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Abstract

This paper investigates the enumeration of orientable vertex-transitive embeddings of
complete graphs K >, where p > 5 is a prime. Building on the classification framework
established by Li, we derive a precise count of these embeddings up to non-isomorphism.
Furthermore, we provide explicit examples to demonstrate the realizability of the maps
corresponding to our enumeration results.
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1. Introduction

When a graph admits an embedding into a surface, a natural problem arises: how
many non-isomorphic embeddings does it have? A fundamental objective of topological
graph theory is to enumerate all symmetric embeddings of a given family of graphs
into closed surfaces [1-4]. As part of a systematic effort to count the vertex-transitive
embeddings of complete graphs, the present work is restricted to the orientable vertex-
transitive embeddings of the complete graphs on p? vertices, where p > 5 is a prime.

An orientable map M = (V, E, F) is defined as a two-cell embedding of a finite graph
I' = (V,E) into an orientable surface. Here, V, E and F denote the sets of vertices, edges
and faces, respectively. An automorphism of M is a permutation on V U E U F that preserves
each of these sets and their incidence relations. Consequently, it corresponds precisely to a
graph automorphism of I' that also preserves the supporting surface. The set of all such
automorphisms forms the automorphism group Aut(M) under composition.

Map M is said to be G-vertex-transitive (or a vertex-transitive embedding of its underlying
graph) if there exists a subgroup G < Aut(M) acting transitively on the vertex set V.
Moreover, if G additionally preserves the orientation of the supporting surface, then M is
termed an orientable vertex-transitive map. The concept of orientable arc-transitive maps is
defined analogously.

A Cayley map M is defined as an embedding of a Cayley graph, %, into a surface such
that Aut(M) contains a subgroup N acting regularly on the vertices. In this case, M is
referred to as a Cayley map of N (or a Cayley embedding of > with respect to N). Notably,
Cayley maps constitute an important and highly interesting class of vertex-transitive
maps [5,6].

The latest developments in the theory of maps have been deeply intertwined with the
study of map colorings, with highly symmetric maps consistently occupying a central posi-
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tion in research. The modern systematic investigation of this topic can be traced back to the
foundational contributions of Biggs [7,8]. Over the past five decades, a substantial body of
results concerning symmetrical maps has accumulated; see [5,6,9,10] and references therein.

Map M is said to be complete precisely when its underlying graph is the complete
graph K;,. A classification of arc-transitive complete maps has been obtained by [8,11,12];
edge-transitive complete maps have been established in [9,13]; for edge-transitive complete
bipartite maps, please refer to [14-20]; vertex-transitive complete maps M in four classes
are given in [21]:

(I) M isasharp Cayley map, and the AutM acting on vertices is regular;

(I) M isa Cayley map of a nilpotent group, and Aut M is a Frobenius group;

(Ill) M is a Cayley map of Z¢, where p is a prime and d > 2, AutM = Zg:Dzk has the only
minimal normal subgroup Z4, and the index 2 subgroup Zg:Zk is a Frobenius group;

(IV) M is a non-orientable non-Cayley map of order 2!~1(2/ — 1), and the AutM =

PSL(2,2') acting on vertices is primitive with [ > 2.

The problem of determining the number of non-isomorphic vertex-transitive complete
maps on a given number n of vertices, originally posed in [21], remains an open problem.
Complete counts for maps of type (I) and type (IV) are established in [11,21], respectively.
More recently, progress has been made [22-24] by solving the counting problem for certain
special families of vertex-transitive embeddings of complete graphs.

The aim of this paper is to determine the number of orientable vertex-transitive
complete maps with p? vertices, where p > 5 is a prime. Recall that ¢(n) denotes the Euler
phi function, defined as the count of positive integers less than 7 that are prime relative to
n. The principal results of this work are stated in what follows.

Theorem 1. Let M be an orientable vertex-transitive embedding of complete graphs K., where
p > 5is a prime, and let G = Aut(M). Then, M is a Cayley map of group 72, and G = Z%,:G,x
is a Frobenius group whenever the vertex stabilizer G, is cyclic with any vertex «. Further, let p;
and py be two different primes; the following statements hold:

(i) If Ga = Zy_1, then there are exactly p!(p — 1)P¢(p — 1) such different maps. Furthermore,
if p+ 1 = p1pa, then there are exactly
[Ap+1] = [Ap | = [Ap, [ + A
ISL(2, p)]

such non-isomorphic maps with | Ay, 1| = p!(p — 1)P¢(p — 1) and | A1 | = ¢p(p* — 1).
(ii) If Gu = Zyy1, then there are exactly (p —2)!(p + 1)P~2¢(p + 1) such different maps.
Furthermore, if p — 1 = p1po, then there are exactly
[Bp-1| = |Bpi| = |Bp, | + [Bi]
2(p—1)

such non-isomorphic maps with |B, 1| = (p —2)!(p + DP2¢(p+1) and |By| = p(p* —1).

Remark 1. (1) Orientable vertex-transitive complete maps whose vertex stabilizer G is a dihedral
group only arise as embeddings of Ky and Kg [23]. Discussions concerning dihedral stabilizers
have been omitted in this paper, as such embeddings do not exist for K » with p > 5 as a prime.

(2)  For any divisor k of p* — 1, distinct structures of automorphism group Aut(G) are yielded by
the varying actions of Gy =2 Zjy on Zg,

(a) If k is a primitive divisor of p*> — 1, then the action of Zj. on Ly _y is primitive, and
the corresponding enumeration results for such different and non-isomorphic maps are
deduced from the assertion in Theorem 1 (ii).
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(b)  Ifk is not a primitive divisor of p* — 1, then the action of Zy on Ly _y becomes imprim-
itive, and the corresponding enumeration results for such different maps are deduced
from the statement in Theorem 1 (i). However, for k # p — 1, characterizing the enu-
meration of non-isomorphic cases requires first determining the structure of Aut(G).
This issue is not resolved within the present paper, and the following open problem is
therefore proposed.

