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Abstract

Numerous systems in electrical engineering, biology, and mechanical structures can be
modeled using dynamical systems theory. This paper examines the behavior of a 3D
dynamical system with six parameters, specifically its damped or periodic oscillations and
asymptotic properties as functions of six physical parameters. The system is integrated
explicitly through a smooth solution of a third order nonlinear differential equation, yield-
ing exact parametric expressions that describe a heteroclinic orbit. To analyze parameter
influence, we apply the Multistage Optimal Homotopy Perturbation Method (MOHPM).
Its main advantage is the small number of iterations required, due to the effective choice of
auxiliary convergence control functions. The MOHPM solutions agree closely with numeri-
cal results, demonstrated qualitatively through figures and quantitatively through tables.
Accuracy is further assessed by comparison with the Optimal Homotopy Perturbation
Method (OHPM). A qualitative analysis of errors is also provided.

Keywords: Multistage Optimal Homotopy Perturbation Method; dynamical system;
damped oscillations; asymptotic behaviors; heteroclinic orbits

MSC: 37B65; 37C79; 65H20; 37J06; 37]35; 65L99

1. Introduction

In the study of natural phenomena for various fields such as physics, chemistry,
biology, engineering, etc., an important role is played by nonlinear problems modeled
by nonlinear differential equations. The effort of researchers is oriented towards finding
efficient numerical methods to solve various types of nonlinear differential equations
with a large number of unknowns and which have a strong nonlinearity. Chaos is a
complex and widely studied nonlinear phenomenon, being identified by some of its
fundamental characteristics [1], such as dense periodic orbits, topological mixing, etc.
Nonlinear dynamical systems that exhibit chaotic behavior are sensitive to the initial
conditions. Chaotic behavior is found in a variety of systems, used in electrical circuits, fluid
dynamics, mechanical devices, lasers, the time evolution of the magnetic field of celestial
bodies, the dynamics of molecular vibrations, population growth in ecology, weather
forecasting [2]. Since the first chaotic attractor was reported by Lorenz [3], researchers have
focused their attention on generating chaotic behavior in simple autonomous systems for
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potential technological applications [4]. In this process, there are two stationary research
directions. The first is the generation of a hyperchaotic system with at least two positive
Lyapunov exponents [5,6]. Another important research direction is the construction of
chaotic attractors with complicated topological structures, such as ring-scroll and multi-
scroll chaotic attractors [4].

The chaotic properties were a priority for many researchers, without taking into
account their other particularities, as: the existence of periodical /almost periodical orbits,
for example.

In theory, the dynamics of some 3D systems are characterized by periodical or al-
most periodical behaviors or by asymptotic behaviors or damped oscillations, against
the existence of stable equilibrium points. Lazureanu [7-9] studied only the geometrical
properties: the Hamilton-Poisson structure, symmetries, equilibrium points. Other systems
are examined by Biggs et al. [10], Gholamin et al. [11], Xu et al. [12], and so on. Such 3D
systems can be explicitly integrate, via two well-known techniques. The first technique
consists in existence of two first integrals (H- the Hamiltonian and C- the independently
Casimir functional) and writing the exact solution as the intersection between surfaces
H(x,y,z) = cst; and C(x,y,z) = csty, respectively. The second technique consists in re-
duction of the dynamic system to one nonlinear ordinary differential equation (ODE), just
facilitating writing the solution of the dynamic system in the form of exact parametric
solutions, via an unknown smooth function. In the second situation both first integrals
are unknown or only one first integral is known. Generally, the dynamical systems of
dimension greater than 4 cannot be explicitly integrated, via an unknown smooth function.

Analytical methods to find homoclinic and heteroclinic orbits were proposed by Bao
et al. [13] and Dessoky et al. [14] using the series expansion method directly on initial
system or for one differential equation corresponding to the reduction of the dynamic
system. Recently, Li et al. [15] developed a new technique to study homoclinic orbits with
multiple pulses. They analytically investigated a 3D piecewise linear forced oscillation
systems taking into consideration the Shil'nikov hypotheses and non-Shil'nikov hypotheses.

In literature, the concept “exact parametric solutions” can also be found to other
researchers such as Harko et al. [16]. The initial system was reduced to a nonlinear ODE
depending on one unknown function. A similar approach can be found in the work [17]
using an unknown function, namely the Weierstrass function.

Iterative techniques are generally used to solve dynamic systems of nonlinear equations.
When the nonlinearity of the problems considered is strong, the convergence of iterations
is cumbersome. With recent advances in the research of nonlinear problems, analytical
techniques for solving nonlinear equations have been developed. However, most current
methods base their solution methodology on the assumption of small nonlinearities, which
limits their use in solving physical and engineering applications [18]. Among the asymptotic
methods used to find approximate solutions to highly nonlinear problems are [18]: variational
iteration method (VIM), homotopic perturbation method (HPM), energy balance, parameter
expansion, Hamiltonian approach and homotopic analysis method, Adomian decomposition
(ADM), improved amplitude-frequency formulation, max-min approach, The HPM method
developed by the Chinese mathematician He in 1998 [19-21] is not limited by the assumption
of small nonlinearities and has been used with very good results in many applications in
science and engineering to find approximate solutions to nonlinear differential equations.
Thus HPM combines the traditional perturbation method with the homotopy theory used in
topology and uses a simple initial analytical solution that gradually approximates the solution
of the differential equation by a parameter that converges to unity and thus a complex problem
is decomposed into a series of simple problems that simplify the derivation of approximate
solutions. The main goal is to improve the convergence, accuracy, and stability of nonlinear
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and fractional differential equations, especially on long time intervals. HPM is an asymptotic
method with bounded convergence outside the initial conditions of the equation [2,18,22-24].
Finding accurate and efficient techniques to overcome the limitations of HPM has long been
an active research activity. To overcome this weakness, HPM must be applied on intervals.
For example, Abbasbandy used this approach to solve the Riccati equation [25]. Hashim
and Chowdhury developed another method for solving a system of nonlinear differential
equations over multiple intervals, a method called the multistage homotopic perturbation
method (MHPM) [23-25]. MHPM treats standard HPM as an algorithm on successive time
subintervals, transmitting the final value of one interval as the initial condition of the next.
This considerably improves the long-term accuracy for chaotic systems such as Lorenz, Chen,
Lii and hyperchaotic Lii-Chen systems. Based on the MHPM, Gokdogan and Merdan derived
an approximate solution for the nonlinear Coullet differential equation [26]. Wang and Yu
extended the use of MHPM to obtain approximate numerical-analytic solutions of the chaotic
fractional-order Chen system, as well as the hyperchaotic fractional-order Lorenz system with
numerical simulations showing good accuracy at long time scales [27]. An efficient MHPM
for fractional Lotka-Volterra derivatives extends this idea to fractional Caputo derivatives and
shows that the fractional order significantly affects the trajectory velocity [27].

The multistage optimal homotopy perturbation method (MOHPM) introduces an
auxiliary linear operator into the homotopy asymptotic method (HAM) and optimizes it
by minimizing the residual error, providing faster and more reliable convergence than the
standard HPM and optimal HAM for strongly nonlinear ODEs in fluid dynamics [28]. In
this paper, we consider a three-dimensional chaotic system with cubic nonlinearity. Three-
dimensional nonlinear dynamical systems with six parameters represent a class of compact
generators capable of producing complex chaotic dynamics. They are frequently used in
applications such as multistable secure communications, generating robust chaos over
extended parameter ranges, and implementing electronic circuits [1]. The study of these
systems is usually carried out by methods specific to nonlinear dynamics, and they are often
proposed as fundamental components in the development of circuits for communications
and secure encryption [1,5]. In these dynamical systems, some fundamental dynamical
properties are studied, such as the equilibrium point, the phase portrait, the Lyapunov
exponent, the Kaplan-Yorke dimension, the stability and bifurcation of equilibria using
the central manifold theorem, the Routh-Hurwitz criterion, the fork bifurcation theory, the
Hopf bifurcation and the Lyapunov function, the Poincare application [4-6].

The engineering utility of the proposed chaotic system could be identified in [29],
while [30] presented a system identification study of a servo-valve-controlled hydraulic
cylinder. This setup operates under variable loads, typical of hydraulic actuators used in
wind turbine blade pitch systems.

This paper contains 5 sections. Section 1 Introduction highlighted the motivation to inves-
tigate the dynamical system according to state-of-art. The study of dynamical systems with
cubic nonlinearities, taking into account of the Routh-Hurwitz criterion, is presented in Section
2. Section 3 is dedicated details of the Multistage Optimal Homotopy Perturbation Method
(MOHPM). Results and comparison with corresponding numerical ones and OHPM results,
respectively, are provided in Section 4. Conclusions are summarized in the last Section 5.

2. Closed-Form Solutions for 3D Dynamical System with Cubic Nonlinearity

By considering the six-parameters dynamical system shown in [4]:

¥=—-ax+byz
y=—-cy’+dxz , (1)
z=ez—fxy
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with the initial conditions

x(o):xio ’ y(o):ylo ’ Z(O):ZiO/ (2)

wherea, b, c, d, e, f > 0 are dimensionless physical parameters, we propose to explicitly
integrate it.

The equilibrium points of the System (1) are : PO(O 0,0), P, J%, [ 597 /%, A /C—;

The matrix of hnear part of System (1) around the equ111br1um pomt P*(x* y z*

—a bz* by*
J(x*,y5,z") = | dz¥ —=3c(y*)® dx* |. (3)
fyf e

The Jacobian matrix J(P*) defined by Equation (3) has the characteristic polynomial:
p](p*)(/\) = )\3+§2/\2+&1A+a0, 4)

where &y = —3ace(y*)? + adf(x*)? + bde(z*)? + 2bd fx*y*z* + 3bcf (y*)*, @ = 3c(a —
e)(y* )2 —ae+bf(y*)? +df(x*)? —bd(z*)?, & =3c(y*)>+a—e.

For each point P*(x*,y*,z*) # Py(0,0,0) these coefficients become &y = 4”bjie > 0,
Wy = Zgjie(a—e) >0iffa >e, @ :3c%+a—e>0.

Taking into consideration the Routh-Hurwitz criterion, only for

(H) Wy >0, w7 >0, g >0and arx; —ag >0, (5)

all the roots have negative real parts, so the equilibrium points P*(x*, y*,z*) # Py(0,0,0)
are asymptotically stable.

