector X; o, which we call a chromosome.
These vectors will be converted back and forth to what is called the “three-vector code”;
see Figure 5. Specifically, the proposed DE-FIAPDS can be explained in the following steps
(see Figure 6).

First, set up the size of the population or the number of symbols as (Npop), then the
(Cy) crossover probability, the (Fy.,1e) mutation scale factor, and (Gmax) maximum number
of generations. Second, initialize the population and set ¢ = 0. Third, evaluate each
chromosome with the given objective function f, and label the best individual with Xpes ¢
Fourth is the mutation phase. We generate Npop vectors V; o by employing the mutation
operator outlined in Equation (11). Fifth is the crossover phase; generate Npop vectors Ul-,g,
according to the crossover condition transformation given in Equation (12). Sixth is vector
U, ¢ for the local search. The seventh step is the selection phase. Evaluate each of the Npop
to find the best candidate vectors X; ¢ 1, by comparing the objective value of three vector
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codes U; ; and against that of the current vector X; ,, described in Equation (13). Then,
add the generation counter by setting g <— g + 1. In the eighth step, recalculate these new
chromosomes’ X; o’s again to find the Xpes; o In the ninth step, if G < Gmax, proceed to Step
4; if not, halt the procedure and return Xjest,¢-

chromsome
Xig = [th) X(2) X(3)]

4,97 g g
A

r )
x.Y X
A A
r ) r )
|-0.49]-0.60/—0.81/ o o 037 | x? ~0.93|-0.25-059 | ¢ o o 0.64
A
s N

[044 Jo72 [019 | @ o e[-0.46]

}

oooooolZ443ooo4

§ e J e J
RS RS R
Ovi,g M., Fig
L J
R

Three vector code

Tri-chain
operation, Oq;,g 15/9 (3 |12/116{(18|11 |4 17/ 6 (13|14, 7|8 5|1 |2 8
machine, Mg |4 |4 |3 [1[3|1]|2|4|2|1]|4]|4|3[3|3]|4|2]2
factory,Fi,g443253252254424434

Figure 5. Representing the problem in real-valued vector X;, and connecting into three-vector
code (O,-,g, M., and Fi,g)- In the bottom part, we mentioned a tri-chain variable that represents the
assignment of each operation to machine and factory. In that image, we have 18 operations, four
machines, and five factories. The transformation between real-valued vectors Xi,g and three-vector
code will be explained in a later section.

Xic
S
three-vector Ocal searc CONVersion [gyfnal
code Ui G tl ree-v?ctor i,G
Mutation with . code Uy -
L5l difference Vig Crossover Three-vector Selection
code yfinal
vectors iC .
i if F(URE) < f(Xic)
U Forward
WG conversion True
Xic ! Xic
N Chromosome False
L Improved chromosome
Initialization of the No _Ter.minati‘on_ ]
algorithm criterion satisfied X o
Yes
A 4
Stop

Figure 6. Main stage DE-FIAPDS.

The proposed DE-FIAPDS integrates global exploration via evolutionary mechanisms
with local exploitation through a dedicated local search algorithm, where local search is
applied to the three-vector code of the chromosome U; ¢ (or [Oi,g, M, Fi,g] ; see Figure 5)
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rather than the chromosome X; ;. Implementing DE FIAPDS requires addressing two key
components: chromosome evaluation and local search application. For evaluation, a real-
valued chromosome is first transformed into a discrete three-vector code representation
via forward conversion. Read Section 4.3 for further explanation. This three-vector code is
then decoded into a stacked Gantt chart of all factories, as shown in Figure 7.

m=3 Factory @
2
i 14 |
0 !
m=3 :: Factory 1
2 | (3] 8 |
1 11 : 5 7 :
0 ! a o % 0 [
m=23 | 13 |:: :: E.: I Factory 2
212 5 s SN i
I - o : 1
LY :#:5 ::: |
S R P '
m=3 15§ i:: i::i i i : Factory 3
92— iiioiii o !
[ o 1 1
116,,10|E:::i:: ' 1
L o o 1
0| P '
m=3 17 |: | 9 |: : Factory 4
) . L 1
1 ! ! makespan = 36
I
0 1
5] 4 8 12 16 20 24 28 32 36

time

Figure 7. Gantt chart of five factories after decoding of three-vector code. The vertical dashed lines
are visual aids to show Dy, f; (the distance between factories, in unit time). The blue rectangles in
some operations show the sequence of critical operations. The red dashed line means the makespan.

