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Abstract

In this paper, we investigate analytic inequalities related to a conjecture of Henry involv-
ing the difference between the Riemann zeta function and the digamma function. By
treating ((s) — (1 — s) as a unified analytic object, we establish its strict convexity and
monotonicity on suitable intervals. Moreover, we obtain explicit boundary limits of the
derivative, expressed in terms of 77, log(277) and Stieltjes constants. These results lead to
new inequalities for {(s) — ¢(1 — s) and shed further light on the conjecture.
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1. Introduction

The Riemann zeta function and the digamma function are among the most classical
special functions in analytic number theory. Both play fundamental roles in the study of
Dirichlet series, the Gamma function, and related analytic identities. Combinations of these
functions often exhibit subtle cancellations, leading to refined analytic inequalities and
unexpected structural properties. For more results on inequalities for the Riemann zeta
function, we refer the reader to [1-3].

Motivated by these thoughts, we focus on the function

F(s) = Z(s) —p(1 =),

defined on the interval on 0 < s < 1 (see Section 2 for precise definition). This difference
naturally combines the analytic continuation of the Riemann zeta function with the loga-
rithmic derivative of the Gamma function, and its behavior on the critical interval is far
from obvious.

In [4], Henry proposed a conjecture concerning sharp linear bounds for the func-
tion {(s) — i (s), suggesting that it admits optimal inequalities closely related to classical
constants such as 7t and the Euler-Mascheroni constant ¢ ~ 0.577216.

Conjecture 1. Define b’ := o+ % and b := o — % Then, if 0 < s < 1, we conjecture that the
relation
meot(ms) +s < {(s) — (s) < mweot(ms) +b's+b (1)

holds.

Since

P(1—s) — p(s) = meot(ms),
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the inequality (1) is equivalent to
s < F(s) <b's+b.

Motivated by this conjecture, we investigate strict convexity and monotonicity of F(s)
on (0,1) and determine the precise boundary behavior F'(s), obtaining explicit constants
involving 71, log(27), and the first Stieltjes constant. Our approach relies on Stieltjes
expansions of the Riemann zeta function with series representations of the digamma
function and sharp asymptotic estimates, which may be applicable to other combinations
of special functions. Our main theorem is as follows.

Theorem 1. Let F(s) = {(s) — ¢(1 — s) be a real-valued function defined on the interval
0 < s < 1. Then, the following assertions hold:

1. F'(s) > 0foralls € (0,1); i.e., F is strictly convex on (0,1).
2. F'(s)>O0foralls € (0,1); i.e., F is strictly increasing on (0,1).
3. The boundary behavior of F'(s) is given by

2 2
lim F'(s) = T %log(Zn), lim F'(s) = T 71

s—0t 6 s—1- 6
The following corollary, which follows from Theorem 1, implies Conjecture 1.
Corollary 1. For 0 < s < 1, we have the following inequality,
s<F(s)<b's+b,
where b's + b is the best possible linear upper bound for F(s) on (0,1).
Remark 1. Figure 1 illustrates the behavior of the functions involved in the conjectured inequality
s<F(s)<lVs+b (0<s<1).

The plot serves to provide intuition for the validity of the conjecture and to visualize the bounds,
while the proof relies entirely on analytic arguments.
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Figure 1. Comparison of F(s) with linear bounds for 0 < s < 1.
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Remark 2. It has been observed in the literature that inequalities of the type considered in this
conjecture are related to certain elementary criteria for the Riemann hypothesis. In particular,
assuming the conjecture holds, one may reformulate aspects of the Riemann hypothesis in terms of
the behavior of {(x) on the interval 0 < x < 1. We do not pursue this direction here and refer the
reader to [5,6] for a detailed analysis.

2. Preliminaries

In this section, we collect several analytic facts concerning the Riemann zeta function
and the digamma function that will be used throughout the proof of our main results.