Remark 1. If the characteristic polynomial pyp+)(A) admits the roots Ay = 61 < 0 and
Ap3 = £ i (the real part is zero), then the characteristic polynomial becomes

pipy(A) = (A=A (A2 +6°),

whence g = —A160% > 0,% = 6% > 0,0, = —Ay > 0, but &a1 — &g = 0. Related to each
point P*(x*,y*,z*) # Py(0,0,0) this condition involves a relation between physical constants,
namely ¢ = %% > 0. In this situation the equilibrium point P*(x*,y*,z*) # Py(0,0,0)

becomes spectral stable.

The next proposition assures that the System (1) with initial data (2) can be explicitly inte-
grate.

Proposition 1. System (1) is explicitly solved via a smooth function v : [0,00) — R* using
assumption (H) introduced by Equation (5):

1 /2 /
—— €U — 0
V2fare)

1 —0"+2(—a+e)v' +4aev

+
y=+ \/4bf \/(Zev—v’)(2uv+v/) ’ (6)
z==£ V2av + '

2b(a+e)

(the minus sign is chosen if the initial condition has the negative value) with v unknown smooth
function, solution of the following problem:
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0" +2(—a+e)v" + 4aev'](2ev — v') (2av + v') —

10" +2(—a+e)v' + 4aev][(2e0' — v"')(2av + V') + (2ev — V')
—Lf[—v” +2(—a+ e)v' + 4aev)’ + Z(aie) (2ev — v')?(2av +v')?,
(0) = 10 +bz%, v'(0) =2b(a+ e)z% — 2av(0),
(0) (a + 6) [2(’1 + e) zfxlO.l/zozzO] 4av’ (0) - 4‘120(0) .

(2a0" +0")] =
)? @

Proof. A simple combination between the first two equations from System (1) yields to

é%(fxz-%bzz):= —2a(fx? + bz%) +2b(a + ¢)22

whereas

t
fa? bz =2 ((?1 + /Zb(a + e)z2e2 ds) ,
0

with G = fx%, + bz% > 0.
Hence, there is an unknown smooth function w(t) such that:

with ¢(t) = €y + /Zb(a + )22 ds.
0
Now, the first equation from System (1) becomes

fxx = —afx®> +bfxyz,

and using fx? from Equation (8) we get

—2at §9/> ) (9)

xyz = %(aw—% Tw' +1e

The third equation from System (1) can be rewritten as

1d >
Ed—(bz ) = bez” —bfxyz,
and substituting xyz given by Equation (9) we obtain
_E —2at 1 —2at 1 __ E —2at _ _ 1 —2at 1
26 q0+4e qo—ze ¢ —ew —aw 43 ¢,
whence
=} (p—ag') (10)
The first derivative of the smooth function w is
—2at (11)

_ 1
w' = ( ag+; (11+e) a9 — 30 9"">€

By replacing w(t) and w’(t) from Equations (10) and (11) into the Equations (8) and (9)

we obtain
F22(1) = e () — gk (e,

bzz(t) = (,11+e) ¢'(t), (12)
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From expression xyz from Equation (12) we derived

(13)

At this moment the unknown smooth function v(t) is introduced by v(t) = e 2" ¢(t),
whereas the following relations hold:

e 2t (t) = v/ (t) + 2av(t),

14
e 20t (t) = 0 (t) + 4av' (t) + 4a’v(t) , (14)
and v(0) = ¢(0).
Substituting Equation (14) into Equations (12) and (13) we get
fx2(t) = 2(a1+e) (2ev — '),
2 _ 1 /
bz*(t) = are) (2av+7), (15)

o 1 [=v"+2(—a+e) + 4aev)?
Y ~4bf (2e0—7')(2av + ')

and, from here the desired results described in Equation (6) are deduces.
The second equation from System (1) becomes

1d

Eﬁ(f) = —cy* +dxyz,

and using Equations (12) and (15) it obtain

d] 1 [-0"+2(-a+e) +daev]” |
dt ] 4bf  (2ev0—v')(2av + ') N

2
1 [0 +2(—a+e)V +4aev]2 2d 1, , 1, ., , 5
_zc{llbf (e~ o) (a0 1) + —(v' 4+ 2av) — — (0" +4av’ +4a"v) |,

bf |2 4

whence the desired results given by Equation (7) are deduced.
The initial conditions v(0), ¢’ (0) and v”(0) can be obtained from the Equations (12)-(14) as:

¢'(0) =2b(a+e)z% , v'(0) = ¢'(0) —2av(0),
¢"(0) = 2b(a +e)[2(a + e)z5 — 2fxiyiozio) , 0”(0) = ¢”'(0) — 4av’(0) — 4a*v(0),
and hence, the initial conditions form Equation (8) hold. O

If “ponpm is @ MOHPM solution (i.e., a semi-analytical solution builded using
MOHPM method) of the Equation (7) then the functions set (¥poHPM, Va1 par ZMOHPM )
obtained from Equation (6) is called the MOHPM solution of the System (1) describing a
3D curve (unnecessary closed), called closed-form orbit of the System (1).

3. Theoretical Approach of the Multistage Optimal Homotopy
Perturbation Method (MOHPM)

This section describes the ideas of the OHPM as given in [31-33].
Assume the initial-value problem (IVP) in the form:

LilVi(h] +g(t) +N;[Vi(t)] =0, tel, j=12...N, (16)

https://doi.org/10.3390/axioms15080579


https://doi.org/10.3390/axioms15080579

Axioms 2026, 15, 579 7 of 34

with the initial condition

a1y, -
Vilwo) =, .., —— (wo) = ", (17)

where £; and N; are the linear and nonlinear operators, respectively, and I; is domain of

(m)

interest, g;(#) is an arbitrary known continuous function, ap € I; and « j  are given real

numbers, m > 1 being the order of nonlinear differential equation.
For nonlinear Equation (16), it was built a family of equations:

H;(vj(t,p))) = £;(vj(t, p)) +&;(t) + pN;j (vj(t, p)) =0, (18)

with p € [0, 1].
In the following, we propose the unknown function v;(t, p) in the particular form

vj(t,p) = Vjp(t) + pVja(t) - (19)

The homotopy map introduced by Equation (18) has the following properties:
5(23(£,0))) = £i[Vio()] +8;(t) =0, (20)

j‘f](l)](t,l>)) = ,C](V]’()(t) + V',l(t))) +g]<t) + N](V]’()(ﬂ + VjJ(t))) =0. (21)

It is understood that v;(t,0) = Vj(t) holds for p = 0 and v;(t,1) = V;(t) holds for

= 1. Thus, as p increases from 0 to 1, the solution v;(t, p) varies from V;(f) to the solution

V;(t), where V;(t) is the initial guess which is known and computed from Equation (17)
forp =0:

(0) dm er° (m—1)
Li[Vio(t)] +8i(t) =0, Vjo(ag) = a, W(zxo) = : (22)

Consequently, the first-order approximate solution can be written as
Vi(t) = Vip(t) + Vja(t) . (23)
The initial /boundary conditions become

_ am=1v,
0
V]((XO)) = (X](. ), ooy d['m_l]

(wg) = a](-m_l) ) (24)

The nonlinear operator N; has the following series expansion with respect to the
parameter p:

- oN; ON; oN;
Ni(V3(8)) = 2 (Via0) + p | Via o (Via(5) +Via 2 (Vi (0) + Vi 25y (Vio(®) |+ @9)
j j j
The homotopy relation given by Equation (18) becomes

5(0j(,) = £ (V(0) + 1)+ - {Ni (Vo) + | Via 5 (Via(0)

/ oN;

(26)
ON;
+V],1ﬁ]_]/([’j,o(t)) + "j/,/lﬁ/’("fﬂ(t)) +] +} =0.

LetH l.(]];) (t, p) be an auxiliary functions. The following new homotopy relation is proposed:
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https://doi.org/10.3390/axioms15080579

Axioms 2026, 15, 579 8 of 34

H;(vj(t, p)) = £i[Vio(t)] +gi(t) +
ON;
Via - 55t [Vio(O)] + HA (4, Ciey) - V] -

=
U~

£i[Via (O] + HY(E Cigy) - Nj[Vio(D)] | + 2+ [HE(E Cigy) %
N.

N
577 [Vj,o(t)]+H§2(t,C,, ) Vi V[V]O(t)]+..} +....
J i

(27)

<

By using just one iteration of the OHPM method (see Equation (19)), terms in p? are ne-
glected, to achieve accurate solutions.
From Equations (19) and (23), we obtain

vj(t,0) = Vjo(t), vi(t,1) = V(t). (28)

Now, equating the coefficients of p° and p! into Equation (27), it holds that Vio is given
by Equation (22), and the first approximation V;(#) is obtained from the following equation:

£ [Via (0] + HY(t Cis) - Nj[Vio(B)] =0, Vja(ao) = 0. (29)

In the next, the nonlinear operator N;[V;(t)] that appear in Equation (29) has the
general form
m
Y hii(0)gi(HK;(t), (30)
i=1
with the known functions h;;(t), g;(t) and K;;(t) depending on the initial guess V;(f)
and nonlinear operator N;, m being a known integer.
For convenience the unknown function Vj 1 (t, C;, ) is chosen in the following forms:

Via(t Ci,) = 2 ( (), j,kl)gj/k(t)Kj,k(t), kh=1,2...,81, j=1,2 ..., N, (31)
or
Cit,) EH (t gt ]k]>h]»,k(t)1<jlk(t), kh=1,2...,8, j=1,2 ..., N, (32)
gm-1 Vi1
Via(a0) =0, ..., ——g=(ag) = 0. (33)

The expression of the optimal auxiliary functions I:Ij,k (t,hji, Cjx,) contains combina-
tions of functions /; and several unknown parameters Cikys kin=1,2,...,s;,andnis an
arbitrary integer number. There are a lot a possibility to choose the value of the integer
positive 7 and the optimal auxiliary functions H i k- The values of the parameters C; , can be
optimally computed via the least-square method, namely by minimize the sum of squares:

le'lX

€j = Z [V](tz) - Vnumerical(ti)]z

,i=1,...N, (34)

where {t;, i = 1, Ny} is an arbitrary set of sampling points from I i» Ninax is an arbitrary
integer greater than maximum of optimally parameters, V,,;;ericar denotes the numerical
solution (assumed known) and computed via the fourth-order Runge-Kutta method using
the Wolfram Mathematica software 9.0.