4.1. Initialization of Chromosome

In our proposed DE, each candidate solution i is encoded as a d-dimensional real-
valued vector X;, = [xl,l-,g, Xigwees xd/i,g]T where d is set to 3n,p and g is the index for
the generation. To simultaneously address sequencing decisions, machine assignment,
and factory assignment, X; ¢ is partitioned into three equal sub-vectors:

*  The first segment, Xl(,(lg) = [xl/i,g’ X2igr- - .,xnop,i/g]T, encodes machine operation se-
quencing.

*  The second segment, Xglzg) = [xnop_;’_l’i,g, Xtop+2,i,g7 -+ - 1 X2nop g
ment of all operations to their available machines.

®)

L8

|7, represents the assign-

e  The last segment X"/ = [x2n0p+1,i,g/ Xop+2,ig7 - -7 x3nop,i,g] is for the factory assign-
ment.

Similar to the basic DE, each element x;;, in the initial population is generated
through uniform random sampling. Individual chromosomes are initialized according
to Equation (10), with lower and upper bounds set to Xjmin = —6 and xjmax = ¢ for all
j=12,...,3n0p.
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4.2. Decoding Three-Vector Code
The proposed DE-FIAPDS employs a deterministic decoding mechanism to calcu-

(three-vec)
i,
decode a chromosome represented by real-valued vectors into makespan because the

late the three-vector code X into a feasible schedule. We cannot immediately
chromosome does not explicitly represent the assignment of operations to machines and
factories. Section 4.3 will further elucidate the process of converting that chromosome into
its three-vector coding form. Now we want to explain Algorithm 1, which decodes from
the three-vector code into makespan.

Algorithm 1 decoding (), Decoding three-vector code X; ¢

three-vec
E,g )/ Pjm, Treeopr Nfac, Mmac, Df,v,fj

Output: tend,op s tstart,op—mac

Input: X

three-
1: Get O; ¢, M ¢, F; o from Xl(,gree veo)
2: Initialize tgpare idle With O xrpmac
3: Initialize tend,idle with (_1)”fac X Nmac
4: Initialize fenq op With 0(110p+1)x3
5: Initialize tstart,op-mac With (*1)nop «3
6: forje {0,...,nop — 1} do
7. Getm = M [j] and f = F; [j]
8 Get fstart = Estart idle [f —1,m— 1] and feng = tend,idle [f —1Lm— ”
9:  Get all predecessors of O}, Opreq(O;) and calculate 71preq = |Opred (0;)]
10:  Initialize tend pred With (0),1pre 4x3
11:  if Npred > 0 then
12: Initialize tmaxend,pred With 0
13: Initialize Meng pred With OnPre 4x1
14: Initialize Fend,pred with O71pre ax1
15: fork € {0,...,Mpreq — 1} do
16: Find the index ¢ for the position of Oy in O ¢
17: Update Mend,pred [k] — Mi,g [6]
18: Update Fend,pred [k] — Fi,g [6]
19: Calculate tend,pred — tstart,op-mac [Okr 0] + Pjk
20: if tmax,end,pred < tend,pred then
21: Update tmax,end,pred < tend,pred
22: end if
23: end for
24: if teng # —1 then
25: tmax,end,pred — max(tmax,end,pred/ tend)
26: end if
27: Find the factories in which fiax end pred happened
28: Calculate tstart,op-mac by adding travel time from D fiof;
29:  else > No predecessor
30: if tong = —1 then
31: tstart,op—mac — tstart
32: else
33: tstart,op-mac — tend
34: end if
35:  end if
36:  Update tend,op and fstart,op-mac

37.  Update Estart,idle and fend,idle
38: end for
39: Sort tend,op With bubble sort

Algorithm 1 actually does not calculate makespan directly, but we can infer the
makespan from the maximum of tend,op- We also return the second output fstart,op-mac to be

https://doi.org/10.3390/axioms15080566


https://doi.org/10.3390/axioms15080566

Axioms 2026, 15, 566

12 of 26

used for plotting purposes of the Gantt chart; see Figure 7. The general idea of Algorithm 1
is to record the feasibility of placing operation O; in a given machine m, and factory f.
After we put into position all the predecessors of O}, which is denoted by O(0;), we
calculate the starting time for O;. This is can be done by maintaining two variables fga¢ idle,
tendidle- These two variables keep all the feasible starting and end times on each machine
for all factories.

4.3. Forward and Backward Conversion
4.3.1. Forward Conversion

This section process alters a chromosome, originally encoded as a continuous real-
) three-vec) O:

1,87 .8 - [ 1,87

divided into three stages: RepairPermute () (3) and two stages of AssignForwConvers|()

valued vector X; ,, into a three-vector code XZ(. M, Fi,g}. This procedure is

(4) for machine and factory assignment; see Algorithm 2.

