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Abstract

This paper addresses the Cauchy problem for the multi-dimensional modified Helmholtz
equation, a classical and severely ill-posed problem. A truncated-kernel mollification
method is proposed as an effective regularization approach. Both the a priori and a posteriori
regularization parameter choice strategies are examined, and the associated error estimates
and convergence rates of the regularized solutions are established. The practical viability
and effectiveness of the method are further validated through numerical experiments.
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1. Introduction
The modified Helmholtz equation models steady-state heat conduction with thermal

loss, bioheat transfer in living tissues, and diffusion processes involving absorption or
reaction. It further arises in the linearization of the Poisson–Boltzmann equation for
electrolyte solutions and in implicit time discretizations of the heat equation. The Cauchy
problem for the modified Helmholtz equation, with solutions that exhibit exponential
decay, naturally appears in inverse scattering theory and impedance tomography [1,2].
This problem is inherently ill-posed in the Hadamard sense; even small perturbations in the
input data can lead to significant instabilities in the corresponding numerical solutions [3].
To mitigate this ill-posedness, significant research efforts in recent years have focused on
developing and applying stable numerical methods for solving such Cauchy problems.
Notable approaches include the quasi-reversibility method [4], the truncation method [4,5],
the quasi-boundary value method [5,6], the Tikhonov-type regularization method [7,8],
the adaptive Runge–Kutta method [9], the iterative regularization method [10,11], and the
mollification method [12–14], among others.

Among these methods, the mollification method aims to construct stable solutions
by smoothing perturbed input data through convolution with suitable kernel functions.
This technique has been widely applied to solving Cauchy problems associated with
elliptic and parabolic equations [15], inverse source problems [16–18], inverse Schrödinger
problems [19,20], inverse Laplace transform problems [21], as well as backward heat
problems [22,23]. The choice of kernel functions is of central importance in the mollification
method. Widely used kernels include the Dirichlet, Poussin, Gaussian, and Weierstrass
kernels, along with many others [15].
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This paper aims to apply the mollification method to solve the Cauchy problem
associated with a multi-dimensional modified Helmholtz equation:

∆w(x, y)− k2w(x, y) = 0, 0 < x ≤ 1, y ∈ Rn,
w(0+, y) = f (y), y ∈ Rn,
wx(0+, y) = g(y), y ∈ Rn,

(1)

where ∆ = ∂2

∂x2 + ∑n
i=1

∂2

∂y2
i

is an (n + 1)-dimensional Laplace operator and k > 0 denotes

the wave number. The Cauchy problem consists in determining the solution w(x, y) from
the given data f (y) and g(y). In the one-dimensional case, [12] applies the mollification
method with the Dirichlet kernel and establishes an a priori regularization parameter choice
strategy, while [13] proposes an a priori strategy using the Poussin kernel for problem (1).
Neither [12] nor [13] provides an a posteriori strategy for choosing regularization parameters.
The a priori regularization parameter choice depends on smoothness assumptions concern-
ing the exact solution, whereas the a posteriori approach dispenses with them entirely.
In the multi-dimensional case, [14] establishes a unified framework for the mollification
method, presents both the a priori and a posteriori regularization parameter choice strategies,
and demonstrates that the Dirichlet, Poussin, and Gaussian kernels satisfy the conditions
required by this framework. However, the corresponding regularized solution achieves
only logarithmic-order convergence. Both the Dirichlet and Poussin kernels belong to the
class of truncated-kernel functions [20]. A general form of truncated-kernel functions is
presented in this paper. Building upon the classical Dirichlet and Poussin kernels, two
new types are devised: the logarithmic-type kernel and the hyperbolic tangent-type kernel.
These kernels are then employed to construct a mollification regularization method for the
Cauchy problem of the modified Helmholtz equation. Both a priori and a posteriori parame-
ter choice strategies are proposed, and the corresponding convergence rates are rigorously
proven. The resulting power-law rate is shown to be significantly superior to the logarith-
mic convergence rate attainable in [14]. Numerical experiments show that the proposed
method reconstructs both continuous and discontinuous solutions with high accuracy.

The paper is organized as follows. In Section 2, we analyze the ill-posedness of the
Cauchy problem and introduce the definition of the truncated-kernel function. In Section 3,
we propose a priori regularization parameter choice strategies and derive the corresponding
error estimates for the regularized solution. In Section 4, we develop a posteriori strategies
and establish the associated convergence rates. In Section 5, we demonstrate the numerical
effectiveness of the proposed method through several numerical examples. Finally, We
summarize the main contributions and conclusions of this study.

2. The Truncated-Kernel Mollification Method
To facilitate the analysis, we decompose problem (1) into two sub-problems:

∆u(x, y)− k2u(x, y) = 0, 0 < x ≤ 1, y ∈ Rn,
u(0+, y) = f (y), y ∈ Rn,
ux(0+, y) = 0, y ∈ Rn

(2)

and 
∆v(x, y)− k2v(x, y) = 0, 0 < x ≤ 1, y∈Rn,
v(0+, y) = 0, y∈Rn,
vx(0+, y) = g(y), y∈Rn.

(3)
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The solution of (1) is w(x, y) = u(x, y) + v(x, y). Applying the Fourier transform yields the
following results [14]:

û(x, ξ) = cosh(x
√

ξ2 + k2) f̂ (ξ), v̂(x, ξ) =
sinh(x

√
ξ2+k2)√

ξ2+k2
ĝ(ξ), (4)

where the n-dimensional Fourier transform of f (y) is defined as

f̂ (ξ) :=
1

(2π)
n
2

∫
Rn

e−iξy f (y)dy, ξ ∈ Rn.