Remark 2. By integration of Equation (29) could be found several secular terms in the form
t cos(wot)e X, tsin(wot)e X or te=Kt, and so on. Other secular terms as t cos(wyt), t sin(wpt),
Cot must be zero for avoid the resonance effect.

Therefore, a first-order OHPM solution given by Equation (23) is well-defined for each
interval I;.
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Next, changing the initial approximation Vj in each subinterval I; = [t; 1, t;) from
the previous one, we can optimally compute the parameters C;jy, atj =1, 2, ... N,
ki =1, 2, ..., s1. For instant, we define a; = V(t]-) in the subinterval [t]-_l, t]-).

Hence, the first-order approximate solution will be:

Vi(t) = Vip(t) + Via(t), to<t<t

V; =V \% , <
V(t) _ z(t) 2/0(1’) + Vo1 (t) | t t<ty 35)

Un(t) = VN,O(t) + VNa (1), tN_1 St<T.

For the points tj, j > 1 the smoothing conditions are added:

Am=1) v Am=1) .

The initial value problem’ solution is semi-analytically calculated for extended value
of T. For j = 0 the MOHPM convert to the standard OHPM. It is also important to
highlight that MOHPM gives an easy way to adjust and control the convergence region
by means of the auxiliary function H ik involving many convergence-control parameters
Cjk,- Then again, the proposed scheme overcomes the main difficulty, due to the extended
computational domain, in calculating the solution of problem.

4. Results and Discussion
4.1. Semi-Analytical Solutions via MOHPM Technique

Based on the MOHPM procedure applied for obtaining semi-analytical solutions of
the Equation (7), the damped oscillations are investigated according with Routh-Hurwitz’s
criterion for one set of physical parameters.

Firstly, it is defined the nonlinear operator N[v(t)] that appears in Equation (7) as:

Jl\f[v[t]] = 0" +2(—a+e)v" + 4aev'](2ev — v') (2av + ') —
H—v"
}

—0" +2(—a+e)v' + 4aev][(2ev’ — 0")(2av + v') + (2ev — ') (200" + v")] - (37)
3
{—8%[—0// +2(—a+e)v' +4aev]’ + 2(;18) (2e0 — )2 (2av + U/)z} '

Assumed that the physical parameters are a = 2.096, b = 0.84, c = 0.275,d = 1.65,
e =0.23, f = 1.24. The eigenvalues of the polynomial pj(p)(A) defined by Equation (4) are
A1 = —2.07597308814, Ap 3 = —0.0859293545 + 0.3329276899 i .

The initial extended domain is proposed I = [0, 80]. We split this domain into three
subintervals I; = [0, 25], , = [25, 50|, I3 = [50, 80]. Using MOHPM procedure the
first-order approximate solution v(f) is:

v1(t) = v10(t) +v11(t), t€ L =0, 25]
o(t) = va(t) = vp0(t) +021(t), t€L=[25750] ,
v3(t) = v30(t) +vs1(t), t€ Iz =[50, 80]

with v10(t), v11(t), v2,0(f), v2,1(t), v3,0(), v3,1(t) are built below via OHPM method.
Related to the subinterval I; = [0, 25| the System (1) has nonuniformly behavior.
For the first subinterval I} = [to, t;] = [0, 25], with g1 = 0, we choose following
operators that appear in Equation (16) as:

Lyfo()] = v + (KO +2kW)or 4+ (k)2 4 2k 0D 1 (w0 )2]0r + [KO (kD)2 + KO ()20, (38)

and

https://doi.org/10.3390/axioms15080579
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Nifo(t)] = Nlo(t)] — [0 + (KU +2K{V)0" + [(K{)2 + 2KVK{Y + (@l 2o’ + KO (KD + KO (@i )2o] . (39)

The first-order OHPM solution 71 (t) = vy o(t) + v1,1(t) , is defined by Equation (23),
with v1 o(t) solution of the Equation (22) taking into account the initial conditions from
Equation (7):

v19(t) = (Mgl) cos(w(()l)t) + Mél) sin(wél)t))e_Kgl)t + Mél)e’K(l)t . (40)

The expression of operator Ni[v1o(t)] from Equation (29) as in the Equation (30),
where the product gy  (£)h (t) is

4

M o) W),
g1k(Hhi(t) € {1 , cos(wél)t)e_Kl t, sin(wél)t)e_Kl 1. KWt 12K . o 2K

(41)
cos(3w(()1) t)e™ (KOs

1 a .
sin(aof e K cos(auof e 4 singaaf e K

and Kj ; some real constants depending on M(()l), M%l), Mél) and w(()l). There are n=10
elementary functions.

The first approximation v; 1 (t) is defined in Equation (32), where the auxiliary func-
tions Hy y(t,81,i(t),C1x,), k=1, 2,..., n =10, for j = 1, are chosen as:

i =Co, Hp = (51 +Tht) cos(wél)t) / Hy3 = (5, + Tot) sln(w(()l)t) ,
Hyy = (Ag+ T3t), H15_A1, Hle—Az,
Ninax Nmax - Nmaxl _ 1
Hy7 = ) Dicos((2i— 1)0-7(() )f) , Hig= ) Eisin((2i — 1)0‘;((J >t) , Hipg= )Y F Cos((Zi)w(() )t) .
iV i=1 i—1

Nmaxl
~ = . . 1
Hyi0 = Z G; sm((Zl)w(() )t) )
i=1

Remark 3. The above auxiliary functions will contribute to build the first approximation vy 1 (f)
such: by using the functions g1 x(t)hy x(t) into the Equations (29), (30), (38), and integrating them
yields the first approximation v1 1(t) of the form given by Equation (32).

The first-order approximate solution 77 (t), using OHPM method, is obtained by
Equations (23), (32) and (47), for j = 1:
1(t) = v10(t) +v11(t) = C(l) +(8; stV 4 T(l) )cos(wél)t)e’Kgl)t + (Sél) + Tz(l)t) sin(w(()l)t)e*Kgl)t—i-
AP 2Ky A2kt 2 ( cos((2i — V)wVt) + EV sin((zi—1)w(§1)t))e—<l<<”+f<§”>t+ W)
et L) My 4 g 0 g
) (Fi cos((2i)wy 't) + G; sin((2i)w, t))e*ZKl f
i=1

+ (A 4 TV e KU

where all real parameters depending on K;  will be optimally computed, via the least
squares method (see Appendix A, Equation (A1)).

By integration of the Equation (29), the terms Tt cos(w(()l) t), Tot sin(cu(()l) t), Tste K
are obtained and they depend on linear operator £1[v(t)].

(D¢

Remark 4. The above auxiliary functions Hy i (t,81,i(t), C1x, ) are not unique. For example,
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Hi=Co, Hip = (51 + Tit) cos(w(()l)t) , Hiz=(S+Tt) sin(w(()l)t) ,
Hyy = (Ao + T3t), Hy5 = Ay, Hyg = Ay,

anﬂx - B _ . B
Hi7 =}, Dicos((2i - Dawi't), Hig = EsinGwi’t), Fio = F cos(2w0(t),

i-1

Hl,lO = Gl s1n(2w(()1)t) ’

and so on. They are chosen such as the products from Equations (30) and (32), namely gy j(#)hq x(t)
and Hy i (t,81,i(t), C1k, ) 11k (t), respectively, have same form.

Related to the subinterval I, = [t1, t,] = [25, 50] the behavior of the System (1)
is uniformly.

For the subinterval I, = [25, 50], with ¢» = 0, the operators £, [v(t)] and Ny [v(t)] that
appear in Equation (16) are choosing by:

Lalo(t)] = 0" + 2KP 0" + (KP)2 + (wP)2)o

and
Nafo(t)] = N[o(t)] — [0 +2K{0" + (K22 + (wf?)2)'] ,

respectively.
The first-order approximate solution 7 (t) defined by Equation (23), for j = 2, is:

Ta(t) = va0(t) +02.1(f) -

The zero-th order approximate solution v, o(t) is solution of the Equation (22), using the
smoothing conditions given by Equation (36):

o20(t) = (M cos(wot) + M sin(w P 1)e K 4 MP) | (43)

The nonlinear operator Ny [v1 o(t)] has an expression as in Equation (30), where the
product g, k (£)hy i (t) is:

y (1),

(1) (1)
P R cos(3w(()2)t)e*K1 !

Sx(t)hyi(t) € {1 , cos(w(()z)t)e*Kil)t , sin(w(()z)t)e*Kg , sin(Bwéz)t)e*Kl ,

cos(2w(()2)t)e_2K§1)t , sin(2w(()2)t)e_2K§1)t} ,
and K; ; some real constants depending on M(()z), M;z), MEZ) and w(()z).
There are n = 8 elementary functions.
Similarly as previous subinterval, the first approximation v;;(t) is defined in
Equation (32), where the auxiliary functions Hy(t,82i(t),Cox,), k =1, 2,... , n = 8,
for j = 2, could be chosen as:

iy =Co, Fip = (S1+ Tut) cos(wi?'t), Fiiz = (52 + Tot) sin(wyt)
NWlﬂX N”lﬂx
Higy = Ay, His= Y Dicos((2i—1)w\Pt), Hye= Y. Esin((2i—wPt),
= &
- Nmaxl ~ 2 - Ii]maxl ~ ) l
Fiy= Y Feos(2i)wPt), Hig= Y Gisin((2)wPt).
i=1 i=1

Therefore, the first-order approximate solution, using OHPM method, defined by
Equation (23), becomes:
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= (1) — _¢ & @) VoKDt a1 T cin (o) ) —K Dt
Uz(f) = UQIO(t) + Uzll(f) =Cy+ (Sl + Tlt) COS(CUO t)e 17+ (52 + Tzf) sm(wo t)e 14
A —ZK(Z)t R D 2i 1 (2) E : 2i 1 (2) 7K§2)t
se 2t 4 ( icos((2i —1)wy't) + E;jsin((2i — 1)wy t))e + (44)

i=1
Nmaxl

(Fcos((2)wft) + Gisin((2i)wP ) )e 247"

where all real parameters depending on Kj ; will be optimally computed, via the least
squares method (see Appendix A, Equation (A2)).
The smoothing conditions are:

Tp(t; = 25) =T1(t; = 25), Ty(t = 25) = Ty (t; = 25), Ty (t = 25) =T} (t; = 25) .

