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Abstract

In this paper, we study the existence of solutions for a class of quasilinear Schrodinger
equations under general potential conditions. The quasilinear term causing the functional
to be ill-defined in H! (RYN) is addressed via a dual approach involving a change of variables.
To overcome the lack of coercivity in the potential V, a class of weighted function spaces
is introduced, and their compact embedding properties are established. Moreover, the
boundedness of the Cerami sequence is obtained with new conditions on the nonlinearity,
which can be unbounded in the variable x. Recent results from the literature are improved
and extended.
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1. Introduction

In this paper, we consider the following quasilinear Schrodinger equations:
—Au—l—V(x)u—A<|u|2“)|u|2“*2u = h(x,u), xcRY, 1)

where } <a <1,N>3,VeCRN,R)and € C(RN x R,R).

Researchers have extensively studied Equation (1) over the past two decades due to its
strong physical background. Equation (1) is referred to as the so-called modified nonlinear
Schrodinger equation. For the case @ = 1, solutions of Equation (1) are related to solitary
wave solutions of the equation

iz = Az + W(x)z — m(|2])z — xAp(|2]*)¢' (|2*)z, (2)

wherez : R xRN - C,W:RN - Risa given potential, m, ¢ : RT — R are suitable func-
tions, and ¥ € RR. It can be used to describe physical phenomena corresponding to various
types of x and ¢. For example, if x = 0, Equation (2) becomes a semilinear Schrodinger
equation, which has been widely investigated, we refer the readers to reference [1-3].
Different forms of the nonlinear function ¢(s) correspond to distinct physical phenomena.
The linear case, ¢(s) = s, models the time evolution of a wave function in a superfluid
film and was investigated by Kurihara [4]. The case ¢(s) = 1 + s, however, describes the
self-channeling of a high-power ultrashort laser in matter (see reference [5]). For more
physical applications, we refer to reference [6—13] and references therein.
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Recently, many researchers have focused on Equations (1) and (2) via variational
methods. In reference [14], the multiplicity of solution for the following problem:

—Au+V(x)u—Au?)u=g(x,u), xcRY,

was studied via the Nehari method, where g and V are periodicin x1, ..., xn. The function g
is odd in u, subcritical and satisfies a monotonicity condition. In reference [15], Zhang et al.
used the Lagrange multiplier method to prove the existence of the ground state solutions.
Adachi and Watanabe in reference [16] discussed the uniqueness of the ground state
solutions for the following quasilinear Schrédinger equations:

—Au+ A — kA([u)®) [u*2u = |ulP~'u, xeRN,

via a dual approach. In [17], Luo et al. focused on the infinitely many negative energy
solutions for the following quasilinear Schrodinger equation involving concave and con-
vex nonlinearities:

—Au+ V(x)u — A|u*)|u*2u = Ag(x,u) + ph(x,u), xRN,

via a new method and dual fountain theorem, where N > 3, % < a <1,Aand p are param-

eters, ¢, h € C!(RN x R,R), and the potential V(x) satisfies the following assumption:

(V) V € C(RN,R),0 < Vp := inf,pn V(x),and for each M > 0,meas{x € RN : V(x) <
M} < +o00, where Vj is a constant and meas denotes the Lebesgue measure in RY.

With the advancement of research, the potential V(x) has attracted significant attention
from researchers. In reference [18,19], researchers discussed the indefinite potentials;
finally, they obtained an unbounded sequence of solutions and obtained the existence of a
nontrivial solution for the equation. Recently, Ma et al. [20] investigated the existence of
solutions for a class of quasilinear Schrodinger equations with subcube growth nonlinear
terms g and the noncompact potential V. They considered the following conditions:

(V3) V e CH(R3,R);

(V) V>m >0, lim V(x) = Ve < 0.

|x| =00
Moreover, Yang et al. [11] focused on the existence of a least energy nodal solution for a
quasilinear Schrodinger equation. They assumed that the potential V is radially symmetric
and satisfies
(V}) V(x) =V(|x|) and V € L®(RN), or
(V{) lim V(x) = co.
|| =00