Consider the perturbed data f δ(y) and gδ(y) satisfying

∥ f δ − f ∥ ≤ δ, ∥gδ − g∥ ≤ δ, (5)

where ∥ · ∥ denotes the L2-norm and δ > 0 represents the noise level. The unboundedness

of the operator kernel functions cosh(x
√

ξ2 + k2) and sinh(x
√

ξ2+k2)√
ξ2+k2

as ξ → ∞ causes

instability in solutions (4); see [3]. To stabilize the inherently unstable solutions, we apply
the mollification method with kernel function P̂µ(ξ), where ξ ∈ Rn. The corresponding
regularized solutions are given by

ûµ,δ(x, ξ) = cosh(x
√

ξ2 + k2)P̂µ(ξ) f̂ δ(ξ) (6)

and
v̂µ,δ(x, ξ) =

sinh(x
√

ξ2+k2)√
ξ2+k2

P̂µ(ξ)ĝδ(ξ), (7)

respectively. Consequently, the regularized solution to problem (1) is given by

wµ,δ(x, y) =
1

(2π)
n
2

∫
Rn

eiξyŵµ,δ(x, ξ)dξ, (8)

where
ŵµ,δ(x, ξ) = ûµ,δ(x, ξ) + v̂µ,δ(x, ξ).

In this paper, we focuse on truncated-kernel functions satisfying the following definition.

Definition 1. A kernel function P̂µ(ξ), where ξ ∈ Rn and 0 < µ < 1, that satisfies the following
three conditions is defined as a truncated-kernel function:

(1) 0 ≤ P̂µ(ξ) ≤ 1, ξ ∈ Rn;

(2) supξ∈Rn P̂µ(ξ)ex|ξ| ≤ e
cx
µ , c > 0, 0 ≤ x ≤ 1;

(3) supξ∈Rn(1 − P̂µ(ξ))e(x−1)|ξ| ≤ e
x−1

µ , 0 ≤ x ≤ 1.
Well-known examples of truncated-kernel functions include the Dirichlet kernel

P̂µ(ξ) = χ[
− 1

µ , 1
µ

](ξ) =
1, |ξ| ≤ 1

µ ,

0, |ξ| > 1
µ

(9)

and the Poussin kernel

P̂µ(ξ) =


1, |ξ| ≤ 1

µ ,

2 − µ|ξ|, 1
µ < |ξ| < 2

µ ,

0, |ξ| ≥ 2
µ .

(10)

https://doi.org/10.3390/axioms15080593

https://doi.org/10.3390/axioms15080593


Axioms 2026, 15, 593 4 of 23

It can be demonstrated that, for the Dirichlet kernel, the constant c in Definition 1 equals 1, while
for the Poussin kernel, it equals 2. A more general form of the truncated-kernel function can be
expressed as follows.

Lemma 1. Let k be a real-valued function that is continuous and decreasing on (1, 2) and satisfies
0 ≤ k(x) ≤ 1 for all x ∈ (1, 2). Then the function

P̂µ(ξ) =


1, |ξ| ≤ 1

µ ,

k( µ|ξ| ), 1
µ < |ξ| < 2

µ ,

0, |ξ| ≥ 2
µ

(11)

is a truncated-kernel function.

Proof. The inequality 0 ≤ P̂µ(ξ) ≤ 1 holds for all ξ ∈ Rn, so it remains only to verify
conditions (2) and (3) of Definition 1. For 0 ≤ x ≤ 1, we have

sup
ξ∈Rn

P̂µ(ξ)ex|ξ| = sup
|ξ|< 2

µ

P̂µ(ξ)ex|ξ| ≤ sup
|ξ|< 2

µ

ex|ξ| = e
2x
µ

which confirms condition (2) for c = 2. Similarly, for 0 ≤ x ≤ 1,

sup
ξ∈Rn

(1 − P̂µ(ξ))e(x−1)|ξ| = sup
ξ> 1

µ

(1 − P̂µ(ξ))e(x−1)|ξ| ≤ sup
ξ> 1

µ

e(x−1)|ξ| ≤ e
x−1

µ

which confirms condition (3).

Throughout the rest of this paper, we assume that P̂µ(ξ) is a truncated-kernel function
given by (11), and that k(x) satisfies the condition in Lemma 1. Beyond the specific cases of
k(x) = 0 for the Dirichlet kernel and k(x) = 2 − x for the Poussin kernel, various truncated-
kernel functions can be constructed by appropriately specifying k(x), 1 < x < 2 . In this
paper, we construct two novel truncated-kernel functions. The first is the logarithmic-type
kernel; for m > 0, the corresponding k(x) is

k
1
( x ) = 1 − 1

m
ln
(
(em − 1)( x − 1) + 1

)
, 1 < x < 2.

Direct substitution yields k1(1) = 1 and k1(2) = 0. Differentiating yields

k′1(x) = − 1
m

em − 1
(em − 1)(x − 1) + 1

, 1 < x < 2.

Since k′1(x) < 0 for all x ∈ (1, 2), the function k1(x) is strictly decreasing on (1, 2). It follows
that k1(x) satisfies all the conditions of Lemma 1. Moreover, as k′1(x) is monotonically
increasing, the magnitude |k′1(x)| is monotonically decreasing, indicating that the rate
of decrease of k1(x) diminishes progressively over (1, 2). Furthermore, the supremum
magnitude of the derivative is

sup
1<x<2

|k′1(x)| = |k′1(1)| =
em − 1

m
,

and since m > 0, this supremum magnitude increases strictly with m; consequently, larger
m yields a steeper maximal downward slope for k1(x) on (1, 2).
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The second is the hyperbolic tangent-type kernel: for m > 0,

k
2
( x ) =

1
2

(
1 − tanh(2m x − 3m)

tanh m

)
, 1 < x < 2.

Similarly, k2(1) = 1, k2(2) = 0. Differentiating yields

k′2(x) = − m
tanh m

sech2(2mx − 3m), 1 < x < 2

and

sup
1<x<2

|k′2(x)| = |k′2(
3
2
)| = m

tanh m
.

Since k′2(x) < 0 for all x ∈ (1, 2), the function k2(x) is strictly decreasing on (1, 2). Thus,
k2(x) also satisfies all the conditions of Lemma 1. Moreover, as k′2(x) is monotonically
decreasing on the interval (1, 3

2 ], thus the rate of decrease accelerates monotonically. On the
interval( 3

2 , 2), k′2(x) is monotonically increasing, so the rate of decrease diminishes mono-
tonically. Consequently, x = 3

2 is the maximum point of the rate of decrease of k2(x) over
(1, 2). Moreover, the supremum magnitude increases strictly with m; consequently, larger
m yields a steeper maximal downward slope for k2(x) on (1, 2).