In the case of the subinterval Is = [50, 80|, with g3 = 0, we apply the same procedure
described for I, = [25, 50]. The obtained OHPM solution 73(t) = v3 + v31 is similar with
Equation (44), depending on other optimally parameters.

The smoothing conditions are:

T3(tp = 50) = Tty = 50) , Ts(tr = 50) = Ty(tp = 50) , T4 (t, = 50) = T (t, = 50) .

4.2. Numerical Results via MOHPM Solutions

The comparison between MOHPM solutions vyoypym and the corresponding numeri-
cal ones for given initial conditions and for different values for 6 physical parameters 4, b,
¢, d, e, f is quantitatively presented in detail in Tables 1, 2, 3 and 4.

Analogues, for the sets of physical parameters {a = 5.12,b = 0.84,¢ = 0.275,d = 1.65,
e=023,f =124}, {a =9.12,b = 0.84,c = 0275 ,d = 1.65,e = 023, f = 1.24}
and {a = 17.35,b = 0.84 ,c = 0275 ,d = 1.65,e = 0.23 ,f = 1.24}, respectively,
MOHPM procedure could be applied using same operators (see the previous case) and
three subintervals (as in Figure 1 by color curves).

Table 1. The numerical function v,,,,,,,ericar for xjg = 0.25, yjo = 0.5, zjp = 1.5, physical parameters
a=2096,b=0.84,c=0275d = 1.65 e = 0.23, f = 1.24; Gp10ppm solution from Equation (7) using
Equations (42), (44) and (A1)-(A3) and absolute residual values €, = [0,merical — IMOHPM]-

t[S] Onumerical OMOHPM €v

0 1.9675 1.9674999999 2.6953 x 10~12
49 0.0007246903 0.0007343748 9.6845 x 10~°
9.8 0.0007548212 0.0007471019 7.7192 x 107°
14.7 0.0031470518 0.0031375659 9.4859 x 10~°
19.6 0.0171881316 0.0171860083 2.1233 x 10~°
24.5 0.1025576575 0.1025538940 3.7634 x 10~°
25 0.1226928506 0.1226928606 9.9999 x 107
29.9 0.4894132279 0.4894082654 4.9625 x 10~
34.8 0.1421869974 0.1421926453 5.6479 x 10~°
39.7 0.1015678270 0.1015578887 9.9382 x 10~°
44.6 0.1765077626 0.1765249589 1.7196 x 10~°
49.5 0.2274595389 0.2274827496 2.3210 x 107>
50 0.2242436196 0.2242436296 9.9999 x 107
55.9 0.1635299567 0.1635463752 1.6418 x 107°
61.8 0.1719745029 0.1719794558 49528 x 10~°
67.7 0.1886226383 0.1886166392 5.9991 x 10~°
73.6 0.1779317669 0.1779156827 1.6084 x 10~°
79.5 0.1768300176 0.1768112112 1.8806 x 10~°
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Table 2. The numerical function v,,,ericar for xig = 0.25, yio = 0.5, zjp = 1.5, physical parameters
a=17.35b=0.84,c=0275d =1.65¢ = 023, f = 1.24; 5p10ppm solution from Equation (7) using
Equations (42), (44) and (A4)—(A6) and absolute residual values €, = |0,merical — IMOHPM]-

i‘[S] Onumerical OMOHPM &y

0 1.9675 1.9675000000000002 2.2204 x 1016
0.6 24162104775 2.4161744247 3.6052 x 107>
1.2 3.1061195892 3.1061882393 6.8650 x 107>
1.7 3.9694875168 3.9694409021 4.6614 x 107>
2 4.2994870305 4.2994871305 9.9999 x 10~8
2.1 4.4726200822 4.4726190524 1.0297 x 10~°
2.2 4.6511661102 4.6511595299 6.5802 x 10~°
2.3 4.8350800394 4.8350643319 1.5707 x 10~°
2.4 5.0242809392 5.0242561585 2.4780 x 107>
2.5 5.2186472454 5.2186173281 2.9917 x 1072
2.6 5.4180115926 5.4179830417 2.8550 x 107>
2.7 5.6221557512 5.6221353155 2.0435 x 1072
3 6.2602108416 6.2602108516 9.9998 x 107
9.8 11.2496112759 11.2496139126 2.6366 x 107°
16.6 11.2253112998 11.2253131501 1.8502 x 10~°
23.4 11.2251971066 11.2251940518 3.0548 x 10~°
30.2 11.2251968132 11.2251967501 6.3089 x 108
37 11.2251968128 11.2251968145 1.6327 x 10~?

A qualitatively analysis of the MOHPM solutions regarding the influence of the
physical parameter a is depicted in Figure 1. These MOHPM solutions describe heteroclinic
orbits of the System (1) taking into account the Equations (6).

As the value of parameter a increases, the damped oscillation acquires an asymptotic
behavior, the other physical parameters being fixed.

v(t)
#—e—0—0—0—0e s s s s oo oo oo oo a=17.35
10;
b=0.84;c=0.275;d = 1.65; e = 0.23;f = 1.24
8.
ol numerical solutions (color)
see+++MOHPM solutions
o—e—e—e—e— =912
a=2512
e e 252006,
40 60 g0 I°

Figure 1. Effects of parameter 2 on MOHPM solution Tyioppp (dotted curves) versus numerical
ones (color) for: xjg = 0.25, y;o = 0.5, zjp = 1.5, physical parameters: a € {2.096, 5.12, 9.12, 17.35},
b=0.84,c=0275d =1.65 e = 0.23, f = 1.24. The green color curve corresponds to the subinterval
I1; the red color curve corresponds to the subinterval I; the magenta color curve corresponds to the
subinterval I5.
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Additionally, for initial data x;p = 0.25, y;0 = 0.5, zjo = 1.5 and physical parameters
a=2096,b=0.84 c=0275d = 1.65e = 0.23, f = 1.24 it can be seen that the limit

lim (Zntorpm (1), Tatorpu (1), Zmompa () = (01196183139, 0.6803159745, 0.4387316583) ~
—00
(0.1196152415, 0.6803134725, 0.4387220298) = (%, /85, \ /12, 4 /<5),

where (Xporrm(t), Yponpm(t), Zmorpm(t)) is obtained from Equation (6). Therefore, the
functions set (Xyporpm (t), Yponpm (t), Zmorpm (t)) describes a heteroclinic orbit for the
System (1).

The magnitude of the residual function is shown in Figure 2 on I; = [0, 25], Figure 3
on I; = [25, 50], Figure 4 on I; = [50, 80], and in each case has order 1073, for a = 2.096;
b = 0.84;c = 0.275;d = 1.65;e = 0.23; f = 1.24. Thus, the accuracy of the MOHPM
procedure is in a good agreement with the corresponding numerical ones.

A comparison for the original state x(t) of the System 1 is shown in Figure 5 and Table 3
for explain the numerical validation in both situation: numerical and corresponding
MOHPM result.

Table 3. The numerical function x,,;,,,ericar for xj9 = 0.25, y;9 = 0.5, z;g = 1.5, physical parameters
a=2096,b=0.84,c=0.275d =1.65,e = 0.23, f = 1.24; Xpsonppm solution of the System (1) using
Equations (42), (44) and (A1)-(A3) and absolute residual values ex = |X,,merical — *MoHPM|-

t[S] Xnumerical XMOHPM Ex

0 0.25 0.2500000000001474 1.4738 x 10713
4.9 0.0133829027 0.0136081850 2.2528 x 10~*
9.8 0.0053583061 0.0058023876 4.4408 x 10*
14.7 0.0085145866 0.0091368368 6.2225 x 10~4
19.6 0.0171979618 0.0172986645 1.0070 x 104
24.5 0.0420908335 0.0421692351 7.8401 x 1072
25 0.0469233468 0.0469244810 1.1341 x 10
29.9 0.1737794642 0.1737764045 3.0596 x 107°
34.8 0.1372048693 0.1372165964 1.1727 x 107°
39.7 0.0818970396 0.0818443638 5.2675 x 107>
44.6 0.1033321753 0.1033414825 9.3072 x 10~°
49.5 0.1377996073 0.1378336875 3.4080 x 107>
50 0.1387309605 0.1387310836 1.2306 x 10~7
55.9 0.1175481161 0.1175444427 3.6734 x 107°
61.8 0.1135901427 0.1136039543 1.3811 x 107°
67.7 0.1228793721 0.1228854664 6.0942 x 10~°
73.6 0.1202953010 0.1202932793 2.0217 x 107°
79.5 0.1181018888 0.1180982809 3.6079 x 107°

2.0

-
o

—_
(@)

function €, [107%]

I

Figure 2. The residual function €4 (t) = |Uyumerical — OMoupM| on interval I; = [0, 25] for x;y = 0.25,
yio = 0.5, zjp = 1.5, physical parameters a = 2.096, b = 0.84, c = 0.275,d = 1.65,e = 0.23, f = 1.24.
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25 nﬂ
520 M
:
s |
< |
21.0}
E
0.5
30 35 40 25 50 US|

Figure 3. The residual function ¢, (t) = |0,merical — IMOHPM| ON interval I, = [25, 50] for x;y = 0.25,
vio = 0.5, zjyp = 1.5, physical parameters a = 2.096, b = 0.84, c = 0.275,d = 1.65,e = 0.23, f = 1.24.

03]

N

function e, [107%]

55 60 65 70 75 go US]

Figure 4. The residual function ¢, (t) = |0,merical — IMoOHPM| ON interval I3 = [50, 80] for x; = 0.25,
vio = 0.5, zjy = 1.5, physical parameters a = 2.096, b = 0.84, c = 0.275,d = 1.65,e = 0.23, f = 1.24.