We recall that the Riemann zeta function is defined for Re(s) > 1 by the absolutely
convergent Dirichlet series

ngk

1
Z(s) In s

and admits a meromorphic continuation to the whole complex plane with a simple pole at
s = 1. In particular, its Laurent expansion at s = 1 is given by

w_ks_k
()= Ay e @

where v, denote the Stieltjes constants (see Stieltjes’s paper [7] and Ferguson’s work [8]).
For k = 0, this reduces to the Euler-Mascheroni constant .
We also recall that the digamma function is defined by

where I denotes the usual gamma function. The digamma function ¢(s) is related to the
Riemann zeta function. For example, one has the expansion

Pi+1) = —p0+ LGS, sl <1 )
j=2

Moreover, for Re(s) > 0, the digamma function admits the integral representation:

1 1 _xsfl

¥(s) +70 :/ ﬁdx. 4)

0

As shown in [9] (p. 25), the representation (4) can be derived from the expansion (3).
Before proving the main theorem, we also establish several auxiliary lemmas that will
be used in the sequel.

Lemma 1 ([9]). When Re(s) > —1 holds, the relation

L1 i)
€(5)+1—S_§_Sl ps+1 dt

holds, where {t} denotes the fractional part of t.

Lemma 2. Let f € C%([0,1]). Then

3

/ / ~1
[ (1= D= COZIO)_Gwero) (v 62) e
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Proof. The result follows directly from integration by parts. [

Lemma 3. The improper integrals

o {t} -1 11— ¢—s
| [

converge uniformly for s on any closed subinterval of (0,1). Moreover, for any positive integer
m, the integrals obtained by differentiating m times with respect to s also converge uniformly on
such subintervals.

Proof. Fix 0 < a2 < b < 1. We prove uniform convergence on [a, b]. Let

e —1d g
)= [ SR b ._/O —

Uniform convergence of I:
Since |{t} — | < %, fort > 1ands € [a,b],

n_1

-2

and the majorant t~~! is integrable on [1,00). Hence, [ ({t} — Dt7s71dt converges
uniformly for s € [a, b] by the Cauchy criterion for improper integrals.
Uniform convergence of L:We split the interval into (0, 3] and [4,1).

(i) For0<t<1i sincel/(1—t)<2 weget

<2(1+t75) <2(1+t7Y).

1—t73
1—t¢

Since b < 1, the function 1+t is integrable on (0, %]
(i) For 1 <t < 1, we use the mean value theorem. Applied to the function x — x~
[t,1], it gives some ¢ € (t,1) such that

Son

1—t5 = —s& 51 —1).

Therefore

=557 < p2btl,

1—t7°
1-t¢

because s < band ¢ > % Hence, the integrand is uniformly bounded on [%, 1].

Combining the two estimates, the uniform convergence of I»(s) on [a, b] follows.
Derivatives with respect to s: For m = 1,2, differentiating under the integral sign
yields integrands of the form

{t} -3 (logt)" ¢
(logt)™ e and I

Arguing as above, these are dominated on [a,b] by integrable functions ¢~*~!(log )™
on [1,00) and (log(1/t))"t~" on (0,1), respectively. Hence, by a similar argument, the
corresponding improper integrals converge uniformly on [a,b]. O

We recall the following lemma from ([10], p. 67).
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Lemma 4. Let

be a Dirichlet series convergent in the half-plane Re(s) > o. Then, for every integer k > 1, the
series F(s) is k times termwise differentiable in the half-plane Re(s) > o, i.e.,

F®(s) = Z f(n)(logn)* logn)

Re(s) > 0.

The Riemann zeta function converges on Re(s) > 1. By Lemma 4, we obtain the
following proposition.

Proposition 1. If s is the complex number satisfying Re(s) > 1, then

> lo
)y
n=1

3. Proof of Our Main Result

We now turn to the proof of our main results.

Proof of Theorem 1. We prove the assertions in the order (1) — (3) — (2).
Proof of (1): Fixs € (0,1). Choose €5 > 0 sufficiently small such thate; <s <1 —¢;.
By Equation (4) and Lemma 1,

_1 < {t} -3 1 T1—+t7
P(S)_E S Al dt + _1—/0 T dt + vo.