Open problem. Let p > 5 be a prime, and let G = Z}%:Zk be an affine group such that
ged(k, p) = 1. Supposing that the linear action of the cyclic subgroup Zj on the elementary
abelian p—group leg is reducible, how can automorphism group Aut(G) of group G be
explicitly characterized and computed?

Furthermore, as a corollary of Theorem 1, we derive the following conclusion.

Corollary 1. Let p > 5 be a prime, py and py be two different primes.

(i) The number of non-isomorphic orientable embeddings M of K, such that Aut(M) =
[Ap1|=[Apypy [ = A 2| +|Ap, |
25 Ly 1 and p 41 = pipy, equals ST a
(it)  The number of non-isomorphic orientable embeddings M of K, such that Aut(M) =
[Bp-11=1Bp1pa | 1B 2] +1By, |
2(p-1) '

Z%:ZPH and p — 1 = p3py, equals

The structure of this paper is as follows: Following this Introduction Section, prelimi-
nary results are given in Section 2. The enumeration of the different and non-isomorphic
orientable vertex-transitive complete maps is then presented in Sections 3 and 4, respec-
tively. Finally, Section 5 is devoted to the complete proof of Theorem 1.

2. Preliminary Results

Some notations are fixed at the start of this section, followed by a presentation of
fundamental results essential for subsequent arguments.

Let p > 5 be a prime. The cyclic group of order p — 1, the elementary Abelian p
group of order p?, and the dihedral group of order 2p are denoted by Ly, Zf, and Dy,
respectively. The general linear group and the special linear group of field F > are denoted
by GL(2, p) and SL(2, p), respectively. The centralizer and the normalizer of Z, 1 in GL(2, p)
are denoted by Cgy(5,)(Zp-1) and Ng| (2,)(Zp-1), respectively. The order of a and the
cyclic group generated by a are denoted by o(a) and (a), respectively. Given two groups H
and K, let H:K denote the semidirect product of H by K in which H is normal. The center,
the automorphism group and the inner automorphism group of H are denoted by Z(H),
Aut(H) and Inn(H), respectively.

Let F = F > be the field of order p?, with additive group F* = ]F;rz and multiplicative
group F* =F ;2. Then,

Fre=73, F*=Z, ;.

The identity of F* is 0, and let F¥ = F* \ {0} be the set of all non-identity elements. It
follows that K 2, the complete graph on p? vertices, can be represented as a Cayley graph

K,2 = Cay(F", F¥).

A cyclic permutation of its neighbor set I'(v) of vertex v of finite graph I', denoted
by Ry, is called a rotation at v. The set consisting of rotations at all vertices, denoted by
R(T) = {Ro }vev, is called a rotation system of T'. Consequently, each rotation system R(T)
uniquely determines an orientable embedding of I'; refer to ([25], pp. 104-108).
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Let Cay(H, S) be a Cayley graph. Since vertex rotations R, can be regarded as permu-
tations not only of the neighborhood I'(v) but also the generating set S, Cayley maps admit
another equivalent description [26]. A map with underlying graph Cay(H, S) is called a
Cayley map if the induced local cyclic permutations of S are all identical. Moreover, each
cyclic permutation p of F* gives rise to a unique orientable Cayley embedding of K2 with
underlying graph Cay(F*, F¥). Therefore, if p; and p, are different cyclic permutations of
F#, the resulting orientable vertex-transitive complete maps are also considered different.

3. Enumeration of Different Complete Maps

This section is devoted to enumerating the different vertex-transitive embeddings of
K,2. A well-established result concerning vertex-transitive maps is cited first.

Lemma 1 ([21], Lemma 2.2). Let M be a vertex-transitive map with G = Aut(M). Then, for
any vertex , stabilizer G, is isomorphic to either Zy or Dy, where k > 2 is a positive integer, and
each orbit of the action of G, on the neighborhood of « has a length of exactly k.

From Lemma 1, a finite planar rotational symmetry group is formed by stabilizer G,
under its natural action on the neighborhood of . If G, = Zj, the stabilizer only admits
rotational symmetries, namely, it cyclically permutes all neighbors of « with no reflective
symmetries. If G, = Dy, the stabilizer possesses both rotational and reflective symmetries.
In addition to cyclically permuting the neighboring vertices, there exist axial reflective flips
that swap pairs of adjacent vertices.

Next, from ([21], Theorem 1.1 and [25], Lemma 5.4.1), we can directly obtain the
following lemma.

Lemma 2. Let M be an orientable vertex-transitive map with underlying graph K ,» and prime
p >5,and let G = Aut(M). Then, M is a Cayley map of 73, G = Z%,:Zk is a Frobenius group
such that Gy = Zy, and (k, p) = 1.

Assume that Z; := (a), with 0(a) > 2. From Lemma 2, we know G & F*:(a) is a
Frobenius group. Moreover, the action of (a) on F is half-transitive, and |(a)] is a divisor
of |[F*| — 1; in other words, k | (p? — 1). In particular, if k = p — 1 or p + 1, it is easy to see
that G = F":Z, 1 or F":Z, 1, respectively.

Lemma 3. Let p > 5 be a prime number. Then, there are exactly p!(p — 1)P¢p(p — 1) dif-
ferent clrientable vertex-transitive embeddings of K ,» whose automorphism group is of the form
GXF 7 —1-

p

Proof. Since F +:Zp,1 is a Frobenius group, and p — 1 is not a primitive divisor of p2 -1,
G is a imprimitive permutation group. For convenience, set « = 0. Then, the action of G
on neighborhood I'(0) of 0 generates % = p + 1 orbits with p+1 > 6, and, in view of
Lemma 1, the length of each orbit is p — 1. Note that F¥ = F* \ {0}, and we have

F# = AlUA2U s UAerl,
where A; is an orbit of Gy acting on I'(0), and |A;| = p—1with1 <i<p+1.