X(1)
0.6
0.5
0.4
0.3|
0.2

01 .0...000000000000000

) 20 40 60 80 100

Figure 5. The MOHPM solution Xy;oppym (dotted curves) versus numerical ones (color) for the
original state x(t) when: x;g = 0.25, yjo = 0.5, zjp = 1.5, physical parameters: a = 2.096, b = 0.84,
c=0275,d =1.65,¢ = 0.23, f = 1.24. The red color curve corresponds to the subinterval I;; the

magenta color curve corresponds to the subinterval I; the green color curve corresponds to the
subinterval I3.

https://doi.org/10.3390/axioms15080579


https://doi.org/10.3390/axioms15080579

Axioms 2026, 15, 579 16 of 34

The case of the almost periodical solutions using MOHPM
Based on the Remark 1 we assume that the following conditions are satisfied:

c= ﬂ——a2+4ae—ez > 0,3CE+H—€ >0,a>e
3ae a—e bf

and, therefore the matrix defined by Equation (3) admits one negative real eigenvalue
and two complex conjugate eigenvalues (purely imaginary). For the physical parameters
a=20,b=1.05c= %% =0.22,d =2.65,e =06, f = 2.4 the eigenvalues are
M =~ —1.7142857142, Ay 3 ~ +0.5416025603 1, 1 = /—1.

The extended domain is assumed I = [0, 40] and we split this into two subintervals
L = [0, 20, I, = [20, 40].

In what follows just we present the keys elements of the OHPM procedure for this case:

(a) For the first subinterval I = [t, t1] = [0, 20], with g1 = 0, the operators that
appear in Equation (16) are:

Lafo(t)] = 0" + K{Vo" + ()20 + K{Y (i), (45)

and
Np[o(#)] = NJo(#)] [v”’ + Ko+ (w20 + kY (wgw)zv} . (46)

(b) The first-order OHPM solution 7y (t) = vy o(t) +v11(t) , is defined by Equation (23),
with v o(t) solution of the Equation (22) taking into account the initial conditions from
Equation (7):

v10(t) = Agl) cos(w(()l)t) + Bgl) sin(wél)t) + A(()l)e*K(l)” . (47)

The expression of operator Nj[v1(t)] defined in Equation (29) becomes a linear
combination of the functions g7 x(t)h1 x(t) as in Equation (30), where:

(1) (1) (1) (1) (1)
gik(Bhi(t) € {1 , cos(wél)t) , sin(wél)t) , cos(wént)e*Kl t, sin(wél)t)e*Kl L TP S R P SR S R

(48)
b

Cos(Zw(()l)t) , sin(2wél>t) , cos(3w(()1)t)e_3K§1)t , sin(3wél)t)e_3kil>t , cos(Zwél)t)e_ZKgl)t , sin(Zw(()Dt)e_ZI(gl)t
and Kj; some real constants depending on A(()l), Agl), Agl) and wél). There are n=14
elementary functions.
(c) We choose the auxiliary functions:
Hyi(t,81i(t),Cipy ), k=1,2,..., n=14,forj=1,as:
Hl,l =By, lez = A cos(wél)t) , leg, =B sin(w(()l)t) ,
Hiy = Ay, His = A4, Hie = As,
- Nmax - 1 - Nmax _ 1 ~ Nmuxl _ 1
Hyy =) Cicos((2i— 1)w(() )t) ,  Hig=)_ Djsin((2i - 1)w(() )t) , Hio= ) E cos((2i)w(() )t) ,
=1 i=1 =1
- leuxl 5 (1) 5 l 2 (1) . 12 . (1)
Hj0= Z F; sin((Zi)wO £), Hyj;1 = Z G; cos((2i)w0 t), Hyjpp = 2 F; sin((Zi)wO t),
2 2
Aigs = Y Micos(3(2i — 1)wiVt), Hig= Y Nisin(3(2i — D),
i=1 i=1

By a simple computation, the first approximation v; 1 (t) defined in Equation (32), can
be written as a linear combination of the above functions.

d) The first-order approximate solution 7 (t), using OHPM method, is obtained by
Equations (23), (32) and (47), for j = 1:
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01(t) = v1,0(t) + 011 (¢ ) = B(l) + A(l) cos(w(()l)t + Bgl) sin(wél)t) + Aél)e*Kﬁl)t-y
Nmﬂ‘{
Aél) -2k t—l—A(l ke Z ( - cos( 21—1)wé1)t) —I—DZ.(l)sin((Zi—1)w(()1)t))e*1<§1)t+

&

ax1

(49)

Ing|

1

Y. (B cos((2i)eoft) + Y sin((2i)of ) )*ZK +2( GLV cos((2i)wlt) + H{Y sin((2i)wy 1)) +

1
(M- cos((2i — l)wé ) )+N( )sm((Zz — 1)wé ) )) ~3kMt

S

Il
—

where all real parameters depending on K;  will be optimally computed, via the least
squares method (see Appendix A, Equation (A8)).

Following the same procedure as for subinterval I; = [0, 20], for the second subinterval
I, = [20, 40], the first-order approximate solution 7 (t) is obtained as in Equation (49) and
this depends on other optimally parameters (see Appendix A, Equation (A9)).

The effect of physical parameter d in the case of almost periodical solutions is repre-
sented in the Figure 6.

v(t)

la=2; b=1.05; c=0.22; =0.6; f=2.4|
0.8 T s

0.6

0.4 y . y d=0.65

0.2"*.‘:. PREPSFS ..:..‘}.. e o0 d:1 65
*oqoer”’ . SRS d=2.65

10 20 30 40

eseeee \JOHPM solutions
-0.2 ——numerical solutions (color)

Figure 6. Effects of parameter d on MOHPM solution ©opppr (dotted curves) versus numerical
ones (color) for: x; = 0.125, y;o = 0.69, z;y = 0.34, physical parameters: d € {0.65, 1.65, 2.65},
a=20,b=105c= Bhge M = 0.22,¢ = 0.6, f = 2.4. The green color curve corresponds to
the subinterval I; the red color curve corresponds to the subinterval I; for d = 0.65; the magenta
color curve corresponds to the subinterval I, for d = 1.65; the blue color curve corresponds to the

subinterval I, for d = 2.65.

The residual function e,(t) = |Vpumerical — 9MoHPM| has order of magnitude 107°
and it is shown in the Figures 7 and 8 for physical parameters a = 2.0, b = 1.05, ¢ =
%% =0.22,d =2.65,¢ = 0.6, f = 2.4, while the corresponding almost periodical

orbit is graphically presented in the Figure 9.
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Table 4. The numerical function v,,,;,,,erica1 for xjo = 0.125, y;o = 0.69, z;o = 0.34, physical parameters
a=20,b=1050c= L=t _ 02 g =265¢=06f =24 dyonpm solution from

3ae a—e
Equation (7) using Equations (49), (A8) and (A9) and absolute residual values ¢, = |0,merical —

TMOHPM-

t[s]

Onumerical OMOHPM &p
0 0.15888 0.1588800000 1.9456 x 10714
2.4375 0.1187524899 0.1187524573 3.2591 x 10~8
4.875 0.0678184429 0.0678185737 1.3083 x 107
Table 4. Cont.
t[s] Onumerical OMOHPM =)
7.3125 0.0696975695 0.0696972470 3.2255 x 1077
9.75 0.1125389953 0.1125392659 2.7063 x 1077
12.1875 0.1537404659 0.1537405829 1.1704 x 1077
14.625 0.1057830147 0.1057825814 43332 x 107
17.0625 0.0643773397 0.0643773976 5.7888 x 108
19.5 0.0747636189 0.0747633878 23112 x 1077
20 0.0820929641 0.0820929641 45519 x 10 1°
22.4375 0.1349480361 0.1349446374 3.3987 x 10~°
24.875 0.1446155704 0.1446137026 1.8677 x 10~°
27.3125 0.0825196642 0.0825209570 1.2927 x 10~
29.75 0.0630636897 0.0630665080 2.8182 x 10~°
32.1875 0.0901104995 0.0901134282 2.9286 x 10~°
34.625 0.1441908219 0.1441922906 1.4686 x 10~°
37.0625 0.1345770785 0.1345750340 2.0445 x 10~
39.5 0.0744082421 0.0744120335 3.7914 x 10~°
1.0
. |
o
s 0.6 ”
C
9o
o 04 ’
C
2
0.2 ﬁ
t[s
-5 5 10 15 20 [s]

Figure 7. The residual function ¢, (t) = |0,merical — IMoOHPM| ON interval I; = [0, 20] for x;p = 0.125,
yio = 0.69, zjy = 0.34, physical parameters a = 2.0, b = 1.05, ¢ = L =@+ _ (29 4 — 765,
e=06,f =24
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function €, [107%]
W S
e
—

25 30 35 20 US|

Figure 8. The residual function &5 (t) = |Vumerical — PMoHPM | Oninterval I = [20, 40] for x;y = 0.125,
yio = 0.69, zjp = 0.34, physical parameters a = 2.0, b = 1.05, ¢ = %% =0.22,d = 265,
e=06,f =24

/ s
Figure 9. Almost periodical orbit (x(), y(t),z(t)) (gray curve for numerical results) versus (Xpompm(t),

Ymorrm (t),Zmonpm(t)) (dotted black curve for MOHPM results), for initial conditions x;y = 0.125,
yio = 0.69, zjp = 0.34 (red point), physical parameters a = 2.0, b = 1.05, ¢ = b —aitdne—ct _ 0.22,

3ae a—e

e [ac [ae a [ec
= 2. = U. = 2.4 ili 1 1 —_ s . h .
d =2.65,e =0.6, f = 2.4; equilibrium point ( 7V ba’ / b b\ / f—d) (magenta point) and the point

(x(19),y(19),2(19)) (blue point), respectively.

4.3. Comparison Between MOHPM and OHPM Results

In this subsection is presented a comparative analysis between OHPM solution and
corresponding numerical solution in two situations: (a) using an extended index number
Niax and (b) for a small index number Ny,y.

The linear and nonlinear operators will be the same as Equations (38) and (39), choos-
ing the initial extended interval I = [0, 80]. The obtained OHPM solution is analogous as
in Equation (42) depending on other optimal parameters (see Appendix A, Equation (A7)).
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In both situations can be seen that the accuracy of the OHPM method decreases. These
behaviors are exposed in Figures 10 and 11 for one extended index number N4y, and
Figures 12 and 13, respectively, using a small index number Nj;qx.

The solution presented below is to explain the overfitting phenomenon when applying
OHPM over the entire interval [0, 80].