In reference [21], Zhang et al. devoted themselves to studying the existence and multiplicity
of sign-changing solutions of the quasilinear Schrédinger equation by considering the
potential condition:

(V) Ve C(R3) NL®(R3), V(x) = V(|x]) and inﬂ{ V(x) > 0.
xeR3

The common feature of the aforementioned works is that the potential V'(x) is required
to be coercive or bounded at infinity. To our knowledge, there are few results on the
quasilinear Schrodinger Equation (1) involving noncoercive conditions with & # 1. Itis
well known that the noncoercive conditions will lead to the lack of global compactness,
and it is difficult to verify the (PS) or (C) condition. Inspired by the above-mentioned
works, this paper is aimed at considering the existence of nontrivial weak solutions of the
quasilinear Schrodinger Equation (1) under the noncoercive conditions, and there is no
growth of the potential function at infinity.
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2. Main Results and Preliminaries

In order to reduce the statements for main results, we amusse h(x, u) = a(x)g(u) and
list the assumptions as follows:

(V) 0<Vp:=inf,pn V(x);
We use the following notation: If O C RN is open and 2 < s < 2* = 2N/ (N — 2), we set

inf Jo(IVu|? + V(x)[u|?) dx

0s(Q) = { uewP@\0)  (J |l dx)*”
0 ifQ=0a.

ifQ £ Q,

now we shall consider the following assumption:

(V1) img_,e 0s(RN \ BR) = oo for some s € [2,2*), where By, is the closed ball with center
at origin and radius R;

1
(g0) there exist constants v > 1, ¢, Rp > 0 such that a(x) < ¢ (1 + (V(x)) 7), V|x| > Ry,

where a € C(RN,RT) with a(x) > 1;

(g1) there exists 4a < p < a2* +2a — —=% _ such that lim 3(t)

7(N-2) |t —+oo [t[P1
G(0) =0and g(t) = o(|t]) as |t| — O, where G(t) = fotg(s) ds;
there exists v > 4a such that G(t) := Ltg(t) — G(t) > Oforall t € R;

v
there exists d > 0 such that G(t) > —d|t[** forall t € R;

|Gt‘(4ta) — +ooas |t| — oco.

< +oo;

(2
(83
(84
(85

— — O~ —

In this article, our main result is the following theorem.

Theorem 1. Assume that conditions (V), (V1) and (g9)—(g5) hold; then Equation (1) has a nontrivial
weak solution. Furthermore, if g(t) is odd in t, then Equation (1) has a sequence {u,} C E of
solutions such that ||u,||g — oo and J(u,) — +oo.

Remark 1. According to Corollary 1.4 in reference [22], our condition (V1) incorporates the coercive
condition ( V5’), the non-coercive condition ( Vl’ ) and the non-coercive condition:

(V) The function [V (x)]~! belongs to L' (RN).

For example, it follows from (V{) that

lim meas (QM N (RN \ER)) =0,
R—o0

where Oy == {x € RN : V(x) < M}. Then we can derive that condition (V) holds by means
of contradiction.

Remark 2. There exist functions that satisfy all assumptions in Theorem 1. For example, let
V(x) = |xsin|x|| + 1, a(x) = 1+ [|xsin|x|| + 1]% and G(t) = |tP with N =3, a =1, p = 6,
v =5, v = 8. It is worth noting that recent literature concerning the existence of solutions for
quasilinear Schrodinger equations under non-coercive conditions (see references [17,20,23-25])
requires that the nonlinear term be bounded with respect to the variable x, which acts as a crucial
premise to verify the boundedness of a Cerami or (PS) sequence. However, we permit the nonlinearity
to be unbounded in x, which makes our conclusions distinct from the existing references.