: 1 _
In the first stage, the sub-vector Xi, ¢ = [xl,i,g/ X2,igr s Xnopig

]T is associated with the
operation vector code O; , while also taking into assembly operation derived from Treeop.
The configuration of variable Treeop is illustrated in Figure 3. To execute this conversion,
the Largest Position Value rule (LPV_rule ()) is first employed to generate a permutation of
operations. The general idea is to sort the values of Xl(,lg) in descending order, and use those
new position indices as the position of operation O; in O ;. To avoid any conflict with the
assembly operation order from Treeop, we apply RepairPermute () by swapping incorrect
assembly operation order. We use the fact that for the order, all the operations to the left
of an operation O; are the predecessors. No predecessors of O; are to the right of O;. This

procedure is implemented in Algorithm 3.

Algorithm 2 forw_convers (), Transform chromosome X; ; into three-vector code

IHPUt: Xi,g/ Lyvec, Fvec) Marr, OMarr, Farr, OFar, 6, Treeop
X(three—vec)
g

Output:

(1) y(2) ()
97 Xi,g 4 Xi,g
2: Oj4 < RepairPermute (LPV_rule (Xl%)), Treeop) > See Algorithm 3

Lyec, Marr, OMarr, Oi,g/ (S) > See Algorithm 4

1: Get the segments X

3: Mi,g < AssignForwConvers (Xl%),
4 Fj o < AssignForwConvers (Xl(ga), Fvec, Farr, OFarr, Oi g, (5)

: Xg,té}:ree—vec) “ [O M

Ql

i,g/ i,g/ Fi,g]

@ _ T ;
In the second stage, the sub-vector X; . = [xnop+1,,»,g, Xpop+2,i,g7 x2n0p,i,g] is trans-

formed into machine assignment vector code M; ;. To facilitate this mapping, we define
three auxiliary arrays:

1. Lyec = [0, 42, ..., KnOP]T, where each element ¢ j represents the quantity of operational
j machines available.

2. Mgy is the concatenation of all available machines for all operations in one-
dimensional array.

3. OMayy is the starting index to get available machines in May. We use this in conjunc-
tion with Lyec.

These three auxiliary arrays are the consequence of using a non-ragged array in our
implementation. The ragged array is a two-dimensional array where the second axis
(column) has different lengths for each row in the first axis.

(3)

In the third stage, the sub-vector Xl.,g = [xz%p“,i,g, Xonop+2,i,g7 -+ 1 x3nop,i,g] is mapping

into factory assignment vector code F; .. We perform this mapping with the same procedure
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@)

as we map Xig

variables for the factory assignments to be Fyec, Farr, and OFayr. These three auxiliary arrays
3)
i,g

into the machine assignment vector. Here, we define three auxiliary

will be used altogether with X/ in AssignForwConvers (); see Algorithm 4.

Algorithm 3 RepairPermute ()

b-
Input: XEZ‘ Sort),Treeops
Output: O

1: Initialize O 8 + X%
2 Tnitialize O; 5 « X5

3: forj € {0,...,nqp} do

4 Oj « all successors of O;

5. Initialize ShiftLeft < j

6: forke{j—1,...,0}do

7: if Oi,g [k] € O] then

8 ShiftLeft « k

9 end if

10:  end for

11:  MovedSlices < O;.[ShiftLeft : j]

122 O, [ShiftLeft +1:j+ 1] <~ MovedSlices
13 Ojg[ShiftLeft] « j

14: end for

Algorithm 4 AssignForwConvers ()

Inplﬂ: XE,S;b), Avec; Aarrr OAarr/ Oi,gr 1)
Output: A;,
(sub)
1: Get ngp from Xi/ 2

2: Initialize A; ; with 0110 x1

1 (sub)
arr round((s(AVec -1) (ngu + (5) + 1> -1

@

4 forje€ {0,...,nop —1} do

5 op+< Ojg ]

6 Ojg [j] ¢ Aarr|OAarr|[op] + arr|op]]
7: end for

4.3.2. Assignment Forward Conversion

From forw_convers() of Algorithm 2, the procedure of machine and factory assign-
ment is undertaken by AssignForwConvers (). The idea is to transform the real interval

[—4, 8] in which XE? and Xf? are present into the discrete interval of available machine or

factory [1,4;]. Here we have a?three_vec) = {; (for machine assignment) or a;three_vec) = f; (for

factory assignment). Those two variables /; and f; are the number of available machines
and factories of operation O}, respectively. This procedure is formalized by the equation
below:

(three-vec) 1 I
a; round(zfs(aj—l)(x]-,i,g—i—é) +1>, j=12,...,n0p (14)

where round(x) means the function rounds x to the nearest integer. We have to note that
this procedure is not invertible. It means we cannot restore the value of Xl%) and XZ(Z)
from M; ; and F; ¢, respectively. In Equation (14), we set § = 1, and the division by zero

never happens.
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4.3.3. Backward Conversion

In the backward conversion, we transform back from three-vector code into a chromo-
some. This procedure is divided into three stages, the same as for the forward conversion.
For the first stage, we use the pairs of O;¢ 1, which is a vector code of the operation

1%)71, which is a real vector of X; , 1, at the position indices [0, op — 1].