The graphs of the logarithmic-type and hyperbolic tangent-type kernels for different
values of m are presented in Figure 1 with n = 1 and µ = 0.1.

(a)

-30 -20 -10 0 10 20 30

0

0.2

0.4

0.6

0.8

1

P
(

)
m=2

m=4

m=8

(b)
Figure 1. The logarithmic-type kernel (a) and the hyperbolic tangent-type kernel (b) for different
values of m with n = 1 and µ = 0.1.

We now present several fundamental properties satisfied by the operator kernel
functions given in (4).

Lemma 2. When 0 < x ≤ 1, the following inequalities hold.

(1) cosh(x
√

ξ2 + k2) ≤ ex
√

ξ2+k2 ;
(2) cosh(x

√
ξ2 + k2) ≥ 1

2 ex
√

ξ2+k2 ;

(3) sinh(x
√

ξ2+k2)√
ξ2+k2

≤ ex
√

ξ2+k2 ;

(4) sinh(x
√

ξ2+k2)√
ξ2+k2

≤ cosh(x
√

ξ2 + k2);

(5) cosh(x
√

ξ2+k2)

cosh(
√

ξ2+k2)
≤ 2e(x−1)

√
ξ2+k2 ;

(6) sinh(x
√

ξ2+k2)

sinh(
√

ξ2+k2)
≤ e(x−1)

√
ξ2+k2 .

Conclusions (1) and (2) are trivial and are therefore omitted for brevity. For the remaining
conclusions, the reader is referred to [3].
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At the end of this section, we introduce additional stability conditions via the following
assumptions on the exact data f (y) and g(y):

∥ f (·)∥Mp(Rn) ≤ Ep, ∥g(·)∥Mp(Rn) ≤ Ep. (12)

Here, Ep > 0 is a fixed constant, and the norm on the space Mp(Rn) is defined by

∥ f (·)∥Mp(Rn) :=
(∫

Rn
ep|ξ|| f̂ (ξ)|2 dξ

)1/2
.

Remark 1. When p = 0, we have ∥ f (·)∥M0(Rn) = ∥ f (·)∥L2(Rn); when p > 0, we have

∥ f (·)∥Mp(Rn) = ∥e
p
2 |ξ| f̂ (ξ)∥L2(Rn).

3. The a Priori Parameter Choice Strategies
In this section, we first consider the case 0 < x < 1.

Theorem 1. Assume that P̂µ(ξ) is a truncated-kernel function and wµ,δ(x, y) denotes the regular-
ized solution defined by (8) for 0 < x < 1. If condition (5) is satisfied and condition (12) holds for
p = 2, then the following error estimate holds:

∥wµ,δ(x, ·)− w(x, ·)∥ ≤ 2e
x
µ exkδ + 2e

x−1
µ exkE2.

When µ = 1+(c−1)x
ln(E2/δ)

, we have

∥wµ,δ(x, ·)− w(x, ·)∥ ≤ 4exkE
cx

1+(c−1)x
2 δ

1−x
1+(c−1)x . (13)

Proof. Applying Parseval’s identity and the triangle inequality, we obtain

∥uµ,δ(x, ·)− u(x, ·)∥ = ∥ûµ,δ(x, ·)− û(x, ·)∥
≤ ∥ûµ,δ(x, ·)− ûµ,0(x, ·)∥+ ∥ûµ,0(x, ·)− û(x, ·)∥,

where

∥ûµ,δ(x, ·)− ûµ,0(x, ·)∥ = ∥P̂µ(ξ) cosh(x
√

ξ2 + k2)( f̂ δ(ξ)− f̂ (ξ))∥

≤ sup
ξ∈Rn

|P̂µ(ξ) cosh(x
√

ξ2 + k2)|δ

≤ sup
ξ∈Rn

|P̂µ(ξ)ex(|ξ|+k)|δ

= sup
ξ∈Rn

|P̂µ(ξ)ex|ξ||exkδ

≤ e
cx
µ exkδ

and

∥ûµ,0(x, ·)− û(x, ·)∥ = ∥
(
1 − P̂µ(ξ)

)
cosh(x

√
ξ2 + k2) f̂ (ξ)∥

= ∥
(
1 − P̂µ(ξ)

)
cosh(x

√
ξ2 + k2)e−|ξ|e|ξ| f̂ (ξ)∥

≤ sup
ξ∈Rn

|
(
1 − P̂µ(ξ)

) cosh(x
√

ξ2 + k2)

e|ξ|
|E2

≤ sup
ξ∈Rn

|
(
1 − P̂µ(ξ)

)
e(x−1)|ξ||exkE2

≤ sup
ξ∈Rn

|
(
1 − P̂µ(ξ)

)
e(x−1)|ξ||exkE2

≤ e
x−1

µ exkE2.
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Therefore, we have

∥uµ,δ(x, ·)− u(x, ·)∥ ≤ e
cx
µ exkδ + e

x−1
µ exkE2.

Analogous to the error estimate of uµ,δ(x, ·), we can estimate that of vµ,δ(x, ·).