Since the integrands, together with their partial derivatives with respect to s, are

continuous and converge uniformly for s on the interval e, <5 <1 — €5 by Lemma 3, the
following computation is justified. Differentiate term by term and we obtain

PI(S) _ (/100 ({t} B %)(Slogt_l) dt — 1 o /01 t_slog(t) dt.

st (s—1)2 1—t

Differentiate again and we obtain

o = [ = DCslog0)10810) e[ logh(t) ,,

Ak 1—t
Let
I(s) = /1°° {t}-H t;jlogt)(logt) »
and o
POV= gt = g )

To prove the convexity of F(s), it sufﬁces to show that 0 < P(s) < oo and |J(s)| < P(s).
By the classical identity ¢ (s) = —2 Z T it follows that

n=2 (11 -

https:/ /doi.org/10.3390/axioms15080577
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Consequently, for 0 < s < 1,

(e ) [e9) 1
= 2 >2 Z — = 2(§(3) — 1) ~ 0.40411380632.
n=2 n=2 n
Meanwhile,
N e A

To complement this estimate, we now consider the integral term J(s). Let

—slogx)logx
s(x) = 2=l o8

(-
/n"“({}—) (1 a
/Ol(t—) (n+t)dt.

Then

| |
=

I
hgk

3
Il
—

I
[1e

3
Il
—_

It is easy to compute that

2 — (45 +2)logx +s(s +1)log? x
() = 27 s+ 2) 0B tsls + 1) log'x

and
p —6(s +1) + (652 4125 4+ 4) log x — s(s + 1) (s + 2) log? x
8 (x) = xs+3

Therefore, by Lemma 2,

I = § (st 1) = 50) = g5 L0+ 1) +500)
+én§/ol(t 2)3g”(n+t)dt
=hL+DLh+]1I

We proceed to estimate the three terms separately.
Estimate of I;: It is easy to follow that

OO \

) N
; gn+1)—g(m) = & lim Y (g(n+1) — g(m) =~ 5g(1) =0.

Estimate of I: By Proposition 1, we have
L (&t 1) +g'(m) =42(s+2) =24 (s + 4 (s +2) (s + DE (s +2),

n=1

https:/ /doi.org/10.3390/axioms15080577
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and the functions ¢ and " are strictly decreasing on (2,3) and ¢’ is strictly increasing (2, 3).
In addition, we have > 0 and " > 0, whereas {’ < 0 on this interval. Then

47(s+2) =2+ (8s+4)7' (s +2) +s(s+1)" (s +2)
<47(2) —2+47'(3) +27"(2) ~ 7.765791.

Hence

1 7.765791
|L| < 18 E . (n+1)+g'(n)) 3 0.161787

Estimate of I3: Denote

6/ 3”n+t)dt

by E,(s). Then, I3 = Y E,. We have
n=1

" (2 FH SN )

|En(s)| <
! 192 e

te[0,1]
. 1
since [y |(u— %)% du = 5.
One can notice that

(o]

Y sup [g(n+1)|
n=1te[0,1]

2 —6(s +1) + (652 + 125 4 4) log(t + n) — s(s + 1) (s +2) log?(t + n)
=) sup e
n=1t€[0,1]

R 6log*(1 + n) +22log(1 4 n) + 12

— 3
n=1 n

Hence

[ee] I~ 2
Y |Ea(s) < = ¥ Olo8 (n+1)+22log(n+1)+12 1

= 3 - JTan
192 = n 192

To estimate ¥, fix N > 2 and split X = X<y + XN, where

Sy = % 6log?(n +1) +22log(n +1) +12

3
n=1 n

For the tail, note that for x > 1 we have log(x + 1) < log(2x) = log x + log2. Then,

6log”(x+1) +22log(x+1) +12
Z>N</ g’ (x+1) 2 gx+1)+12
6(log x + log2)? + 22(log x + log 2) + 12
S/ 3 dx.

The latter integral can be evaluated explicitly by integration by parts, giving a closed-form
upper bound of the shape

https:/ /doi.org/10.3390/axioms15080577
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3(log N)2 4 (14 4 61og(2)) log N + (13 + 14log(2) + 31og?(2))

Z>N S N2

Taking N = 200, via Mathematica, a direct computation of X<y together with the
above explicit tail estimate yields

Y. < 40.697,
and therefore
M 40.697
< — = 0.
I Z [En(s)| < 155 < g5~ 0:211964,

uniformly forall 0 <s < 1.
All in all,

[J(s)] <[] + |2 + |1
< 0.161787 + 0.211964 = 0.373751 < 0.40411380632 < P(s).