(three-vec)
i

th;‘iele"’ec) = U, and thgree_vec) = Uf’i‘i)' Based on this new arrangement of the three-vector

code th«}(‘gree"’ec, we arrange the position of X; ;1 such that it has a new index position. We

arrangement, and X

Then we will have X after we perform local search in Figure 6; we use the notation

do not change the value, as we know that the local search only performs permutations on
the operation vector code O; ¢ 1.

In stages two and three, we apply the inverse of AssignForwConers (), the procedure
called AssignBackConvers(), to M;, and F;,. This procedure gives us x'? and X(?.

1,8 i,
(1) %2
87 Xi,g

and ng) into the chromosome X; ;. All these three stages are implemented in Algorithm 5.

After we have performed all three stages above, we concatenate all the real vectors X

Algorithm 5 back_convers (), Transform back three-vector code into its chromosome X; ¢

InPUt: Xglt;ree-vec)’ ngg?f-veo/ Xi,g—lr Lyec, Fvecy Marr, OMarr, Farr, OFarr, 6, u(ol 1)
Output: X;,

1: Get np from X (three-vec)

ig
2: Get the segments O;, 1, M; ¢ 1, F; ;1 from X
M

(three-vec)
1,g—1
3: Get the segments O F; ¢ from th;ree“’ec)

i,g/
1
X)) Xigo1[0: 1op)

: Initialize X; ; with 0q XHop

: forj € {0,...,nop — 1} do

Find k where O; ¢ 1[k] = O; [j]

Update Xi,g []] — Xi,g—l [k]

: end for

10: Get orderedIdx which is the indices to order O; ¢

11: Xl(zg) <+ AssignBackConvers (Mi,g [orderedIdx], Lyec, Marr, OMarr, 5, U(O, l))
3)
12: Xl., g

v (1) +(2) +(3)
13: Xig ¢ xi,g,xi/g,xi/g}

i,g/

© PN @ o

+ AssignBackConvers (Fi,g [orderedIdx], Fyec, Farr, OFarr, 6, U (O, 1))

4.3.4. Assignment Backward Conversion

This procedure is only applied to machine assignment and factory assignment vec-
tor code, M, and Fig/ respectively. We also use the same auxiliary vectors: Lyec, Marr,
and OM,,r for machine assignment, and Fyec, Farr, and OF,; for factory assignment, as we
have defined in forward conversion.

In Equation (15), we express the inversion of Equation (14) forj =1, ..., Mop- Remem-

three-vec)

ber that Equation (15) contains division by zero when a; = 1. To avoid this division

by zero, we generate a random number between —J and J.

25 (three-vec) (three-vec)
(three-vec) 1 (aj o 1) —9 11]. # 1
Ajig =% (15)
U (7 5, 5)[ a(three—vec) -1

]

https://doi.org/10.3390/axioms15080566


https://doi.org/10.3390/axioms15080566

Axioms 2026, 15, 566

15 of 26

The variable A, ; . is a placeholder for x'? and X§3)

i e We implement this backward conver-

sion assignment in Algorithm 6.

Algorithm 6 AssignBackConvers ()
InPUti Ai,g/ Avec, Aarr, OAarr, 9, U(O, 1)
Output: nggub)
. Get nop from A ¢
idxAvec < the indices where Ayec > 1
b
- XEP — U(-4,0)
: forj € idxAvec do
startIdx < OAarf]
endIdx < startIdx + Avec|/]
Anum < Aay[startIdx : endIdx]
normVec < the indices where A; ,[j] = Anun
26
9. X o (.)normVec -0
18 m Avec [/] -1
10: end for

PN TR

4.4. Local Search

To improve the solution or chromosome X; o, we use local search for the three-vector
code after we apply crossover. In the original DE, this procedure is not included. We
adopt this local search from [40]. The idea is straightforward; we only replace machine and
factory assignment in vector code M; ; and F; ¢, respectively, from the possible machine
and factory assignments in the given operation O;. To decide which arrangement has a
better solution, we use their makespan by applying decoding() to both three-vector codes
(see Equation (16)).