∥vµ,δ(x, ·)− v(x, ·)∥ = ∥v̂µ,δ(x, ·)− v̂(x, ·)∥
≤ ∥v̂µ,δ(x, ·)− v̂µ,0(x, ·)∥+ ∥v̂µ,0(x, ·)− v̂(x, ·)∥,

where

∥v̂µ,δ(x, ·)− v̂µ,0(x, ·)∥ = ∥P̂µ(ξ)
sinh(x

√
ξ2 + k2)√

ξ2 + k2
(ĝδ(ξ)− ĝ(ξ))∥

≤ ∥P̂µ(ξ) cosh(x
√

ξ2 + k2)(ĝδ(ξ)− ĝ(ξ))∥

≤ sup
ξ∈Rn

|P̂µ(ξ) cosh(x
√

ξ2 + k2)|δ

≤ e
cx
µ exkδ

and

∥v̂µ,0(x, ·)− v̂(x, ·)∥ = ∥
(
1 − P̂µ(ξ)

) sinh(x
√

ξ2 + k2)√
ξ2 + k2

ĝ(ξ)∥

= ∥
(
1 − P̂µ(ξ)

) sinh(x
√

ξ2 + k2)√
ξ2 + k2

e−|ξ|e|ξ| ĝ(ξ)∥

≤ sup
ξ∈Rn

|
(
1 − P̂µ(ξ)

)cosh(x
√

ξ2 + k2)

e|ξ|
|E2

≤ sup
ξ∈Rn

|
(
1 − P̂µ(ξ)

)
e(x−1)|ξ||exkE2

≤ e
x−1

µ exkE2.

Consequently, we obtain

∥vµ,δ(x, ·)− v(x, ·)∥ ≤ e
cx
µ exkδ + e

x−1
µ exkE2,

and subsequently,

∥wµ,δ(x, ·)− w(x, ·)∥ ≤ 2e
cx
µ exkδ + 2e

x−1
µ exkE2.

When µ = 1+(c−1)x
ln(E2/δ)

, the estimate (13) holds.

Next, we consider the case x = 1. In contrast to the case 0 < x < 1, stronger additional
assumptions on the exact data f (y) and g(y) are required.

Theorem 2. Assume that P̂µ(ξ) is a truncated-kernel function and wµ,δ(x, y) denotes the regular-
ized solution defined by (8) at x = 1. If condition (5) is satisfied and condition (12) holds for p > 2,
then the following error estimate holds:

∥wµ,δ(1, ·)− w(1, ·)∥ ≤ 2e
c
µ ekδ + 2e

2−p
2µ ekEp.

When µ = 2c+p−2
2 ln(Ep/δ)

, we obtain

∥wµ,δ(1, ·)− w(1, ·)∥ ≤ 4ekE
2c

2c+p−2
p δ

p−2
2c+p−2 . (14)
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Proof. Applying Parseval’s identity and the triangle inequality, we obtain

∥uµ,δ(1, ·)− u(1, ·)∥ = ∥ûµ,δ(1, ·)− û(1, ·)∥
≤ ∥ûµ,δ(1, ·)− ûµ,0(1, ·)∥+ ∥ûµ,0(1, ·)− û(1, ·)∥,

where

∥ûµ,δ(1, ·)− ûµ,0(1, ·)∥ = ∥P̂µ(ξ) cosh(
√

ξ2 + k2)( f̂ δ(ξ)− f̂ (ξ))∥

≤ sup
ξ∈Rn

|P̂µ(ξ) cosh(
√

ξ2 + k2)|δ

≤ e
c
µ ekδ

and

∥uµ,0(1, ·)− u(1, ·)∥ = ∥ûµ,0(1, ·)− û(1, ·)∥

= ∥
(
1 − P̂µ(ξ)

)
cosh(

√
ξ2 + k2) f̂ (ξ)∥

≤ ∥
(
1 − P̂µ(ξ)

)cosh(
√

ξ2 + k2)

e
p
2 |ξ|

e
p
2 |ξ| f̂ (ξ)∥

≤ sup
ξ∈Rn

|
(
1 − P̂µ(ξ)

)
e

2−p
2 |ξ||ekEp

≤ e
2−p
2µ ekEp.

Hence, we have

∥uµ,δ(1, ·)− u(1, ·)∥ ≤ e
c
µ ekδ + e

2−p
2µ ekEp.

Analogous to the error estimate of uµ,δ(x, ·), we can derive that of vµ,δ(x, ·).

∥vµ,δ(1, ·)− v(1, ·)∥ = ∥v̂µ,δ(1, ·)− v̂(1, ·)∥
≤ ∥v̂µ,δ(1, ·)− v̂µ,0(1, ·)∥+ ∥v̂µ,0(1, ·)− v̂(1, ·)∥

= ∥P̂µ(ξ)
sinh(

√
ξ2 + k2)√

ξ2 + k2
(ĝδ(ξ)− ĝ(ξ))∥

+ ∥(1 − P̂µ(ξ))
sinh(

√
ξ2 + k2)√

ξ2 + k2
ĝ(ξ)∥

≤ sup
ξ∈Rn

|P̂µ(ξ) cosh(
√

ξ2 + k2)|δ

+ ∥(1 − P̂µ(ξ))
cosh(

√
ξ2 + k2)

e
p
2 |ξ|

e
p
2 |ξ| ĝ(ξ)∥

≤ e
c
µ ekδ + sup

ξ∈Rn
|
(
1 − P̂µ(ξ)

)
e

2−p
2 |ξ||ekEp

≤ e
c
µ ekδ + e

2−p
2µ ekEp.

Hence, we have

∥wµ,δ(1, ·)− w(1, ·)∥ ≤ 2e
c
µ ekδ + 2e

2−p
2µ ekEp.

When µ = 2c+p−2
2 ln(Ep/δ)

, the estimate (14) holds.
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4. The a Posteriori Parameter Choice Strategies
The a priori choice strategies for the regularization parameter µ = µ(δ) presented

in Theorems 1 and 2 rely on additional assumptions about the exact data f (y) and
g(y). However, such assumptions are often difficult to verify in practical applications.
Therefore, in this section, we consider a posteriori choice strategies for the regularization
parameter that do not depend on these prior assumptions. The Morozov discrepancy
principle is a widely used a posteriori parameter choice strategy [24]. In the following,
we propose a modified version of this principle. The parameter µ = µ(δ) in the
regularized solution uµ,δ(x, y) satisfies

d1(µ) := ∥P̂µ(ξ) f̂ δ(ξ)− f̂ δ(ξ)∥ = ∥(1 − P̂µ(ξ)) f̂ δ(ξ)∥ = δ + τδ
1
c , (15)

and the parameter µ = µ(δ) in the regularized solution vµ,δ(x, y) satisfies

d2(µ) := ∥P̂µ(ξ)ĝδ(ξ)− ĝδ(ξ)∥ = ∥(1 − P̂µ(ξ))ĝδ(ξ)∥ = δ + τδ
1
c , (16)

where τ > 0 is a given constant such that

δ + τδ
1
c < min{∥ f δ(·)∥, ∥gδ(·)∥}. (17)

Lemma 3. Assume that P̂µ(ξ) is a truncated-kernel function, then d1(µ) and d2(µ) satisfy the
following properties:

(1) d1(µ) and d2(µ) are continuous and increasing functions;
(2) lim

µ→0+
d1(µ) = lim

µ→0+
d2(µ) = 0;

(3) lim
µ→+∞

d1(µ) = ∥ f δ(·)∥ and lim
µ→+∞

d2(µ) = ∥gδ(·)∥.