The proof of Theorem 1 presents several major challenges. Firstly, the presence of the
quasilinear term makes the functional associated with Equation (1) not well defined in
H'(RN). Inspired by Wu's work [23], we employ a dual approach by changing variables.
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Secondly, since there are no coercive assumptions on V, it is difficult to prove the conver-
gence of the Cerami sequence. To overcome this problem, we introduce a class of weighted
function spaces and prove that they possess the property of compact embedding. Thirdly,
the nonlinear term can be unbounded with respect to the variable x; we need to prove that
the energy functional still satisfies condition (C) and the geometric structure required by
the Mountain Pass Lemma. In the following, we elaborate on how we overcome them one
by one.
In this paper, we set

H=H\RVN) = {u e L2(RN): Vu e LZ(RN)}
with the inner product
(u,v)y = /RN(VL{ - Vo 4 uv) dx

and the norm )

full = [ [, (1w ) ia]

E= {u € H'(RN): /RN(WMZ + V(x)uz) dx < +oo}

Let

with the inner product
(u,v)p = /RN[Vu - Vo + V(x)uv]dx
and the norm .
[ulle = (u,u)g-
Then both H and E are Hilbert spaces. By the continuity of the embedding
E — L*(RYN), Vs € [2,27],
there exist constants r; > 0, such that

[ulls < rsllulle, Yu € E, 3)

where we denote by || - ||s the norm of L(RN). Moreover, let ] : E — R be the energy
functional of (1) defined by

J(u) = %/]RN |Vu|2dx+%/RN V(x)uzdx—Fﬁ/RN‘VOuF“) de—/RNa(x)G(u)dx

1 2 1 2 / 2(20—1) 2 _/
= Z/RN |Vu| dx+2/RN V(x)u“dx 4+« o |14 |Vul|=dx . a(x)G(u)dx.

We remark that the nonlinear functional [p|u|??*~1|Vu|?dx is not defined on all of
H'(RN) except for N = 1. Therefore it is difficult to handle J(u) directly. We adopt the
dual approach used in reference [23]. As in reference [23], we can define f to be a solution
of the following ODE:

1
V14 2a] f(1) 221

f1 ()

on te€[0,+00),f(0)=0,

and
f(—=t)=—f(t) on te€]0,+o0).
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After the change of variables, we have the following functional

10) = J(F@) = 5 [, |VoPax+ 3 [ V@ P@dx— [ ax)G(f(e)dx

which is well defined in E under our assumptions. Moreover, the critical points of the
functional I correspond to the weak solutions of the following equation
1 .
Ao = [a(x)g(f(0)) = V(x)f(0)] inRY,
1+ 2l f(v) a1

which is called a dual variational formulation of Equation (1). In the following, we always

denote by C any suitable positive constant.
Lemma 1 ([23]). The function f(t) enjoys the following properties:

(f1) f is uniquely determined, of class C*(RR, R), and invertible.
(f2) 0<f(t) <1, VteR.
(f3) 1f(O] < [t], vt eR.
(f) lim o 2 =1,
20
(f5) limy o0 |f(‘tt)|| = \/T
(fo) @ <atf'(t) <af(t), Vi >0; af(t) < atf'(t) < @, Vi < 0.
(f7) |f(B)1% < V2alt], Vt € R

(fs) The function f2(t) is strictly convex.

(fo) There exists a positive constant § > 0 such that

) > {em, H<t,

olt|=, |t >1.

(f10) There exist positive constants c; and c; such that

[t < alf()] +eal f(D, Wt € R.

(i) IF(OP1F/(1) < o Ve e B

(f12) f(t) is odd, f2(t) is even.
(f13) For each ¢ > 0, there exists a positive constant C(&) such that

FEHIP* < C@If (B

(f14) The function f(t)f(t)t~! is strictly decreasing for t > 0.
(f15) The function f™(t)f'(t)t~! is strictly increasing for m > 4a — 1 and ¢ > 0.

Let L$(RN) be the weighted space of measurable functions u : RN — R under
the norm

fuls = ([ alutolax)

The conclusion of the following lemma is inspired by reference [22]. We present the detailed
derivation for reader’s convenience.