Note that vertex 0 and the neighbors of 0 can be placed on a disk such that 0 is at the
center and its neighbors are arranged around it. Without loss of generality, we assume that
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the p2 — 1 neighbors of 0, i.e., all elements of F* are arranged in clockwise order around 0
and are denoted by B4, 82, - -, ‘szil. Then,

0= (,BlrﬁZI' e /;sz—l)

is a cyclic permutation of F¥ (see Figure 1). It follows that the number of cyclic permutations
of F* is exactly the number of ways to arrange B; with 1 < i < p? — 1. Hence, the problem
of counting orientable vertex-transitive complete maps reduces to counting the different
possible choices for ordered set ;. For simplicity, let 81 = 1 with f; € Ay, and let 1 be the
identity element of F*.

ﬁp2,1 S AP+1

Br=1€N

Bp+1 € Dpia B2 € A2

B3 € A3
Ba € Ny

Figure 1. Cyclic permutations p = (1, B2, - -+, B2_1) of F*,

If Bo € Ay, then 1% = B, for some a° with 0 < s < p — 2. It follows that a° : 1 — By
B3 — Ba+ ---+— 1. Thus, (s,p — 1) = 1, and the action of Gy = (4°) on IT'(0) gives rise
to only one orbit, which is a contradiction. So, B, ¢ A1 and B € A; with2 <i < p+1.
Without loss of generality, set B, € A; for convenience, and then B, has (p+1—1)(p — 1)
different choices. ‘

If B3 € Ay, then B“] = B3 for some a/, where 0 < j < p — 2. Furthermore, there is
a : By — B3+ By -+ 1. It follows that (j,p —1) = 1,1 € A, and the action
of Gy on I'(0) gives rise to only one orbit, which is a contradiction. Thus, B3 ¢ Ap. If
B3 € Aj, then 17 = B3 for some o/ with 0 < j/ < p —2. It follows that there are
@ i1+ B3 Ps— - Land a/ : By — By — Bg — --- — Po. Thus, the action of
Go = (a/') on T(0) gives rise to two orbits, which is a contradiction. It follows that B3 & A
and B3 € A; with 3 <i < p 4 1. Without loss of generality, set B3 € A3 for convenience, so
B3 has (p +1—2)(p — 1) different choices.

If B4 € A3, then ﬁgt = B4 for some a, where 0 < t < p — 2. Moreover, there is
a' i B3+ By Bs > -+ +— 1. Thus, (t,p—1) = 1,1 € Az and Gy = (a') acting on I'(0)
has only one orbit, which is a contradiction. So, B4 & Az. If B4 € Ay, then ﬁgﬂ = P4 for
some a'', where 0 < t' < p — 2. It follows that there are a' : By — By > B — - — B2
and a' : B3 — Bs — By — --- +— 1. Thus, Gy = (a”') acting on T'(0) gives rise to two
orbits, which is a contradiction. So, B4 & Ay. If By € Ay, then 1”t// = B4 for some at”,
where 0 < #/ < p — 2. Further, there are a” : 1 By +— B7 > --- = Lal" : By — s
Bg +— -+ Poand a!” : B3 — Bg — Pg — --- = B3. Thus, the action of Gy = (a'")
on I'(0) gives rise to three orbits, which is a contradiction. So, B4 ¢ A; and B4 € A; with
4 <i < p + 1. Without loss of generality, set 4 € A4 for convenience, and we deduce that
Bs has (p+1—3)(p — 1) different choices.

If B5 € A4, then ‘Bﬁk = Bs for some a* with 0 < k < p — 2. It follows that there is
a* By Bs— Bg > -+ 1. Thus, (k,p — 1) = 1,1 € A4, and the action of Gy = (a*) on
I'(0) has only one orbit, which is a contradiction. So, B5 & A4. If 5 € A3, then ,ng/ = Bs for
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some a¥ with 0 < k' < p — 2. Correspondingly, there are a Ba— Ba— P = P
and ¥ : 1+ B3 — Bs — --- — 1. Thus, the action of Gy = (a¥') on I'(0) gives rise

1"

to two orbits, which is a contradiction. So, s ¢ Az. If B5 € A, then ﬁgk = Bs for
some a’ with 0 < k” < p — 2. Further, there are a*' : 1 +— By — By — --- = 1,
a" By Bs > Bg > - — Ppand a’ : B3 — Bg — B9 — --- — P3. Thus,
the action of Gy = (a*") on I'(0) gives rise to three orbits, which is a contradiction. So,
Bs & M. If Bs € Ay, then 19" = Bs for some a™ with 0 < m < p —2. It follows
that there are a” : 1 — B5 —= Bg —= -~ = 1, a" : Bo = B — P1o — -+ — Po,
a™ : B3 — By P11 - = Bs,and a1 By — Bg — P12 — - - — B4. Thus, the action
of Go = (a™) = (a) on I'(0) has four orbits, which is a contradiction. So, f5 ¢ A; and
Bs € A;jwith 5 < i < p 4 1. Without loss of generality, set 5 € As for convenience, and we
deduce that 85 has (p +1 —4)(p — 1) different choices.