Proof. (1) Given that P̂µ(ξ) is a truncated-kernel function given by (11), it follows that
d1(µ) = ∥(1 − P̂µ(ξ)) f̂ δ(ξ)∥ is continuous and increasing in µ.

(2) Since lim
µ→0+

P̂µ(ξ) = 1 for any ξ ∈ Rn, it follows immediately that lim
µ→0+

(1 −

P̂µ(ξ)) = 0, and therefore lim
µ→0+

d1(µ) = 0.

(3) Since lim
µ→+∞

P̂µ(ξ) = 0 for any ξ ∈ Rn, therefore lim
µ→+∞

d1(µ) = ∥ f δ(·)∥.

The same conclusion applies to d2(µ).

Lemma 3 together with condition (17) ensures the solvability of Equations (15) and (16).
Analogously to the previous section, we first consider the case 0 < x < 1. To de-

rive the error estimate for the regularized solution, we begin by presenting the follow-
ing lemmas.

Lemma 4. Assume that µ1 = µ1(δ) and µ2 = µ2(δ) are solutions to Equations (15) and (16),
respectively. Then, we have

∥P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ)∥ ≤ 2δ + τδ
1
c , ∥P̂µ2(ξ)ĝδ(ξ)− ĝ(ξ)∥ ≤ 2δ + τδ

1
c .

Proof. Applying the triangle inequality, we obtain

∥P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ)∥ = ∥P̂µ1(ξ) f̂ δ(ξ)− f̂ δ(ξ) + f̂ δ(ξ)− f̂ (ξ)∥
≤ ∥P̂µ1(ξ) f̂ δ(ξ)− f̂ δ(ξ)∥+ δ

≤ 2δ + τδ
1
c .
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Similarly, we have

∥P̂µ2(ξ)ĝδ(ξ)− ĝ(ξ)∥ ≤ 2δ + τδ
1
c .

Lemma 5. Assume that conditions (5) and (12) are satisfied. Then the following estimate holds:

e
p

2µ1 δ
1
c ≤

Ep

τ
, e

p
2µ2 δ

1
c ≤

Ep

τ
.

Proof. Applying the triangle inequality, we obtain

δ + τδ
1
c = ∥(1 − P̂µ1(ξ)) f̂ δ(ξ)∥
≤ ∥(1 − P̂µ1(ξ))( f̂ δ(ξ)− f̂ (ξ))∥+ ∥(1 − P̂µ1(ξ)) f̂ (ξ)∥

≤ δ + ∥(1 − P̂µ1(ξ))e
− p

2 |ξ|e
p
2 |ξ| f̂ (ξ)∥

≤ δ + sup
ξ∈Rn

|(1 − P̂µ1(ξ))e
− p

2 |ξ||Ep

≤ δ + e−
p

2µ1 Ep,

from which it follows that

e
p

2µ1 δ
1
c ≤

Ep

τ
.

Similarly, we have

δ + τδ
1
c = ∥(1 − P̂µ2(ξ))ĝδ(ξ)∥
≤ ∥(1 − P̂µ2(ξ))(ĝδ(ξ)− ĝ(ξ))∥+ ∥(1 − P̂µ2(ξ))ĝ(ξ)∥

≤ δ + ∥(1 − P̂µ2(ξ))e
− p

2 |ξ|e
p
2 |ξ| ĝ(ξ)∥

≤ δ + sup
ξ∈Rn

|(1 − P̂µ2(ξ))e
− p

2 |ξ||Ep

≤ δ + e−
p

2µ2 Ep,

and hence

e
p

2µ2 δ
1
c ≤

Ep

τ
.

Theorem 3. Assume that P̂µ(ξ) is a truncated-kernel function and wµ,δ(x, y) = uµ1,δ(x, y) +
vµ2,δ(x, y) denotes the regularized solution for 0 < x < 1, where µ1 and µ2 are the solutions to
Equations (15) and (16), respectively. If condition (5) is satisfied and condition (12) holds for p = 2,
then the following error estimate holds:

∥wµ,δ(x, ·)− w(x, ·)∥ ≤ 2δ
1−x

c (τ + o(1))1−xekx((
E2

τ
)c + E2)

x.

Proof. Applying Parseval’s identity, the Hölder inequality, Lemma 4, and Lemma 5,
we obtain
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∥uµ1,δ(x, ·)− u(x, ·)∥ = ∥ûµ1,δ(x, ·)− û(x, ·)∥

= ∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ)) cosh(x
√

ξ2 + k2)∥

≤ ∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ))∥1−x

· ∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ))(cosh(x
√

ξ2 + k2))
1
x ∥x

≤ ∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ))∥1−x∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ))e
√

ξ2+k2∥x

≤ (2δ + τδ
1
c )1−x(∥P̂µ1(ξ)( f̂ δ(ξ)− f̂ (ξ))e

√
ξ2+k2∥

+ ∥(1 − P̂µ1(ξ)) f̂ (ξ)e
√

ξ2+k2∥)x

≤ (2δ + τδ
1
c )1−x( sup

ξ∈Rn
|P̂µ1(ξ)e

√
ξ2+k2 |δ

+ ∥(1 − P̂µ1(ξ))
e
√

ξ2+k2

e|ξ|
e|ξ| f̂ (ξ)∥)x

≤ (2δ + τδ
1
c )1−x(e

c
µ1 ekδ + ekE2)

x

≤ (2δ + τδ
1
c )1−xekx(e

c
µ1 δ + E2)

x

≤ (2δ + τδ
1
c )1−xekx((

E2

τ
)c + E2)

x

= δ
1−x

c (τ + o(1))1−xekx((
E2

τ
)c + E2)

x.