Lemma 2. Under the assumptions of (V), (V1) and (o), E is contionly embedded into L (RN ) for

* 4 : N * 4
2<s< 2% — FN=2) and compactly embedded into L, (RY) for 2 <s < 2* — FIN=2)"
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Proof. We first prove the continuing of the embedding. It is sufficient to prove that there
exists C > 0 such that

4

Sdx < C||lull?, Vse 2,2 — ————].
Jo @t e < Clull, s € 2.2~ )

4)
First, for R > R, we have
¥ :/' 5 d / S dx.
/RNa(x)|u| v= [ a@luPdxr [ a(oluf s
By (g0) we get

1
/RNa(x)\u,sdx < Jall o (8 /BR |u|5dx+c0/RN\BR (1+ (V(x))7)|u‘5dx
1 s
= |l (By) /BR |ul® dx + co /]RN\BR (V(x)) 7 [ul* dx + co /RN\BR |ul® dx

1
< (o lallmqmlll 4o [ (V) Tuf ©)
R

Note that

Jovg, VG = [ (V) Tl dx

RN\Bg

2 s7=2
< [laellg [loell 6)

sy=27
-1
substituting (5) into (6) we obtain

syY—2

2 sy=2
/RN a(x)|ul*dx < (co +[[all o)) |ulls + collullp llull " - )

y—1

We claim that

Indeed, we have

_ 4

(N —-2)

—4+42N —2N

(N —2)

oy, 2N-4 2N
Y(N=-2) 7(N-2)

:2*4[_%_27
T

=% <1 _ 1) _|_E/
Y Y

s <2% —

=2* 4+

thus we can get

On the other hand, for 2 < s, one has

2:27—1 :27—2 < 57—2'
-1 v=-17" 9-1
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Consequently, by Equation (3) we can get there exists C > 0 such that

s s s 2 s 2
l[ulls < r¢llull, and IIMHsvilz <rellullg” ®)
o

which combine Equations (3) and (8) implies that
S S
[ 2Ol dx < Clu.

Next, we prove the compactness of the embedding. Let O C RN be open, by interpo-
lation inequality for 2 < t < s < 2* there exists a number 6; € (0,1), depending only on
N, s and t, such that

lulls < el I, vu e We(€).

By Gagliardo-Nirenberg inequality,

[} 1-6
lulls < Cs,t, N)[Jue]| || 7 S0

Thus, we obtain
26 —
[ull2 < C(s, £, N) [l e 2=,

Consequently,
s =
ueW,?(Q)\{0} [ull2
o1 j M
~ Cl N wewi (o} [luf[F w200
20
1 : [ullE"

[ — m
C(s,t,N) yewi2(a)\ {0} |Jul?®

I T A
C(S, t, N) ueW[}'Z(Q)\{O} HuH%
L an®
= i @@ ©)

The proof of the following inequality follows by a similar argument, if 2 < s < t < 2%,
there exists 6, € (0,1) such that

1

5(Q) > m(vt(n))@z. (10)

Consequently, it follows (9) and (10)

lim v;(RN \ Bg) = co implies  lim vs(RN \ Bg) = o, (11)
R—o0 R—o0

whenever s > tort > s.

Let (1) C E be a bounded sequence, up to a subsequence, we may assume that
up — u weakly in E.
Assertion 1 u; — u strongly in L5(RN) for 2 < s < 2% — 7(1\;{2). Indeed, let
¢ € C*(RN,[0,1]) be a cut-off function such that || V¢||e < 1 and

0 ifx| <R,
P(x) = ,
1 if|x| >R+1.
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Thus,
g — ulls = (1 — @) (ux — u) + @(ug — u)||s
< (X =) (e —w)lls + |9 ux — u)ls
= [[(1 = @) (ux — 1) | 1s(Bry) + 1@tk — )|l s v\ By )- (12)