If B¢ € As, then ﬁg‘k = Be for some a* with 0 < k < p — 2. It follows that there is
a*: Bs > Bg > B7 +> -+~ +> 1. Thus, (k,p —1) = 1,1 € As, and Gy = (a¥) acting on
I'(0) gives rise to only one orbit, which is a contradiction. So, Bg & As. If B € A4, then
,Bfik, = Bg for some a¥ with0 < k' < p —2. Correspondingly, there are a¥ By = By
Be > ---— Bpand @ : 1 — B3 — s > - - - — 1. Thus, the action of Gy = (a*') on T'(0)
gives rise to two orbits, which is a contradiction. So, Bg & A4. If B € Az, then ‘ngu = B6
for some a¥’ with 0 < k” < p — 2. Further, there are a*" : 1 +— By — By — - = 1,
a" By Bs > Bg > - — Ppand @’ : By — Bg — B9 — --- — B3. Thus,
the action of Gy = (a*") on T'(0) gives rise to three orbits, which is a contradiction. So,
Be & Az. If Be € Ay, then ,ngm = B for some a¥” with 0 < k" < p —2. It follows

that there are a" : 1 — Bs — Bo — - =1, ax" B2 — B — Bro — - — Po,
ax" B3 +— B7— P11 — -+ — B3, and " B4 — Bg — P12 — - - - — Ba4. Thus, the action
of Go = (a¥") on T'(0) gives rise to four orbits, which is a contradiction. So, Bg & A,. If
Bs € A1, then 17" = Be for some a™ with 0 < m < p — 2. It follows that there are 4™ : 1 +—
Be > P11 - = 1,a": By By Bros o> Bo,a™ B3> Bg > P13 oo > Ba,
a™ : By Bg > Pra— -+ By,and a™ @ Bs — B1g — P15 > - - - > PBs. Thus, the action
of Go = (a™) on T'(0) gives rise to five orbits, which is a contradiction. So B¢ ¢ A; and
Bs € A; with 6 < i < p 4+ 1. Without loss of generality, set g € Ag for convenience, and we
deduce that B¢ has (p +1 —5)(p — 1) different choices.

According to the above derivation, we find that By € A; and B7 & A; with2 <i <6.
Then, 17 = B7 for some a!, where 0 < | < p — 2. Tt follows that there are a’ : 1+ By

Bz o= 1,a i By By Bra = oo = Bo,al i By Bo = Bis > - Ba,
CllZﬁ4}—)ﬁ10}—>1316}—>"-}—>ﬁ4,01255l—)ﬁ11l—)’817l—>---l—)’B5,andal2[36’—)‘Blzl—>
Big > -+ > Bs. Thus, the action of Gy = (a') on T(0) gives rise to six orbits, namely,

p + 1 = 6. Since the number of generators of Gy is ¢(p — 1), we find that a' has ¢(p — 1)
different choices. Noting that Gy is cyclic, then, except for 1, B2, B3, B4, Bs and Bg, the
remaining vertices of Ay, Ay, Az, Ag, As and Ag can be obtained by 1, B2, B3, B4, Bs and B¢

3

through the conjugate action of 4, a2 a3, ..., aP72, respectively. So,

P=2 P2 P2 p—2
p|p+1=6:: (1/ﬁZ/,B3/,B4/ﬁ5/‘B6/1u”Bg/,Bgr'"/ﬁg/"'/la s g 7 % 7ty g )

is a cyclic permutation of F¥. It follows that the number of p is determined by the choices
of 1, B2, B3, B4, Bs, Be and a. Further, the number of p[,1—¢ equals

(p+1-1(p-1)-(p+1=-2)(p—1)-(p+1=-3)(p—-1)-(p+1-4)(p—-1)-(p+1-5)(p—1)-¢(p—1)

= (6D p—1)°p(p 1)
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Let the corresponding maps generated by p|,1—¢ be

Me = Me(1, B2, B3, Ba, B5, Be, a).

Thus, the number of different orientable vertex-transitive complete maps equals
5(p—1)%¢p(p—1)ifp+1=6.

In fact, p + 1 can be generalized. If G, = (a) acting on I'(«) has p + 1 orbits, then
Bi € Ajsuchthat By =1land1 <i<p+1,and

p-2 p—2 p—2
p‘P+1 = (II,BZr"‘r,Berl/lﬂl,Bgr"'/,Bl;,+1,"',1u , g "“’AB‘;ZH—l)

is a cyclic permutation of F* . Since B; has (p+1 —i+1)(p — 1) different choices with
2 <i < p+1landahas¢(p— 1) different choices, it follows that the number of p|, 1 equals

(p+1-D(p-1)-(p+1-2)(p=1) - (p+1=(p+ 1)+ 1(p-1)-¢(p-1)
=pllp=1Po(p - 1)
Let the corresponding maps generated by p|,1 be

Mp+l = Mp+1(1/ ﬁ21ﬁ3l e /,Bp+1/ ll).

Hence, if Gy = Z,_1, then there are exactly p!(p — 1)P¢(p — 1) different orientable vertex-
transitive embeddings of K ». [

Next, we apply the same method to determine the number of different orientable

vertex-transitive maps with underlying graph K in the case where Gy = Zj 1.

Lemma 4. Let p > 5 be a prime number. Then, there are exactly (p —2)!(p +1)P2¢(p + 1)
different orientable vertex-transitive embeddings of K ,» whose automorphism group is of the form
GXF"Zyy.

p+1

Proof. Use the notations defined in Lemma 3. Note that F*:Z, is a Frobenius group,
(p+1)|(p>—1)and (p+1) f(p — 1), namely, p + 1 is a primitive divisor of p> — 1, and
then G is a primitive permutation group, Gy partitions I'(0) into F;T]l = p —1 > 4 orbits
and the length of each orbit is p + 1. It follows that F* = @;U@,U - - - U®,_1, where ©; is
an orbit of Gg actingonI'(0), |@;| =p+1withl1 <i<p-1.

From the proof of Lemma 3, we can set that1 € ©1, §; € ©; with2 <i <p—-1. It
follows that

p P P
P|p—1 - (llﬁZI' " /,Bp—lllalﬁg/“' /ﬁ;_ll"' /111 7 g 7 /,B;_l)

is a cyclic permutation of F¥. Since ; has (p —i)(p + 1) different choices with2 < i < p—1
and a has ¢(p + 1) different choices, the number of p[,  equals

(p=2)p+1)-(p=3)(p+t1)--(p—p+D(p+1)-¢(p+1)

=(p-(p+1)" p(p+1).