Similarly, we obtain

∥vµ2,δ(x, ·)− v(x, ·)∥ = ∥v̂µ2,δ(x, ·)− v̂(x, ·)∥

= ∥(P̂µ2(ξ)ĝδ(ξ)− ĝ(ξ))
sinh(x

√
ξ2 + k2)√

ξ2 + k2
∥

≤ ∥(P̂µ2(ξ)ĝδ(ξ)− ĝ(ξ)) cosh(x
√

ξ2 + k2)∥

≤ δ
1−x

c (τ + o(1))1−xekx((
E2

τ
)c + E2)

x.

Hence, the regularized solution wµ,δ(x, y) = uµ1,δ(x, y) + vµ2,δ(x, y) satisfies

∥wµ,δ(x, ·)− w(x, ·)∥ ≤ 2δ
1−x

c (τ + o(1))1−xekx((
E2

τ
)c + E2)

x.

Remark 2. From Theorems 1 and 3, we know that the convergence rate of the regularized solution

with an a priori parameter choice is O(δ
1−x

1+(c−1)x ), while that with an a posteriori parameter choice
is O(δ

1−x
c ). The constant c, as defined in Definition 1, is equal to 1 for the Dirichlet kernel and

2 for other truncated-kernels. Therefore, the a priori convergence rate is identical to the a posteriori
one for the Dirichlet kernel, whereas for other truncated-kernels, the a priori rate is superior to the a
posteriori one.

Next, we consider the case x = 1, where stronger additional assumptions on the exact data
f (y) and g(y) are required.

Theorem 4. Assume that P̂µ(ξ) is a truncated-kernel function and wµ,δ(1, y) = uµ1,δ(1, y) +
vµ2,δ(1, y) denotes the regularized solution at x = 1, where µ1 and µ2 are the solutions to
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Equations (15) and (16), respectively. If condition (5) is satisfied and condition (12) holds for
p > 2, then the following error estimate holds:

∥wµ,δ(1, ·)− w(1, ·)∥ ≤ 2δ
p−2
pc (τ + o(1))

p−2
p ek((

Ep

τ
)c + Ep)

2
p .

Proof. Applying Parseval’s identity, the Hölder inequality, Lemma 4, and Lemma 5,
we have

∥uµ1,δ(1, ·)− u(1, ·)∥ = ∥ûµ1,δ(1, ·)− û(1, ·)∥

= ∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ)) cosh(
√

ξ2 + k2)∥

≤ ∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ))∥
p−2

p

· ∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ))(cosh(
√

ξ2 + k2))
p
2 ∥

2
p

≤ ∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ))∥
p−2

p

· ∥(P̂µ1(ξ) f̂ δ(ξ)− f̂ (ξ))e
p
2

√
ξ2+k2∥

2
p

≤ (2δ + τδ
1
c )

p−2
p (∥P̂µ1(ξ)( f̂ δ(ξ)− f̂ (ξ))e

p
2

√
ξ2+k2∥

+ ∥(1 − P̂µ1(ξ)) f̂ (ξ)e
p
2

√
ξ2+k2∥)

2
p

≤ (2δ + τδ
1
c )

p−2
p ( sup

ξ∈Rn
|P̂µ1(ξ)e

p
2

√
ξ2+k2 |δ

+ ∥(1 − P̂µ1(ξ))
e

p
2

√
ξ2+k2

e
p
2 |ξ|

e
p
2 |ξ| f̂ (ξ)∥)

2
p

≤ (2δ + τδ
1
c )

p−2
p (e

pc
2µ1 e

pk
2 δ + e

pk
2 Ep)

2
p

≤ (2δ + τδ
1
c )

p−2
p ek((

Ep

τ
)c + Ep)

2
p

= δ
p−2
pc (τ + o(1))

p−2
p ek((

Ep

τ
)c + Ep)

2
p .

Similarly, we obtain

∥vµ2,δ(1, ·)− v(1, ·)∥ = ∥v̂µ2,δ(1, ·)− v̂(1, ·)∥

= ∥(P̂µ2(ξ)ĝδ(ξ)− ĝ(ξ))
sinh(

√
ξ2 + k2)√

ξ2 + k2
∥

≤ ∥(P̂µ2(ξ)ĝδ(ξ)− ĝ(ξ)) cosh(
√

ξ2 + k2)∥

≤ δ
p−2
pc (τ + o(1))

p−2
p ek((

Ep

τ
)c + Ep)

2
p .

Hence, the regularized solution wµ,δ(x, y) = uµ1,δ(x, y) + vµ2,δ(x, y) satisfies

∥wµ,δ(1, ·)− w(1, ·)∥ ≤ 2δ
p−2
pc (τ + o(1))

p−2
p ek((

Ep

τ
)c + Ep)

2
p .

Remark 3. From Theorems 2 and 4, the convergence rate of the regularized solution with an a

priori parameter choice is O(δ
p−2

2c+p−2 ), while that with an a posteriori parameter choice is O(δ
p−2
pc ).

As in the case 0 < x < 1, the two rates are identical for the Dirichlet kernel, but the a priori rate is
superior for other truncated-kernels.
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5. Numerical Experiments
In this section, we present several numerical examples to demonstrate the effective-

ness of the mollification method with truncated-kernel. The numerical experiments are
performed using MATLAB R2016b. Consider the two-dimensional case, and assume that
the exact data u(x, y), v(x, y), w(x, y), x ∈ [0, 1] is identically zero outside the domain
y ∈ [−2π, 2π] × [−2π, 2π]. The domain [−2π, 2π] × [−2π, 2π] is partitioned into N2

equal-area subregions, with a uniform sampling step of 4π
N−1 . The perturbed data f δ are

obtained by discretizing the exact data f (y) = u(0, y) on an N × N grid to get f , and then
adding noise as

f δ = f + ϵ · rand(size( f )), (18)

where rand(·) returns a matrix containing pseudorandom values drawn from the standard
uniform distribution on the open interval (0, 1). The error level of the perturbed data f δ is

δ f = ∥ f δ − f ∥ :=
4π

N

√√√√ N

∑
i,j=1

( f δ
ij − fij)2.