Since 2* — m < 2%, then H'(Bg,1) is compactly embedded into L°(Bg 1) for2 < s <
2% — m. Thus, up to a subsequence,
11 =) (e — ) |5 (Bg,1) = O- (13)

Now, by the definition of vs (RN \ Bg), it follows

2
o= 1) . vy < e . (19
Note that
(g — )1 = / V(i — )2+ (¥ (g — ) * + V (x)| @1y —u)|* dx
</ |uk—u|2dx+/ (g — )%+ V(x) g — uf? dx
< foaie — w3+ [l — w3
Thus, we can obtain
lp(ux —u)||E < C,
which together with (11), (14), (V1), implies
@ — )|l s (mrv\ gy — 0 @s R — 4o0. (15)

Finally, we conclude from Equations (12)—(14) that Assertion 1 holds.
Assertion 2 u; — u strongly in L3 (RN) for2 <s < 2* — ( - By (5)and 2 < (sy—2)/
(v —1) < 2*, we have

sy—2

2 sY=2
o 00Nt = = (el )= ]+ ol =l o =] .
y—1

Thus, using Assertion 1 it follows that
s
/RN a(x)|ug —ul*dx — 0.
This completes the proof of Lemma 2. [

Lemma 3. If assumptions (V), (30)—(g2) hold, then the functional I is well defined on E, and
I € CI(E,R).

Proof. For any ¢ > 0, by (g1) and (g»), there exists C(e) > 0 such that

8(F ()] < el f ()] + Cle)| f(0) [P,

and

G < S P+ e (16)

Set A = W It follows from (f7) and (go) that

https:/ /doi.org/10.3390/axioms15080571


https://doi.org/10.3390/axioms15080571

Axioms 2026, 15, 571 9of 15
7 .
Lt @I @P < [ @@ 1) dx
f\Tp A=A)p
L " 4o
< ([ ax) ™ ([ atirr i)
Ap (a-Mp
A a 17
< C(/ a(x)vzdx> ' (/ a(x)vzdx) ’ o
RN RN
2.2 40, ( )P
< Cllo || "
= Cloll#,
where 2 < £ because of 4« < p. Therefore, for any ¢ > 0, by Equations (16) and (17),
one has
I(0) = J(f(v))
2
2/ |Vo|”dx + = / dx—/RNa(x)G(f(v))dx

<

| /\

2/ |Vv|2dx+2/ %) dx—/RNa(x)G(f(v))dx
SlolE = [ a6 (o) dx

| /\

< ol + [ a0 | 5P+ “ipep] ax
< glol+ [, a0 5loP + Lol ] ax
< ol + 3ol + S2clolf

, Ce »  Cle) L
< EHUHE + 7”0”)5 + TCHUHE

< 400, Vv €E.

It is trivial to prove that I is continuously differentiable on E, we omit it here. This completes
the proof. O

Lemma 4. If assumptions (V) and (go)-(g2) hold, we have
/RN a(x) [8(f(0n)) f'(vn) = g(f(0))f ()] (vn —v)dx = 0(1), (18)
whenever v, — vin E.

Proof. Let v, — v in E, then there exists a constant M; > 0 such that ||u,||g < M; and
lu||g < Mj. By Equation (16), (f2), (f3), (f7) and (f11), we can deduce that

L8 [ @) () = (£ 0 0 - )
[ 3G [(elf @0l + @£ P17 ()l + (el @)+ C@)IF ()P ) £ (0) ][0 — ol

(elonl + C(&) f (o)1 f(0a) 1) I (00)] (19)

[+ C@If @) @] o — oldx

_(svn|+c<s>(@) ol )+ (elol +CO(VER) F Jol'5 )]m—vmx.