In Figure 11 is plotted the magnitude of the residual function &, (¢) for OHMP solution
oypm When the optimal parameters are computed using extended interval [0, 80]. The
magnitude of the residual function has order 10~ by comparison with the corresponding
ones using MOHPM method, smaller with two orders of magnitude, 1075,

Applying OHPM technique on an extended computational domain, but using a small
index number Ny, the precision of OHPM-solution Tppppr decreases as in the accompany-
ing Figures 12 and 13. The magnitude of the residual function has order 102 by comparison
with corresponding ones using MOHPM method, as mentioned in the previous case.

v(t)

2.0)
1.5
1.0
05| .
.2.0. < . .4.0- of oo 06000 oo .8.0 t

Figure 10. Comparative profiles between OHPM solution 7pypy using Equations (42) and (A7);
numerical ones (color) for: xjy = 0.25, y;0 = 0.5, zjo = 1.5, physical parameters: 2 = 2.096, b = 0.84,
c=0.275,d =1.65e=0.23, f =1.24.

2.0

—_
(€3]

—_
(@)

function €, [1 0‘3]

o
U

20 40 60 go sl

Figure 11. The residual function €5 (¢) = |Vnumerical — Porpm| when Nyax = 20, N7 = 10 (the optimal
parameters computed using extended interval [0, 80]) for xjg = 0.25, y;o = 0.5, zjo = 1.5, physical
parameters a = 2.096, b = 0.84, c = 0.275,d = 1.65,e = 0.23, f = 1.24.
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v(t)

2.0;
1.5
1.0
]
0.5 c
e o o'.. i o o X
20 40 60 80

Figure 12. Comparative profiles between OHPM solution (Opppp1) using Equations (42) and (A7) for
a small index number Ny, = 5; numerical ones (color) for: x;p = 0.25, y;o = 0.5, zjy = 1.5, physical
parameters: a = 2.096, b = 0.84, c = 0.275,d = 1.65,e = 0.23, f = 1.24.

function €, [1072]

20 40 60 go Ul

Figure 13. The residual function ¢, (t) = |0,umerical — 9oupm| Wwhen Nyax = 5, Np = 2 (the optimal

parameters computed using extended interval [0, 80]) for x;y = 0.25, y;p = 0.5, zjy = 1.5, physical
parameters a = 2.096, b = 0.84, c = 0.275,d = 1.65,e = 0.23, f = 1.24.

4.4. Qualitatively Analysis of Errors

Some statistical tests for numerical solutions to deterministic systems have been pro-
posed for a long time (see for example Hansen [34] or Den Haan et al. [35] or monographies
of King et al. [36] or of Ding et al. [37]). Our investigation somewhat follows well-known
studies for regression methods or information extraction from signals (see for example
the monography of Spagnolini [38]). In fact, the used tests certify that the residual val-
ues are purely random and no analytical, i.e., deterministic, expression can be extracted.
These residual values are only the result of numerical errors coming from approximation
and truncation of real numbers and of the limitations of numerical methods for strongly
nonlinear systems.

A qualitative analysis of errors is performed in the same manner as in [39,40], following
the same steps but using statistical tests appropriate to the present data.

The primary challenge in analyzing more dynamic systems lies in the fact that the true
values, or exact solutions, are often unknown. To approximate solutions, researchers rely on
observations or data derived from physical phenomena, numerical solutions, or simulations.
The discrepancies that arise between these approximations and numerical results (often
derived from computational methods) are frequently referred to as “errors.” However, a
more suitable term in this context is “residuals.” Performing a qualitative analysis of these
residuals becomes an essential step, as it provides insights into the adequacy of the model
or method used.
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In statistics and optimization, “errors” are defined as the unobservable theoretical
differences between observed values and the true model or exact solution. On the other
hand, “residuals” are the observable differences between observed values and the predicted
or estimated values derived from a sample model. Put simply, errors are inherently random
and unmeasurable, whereas residuals are calculable and serve as proxies to estimate these
underlying errors.

The concept of residuals has been discussed in seminal works, such as the one by Cox
et al. [41] where residuals were given a general definition.

Numerical solutions, which play a critical role in many scientific applications, inher-
ently come with limitations. They generate approximate, non-analytical results that can be
computationally intensive, demand specialized expertise, and may suffer from issues such
as instability or lack of convergence. These solutions often rely on complex discretization
methods, which might struggle to accurately represent sharp discontinuities or material
interfaces. Additionally, numerical methods typically involve truncation of real numbers,
introducing further approximations.

Given these limitations, a qualitative analysis of residuals becomes a vital tool. This non-
numerical diagnostic technique helps evaluate the performance of a model or approximation.
Specifically, such an analysis aims to verify that residuals exhibit behavior akin to randomness
with no discernible patterns or periodicity thereby implying that the approximation is reliable.
The most utilized methods for residual analysis focus on three key aspects:

1. “Constant Mean and Variance”: Residuals should have a constant mean value,
which, in most cases, is close to zero. Equally important is ensuring constant variance of the
residuals; any variability in variance (known as heteroscedasticity) can signal inadequacies
in the model.

2. “Lack of Correlation”: Residuals should not demonstrate correlation or autocorrelation.
This ensures there are no recurring patterns or periodic behaviors in the data series and
indicates that the chosen approximation is a valid representation of the system’s dynamics.

3. “Distribution Shape”: The empirical distribution of residuals should closely resemble a
well-understood theoretical probability distribution, typically a normal (Gaussian) distribution.

There are numerous statistical tests available to evaluate these properties. Modern
statistical software like R (version 4.5.0) or RStudio provides robust tools free of charge for
conducting such analysis effectively.

In addition to statistical tests, simple visualizations can also offer immediate insights
into the behavior and distribution of residuals. Examples include basic two-dimensional
plots and histograms, which allow researchers to identify trends, patterns, and deviations
more intuitively.

All computations required for these analysis in this study were performed using R
software (version 4.5.0). This software offers extensive packages tailored for generating
both statistical tests and graphical representations, making it an indispensable tool for
such evaluations.

4.5. Graphical Representations

We split our data in five groups (the length of series is 100) i.e., [1,20], [21,40], [41, 60],
[61,80] and [81,100].

Graphical representations are depicted in Figure 14 for series of residuals and in
Figure 15 for histogram of the residuals, respectively.
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Series of residuals

2e-05

1e-05

residuals e_i
0e+00
|

-1e-05
|
[
<
<
A e —

-2e-05
I

80 100

o
n
o
N
o
[}
o

Figure 14. Series of residuals.

Histogram of residuals
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|

frequency
10

[ T T T 1
—2e-05 -1e-05 0e+00 1e-05 2e-05

intervals
Figure 15. Histogram for the residuals.
4.6. Study of Heteroscedasticity

Results for our example:

¢ First, the boxplot graph is represented in Figure 16:
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Boxplot of residuals

2e-05

1e-05

0e+00
|

residuals e

-1e-05

—2e-05
o

T T T T T
srgl srg2 srg3 srg4 srgb

group
Figure 16. Box-plot for residuals. The White circle represents one singular point belongs to subgroup

sgr3.

*  Second, the statistical mean value, median value and, respectively, the standard
deviation are shown in Tables 5, 6 and 7, respectively:

Table 5. Mean value of groups.

Subgroup sgl sg2 sg3 sg4 sgb
mean —5.845235 x 1077  1.289427 x 10~7  3.026934 x 107®  —3.045879 x 10~®  3.517300 x 107

Table 6. Standard deviation of groups.

Subgroup sgl sg2 sg3 sg4 sg5
st.deviation 9.383352 x 10~° 8.516013 x 10~° 7.835072 x 1076 6.835083 x 10~° 1.537773 x 107

Table 7. Median value of groups.

Subgroup sgl sg2 sg3 sgd sgb
median —3.314324 x 1077 3.793317 x 10~7  3.889660 x10~®  —2.798158 x 10~¢®  —2.415459 x 107

We observe some differences between mean and median values, i.e., there exist an
asymmetry and therefore we compute the skewness for each groups in the Table 8:

Table 8. Skewness for groups.

Subgroup sgl sg2 sg3 sgd sg5
skewness 0.01305165 0.01209538 —0.85071022 0.43780820 —0.06023775

and we can see some nonzero values for skewness at the group 4 and respective
group 5 (moderate skew), hence it is possible to have a non-normal distribution of the
residuals (see test for normality from below). Also, the presence of some significant
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asymmetry can affect the results of some classical statistical test for homoscedasticity
(see for example Yonar et al. [42] or Wang et al. [43])

The Brown-Forsythe test is a robust statistical method for evaluating equality of
variances across three or more independent groups. It acts as a modification of
Levene’s test, utilizing deviations from the group median rather than the mean, which
makes it less sensitive to non-normal data and better at handling skewed distributions
or outliers (see for example [44]).

The Brown-Forsythe test R

Null Hypothesis (Hp): All group variances are equal.
Alternative Hypothesis (H,): At least two group variances are different.

Results from R-software (version 4.5.0):

F =0.93629, num df = 4.000, denom df = 64.746, p-value = 0.4487
Detailed,
Brown-Forsythe Test (alpha = 0.05)

dependent var: sr
grouping var: srg

F =0.9362895

num df =4

denom df = 64.74583
p-value = 0.44865

Result: Difference is not statistically significant.
Because, the P-value > 0.05, then the decision is “fails to reject the null hypothesis”,
i.e., “The assumption of equal variances (homoscedasticity) holds true”.

4.7. Study of Autocorrelation

Results for our example:

Durbin-Watson test

Null Hypothesis (Hp): There is no first-order autocorrelation in the residuals.
Alternative Hypothesis (H,): First-order autocorrelation exists.

As a simple remark for the statistical decision, a p-value below 0.05 indicates sig-
nificant autocorrelation, allowing rejection of the null hypothesis that residuals are
uncorrelated. Also, some common interpretations in the case of the auto-correlation
presence :

DW = 2: Residuals are likely independent (no autocorrelation).

DW < 2: Suggests positive autocorrelation, common in time-series data.

DW > 2: Suggests negative autocorrelation

Results from the R-software:
DW = 2.3064, p-value = 0.8744 alternative hypothesis: true autocorrelation is greater than 0

We have that the P-value < 0.05, hence, the statistical decision is “fails to reject the null
hypothesis”
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4.8. Study of Normality
®  Shapiro-Wilk test

Results for our data:
W =0.99237, p-value = 0.8473

In this case, the P-value < 0.05, then a decision can be “it is false to reject Hy”, i.e.,
“data is normal”.

e Jarque-Bera test Because, some moderate skew is observed, we perform a more ade-
quate test for our data, i.e., Jarque-Bera test (see [45]).
Results from R-software:
X-squared = 1.1449, df = 2, p-value = 0.5642

The P-value > 0.05, hence, the statistical decision is “it is false to reject the null
hypothesis of normality”.