The relative error of the regularized solution uµ,δ is

rel(uµ,δ) =
∥uµ,δ(x, ·)− u(x, ·)∥

∥u(x, ·)∥ .

Following the same procedure, we obtain the perturbed data gδ, the error level δg, and the
relative error rel(vµ,δ). Since the a priori choice of the regularization parameter relies on an
additional assumption on the exact data that is often difficult to verify in practice, we adopt
the a posteriori choice strategy instead.

The numerical implementation proceeds as follows:
(1) A two-dimensional discrete Fourier transform (2D-DFT) is applied to the perturbed

data f δ or gδ using MATLAB’s built-in Fast Fourier Transform (FFT). The frequency do-
main is taken as [−N−1

4 , N−1
4 ]× [−N−1

4 , N−1
4 ] with a sampling step of 1

2 . In all numerical
experiments, the grid parameter is set to N = 129.

(2) In the frequency domain, the transforms ûµ1,δ or v̂µ2,δ of the regularized solu-
tions are computed via (6) or (7). The regularization parameters µ1 and µ2 are selected
independently via the a posteriori strategy, with each determined by solving the corre-
sponding nonlinear equation, (15) for µ1 and (16) for µ2, using the bisection method on
(0, 2). The solver employs a maximum of 100 iterations and a convergence tolerance of
10−6, and the parameter τ in both equations is fixed at 0.1.

(3) Finally, a two-dimensional discrete inverse Fourier transform (2D-IDFT) is per-
formed on ûµ,δ or v̂µ,δ using MATLAB’s IFFT, yielding the regularized solutions uµ,δ or vµ,δ

in the spatial domain [−2π, 2π]× [−2π, 2π].

Example 1. Consider the exact solution of (2) defined as

u(x, y) = u(x, y1, y2) = sin(qy1) sin(qy2) cosh(x
√

k2 + 2q2).

Accordingly, the function f (y) is given by

f (y) = u(0, y) = sin(qy1) sin(qy2).

For q = 1
2 , Tables 1–4 present the relative errors of the regularized solution uµ,δ

obtained using the Dirichlet kernel, the Poussin kernel, the logarithmic kernel, and the

https://doi.org/10.3390/axioms15080593

https://doi.org/10.3390/axioms15080593


Axioms 2026, 15, 593 14 of 23

hyperbolic tangent kernel, respectively, for various values of ϵ, x, and k. Based on the data
in Tables 1–4, the following conclusions can be drawn:

(1) As x increases, the ill-posedness of the Cauchy problem becomes more pronounced,
resulting in larger errors in the corresponding regularized solution.

(2) As the noise level ϵ increases, the error in the corresponding regularized solution
also increases consistently.

(3) The wave number k has a relatively minor influence on the accuracy of the regular-
ized solution.

(4) The regularization performance of the Dirichlet kernel, the Poussin kernel, the
logarithmic kernel, and the hyperbolic tangent kernel within the mollification method
is comparable.

Table 1. The relative errors of the regularized solution uµ,δ with the Dirichlet kernel for q = 1
2 and

various values of ϵ, x, and k.

ϵ = 0.001 ϵ = 0.01 ϵ = 0.1

k = 1 0.0108 0.0101 0.0994
x = 0.2 k = 10 0.0106 0.0107 0.1011

k = 100 0.0106 0.0106 0.1013

k = 1 0.0192 0.0194 0.0968
x = 0.5 k = 10 0.0110 0.0111 0.1010

k = 100 0.0106 0.0106 0.1021

k = 1 0.0498 0.0505 0.0895
x = 0.8 k = 10 0.0119 0.0120 0.1011

k = 100 0.0106 0.0106 0.1007

Table 2. The relative errors of the regularized solution uµ,δ with the Poussin kernel for q = 1
2 and

various values of ϵ, x, and k.

ϵ = 0.001 ϵ = 0.01 ϵ = 0.1

k = 1 0.0097 0.0100 0.1018
x = 0.2 k = 10 0.0099 0.0102 0.1045

k = 100 0.0104 0.0103 0.1031

k = 1 0.0141 0.0142 0.1020
x = 0.5 k = 10 0.0099 0.0101 0.1030

k = 100 0.0101 0.0103 0.1022

k = 1 0.0388 0.0428 0.1026
x = 0.8 k = 10 0.0098 0.0101 0.1026

k = 100 0.0101 0.0102 0.1028

Table 3. The relative errors of the regularized solution uµ,δ with the logarithmic kernel for m = 4,
q = 1

2 , and various values of ϵ, x, and k.

ϵ = 0.001 ϵ = 0.01 ϵ = 0.1

k = 1 0.0099 0.0100 0.1007
x = 0.2 k = 10 0.0100 0.0101 0.1033

k = 100 0.0102 0.0103 0.1021

k = 1 0.0152 0.0153 0.1018
x = 0.5 k = 10 0.0097 0.0101 0.1024

k = 100 0.0101 0.0102 0.1020

k = 1 0.0415 0.0471 0.1018
x = 0.8 k = 10 0.0098 0.0099 0.1027

k = 100 0.0101 0.0102 0.1019
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Table 4. The relative errors of the regularized solution uµ,δ with the hyperbolic tangent kernel for
m = 4, q = 1

2 , and various values of ϵ, x, and k.