To reduce the search space when searching the best makespan, we only replace the
machine assignment and factory assignment for the operation in the critical operations.
These critical operations are the operations that mostly control the makespan. Changing
the non-critical operation to a different machine or factory will not influence the makespan
significantly. We can see this clearly from Figure 7. Local search is performed multiple
times on backward and forward conversions and selections inside local search to get the
makespan of the chromosome. Here we do not perform multiple backward and forward
conversions. We applied our forward and backward conversion during local search only.
This will reduce the running time of our program. For these detail steps above, please refer
to Algorithm 7.

4.5. Selection

The selection operator governs the survival of individuals into the subsequent gen-
eration, which is represented by Equation (13). There are many variables involved in this
procedure (see Algorithm 8), because we need to know which chromosome corresponds to
the three-vector code. Forward conversion is not a bi-objective function; that way, perform-
ing forward and subsequently backward conversion will not restore the same chromosome.

When calculating the objective of the chromosome of the current generation X; ; and
the chromosome after local search U; o, we have to perform forward conversion. Since
we have a pair for each chromosome and its corresponding three-vector code, we do not
recalculate the forward conversion to get the three-vector code.

We only use forward conversion after we check that the backward conversion of
Ugs’three_vec) does not have any value outside the domain of chromosome [—§,6]. In
Equation (16) is an illustration of how we calculate the objective functions due to for-
ward conversion.
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f(Xic) = Makespan( Forw(X;¢) )
~————
three-vector code ( 1 6)

f (Uflg) = Makespan( Forw(Ul(.IZ?) )
! %,_'/
three-vector code

Algorithm 7 1s_makespan () , Apply local search to three-vector code

Input:
Output: X

el e e =

16:
17:

18:

19:
20:
21:

22:

23:

: (tend,op/ tstart,op—mac) < decoding (X»

ngll‘ee—vec)/ p]TH/ H]/ Treeop/ nmaCr nfaC/ Dfirf]" U(O/ 1)

gl;,three-vec), o akespangl;)
(three-vec

i.g )/ Pjm, Treeop, Ngac, Mmac, sz‘rfj)

: Find all the leftmost operations, Ojefimost in the Gantt chart with fstart,op-mac

: Intialize totalGap «— maximum time of feng op > any large number also works
. Initialize Oy + { }

. for O] € Oleftmost o

Find the critical path Ot ; from O; to the rooted operation O
Calculate totalGap; of Ot
if totalGap; < totalGap then
Update totalGap < totalGap;
Update Ot Ocrit,j
end if

: end for
. Initialize X
: for Oj € Ot do

(Is,three-vec) X(three—vec)
i,g i,

Use different feasible machines (1) and factories (f) of O; from IT; to calculate
totalGap]-
if totalGap; < totalGap then
Update totalGap < totalGap;

Update Xg;’three'vec) with machine m and factory f
end if
end for
Rearange the position of O randomly among other operations in Xg;’three'vec)
. Is, three-
(tend,op/ tstart,op—mac) < decoding (xf; ree VeC), Pims Treeop, Mfac, Mmac, Df;vfj)

(lS) . .
makespan; ¢ ¢ maximum time of fend,op

4.6. Time Complexity

According to [45], the time complexity of the basic DE is O(Gmax - Npop - d), where

Gmax is the maximum number of generations, Npop is the population size, and d is the

dimension of the problem. In our proposed DE-FIAPDS, we have additional steps for

forward and backward conversion, as well as local search. The time complexity of these

additional steps can be analyzed as follows:

1.

Forward Conversion: The forward conversion involves sorting the operation vector
and assigning machines and factories. The sorting step has a time complexity of
O(nop log nop ), while the assignment steps have a time complexity of O(r14p). There-
fore, the overall time complexity for forward conversion is O(0p log 116p ).

Backward Conversion: The backward conversion involves rearranging the operation
vector and assigning machines and factories back to the chromosome. Similar to for-
ward conversion, the time complexity for backward conversion is also O(11qp log 1op ).
Local Search: The local search involves evaluating the makespan for critical operations,
which can be done in O(n0p) time. However, since we perform local search for
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each individual in the population, the overall time complexity for local search is
O(Npop - 1op)-

Algorithm 8 selection(), Apply selection to two vectors U; ¢ and X; ¢

(Is)
L8

three-
Input: Xi,g/ XE, gree Vec), U,'/g, , makespan
Marr, OMarr, Farr, OFarr, Nop, Nmac, Mfacs Df,-,f]-r s, u(o, 1)
Output: ng(iqnal)’ th;ree—vec,ﬁnal) (final)