Let the corresponding maps generated by p[,_1 be

Mpfl = Mpfl(l/ ,82/,83/ e /,Bpfll ﬂ).

https:/ /doi.org/10.3390/axioms15080567
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Hence, if G, & Z,, 1, then there are exactly (p —2)!(p +1)?2¢(p + 1) different orientable
vertex-transitive embeddings of K . [

Similarly, we obtain the number of the different orientable vertex-transitive maps with
underlying graph K> in the case where Gy = Z2_;.

Lemma 5. Let p > 5 be a prime number. Then, there are exactly ¢p(p> — 1) different orientable
arc-transitive embeddings of K ,» whose automorphism group is of the form G = F +:sz,1.

Proof. Use the notations defined in Lemma 3. If G = F +:Zp271’ then the action of Gy on
I'(0) has only one orbit. It follows that

2
o= (114,17, 17 %)

is a cyclic permutation of F¥. Noting that a has ¢(p? — 1) different choices, then the number
of p1 equals ¢(p? — 1). Let the corresponding maps generated by p1 be M, := M,, (1,a).
Hence, if G, = sz_l, then the number of different orientable arc-transitive maps M, of
K2 equals p(p?—1). O

It is now verified that the automorphism group of the constructed complete map M
satisfies Lemmas 3-5.

Lemma 6. Let M be an orientable vertex-transitive embedding of K> constructed from the
semidirect product F*:(a) with cyclic generator a. Then, the full automorphism group of M is
exactly given by Aut(M) = F*:(a).

Proof. From the construction rule of complete map M in Lemmas 3-5, every element of
F* acts as a vertex translation on M, and each power of generator a provides rotational
symmetry preserving the cyclic adjacency ordering of neighbors at each vertex. Since
all such transformations respect the edge incidence and map structure, every element of
F*:(a) belongs to M. Therefore, F*:(a) C Aut(M).

Reverse inclusion is Aut(M) C F':(a). Take an arbitrary automorphism ¢ € Aut(M).
We decompose ¢ into a translation and a rotation, and we verify both components lie in F*
and (a), respectively.

Let 0 € F be the base vertex of M, and let v = ¢(0) be the image of the base vertex
under ¢. Since F acts regularly on the vertex set of M, there exists a unique translation
ty € F* such that t,(0) = v. Define the composition T = t; ! o o, then T(0) = 0, i.e., T fixes
the base vertex.

The stabilizer subgroup (Aut(M))g consists of all automorphisms fixing the base
vertex, which must preserve the cyclic order of neighbors around 0. By our construction,
the cyclic adjacency around each vertex is exactly induced by the permutation a, so all
vertex-stabilizing automorphisms are powers of a. That is,

(Aut(M))o = (a).

Since T fixes 0, we have T € (a).

The two components are combined to express ¢ = t, o T, where t, € F" and 7 € (a).
From the definition of the semidirect product, ¢ is contained in F':(a). Via the two-way
subgroup inclusion established above, the equality Aut(M) = F*:(a) is concluded, which
verifies that the automorphism group structure adopted for the enumeration is precise. [
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4. Enumeration of Non-Isomorphic Complete Maps

Remark that two different orientable vertex-transitive maps with underlying graph
K2 can be isomorphic. For the enumeration of complete maps up to isomorphism, the
classical Clifford’s theorem is recalled at the outset.

Lemma 7 ([27], Theorem 5.3.2). Let V be an irreducible FH module, and let N be a normal
subgroup of H. Then, the following statements are true:

(i) V isacompletely reducible FN-module, and
V=W'oW, & -- oW/,

where W; are all non-isomorphic irreducible FN submodules of V with1 <i <.
(ii) H permutes {W}', W}, --- , W'} transitively.
(iii) If K is the stabilizer of the action of H on W{', then H acting on W' is irreducible.

Let p > 5 be a prime. From ([28], Theorem 7.3 of Character 2), GL(2, p) has a cyclic
subgroup Z,>_;. Since Z,>_; is regular on the finite set () of p* — 1 vertices, from ([29],

Exercise 1.4.1), it follows that GL(2, p) = Z,»>_1:(GL(2, p))a forany a € Q. Let {w, f} be a

base of 2-dimensional linear space V on field F. For any g = (i b) € GL(2, p) such that

d
ad —bc # 0,

{a, B}8 = {a, B} <i Z) = {an + cB, ba + dB} = {a, b + dB},

it follows that aa +c¢f = a. Thena = 1, ¢ = 0, and (GL(2,p))s = . So,bhasp

1 b
0 d
different choices, and d has p — 1 different choices. Hence, (GL(2,p))s = Zy:Z,_1, and
GL(2,p) = Zpo_1:(Zp:Zp—1).

Next, we need to obtain the following lemma, which will determine the normalizer of
Zy—1 and Zy 1 in GL(2, p), and further ascertain the structure of Aut(G).

Lemma 8. Let p > 5 be a prime number. The following statements holds:
(i) IfG= Z%:Zp_l, then Ng(2,p)(Zp-1) = GL(2, p) and Aut(G) = Z%:GL(Z, p).