Moreover, the Kruskal-Wallis test is a nonparametric or distribution-free, is performed.
The hypotheses for the Kruskal-Wallis test are as follows:

- Null hypothesis: the samples (groups) are drawn from identical populations.
- Alternative hypothesis: at least one sample (group) comes from a population that

differs from the others.

Output from R for our data:

Kruskal-Wallis chi-squared = 4.922, df = 4, p-value = 0.2954

Hence, the P-value > 0.05 and then the statistical decision is “it is false to reject the
null hypothesis”.

5. Conclusions

By applying the Multistage Optimal Homotopy Perturbation Method (MOHPM), this
work successfully determines the closed-form solutions for a six-parameter dynamical
system. The precision of this novel analytical approach is rigorously validated against nu-
merical solutions using both graphical and tabular representations. Critically, the MOHPM
demonstrates superior accuracy, producing residuals on the order of 107> compared to
the 1073 order of the traditional OHPM. Complemented by a thorough qualitative error
analysis including heteroscedasticity, autocorrelation, and normality test, these results un-
derscore the method’s potential for analyzing complex dynamical systems in engineering
and natural sciences.
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Appendix A

The optimally parameters for approximate solution via MOHPM procedure, 0pi0rpm
obtained by the classical least squares method are given in this Appendix A by the Wolfram
Mathematica software 9.0 using the “NMinimize” package (for calculus of the optimally
parameters) and “NDSolve” package (to compute the numerical solutions by forth-order
Runge-Kutta method), respectively.

A division of the interval [j +a, j+ b] containing N; sampling points is a set denoted by

M;(a,b,Ny) = {iy ‘ ii=j+a:h :j+b},
with I’l1 = bT—lu.
Example Al. dy0gpym is a MOHPM solution of the Equation (7) for the initial conditions
xjo = 0.25, yjo = 0.5, zjo = 1.5, physical parameters: a = 2.096, b = 0.84, c = 0.275, d = 1.65,
e =0.23, f = 1.24 and index Nyax = 20, Nyyax1 = 10.
For interval I; = [0, 25] (nonuniform behavior) the set of sampling points is chosen as
81 = U7_oM;(0,1,10) UUIZM;(0,1,5) U U1 0V;(0,0.9999, 5) .

Using the formula given by Equation (34) and the set of sampling points &;, the
parameters from Equation (42) are:

AV =16300.1272980455, A = —41.2703105656, A" = —15709.7222008157 ,
) — 10881954689 , T = —43049545208,  TiV = 7.8045992156 ,
(1) — 1833.5690060931, K1) = 04977899723,  K\" = 0.2051922783,
“) = 01659421508 , DV = —43.6375058468, DI = —8.4551093738,,
“) — 49396146998, D" = —9.8060453384, D" = —8.1807408549 ,
D(l) — —85680287929, D" = —8.1681248018, D{") = —5.4052198203,
(” — 26930478926, DI = —1.3646119034, DI} = 29504544210,
S) = 1.6709723183, D'V — 07907392806, DY) = 0.3226798982,
DY = 0.0101817948,, Di? — —0.1761649182, D(17) — —0.2000914252 ,
D't = —0.0866623095, DI =00162931617, D) = 0.0137880277,
Y = 7.5394122177 ESY) = —26.8688669500 ( ) — 237692241061,
E(Y = —55.8559810145,  E\" = —35.1886958508 ( ) — 32347137056,
EWY = 7.0576771262 E{Y = —7.9766808233, (1) — 8.0822482887, (A1)
(})) — 34036024339 , E(}) = 21643836985 , (2 — —0.2175887423 ,
E() = —05116726347,  E\}) = 05191894004,  E{}) = —0.4233877597 ,
(2 = —02400221164,  E\)) = —0.0296827316, %) = 0085887807,
(;) — 00534672481 , ES) = 62306 x 100,  FY) = —447.9871609468 ,
F{Y = —17.7898820984,  F{ = 9.6546241418, ” = 3.6954409342 ,
SO 8608316760 , pg” — —0.5839285968 , ) _ g, 9592105775 ,
( ) = 05622625584,  F\Y = 00604246822, 1(()) — 0.0972426833 ,
<1> — —878.6612013912, c§1> = 665130512467, G = —10.4322901661
<1> — 26916810031, GV = 15267014739, GV = —1.0780115384,
<1> = 00388932771, GLY = 04006968253, G = —0.2727668580,
§0> — 0.1250685571 ;
the RMSE test: 1.4901 x 1078 ;

For interval I, = [25, 50] (uniform behavior), Ny = 10, Nya1 = 5 the set of
sampling points is proposed as 8, = U50 —2sM;(0,1,10).
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By means of the formula given by Equation (34) and the set §,, the parameters from
Equation (44) are:
AY) — 684.6496650284, AP — 4819992287380, AP — —18068.9780174455 ,

c? = 01794224992,
K = 01706003242 ,
D) = 24485420144,
D) = 0.0446132315,
D<2) 0.0014239323 ,
= 25.2696427246,

— —0.1411219236,
— 0.0042884663 ,
— 0.0017119735,,
F3 — —996.1230623368 ,

GiY = —13741.7087382381

GlY = —99.4334626113,
the RMSE test:

1
=2

1
F{?) — 158.1944416469 ,

G1Y = 1246.3690977889 ,
G = 1.5613240618 ;
3.6818 x 1078 ;

) = 154360435682 ,
WP = 02178505718,
D) = 01974254512,

D) = 0.0015486536 ,
D(Z) —0.0019842187 ,
E§2> — —1.8559302702
E?) = 0.0145495964 ,

EP? = —0.0028939145
F1? = —12888.4213507909 ,
)

,..2)

—13.4162206346 ,
— 12.8057822611,
—0.0511005721 ,
= 00009354817 ,
3 = 0.0001687860 ,
{2 — 03895392792,
)
)
)

(A2)
= 0.0207307358,

— 0.0012797717,
— 1837.3798467118 ,
F<2) = 2.7585543551 ,

G? = 261.5077194602 ,

w9

For interval I3 = [50, 80] (uniform behavior), Ny = 10, N1 = 5 the set of
sampling points is assumed as 83 = U?QSOM]-(O, 1,10).
Using the Equation (34) and the set 83, the parameters from Equation (44) become:

3

A — 1350801810424, AP — 301243525983, AL = —27062.5024494501 ,
Tl“) = —1.4524919919, (¥ = ~02994201943,  K® = 01086473366,
w =0.1017032638,, D'¥ — 61087230729, DY = 0.2377201190,
D§3> — —0.3700507472 , D'¥ = 00237448128, DL = 0.0243484353,
D) = —0.4589473440 , DY) = —05809792070, DY = —0.0528505175
DY) = —0.0284401015,, D\Y = 03396109732,  E{ = 265517800772,
ESY = 24994358558 , ES) = 01377646848, f) = 01076982625 , (A3)
E§3) —0.0375843360 , (3> — —05256412087,  EYY = —0.8424738018 ,
EY) = 00711244277 , (3) — 01653332074,  E\Y — —0.2881804513,
F — —24719.6987041350 , Fz( ) = 26245927429377, F) = 1806.9241863883 ,
F{¥ = 05108275987 , FI¥ = 048246798716, G\¥ = —26391.5162250041 ,
) _ <3) — —51.0222378466, G|

—11699.9438584968 ,

G = —0.0601815730 ;

the RMSE test:

9.7795 x 10~7 .

G{¥ = 02068323332,

Example A2. Gyonpum is a semi-analytical solution of the Equation (7) for the initial conditions
xjo = 0.25, yjo = 0.5, zjo = 1.5, physical parameters: a = 17.35, b = 0.84, c = 0.275, d = 1.65,
e =0.23, f = 1.24 and index Nyax = 20, N1 = 10.

For interval I;

= [0, 2] (nonuniform behavior) the set of sampling points is chosen as

81 = Uj_oM;(0,1,10) U U3 M;(0,1,5) .
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Using the formula given by Equation (34) and the set 81, the parameters from Equa-

tion (42) are:

— —6.9543429964 ,
) = 02637656837 ,
> = 2.9666604700 ,
(1) — 0.0444783787 ,
( ) = —0.4600480239,
( ) = 0.305535169 ,
‘” — 0.1687863769 ,
( ) = 04599441873,
§ ) — 0.2275086457 ,
DIV — 06472246905,
) = 04438209212,
) = 06536732890,

— 06759451563,
) = 02333444137,
) — 07297708481,
0 _ — 0.1564344451
(1) = —0.3914294024 ,
b _ 0.5926527270 ,
) _
)

(
(1
(1)
(

(
<

— 02409683885,
— 0.5826375106,

) = 06636990926 ,

) = —0.4321067155,

) = 07094374963 ,

) _

Gyy = 0.7825345323 ;
the RMSE test:

1
1

(
(
(
(

AW = 01663372780,
#(1)
KM =14.1233416392,

DIV = —0.4284729132,,
DIV = 0.3221908977
DM = 01806340783,
D\t = 0.0449164572,
DY = 1.2199689832

DY) = 06931809521,
D) = 1.1301576157
ESY) = 0.0431118322,
EY = 0.5449193558
ELY) = —0.9571678729
EW = 0.4540574689 ,
E() = 13221845377,
ED) = —03224996776 ,
ES)) = 0.9279569530 ,
F{Y = 04622499939 ,
FY = 02043356210,
Y = 0.8061138357

G§ ) = 08862468265,

Gl = —0.8624545267 ,

GV = 03462996778 ,

24718 x 1077 ;

= —0.1873379656 ,

)
2
iV — 246484828590 ,
kY = 01912000330,

DIV = 0.9792084798 ,
DLV = 0.6628444176 ,
DLV = —0.3525599379
D'V = 1.2513621570
DY = 1.4488498223,
D)) = —0.5628939717
D) = 0.4570940779 ,
E{Y = 09488269142,
ELY — 12860298895,
ESY = 06391279808, (A4)
E() = —0.3382172178,
E{Y) = 06773057407 ,
E{) = —0.8952172002,
FY = 07029958824 ,
F{Y = —1.0200876091 ,
F{Y = —0.5110573085 ,
Fly) = 05309511142,