I8
1: Xg/f;,nal) < back_convers (Ug;’three'vec), Ul(-,t;ree'vec), Ui ¢ Lvec, Fvec, Marr, OMarr,
Farr/ OFarr/ 5/ u(ol 1))

2: forj € {0,...,3ny, — 1} do > avoid gene to be outside the range (—4, )
3: gene ¢— ng;al) 7]

4:  if gene > ¢ then

5. xinabp . s
6

7

8

9

(three-vec) (Is,three-vec)
Ul,g 7 Ul,g 7 p]m/ Treeop/ Lvec/ FVEC/

, makespan

iLg
else if gene < —¢ then
(final) [ -
Xl.;‘a [j] < —¢
end if
: end for

10: X{reeveoin  torw_convers (X, Lyec, Fuecs Marts OMarr, Farr, OFarr, 8, Treeap )

. three-vec,final
11: (tend, op’ tstart,op_mac) < decoding (X( )

i,g
E,f;nal) < maximum time of feng, op

1 Pijms Treeop, Mfac, Mmac, Dﬂ,fj>

12: Initialize makespan

. (final) (Is)

13: if makespani,g > makespani,g then

14:  Update make spangf;nal) <— make spang’l?
15: else fnal

16:  Revert Xg ;,na) — Xig

17- Revert th;ree—vec,ﬁnal) « thé};ree—vec)

18: end if

Combining these additional steps with the basic DE time complexity, the overall time
complexity of DE-FIAPDS can be expressed as:

O(Gmax - Npop  d + Gmax * Npop * op 10g 11op + Gmax * Npop nop)
= O(Gmax - Npop - (d + nop log nop)) (17)

5. Experimental Setup

Although a considerable number of benchmark sets exist for traditional job shop
scheduling problems, no existing benchmark applicable to the DE-FIAPDS of tree-
structured products has been shown to date, to the best of the authors” knowledge. In order
to evaluate the effectiveness of the proposed algorithm, a two-phase experimental approach
is implemented. The initial stage involves identifying the optimal numerical parameter
configurations for our algorithm. This can be accomplished by applying Taguchi’s method.
In the second stage, we generated several instances to see the statistical behavior of our DE
implementation compared to GA.

5.1. Algorithm Configuration and System Specification

For the purpose of the second stage, we generated one hundred instances of problems
for testing our DE implementation. We adopted the same mechanism from [38] to generate
these one hundred instances of problems. There are many free parameters that can be
chosen freely to generate each instance within a given range for each of the following: the
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factory number #,. € [2,5], the operation number 7., € [50,100], the machine number
Nmac € [4,8], the tree structure of assembly operation height [2, 1o /2], and the processing
time pjc € [1,20]. The range of values in the distance between factories is Dy, ¢, € [1,4].
All algorithms are implemented in Python 3.12.7 with a Miniconda 3 environment and
executed on the server: Genuine Intel® Xeon @2.30 GHz® Gold 5118 CPU 256 cores, Linux
Operating System. Every algorithm was run 30 times independently for every instance. The
program is structured in a script one-hundred-instance.py that extensively uses Numba
0.61.2, a Python library, to speed up the running time by translating Python and NumPy
into fast machine code via LLVM [46]. The program runs in parallel 3000 times (30 runs X
100 instances). Because we can run in parallel, we used 100 processor cores, which means
30 times for a single batch. In a single batch, we run 100 programs.

5.2. Parameter Settings

Initially, we must determine the parameters for the proposed algorithm utilizing the
Taguchi experimental design process [47]. For this purpose, we select the case of Ig; 5 5
that has 1o, = 82 operations, a maximum of 5 available machines and 5 available factories.
The algorithm is governed by five key control parameters, namely Npop for population
size, Fycqle for mutation scale factor, Gmax for the maximum number of generations, and
C, for crossover probability. Each control factor was examined across four distinct levels,
and the corresponding parameter configurations are recorded in Table 3. For each control
parameter configuration, the proposed algorithm was executed independently across 30
runs to ensure statistical robustness, with the mean makespan serving as the primary
performance indicator. The corresponding Taguchi experimental design and the resulting
observations are systematically presented in Tables 3 and 4. Moreover, the impact of specific
parameters on algorithm performance is visually represented in Figure 8, where the average
makespan is calculated at the end of generation.

Table 3. Our range of primary parameters Nsamples Gmax, Cr, and Fycqe in the Taguchi method. Here
we use Igp 5 5 with 11, = 82 operations, maximum of 5 available machines and 5 available factories.