By Holder’s inequality we get

https:/ /doi.org/10.3390/axioms15080571
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b, !
/]RN a(x)|vy||on — v|dx < (/]RN ll(x)|vn|2dx> </RN a(x)|vn, — v2dx>
< loullpz - lon —oll 2, (20)
and according to the same method, we can obtain
[y 1@ lellon = oldx < o]z 0w — o3 1)
Also, we have
1 1
p-2e p—2a 2 2 2
/RN a(x)|oy| 2 |oy —vldx < </RN a(x)|v,| = dx) (/RN a(x)|vy — | dx)
P2
< loull - llon =z, (22)
L, ©
where %M < 2% — m. Following the same approach, we can get
P2 P
[y a0l 2 o — oldx < [[ol] Fae - 0w ol (23)
RN LT a

Then from Equations (19)—(23) and Lemma 2 we can deduce that Equation (18) is held. This
completes the proof of Lemma 4. [

Lemma 5 ([26]). Let E be a real Banach space and | : E — R be a C'-smooth functional and satisfy
the (C) condition, that is, {u,} has a convergent subsequence in H'(RN) whenever {J(uy)} is
bounded and ||J' (un) || g+ (1 4 ||un||g) — 0as n — oo. If  satisfies the following conditions

(i) J(0)=0;

(ii) There exist constants g, « > 0 such that J| 19B,(0) = &

(iii) There exists e € E \ By(0) such that J(e) < 0.

B,(0) is an open ball in E of radius ¢ centred at 0, then ] possesses a critical value ¢ >
given by

oy e

where

I = {geC(0,1,E): g(0) =0, g(1) =e}.

3. Proof of Theorem 1

Lemma 6. Under the assumptions of Theorem 1, I satisfies the (C) condition.

Proof. Let {v,} C E be a Cerami sequence of I, i.e., {I(v,)} is bounded and
(1+ ||on|lg)I' (ve) — 0 in E*. We divide the proof into two steps.

Step 1: We prove that the sequence {v,, } is bounded. Arguing indirectly, we assume
that ||vy||g — +o0 as n — co. We define

A2 = /RN[|VUn|2+V(x)f2(vn)}dx.

Then it follows from Lemma 7 in reference [17] that A2 — co as n — 0. Since {v,} is
Cerami sequence of I, then by (g3) we can get

https:/ /doi.org/10.3390/axioms15080571
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1 144,
~/RN (E a 1/(1 + zaf4a72(vn)) ) |an|2 dx

_ (; - 2) ﬁ 4o [ 000G (0n)) d

which is a contradiction. Hence ||v, || is bounded.

Step 2: We prove that the sequence {v,, } possesses a convergent subsequence in E. Indeed,
by the boundedness of {v,} and the compactness of the embedding E — L2, up to a
subsequence, one has v, = vin E, v, = vin L%, and v, (x) — v(x) a.e. on RN. Hence, as
in the proof of Lemma 3.10 and Lemma 3.11 in reference [14], we may prove that there is a
constant C > 0 such that

LIV @i =o)dx+ [ VE[F@)f (o) = £0)f (0] (o = 0)dx = Cllow — o][2. 24)
By (24) and (20), one has
on(1) = (I'(vn) = I'(v), 05 — v)
= [ V@ —0)Pdx+ [ VEF©f (o) ~ f0)f (2)] (o0 — )dx
— [ AR @) (0n) = g(£(0)) f' ()] (00 — )

> Cllon = olE + 0n(1).

Hence, v, — v in E. This completes the proof of Step 2. Summing up the above steps, we
conclude that I satisfies the (C) condition. The proof is completed. [

Lemma 7. Under the assumptions of Theorem 1, I has a mountain pass geometry.
Proof. For small 0 < p < 1, define
Sp={veE: ||t =p}

Next, we claim that there exists a constant C; > 0 such that

/RN (IVol + V() f2(2))dx > Cillo]2, Vo €S, (25)

https://doi.org/10.3390/axioms15080571
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Otherwise, there exists a sequence {v,} C S, such that
2 2 2 1 2

A2 = /RN(|VU,Z| + V() (0n) ) dx < = [oull} (26)
Then by (26), one has H;ﬁ"% — Qasn — 4oo0. Setw, = H:ﬁ and g, = HZ#U‘F%) Then
we have

/RN |Vw,|*dx + /]RN V(x)gn(x)dx — 0.