G§ ) = 0.0360520500,
GtV = 02761581342,
GV = —0.0863609613 ,

For interval I = [2, 3] (uniform behavior), Nyax = 5, Nyax1 = 2 the set of sampling
points is proposed as 8, = U?:ZMj(O, 1,15).
By means of the formula given by Equation (34) and the set 8, the parameters from

Equation (44) are:

A = 05511360533,
c?) = 0.9249348854 ,
( ) = 0.1701947204 ,

<2) — 0.1188361325 ,
( )

the RMSE test:

— —1.7305403641 ,
Ef) — —2.3383742364,
EY) = —0.9815298618
F{? = —0.8158333752

AP = 0.2647253722,,
T = 1.0062559287 ,
K® =0.0137661739,
D) = 06289696856,
D(2> —1.4459591932 ,
§ ) — 0.0816304076 ,
E) = 0.7885631284,
P —
4.8839 x 1077 ;

= —0.9005536396 ,

AP = 04226147842,

T(z) = —0.0518964400
(2) — 0.0021825581 ,
( ) = 0.6105499573,
é ) = 0.7482689580 , (A5)
E{Y) = —0.3571462854,
F? — _0.1141911164
GIY = —0.0724617972 ;

Related to interval I3 = [3, 20] (uniform behavior), Nyax = 5, Nyax1 = 2 we consider
the set of sampling points by 83 = U20 —3M;(0,1,10).
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Using the Equation (34) and the set 83, the convergence-control parameters for
9monprm that appear in Equations (44) become:

AS) = 275794650993, AP = 32162888764, AP = —3125319902232,
T — 14689110674,  Ti) = —0.6424091694, K*) = 0.637015739%4,

w =03176709050, D) = 01489491098, D) = 0.0733716638,

DY) = 00382871727, DY = 00251024609, D = 0.0053527593 ,

E®) = 02423156439,  E{Y =0.0442015550,  E\Y = —0.0359442654,  (A6)
EY =00060951071,  E) = —0.0069014273, F) = 196.2570627757

F{Y = —43.9856580627, F\Y) = 145958900375, G\®) = 214.0797593841,
GSY = 14.1908717940 ,

the RMSE test:

G{Y = 10.8970882111 ;
7.5595 x 1077 .

Example A3. Goypy is a semi-analytical solution of the Equation (7) using OHPM method for
the initial conditions x;y = 0.25, y;o = 0.5, zjo = 1.5, physical parameters: a = 2.096, b = 0.84,

c=0275d =1.65 ¢ =023, f = 1.24 and index Nyax = 20, Npyax1 = 10.

For comparison with OHPM results using an extended domain I = [0, 80] we propose

the set of sampling points by

2
8 =Ui

0M;(0,1,10) U UI2M;(0,1,5) U U, M;(0,0.9999, 5) U U1, M;(0,0.9999, 5) .

The convergence-control parameters for dpppps that appear in Equation (42) are

optimally identified using the set 8§ and formula given by Equation (34) by:

Ap = —1.8220328398152253 x 1012,
Co = 0.1794224992115676 ,

T3 = —4.418365752809414 x 1011,
wp = 0.05084318409773785 ,

D3 = 9.819018242523556 x 1011,
D¢ = 6.585876291561328 x 1010,
Dy = 1.6855012667636951 x 1010,
Dy = —6.159043639882631 x 107,
Dis = —4.1064943361751044 x 108,
Dig = 1.2622351535866234 x 107,
E; = —1.863502295601897 x 101,
E; = —1.2386069633536719 x 1011,
E; = 2.0676057016726593 x 1010,
Eip = —1.6045665927951302 x 1019,
Eq3 = 3.1645208358015823 x 107,
E1 = 1.4307933711928725 x 108,
Eq19 = —1.4063580213172124 x 10°,
F, = —1.3453184586310153 x 101,
F5 = 1.1543029191238274 x 1010,

Fs = —6.044212229956186 x 108,
Gy = 1.5552775555342075 x 1011,
Gy = —1.8719606234696426 x 1010,
Gy = 1.4217349025968642 x 10°,
Gy = 4.516690130136028 x 10° ;
the RMSE test:

Aq = 1.0713408608943607 x 1011,
Ty = 4421.258082476955 ,

K = 0.46553836530676823 ,

Dy = 4.0867189487489716 x 101,
Dy = —2.703942788508915 x 10'1,
D; = —1.194397453467586 x 1010,
Dy = 3.571461509711797 x 1010,
D13 = 3.2424027398806624 x 10,
Dig = —2.354182508450287 x 108,
D19 = —2.1808360185874854 x 10° ,
E, = 3.886903754052551 x 1011,

Es = —1.3030722602759192 x 10!,
Eg = 1.4424730644195505 x 10'!,
Ey = —1.5722739624248693 x 1010,
Eyy = —1.1659177813545341 x 107,
E17 = 6.516094177738971 x 107,
Ep = 182194.93993264262 ,

F3 = —6.009849753822255 x 10°,
Fs = 1.8479500446787806 x 107,

Fy = 7.23447502181478 x 107,

Gy = —1.1397658995122963 x 10!,
Gs = 1.3488214662326405 x 107,
Gg = —4.316193630103389 x 108,

3.7102 x 1072,

Ay = 4.750615754311887 x 10'2,

T, = —697.0932419343876,

K; = 0.2159293545425615,

D, = —3.2163383180588022 x 1012,
Ds = —3.927317018636189 x 1010,
Dg = —3.573234151165819 x 1019,
Dy = —2.0272409232124207 x 10'°,
D14 = 1.5522819882477105 x 107,
D1y = 4.663276703443951 x 107,
Dyy = —53411.02575950957,

E3 = 2.0887775595822382 x 1011,
E¢ = —2.569054656228809 x 10'1,
Eg = —2.0025451916806778 x 1017,
Eqp = 8.752748642992504 x 10°,
E15 = —6.625213913285055 x 108,
E1g = —1.2348147079631621 x 107,
F; = —8.360754396052637 x 1011,
1.6596771912925278 x 1010,

= —1.666398551835027 x 10°,
Fo = 1.6646803264996251 x 107,
Gz = —5.838006790144577 x 1019,
Ge = 4.967091653997535 x 10°,

Gy = —1.553469352666415 x 108,

T
[l

(A7)
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Example A4. Based on the Remark 1 here is considered the case of the almost periodical solution

bf —a?44ae—e?
when ¢ = 5. ——=7=%,a > e.

Opmonprm is a MOHPM solution of the Equation (7) for the initial conditions x;y = 0.125, y;y =
0.69, zjg = 0.34, physical parameters: a = 2.0, b = 1.05, ¢ = %% =0.22,d = 2.65,
e = 0.6, f = 2.4 and index Nyax = 10, Nya1 = 8.

For interval I; = [0, 20] (nonuniform behavior) the set of sampling points is chosen as
81 = Ui_gM;(0,1,5) UUIZ3M;(0,1,2) U U, M;(0,0.9999,2) .

Using the formula given by Equation (34) and the set of sampling points 8, the
parameters from Equation (49) are:

AV — 32723403026,
BV = —20.2380002697 ,
c“) = 421749243243,
( ) =~ 132529730780,
( ) = 33228563711,
qu — 0.0021566862 ,
DYV = 29722324654,

K(

A = —0.1573822930,
i) _ 02365941099 ,

) = 987655489694 ,

) = 12.2233242953,
c{) = 0.6491178644 ,
DIV = 1.2221180959
U — 0.3624169831 ,
U = 0.9074965056 ,

(
(
(

AV — 42873954060,
wy = 0.1213728316,,
c{l = —9.2278238871,
clV = 7.8500286333 ,
Y = 00007040055 ,
p{V

D! = 09183694090 ,

—0.2151013799
DY = —3.6760915607 ,

DY = —0.0203666331
DSV = 0.1261882460, ( ) — —1.0675774840
E{) = 25102493718,  E{" = 36808496454 , (1) — —11.1814991827
E“) —29.4391602842, E\V = 3.2746032959 (1) — —2.0780358254,
Eg ) — 14083690175,  ,FY = 1.0169827531, (1) — 07451683981 ,
FY = —03561435247, ,FY = —1.1051667407 , F(l) —0.9092502199 ,
F(l) —13724990395,  F\ = —8.7823050158, F( ) = 10395185006,
§ ) — 204061820536,  G{" = —3.0130064637 , Hl( ) = 19.1067080918 ,
HY = 17910428146, MY = —0.6797155783, ML) = —2.8450143021,
N = —16.8821049729, N{Y = 20412224210 ;
the RMSE test: 5.0522 x 10712

(
(
D4
D,
DY) = 0.0059895115, (48)

For interval I; = [20, 40] (uniform behavior) the set of sampling points is

81 = U2M;(0,1,2).
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Using the formula given by Equation (34) and the set of sampling points §;, the

parameters from Equation (49) are:

A® = 09913391272, AP = —1.0515124441, ALY = —0.9833138583 ,
A% = —09690216100, B = —0.4746095990, K% = 0.0013297404,

w® =01163226680,  C% = —1.0506031923, C{ = —0.7639988270,
c? = —14752531021, C) = —0.7408592101, C¥) = —0.9743637128,
cl? = —0.8605461633, C\¥) = 09495038530, C{¥) = —0.0866383270,
cl? = 00177004404,  C1Y = —0.0009555192, D\¥ = —0.4931392561,
D — —1.1445343581, D) = —12579752400, D{¥ = —0.6263922237,
D®) = —04256971472, DY = —07047264055, D\? = —1.0496146228 ,

)

DY) = —0.0334657353,

(A9)

EP = —1.1284688715, EP) = —0.7142820929, E) = —1.1579261035,
EP = —08735786271, E& = —0.8848111514, E? = —1.0949403196,
EP = —0.4999660251, ,EZ =0.0397951660, F%) = —1.2036974120,
FP = —07717125203, F®) = —1.1903058454, F\) = —0.2515220653 ,
F{» = —07041885105, F») = —0.8552911153, F\*) = —1.0197852545,
F? = —0.2094681212, G = 11262979377, G” = —0.6908960167 ,
H? = —12117843445, H? = —0.7692095420, M®) = —1.0488946925,
M = —0.7767971225, N = —05278947010, N¥ = —1.1395855438 ;
the RMSE test: 2.3807 x 10710
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