Parameters Factor Level

1 2 3 4
Nsample 2op 3tigp 4nop Stiop
Gmax 30 40 50 60
C, 0.3 0.5 0.7 0.9
Fycale 0.2 0.8 15 1.8

From Table 4 and Figure 8, we can order our rank of primary parameters based on their
ranges of influencing average makespan, and explain their behavior. The most primary
parameter influencing the algorithm is the mutation scale factor F .. This parameter
has a large range of influence on average makespan. The second important parameter is
Gmax, the maximum number of generations in local iterations. If the size is excessively
large, the execution time of the algorithm will increase significantly. The subsequent
parameter pertains to the crossover probability C;. Increasing this parameter will trigger
more crossover mechanisms, as we observe from Figure 8. A trend exists towards achieving
a minimal average makespan, with the population size Nsample exerting the least influence
on the algorithm’s performance. If Ngample is inadequately small, it does not sufficiently
characterize the distribution of the solutions. If Nsymple is excessively large, the execution
time of the algorithm will increase significantly. We can see in Figure 8 that there is no
benefit to using a larger number of individuals since it does not improve the average
makespan. The parameters of DE presented in this study are established as follows:
Nsample = 47op, Gmax = 60, Cy = 0.9, Fscare = 0.2.
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Figure 8. All average makespan in the Taguchi method for all four parameters Ngample Gmax, Cr,
and Fyc,1e. We set this parameter with the factor level of 3-4-4-1 for 100 instances.

Table 4. Taguchi orthogonal array and experimental results.

. Factor Levels Average
Xp.
? N, sample Gmax C F, scale Makespan
1 1 1 1 1 169.0
2 1 2 2 2 241.1
3 1 3 3 3 251.5
4 1 4 4 4 251.1
5 2 1 2 3 260.2
6 2 2 1 4 264.4
7 2 3 4 1 180.2
8 2 4 3 2 234.2
9 3 1 3 4 257.9
10 3 2 4 3 245.2
11 3 3 1 2 236.7
12 3 4 2 1 168.8
13 4 1 4 2 236.1
14 4 2 3 1 174.1
15 4 3 2 4 248.9
16 4 4 1 3 248.9
K; 913.7 923.4 919.2 692.3 -
Ky 939.0 925.2 9194 948.5 -
K3 908.5 917.3 917.7 1005.8 -
Ky 908.0 903.0 912.6 1022.3 -
k1 228.4 230.9 229.8 173.1 -
ko 234.8 231.3 229.9 237.1 -
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Table 4. Cont.

Factor Levels Average
Exp.
N, sample Gmax G Fscale Makespan
k3 227.1 229.3 229.4 251.5 -
kq 227.0 225.8 228.2 255.6 -
Range 7.8 5.6 1.7 82.5 -
Rank 4 2 3 1 -

Note: K; = sum of makespan values at level i; k; = K;/4 = average response; range = max(k;) — min(k;); lower
rank indicates greater factor influence.

6. Results
6.1. Initial Testing for a Single Instance

For the preliminary result, we tried nop = 18 and 82 (we only show results in this
article for 18 operations; see Figure 9). We have achieved convergence for all individuals
to a stable makespan after 40 generations. In Figure 9, we also keep track of the average
makespan over the number of individuals (Ngample) for three categories: (a) in the starting
stage before each generation, (b) after mutation and crossover operators, and (c) after local
search and selection operator. We found that these mutation and crossover operators are
aggressive to explore more search space, as we can see in the beginning of each generation
that they increase dramatically and tend to be stable after generation 20. Local search and
selection do not improve the average makespan significantly after generation 10.

3
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Figure 9. An evolution of makespan for a single run of 18 operations with up to four available
machines and five machines. (Top left): the evolution of makespan for all individuals is drawn by the
blue circle. The red line is the average makespan over these individuals. (Middle left): Comparison
of average makespan for all three categories (at starting generation, after mutation and crossover,
and after local search and selection). (Bottom left): The difference in average makespan between
(mutation + crossover) and at starting generation. (Right): A Gantt chart for the best solution of
FIAPDS with 18 operations.
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6.2. Comparison of DE-FIAPDS with Existing Algorithm

In 30 independent runs of the aforementioned algorithms on 100 randomly generated
cases, our algorithm DE achieved both the average and minimum makespan, as illustrated
in Figure 10. That figure shows the average makespan at the last generation and over 30
runs; the mean of this quantity over all 100 instances (including its standard deviation) for
GA-FIAPDS is 106.10 (44.39) and for DE-FIAPDS it is 156.60 (59.23). The minimum average
makespan for GA-FIAPDS is 36, and for DE-FIAPDS it is 46. This minimum average
makespan occurred in instance 83 with nop = 52, imac = 6, and ng,. = 3.