(i1) IfG = Z%:ZP-H/ then NGL(2,p) (Zp+1) =7 2_1ZZZ and Aut(G) = Z%(Z 2_1222).

p p

Proof. Let V = Z%,, namely, consider Z%, as a 2-dimensional linear space over field F. Since
Zy-1 acting on Z%, is reducible, from Lemma 7,

Z% =VidV,,

where dim(V;) = 1, and V; is a faithful irreducible F,Z, 1 module with i = 1,2. Fix
an Fy-basis B = {1,a} of F2, where & € Fp \ Fp is a root of an irreducible quadratic
polynomial over Fy,. For any a € F;, define the left multiplication map p, : F,, — F,» by
pa(x) = a - x, where the multiplication is the field multiplication in sz. Since a € Fy, for
any x = x1 + X0 € Fp with xq, x, € Fp, we have p,(x) = ax; + axox. The matrix of p,
under basis B is the scalar matrix

[0a]5 = (g 2) = al,.

https:/ /doi.org/10.3390/axioms15080567


https://doi.org/10.3390/axioms15080567

Axioms 2026, 15, 567

10 of 16

Map ¢ : Fj — GL(2,p) given by i(a) = al, is an injective group homomorphism, so its
image satisfies 1(F;) = Z,_;. This is the primitive scalar embedding adopted throughout
this paper, in contrast to reducible embeddings such as the diagonal embedding.

Let H = 1(Zp—1) = {al, | a € F;} be the image of the primitive scalar em-
bedding. Then, H is the center of GL(2,p). Further, from ([30], 27.14(3)), we have
CoL(2,p) (Zp-1) = GL(2, p). Since Cg(2,p) (Zp-1) < NeL(2,p)(Zp-1) < GL(2,p), it is easy to
see that Ng| () (Zp-1) = GL(2, p). Furthermore, if G = Z%,:Zp,l, from ([31], Lemma 4.5),
we have

Aut(G) = Z3:NgL o) (Zp-1) = Z5:GL(2, p).

The conclusion of (i) holds.
Next, we prove that the conclusion of (ii) holds. From ([28], Theorem 7.3 of
Character 2),

Ner(2,p) (Zp+1) = NoLop) (Zyp—q) = Ly _1:20.

Furthermore, if G = Z?,:ZPH, from ([31], Lemma 4.5), we have

Aut(G) = Zp:NeL op) (Zp11) = Zi(Zp 1)

p

O

Remark 2. The identity Ngy (o,)(Zp-1) = GL(2, p) in Lemma 8(i) holds only for the primitive
scalar embedding defined above. For other embeddings of Z,_1 into GL(2, p), the normalizer may
be a proper subgroup. For example, consider the reducible diagonal embedding " : F; — GL(2, p)
given by i'(a) = diag(a,1). Take the permutation matrix

01
P= <1 0) € GL(2,p),

then P/ (a)P~1 = diag(1,a) ¢ /' (F;) fora # 1,50 P & N, (¢ (Zy-1)). This confirms that
the normalizer structure depends critically on the embedding, and all results in this paper are based
on the primitive scalar embedding via the right reqular representation.

Two maps M and M, are said to be isomorphic if there exists a bijection between their
vertex sets that sends flags to flags, denoted by M; = M,. Consequently, if M = My,
then their automorphism groups are isomorphic as well. A complete map is called a
complete Cayley map if its automorphism group acts regularly on the vertices. Furthermore,
complete Cayley maps derived from non-isomorphic groups are always non-isomorphic.

Let M be an orientable vertex-transitive embedding of complete graphs K>, where
p > 5is a prime. Let G = Aut(M) = Z%,:G,X, and G, is a cyclic group for any & € V. From
([31], Lemma 4.5), it follows that

Aut(G) = Z5:Nayy(z3)(Ga) = Z5:Ne(2,) (Ga) < Sym(V).
Then, the following lemma can be obtained.

Lemma 9. If o is a permutation on the vertex set V of M, then M7 = M for each o € Aut(G).
On the contrary, o € Aut(G) if M7 = M.

Proof. Suppose that 7 fixes « for some 7 € Aut(G) < Sym(V) and « € V' \ {0}. Since Zf,

is a regular and normal subgroup of Aut(G), for any x € Z% \ {0,1}, «* = ax or x la if
x is the right or left multiplication, respectively. So, a* # a; namely, x does not fix a. It
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follows that T € Ngy(3,,)(Ga) < Sym(V). Since G is a Frobenius group, it is easy to see that
Z(G) = 1. Thus,

75:Gy = G = G/Z(G) 2 Inn(G) < Aut(G) = Z3:Ngy (2, (Ga)-

Then, G < Ng(2,) (Ga)- In addition, from ([29], Exercise 1.4.1), Aut(G) = Z%:(Aut(G))a.
So, we obtain Gy <1 (Aut(G))a = N (2,p) (Ga)- Then, Gi = Gy for each T € Ng| () (Ga)-
Further, for each ¢ € Aut(G) such that o = x7, where x € Z%, and T € Ng(2,)(Ga),

MT = M = M= M.

Hence, M7 = M for each o € Aut(G) by arbitrariness of x.
On the contrary, if M7 = M, then Aut(M?) = Aut(M). It follows that for each
o eQG,
Aut(M)? = G” = G = Aut(MY).

Note that Z(G) = 1,and G = G/Z(G) = Inn(G) < Aut(G), then o € Aut(G). O

In view of the above lemmas, we first determine the number of the non-isomorphic
embeddings with underlying graph K > when G = Z%:Zp,l is an imprimitive permutation
group, as stated in the following lemma.

Let

Ap+1 = {Mp+l(1/,82/,33/‘ o /,Bp+l/a)|:Bj € A] such that .Bl =1 ’
o(a) = p—1,and read the subscripts modulop+1, 1 <j<p+1}.

Then, Ay, 1 is a finite non-empty set, and | A, 1| = p!(p — 1)P¢p(p — 1).