Therefore,

/]RN |Vw,|?dx — 0, /RN V(x)gn(x)dx — 0, /RN V(x)widx — 1.
We now demonstrate that for each ¢ > 0, there exists C; > 0 (independent of #) such that
meas(Q),;) < g,and O, := {x € RN : |v,(x)| > Gy},

where “meas” denotes that the Lebesgue measure. If this assertion is false, there exist
g9 > 0 and a subsequence {vy,, } of {v,} such that forallk € N,

meas({x € RN : |, (x)| > k}) >e9 > 0.

Set Q, := {x € RN : |v,,, (x)| > k}. By (f3), (fo) and (V),

0 = [[on, |12 > A2, > /RN V)P on)dx > [ V) P(on) dx Chkieg — +o0
s

as k — oo, which is a contradiction. Hence the assertion holds. For |v,(x)| < C,, properties
(fo) and (f13) imply that

évi(x) < f2<cl2vn(x)> < G2 (va(x)),

from which we deduce the existence of the constant C4 > 0 such that
2
/]RN\Qn V(x)wzdx < Cy /]RN V(x)gn(x)dx — 0 asn — oo.

By the absolute continuity of the integral, there exists ¢ > 0 such that whenever Q,, C RN
and meas(Q),) < ¢, we have

1
/Q V(x)w? dx < 5

For this ¢, we get
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which contradicts the fact that [py V(x)w?dx — 1. Consequently, we show that
Equation (25) holds. For v € S, by Equations (16), (17) and (25) and (f3), we have

2/ Vol dx + = / dx—/RNa(x)G(f(v))dx
Ewwu—;@Nawxxfw»dx

| V

€

> ol =5 [ aloas— S [ sl as
> SHIollt = 510l - S2c [ 17w s

> SHlollt - Flol} - S cpt

- (élpz—(;spz—cif)(jpﬁx =35>0,

for smalle > 0 and p > 0.
Next we prove that there exists vy such that I(vg) < 0 and ||vg||g > p. We define
a1 = infjy<qa(x) > 0and a; = sup, <4 a(x) > 0. Let

v € G ({|x] <1}, R) and |ov1||g =1.

Set
¢ 1

> .
2a,0% f\x|§1 |v1|? dx

By (g5), there exists ¢ > 0 and |t| > ¢ such that
G(t) = plt[*™,
then, by (g4) we can deduce that
G(t) = p(It™ —g*) —de*, |t| = ¢. 27)
v (f9) and (27), for any 7 large enough, we have
G(f(nv1)) = Blf (o) [ = (B +d)g™ = por?[or |2 — (B +d)5™. (28)

Hence, by (f3) and (28) one has

o) =5 [ 1V0e0Rdx+ 5 [ Ve [ a)G(flron)dx
<5 [y Vo0 5 [ VP [ a6 ) ds
< onl - /||<1a<x>c<f<nv1>>dx
et
< /Mgl (POl + [ (o) B+ ) d
§%2—/||<1a1ﬁ94"‘172|01|2dx+/ 2(B + d)&* dx

N\H

<

—apot [ |v1|2dX)f7 +ay(p+ d)EHVy,
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where Vy denotes the volume of the unit ball. It is obvious that I(#v) — —o0 as 7 — +o0.
Therefore, there exists 41 > p such that I(n,v1)<0 . Let vy = 1101, we can obtain that
I(vg) < 0, which completes the proof of Lemma 7. [

Proof of Theorem 1. By Lemmas 6 and 7, we can see that I satisfies the (C) condition and
has a mountain-pass geometry. According to Lemma 5, there exists a nontrival critical point
v € E for the functional I. Consequently, u = f(v) constitutes a nontrivial weak solution to
the original Equation (1). This completes the proof of Theorem 1. [
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