I . GA-FIAPDS
300 . e DEAFIAPDS
[ ]
[ ]
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Figure 10. Average and minimum makespan comparison between DE-FIAPDS and GA-FIAPDS.
Dashed line with circle is for minimum makespan, and solid line with disk is for average makespan.

We are sorting 100 instances of data according to their critical path timespan. The criti-
cal path timespan is the total maximum processing time ) ; p;;, along the longest path in
process priority starting from the deepest children operation to root operation (see Figure 3).
We only select the first found on the longest path even though there might be multiple
longest paths. Doing that kind of sorting, we can see clearly the trend of implementation
for DE-FIAPDS and GA-FIAPDS. Figure 11 shows a comparison between our DE-FIAPDS
and GA-FIAPDS for their average makespan and computational time. DE-FIAPDS is faster
in calculating the solutions.

In Figure 11, we can order approximately for every 100 instances according to their
critical path timespan. We found that as the problem becomes bigger, DE-FIAPDS tends to
increase its computational time. In GA-FIAPDS, we barely see any trend for this computa-
tional time, but the difference in computational time between these two algorithms is in
order of approximately 100.

In Figure 12, we sort our results of 100 instances based on their search spaces (nop X
fmac X Mfac). The results using this sorting of problems are very clear: upward trends in
computational time between GA-FIAPDS and DE-FIAPDS.

In Figure 13, we see the difference in minimum makespan between GA-FIAPDS and
DE-FIAPDS. From that graph, we can see the distribution is right-skewed, with a few
upper-range examples. Large disparities between the two approaches are rare, since the
ranges over 50 have low representation (6, 1, and 6 cases for 51-60, 61-70, and m > 71,
respectively). We can suggest that GA-FIAPDS and DE-FIAPDS approaches often yield
similar minimum values. Following these findings, the subsequent stage in enhancing DE
is to optimize the local search and augment the complexity to get more robust outcomes.

Both results in Figures 14 and 15, which are the average and minimum computational
time of the proposed DE-FIAPDS, are assessed against the GA-FIAPDS across 100 instances.
As shown in the figure, every instance recorded a speed-up factor of at least 4x, with the
majority falling within the [16, 32)x range (31 instances), followed by [8, 16)x (28 instances)
and [32, 64)x (16 instances). Remarkably, no instance was observed where the GA-FIAPDS
matched or surpassed the computational speed of DE-FIAPDS, confirming the algorithm’s
consistent superiority. These results suggest that DE-FIAPDS offers a substantial reduction
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in computational time compared to GA-FIAPDS, making it a highly practical choice for
solving large-scale optimization problems efficiently.
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Figure 11. The makespan and computational time of DE compared with GA when we sort the 100
instances based on critical path timespan. In the middle plot, we add a dashed vertical line to indicate
the instances that have the same minimum makespan over the population.
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Figure 12. The makespan and computational time of DE compared with GA when we sort the 100
instances based on the search space (11op X mac X fi5c)- In the middle plot, we add a dashed vertical
line to indicate the instances that have the same minimum makespan over the population.
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Figure 13. The difference in minimum makespan between DE and GA. We clearly observe that DE
can achieve the same results on its minimum makespan over population compared to GA.
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Figure 14. The average computational time of DE compared with GA when we sort the 100 instances
based on computational time speedup.
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Figure 15. The minimum computational time of DE compared with GA when we sort the 100
instances based on computational time speedup.

7. Conclusions and Future Research

From the scheduling problem FIAPDS that we have defined, we have implemented
two heuristic evolutionary algorithms: DE-FIAPDS and GA-FIAPDS. We compute the aver-
age and minimum makespan for all 100 different instances. We found that for all 30 different
independent executions, the algorithm converges to the same minimum makespan.

In Figure 13, the DE-FIAPDS and GA-FIAPDS approaches often yield similar minimum
values; considerable variation exists across the dataset, with most divergences remaining
within moderate bounds. In the future, the local search should be optimized and complexity
added to DE-FIAPDS to make this algorithm faster and help it find the best minimum
makespan. Overall, the performance of both algorithms was similar, but the computational
time of DE-FIAPDS is much faster (around 100 times faster than GA-FIAPDS). If we
take a look at the minimum makespan over 30 runs, these algorithms actually produce
approximately the same result.
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This study evaluates two algorithms for scenarios involving flexible machines with a
constraint of several available machines and flexible factories where local search demands
additional time, reducing its efficiency. We implement all the algorithms using standard
Python libraries: NumPy and Numba. There is another implementation of this type of
algorithm in Python: Pymoo. This module is not very easy to adopt for solving our problem,
and that Python library does not support Numba. In future research, it is necessary to
improve the implementation to utilize a GPU or even a parallel programming technique.
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