Lemma 10. If G = F":Z,_1, p + 1 = pyp2 with different primes p; (i = 1,2), then there are
[Ap 11— [Apy [ [Apy [+] A
ISL2,p)]

exactly non-isomorphic orientable vertex-transitive embeddings of K...
Proof. Let X = Aut(G). Then, from Lemma 8§,

X = 75:6L(2, p) = Zp:(Zye_y:(Zyp:Zp 1))
Since Z%, <X, and Z% acting on V is regular, from ([29], Exercise 1.4.1), X, = sz_l:(Zp:Zp_l);

further, G < X, and G, <1 X,. Set (z) := sz_l for convenience.
Since o(a) = p — 1, it follows that zP ™! = a. Let

p—2 p—2 p—2 p—2
(11,32/ﬁ3r"'r‘Bp—l-]rla/,B%rﬁg/"'I,BL;;_A,_lr"'rlu ’ g ’ g r"'/ﬁ;’)+])
be a cyclic permutation of F¥ such that g; = ¥ ' and3 <i< p + 1. Then, we have
Ziilil}—>‘3ii—>,32i_1'—>---’—>1,

i—1
z! 1 Bo = Biv1 > Boi = Bo,

27V By = Baica > Baia ey > B

That is ,z'~! can be identified with the permutation

27N = (1Bifai1 -+ Byr—in1) (BoBiv1Bai - Bpa—iva) - (Bi1Pai2Pai-3- -~ Bre_1)-
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Thus, G, = (z'"1), and a = zP*! € (z71). Then, (i — 1)|(p + 1), and i — 1 = p; or p,.

Suppose i — 1 = py. Let M, be the only orientable complete map generated by z/1.
It follows that Aut(M,,) = F:(z") = G.p» > G. Thus, M, € Ay, Ay, C Ayiq. So,
X'\ G contains no element which is an automorphism of M;, for M}, € A1\ Ap,. Since
G < Xand

(X/G)p, = {xG € X/G|(M}, )¢ = (M}, )% = (M}, )" =M}, } =G,

then X/G acting on A, 1 \ Ap, is semiregular. Similarly, X/G acting on A, 1\ Ap, is
semiregular.
Especially, we notice that

p—2 p—2 p—2
Z:(1/ﬁ2/"'/,Bp+1/1a/,Bg/"'/,B[;]+1/”'/1a 12 g //,B‘;Jrl)

can also be seen as a cyclic permutation of F* such that B, = 1%. Let M be the only

orientable complete map generated by z. It follows that Aut(M;) = F™:(z) = G.(p+1) >

G, and M is arc-transitive. Thus, My € A;, A1 C Apiq, and [A1] = ¢(p*> —1). So, X\ G

contains no element that is an automorphism of M for M} € A, 1\ A;. Since G <1 X and

(X/G) pqy = {xG € X/G[(M))* = (M])®* = (M})* = Mj} =G,

then X/G acting on A, ;1 \ A is semiregular.
Let X acton A1\ (Ap, UAp,). It follows that for each M), 1 € Api1\ (Ap, UAp,),

( ; Jr1)X is an orbit of this action, and the length of this orbit equals
MoK = X X XSl o
P R 1T My T 161 T 12,0

Thus, from Lemma 9, there are

[Ap i1\ (Apy UAp) | [Apa] = [Ap, [ = [Ap, [ + Al
ISL(2,p)| ISL(2,p)|

non-isomorphic orientable vertex imprimitive complete maps. [

The following is an example that verifies the existence of an orientable vertex-transitive
embedding of K > in Lemma 10.

Example 1. Let M be an orientable vertex-transitive embedding of K, with p = 13, and let
G = Aut(M). If G & Z3,:Zqy, then M is a complete Cayley map of Z2,, G is a Frobenius group,
and the action of Gy = Zy, on Z3y is half-transitive. Since p — 1 = 12 is not a primitive divisor of

132 — 1, G, acting on T'(«) gives rise to p + 1 = 14 = 2 - 7 orbits. Furthermore, from Lemma 10,
| Ava]=|As| = | Ap|+| A |

there are SLE13)]

such non-isomorphic maps.
Next, we determine the number of the non-isomorphic embeddings with underlying

graph K » when G = Z%:ZPH is a primitive permutation group.
Let

Bp—l = {Mp_l(l,ﬁz,ﬂg,' .. ,ﬁp_l,a)| ﬁ] S A]‘ such that ,Bl =1,

o(a) = p+1, and read the subscripts modulop—1, 1 <j<p—1}.

Then, B, is a finite non-empty set, and |B,_1| = (p —2)!(p + 1)’ 2p(p + 1).
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Lemma 11. If G = F":Z, 1, p — 1 = pyp2 with different primes p; (i = 1,2), then there are
IBp—1|=|Bp; |~ |Bp, | +|B]

exactly 2(p=1)

non-isomorphic orientable vertex-transitive embeddings of K .
Proof. Let Y = Aut(G). Then, from Lemma 8,

Y = Z%:NGL(Z,;J) (Zp+1) =~ Z%(Z 2,1222).

p

Since Z%, <Y and Z%, acting on V is regular, we use ([29], Exercise 1.4.1) to find that
Y, = sz_lzZz; further, G <Y and G, < Y.

Since 0(a) = p+1and (z) = Z,2_4, it follows that 2P~ = a. Let

P P P P
(1/,82/,831' o I,Bpfl/lul,Bg/,Bgr' o /,B?;_]r' o rla ’ g ’ g A /,B’;_l)
be a cyclic permutation of F¥ such that ; = 1 and3 <i< p — 1. Then, we have
27V 1 B Boiig o 1,

27 By Bioy v Poi o B,

27N Bl Boia v Baina o > Bisa
That is, 2! can be identified with the permutation
270 = (1BiBoi1- - Bpr—it1)(BaBiv1Bai- - Bpr—iv2) -~ (Bi-1Bai-2Bsis- - Bypa_1)-

Thus, G, = (z""!) and a = zP~1 € (z'~1). Then, (i — 1)|(p — 1),and i — 1 = p; or p».