This completes the proof of (1).
Proof of (3): We study the behavior of F/(s) = '(s) + ¢/(1 —s)ass — 1~ ands — 0.
Behavior as s — 17: First, recall the Laurent expansion of the Riemann zeta function
ats =1,
’Yk s—1)F

4

which implies

g'(s) =

= v (s—1k
+ 5 S

In particular, the finite part of {’(s) at s = 1 equals —7;.

C(s— 1
Next, we use the classical power series expansion of the digamma function by [11],
1 @
P(z+1) ZIIJ(Z)JFE =—v0+ Y (-1)z()Z 1, z| < 1. (5)
=2

Differentiating termwise, we obtain

Y(2) = o+ L (-1g() (- 1) 2
j=2
Replacing z by 1 — s yields
Y-s)=q 2+Z D/Z() (—1) (1 =)/ 2,

Combining the above expansions,

2
lim F/(s) = lim (¢/(s) +9/(1-5)) = =11 +8(2) = = =,
s—1~ s—1~ 6
Behavior as s — 07: It is well known that {’(0) = —1log(27). By taking z = —s in

Formula (5), we have

https:/ /doi.org/10.3390/axioms15080577
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p(l-s)=—n- )2l Isl<1.
j=2

Differentiating termwise, we obtain

%wﬂ —s)=— ié(]’)(}'* D2, sl <1

j=2

Hence, lim Lp(1—s) = —¢(2). Allinall,

lim F'(s) = —%log(Zn) +(2) = L %log(ZH),

s—0t+ 6

which completes the proof of (3).
Proof of (2): It follows immediately from (1) and (3). O

Now we give the proof of Corollary 1.

Proof of Corollary 1. Since
rteot(ms) = (1 —s) — ¢(s),
the inequality (1) is equivalent to
s<(s)—wp(l—s)<bs+b.

A direct computation can obtain F(0) = {(0) — ¢(1) = —3% + 9. Using Formulas (2)
and (3), it is easy to obtain that lim F(s) = 2. Then, by Theorem 1 (1),

s—1—

(5) — 9(1—5) = F(s) < F(0) + (F(1) ~ FO))s = (10— ) + (10 + )s.

This establishes the right side of the inequality.
Let G(s) = F(s) —s. Since

2

lim G’(s)—n—z—llo (2r)—1<0 lim G’(s)—n—— -1>0
oo T T 28 ST e '
G(s) hasa unique minimum sy in (0,1) such that G'(sg) = 0. Via Mathematica,

sp &~ 0.484993 and G(sp) ~ 0.00306469 > 0. Hence, G(s) > 0 fors € (0,1) and the
left side of the inequality is established. Moreover,

lim F(s) = lim (b's + b) = 21,.

s—1— s—1—

So b's + b is the best possible linear upper bound for F(s) on (0,1), which completes the
proof of Corollary 1. O

4. Concluding Remarks

Hurwitz [12] introduced the zeta function

& 1
C(s,q) = 7;) (n+q)’

https:/ /doi.org/10.3390/axioms15080577
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which is now known as the Hurwitz zeta function. It is one generalization of the Riemann
zeta function. Berndt gave the Laurent series of the Hurwitz zeta function in [13], i.e.,

7(s,q) = %jL 5 (-1) ’Yk(kq') (s—1) ,
k=0 !

where () denotes the k-th generalized Stieltjes constant.

Although the Hurwitz zeta function shares many analytic properties with the Riemann
zeta function, the presence of the additional parameter g makes the derivation of explicit
inequalities more delicate. It would therefore be natural to ask whether our results can
be extended to the Hurwitz zeta function {(s,q). It is an interesting question, and we
encourage readers to pursue this question. So we conclude the paper with the following
conjecture, which may be viewed as a natural extension of our results.

Conjecture 2. Let q > 0and define
Fy(s) :==C(s,q) — (1 —s) (0<s<1).
Then, F; is strictly convex and strictly increasing on (0,1). Consequently, forall 0 <'s < 1,
s < Fy(s) < F;(0) + (F;(17) — F;(0)) s,
and the linear upper bound is the best possible.
Funding: This research received no external funding
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