Suppose i — 1 = py. Let M, be the only orientable complete map generated by zP2.
It follows that Aut(Mp,) = F*:(z2) = G.p; > G. Thus, My, € By,, By, C By_1. So,
Y\ G contains no element that is an automorphism of M;,, for M}, € B, 1\ Bp,. Since
G <Y and

(Y/G) g, = (¥G € Y/GI(M},)¥C = (M},)% = (M},)¥ = M}, } =G,

then Y/G acting on B),_1 \ By, is semiregular. Similarly, Y/G acting on B),_1 \ By, is
semiregular.
Especially, we notice that

p P P
z= (llﬁZII o /ﬁpflllarﬁg/”' /ﬁi;f]/"' Ilﬂ ’ g s ’ﬁii*l)

can also be seen as a cyclic permutation of F* such that 8, = 17, and let M be the only
orientable complete map generated by z. It follows that Aut(M;) = F":(z) = G.(p — 1) >
G, and M is arc-transitive. Thus, My € By, By C B,_1,and |B;| = ¢(p* —1).S0, Y\ G
contains no element that is an automorphism of M for M} € B,_1 \ Bi. Since G <Y and

(Y/G)pay = {yG € Y/G|(M)YC = (M})® = (M])Y = M} =G,

then Y/G acting on B,_1 \ By is semiregular.
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Let Y acton B,_1 \ (B, U Bp,). It follows that for each M},_; € By_1\ (Bp, UBy,),
( ;_1 )Y is an orbit of this action, and the length of this orbit equals

2. .
LY/ P R (G = ) Y
) = W 1T ARV ) T 61T B

Thus, from Lemma 9, there are

|Bpfl \ (Blﬂl UBP2)| _ ‘Bp71| - |BP1| - ‘BP2| + |Bl|
2(p—-1) 2(p—1)

non-isomorphic orientable vertex primitive complete maps. [

The following example verifies the existence of an orientable vertex-transitive embed-
ding of K » in Lemma 11.

Example 2. Let M be an orientable vertex-transitive embedding of K 2 with p = 11, and let
G = Aut(M). If G = Z2,:Z,, then M is a complete Cayley map of Z3,, G is a Frobenius group,
and the action of Gy = Zyp on 72, is half-transitive. Since p + 1 = 12 is a primitive divisor of
112 — 1, Gy acting on T'(«) generates p — 1 = 10 = 2 -5 orbits. Furthermore, from Lemma 11,

|Bio| —=|Ba|—|Bs|+|Bi]
there are 510

such non-isomorphic maps.

Next, we obtain the following two conclusions from the proof of Lemma 10 or
Lemma 11.

Corollary 2. IfG=F":Z, 1, p+1= p2pa with different primes p; (i = 1,2), then the number
of non-isomorphic orientable vertex-transitive embeddings of K > equals

|Api1\ (App, U Ap§)| B |Ap i1l = [Apypo | = |Ap%| + | Ap, |
ISL(2,p)] ISL(2,p)|

For example, if G & Z2.:Zy, with p = 17 and p + 1 = 18 = 2- 3%, then the number

of non-isomorphic orientable vertex-transitive embeddings of K,,» equals W =

| A1s|—|Ae| | Ag|+]|As]
SL217)] :

Corollary 3. IfG=F":Z, 1, p—1= p2pa with different primes p; (i = 1,2), then the number
of non-isomorphic orientable vertex-transitive embeddings of K > equals
’B(p—l) \ (Bmpz U Bp%)‘ _ |Bp71| - |BP1P2| - |Bp%‘ + |BP1|
2(p—1) 2(p—1) '

For example, if G & Z2,:Zy4 with p = 13 and p — 1 = 12 = 22 . 3, then the number
|312\§3142U136)| _

of non-isomorphic orientable vertex-transitive embeddings of K3 equals
|Bua|—|Ba|—|Bs |+ B,
212 :

Furthermore, if p—1orp+1 = plll plzz e pi’, where p;(1 < i < t) are different
from other primes and [; > 1 is an integer, then we can obtain the generalization of the
above results.

5. Proof of Main Theorem

A proof of Theorem 1 based on the foregoing results is supplied in this section.
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Proof of Theorem 1. Let M be an orientable vertex-transitive embedding of sz, where
p > 5is a prime, and let G = Aut(M). From Lemma 2, M is a Cayley map of Z2, and
G= Z%:Ga is a Frobenius group for each « when G is cyclic. Furthermore, if G = F +:Zp,l,
p + 1 = pyp2 with different primes p; (i = 1,2), from Lemmas 3, 6 and 10, there are exactly

|~AP1P2‘ — |AP1| - |AP2| + |~Al‘
ISL(2,p)]

non-isomorphic orientable vertex-transitive embeddings of K >, where | Apips| = pl(p —
1)P¢p(p—1),and |A;| = ¢p(p*> —1). If G = F":Z, 1 and p — 1 = p;p2, then from Lemmas
4, 6 and 11, there are exactly

1Bpipy| — 1Bpy| — | Bp, | + |B1]
2p1p2

non-isomorphic orientable vertex-transitive embeddings of K>, where [By,p,| = (p —
2)1(p+1)"29(p+1),and |By| = p(p* —1). O

Finally, a fully explicit construction for p = 5 is provided to genuinely verify the
statements of the main theorem, including field construction, generator, rotation, and
automorphism group validation.

1.  The irreducible polynomial f(t) = > — t + 2 € Fs[t] defines the quadratic extension
Fp5 = F5(a) with basis {1, a}.

2. A primitive cyclic generator a = 2+« € Fj; is chosen, which induces the cyclic
rotation permutation on the vertex set Fys.

3. The complete map M, whose adjacency rule is prescribed by the rotation induced by
a, is constructed, with the full neighbor set of each vertex enumerated explicitly.

4. Inaccordance with the proposition for automorphism group verification, the equality
Aut(M) = F;":(a) is established via two-way subgroup inclusion, and all extraneous
symmetries outside this semidirect product are ruled out.

5. Substituting p = 5 into the enumeration formulas in Lemmas 3, 4, 10 and 11, the
numerical result matches the count of non-isomorphic maps constructed above, con-
firming the theorem numerically and algebraically.
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