ϵ = 0.001 ϵ = 0.01 ϵ = 0.1

k = 1 0.0101 0.0101 0.1009
x = 0.2 k = 10 0.0102 0.0104 0.1022

k = 100 0.0102 0.0102 0.1029

k = 1 0.0176 0.0185 0.1021
x = 0.5 k = 10 0.0104 0.0105 0.1017

k = 100 0.0103 0.0104 0.1029

k = 1 0.0479 0.0497 0.1007
x = 0.8 k = 10 0.0111 0.0110 0.1030

k = 100 0.0102 0.0102 0.1021

For both the logarithmic-type and hyperbolic tangent-type kernels, the parameter m
governs the decay rate of the kernel over |ξ| ∈ ( 1

µ , 2
µ ); however, numerical experiments

demonstrate that the influence of m ∈ [2, 8] on the regularized solution is negligible. Thus,
we fix m = 4 and exclude it from the set of sensitive parameters in subsequent analyses.
For ϵ = 0.01, the relative errors of the regularized solution uµ,δ with the Poussin kernel
for various values of q, x, and k are reported in Table 5. These results demonstrate that
regularization remains effective even when the exact solution u(x, y) is highly oscillatory.

Table 5. The relative errors of the regularized solution uµ,δ with the Poussin kernel for ϵ = 0.01 and
various values of q, x, and k.

q = 1
2 q = 1 q = 2

k = 1 0.0100 0.0196 0.0382
x = 0.2 k = 10 0.0102 0.0197 0.0389

k = 100 0.0103 0.0204 0.0406

k = 1 0.0142 0.0268 0.0461
x = 0.5 k = 10 0.0101 0.0193 0.0369

k = 100 0.0103 0.0203 0.0402

k = 1 0.0428 0.0668 0.0953
x = 0.8 k = 10 0.0101 0.0195 0.0364

k = 100 0.0102 0.0201 0.0396

When ϵ = 0.01, q = 1
2 , and k = 10, the exact solution u(x, y) and the regularized solu-

tion uµ,δ(x, y) with the Poussin kernel at x = 0.2, 0.5, 0.8 are displayed in Figure 2, 3 and 4,
respectively. Throughout this section, all surface plots use the default MATLAB parula
colormap, where dark blue and red denote the minimum and maximum values, respec-
tively, with intermediate values shown in a continuous gradient. As shown in Figures 2–4,
the regularized solution provides a highly accurate approximation to the exact solution.
Furthermore, the accuracy of the regularized solution increases as x decreases.

Example 2. Consider the exact solution of (3) defined as

v(x, y) = v(x, y1, y2) = cos(qy1) cos(qy2)
sinh(x

√
2q2 + k2)√

2q2 + k2
.

Accordingly, the function g(y) is given by

g(y) = vx(0, y) = cos(qy1) cos(qy2).
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(a) u(x, y) (b) uµ,δ(x, y) (c) uµ,δ(x, y)− u(x, y)

Figure 2. The exact solution u(x, y), the regularized solution uµ,δ(x, y) with the Poussin kernel,
and the error uµ,δ(x, y)− u(x, y) at x = 0.2 when ϵ = 0.01, q = 1

2 , and k = 10.

(a) u(x, y) (b) uµ,δ(x, y) (c) uµ,δ(x, y)− u(x, y)

Figure 3. The exact solution u(x, y), the regularized solution uµ,δ(x, y) with the Poussin kernel,
and the error uµ,δ(x, y)− u(x, y) at x = 0.5 when ϵ = 0.01, q = 1

2 , and k = 10.

(a) u(x, y) (b) uµ,δ(x, y) (c) uµ,δ(x, y)− u(x, y)

Figure 4. The exact solution u(x, y), the regularized solution uµ,δ(x, y) with the Poussin kernel,
and the error uµ,δ(x, y)− u(x, y) at x = 0.8 when ϵ = 0.01, q = 1

2 , and k = 10.

For q = 1
4 , Tables 6–9 present the relative errors of the regularized solution vµ,δ with

the Dirichlet kernel, the Poussin kernel, the logarithmic kernel, and the hyperbolic tangent
kernel, respectively, for various values of ϵ, x, and k. For ϵ = 0.01, the relative errors of
the regularized solution uµ,δ with the Poussin kernel for various values of q, x, and k are
reported in Table 10. When ϵ = 0.01, q = 1

4 , and k = 10, the exact solution v(x, y) and
the regularized solution vµ,δ(x, y) with the Poussin kernel at x = 0.2, 0.5, 0.8 are displayed
in Figures 5, 6 and 7, respectively. These results are consistent with those observed in
Example 1.

Building on Examples 1 and 2, we present the following numerical example.

Example 3. Consider the Cauchy problem for the two-dimensional modified Helmholtz equation:
∆w(x, y)− k2w(x, y) = 0, 0 < x ≤ 1, y ∈ R2,
w(0, y) = sin( y1

4 ) sin( y2
4 ), y ∈ R2,

wx(0, y) = cos( y1
2 ) cos( y2

2 ), y ∈ R2.

https://doi.org/10.3390/axioms15080593

https://doi.org/10.3390/axioms15080593


Axioms 2026, 15, 593 17 of 23

Table 6. The relative errors of the regularized solution vµ,δ with the Dirichlet kernel for q = 1
4 and

various values of ϵ, x, and k.

ϵ 0.001 0.01 0.1

k = 1 0.0094 0.0144 0.1160
x = 0.2 k = 10 0.0094 0.0145 0.1152

k = 100 0.0093 0.0146 0.1156

k = 1 0.0126 0.0161 0.1112
x = 0.5 k = 10 0.0101 0.0144 0.1140

k = 100 0.0093 0.0146 0.1157

k = 1 0.0273 0.0284 0.1069
x = 0.8 k = 10 0.0118 0.0156 0.1122

k = 100 0.0093 0.0145 0.1153

Table 7. The relative errors of the regularized solution vµ,δ with the Poussin kernel for q = 1
4 and

various values of ϵ, x, and k.

ϵ 0.001 0.01 0.1

k = 1 0.0099 0.0152 0.1397
x = 0.2 k = 10 0.0102 0.0154 0.1395

k = 100 0.0104 0.0156 0.1392

k = 1 0.0113 0.0149 0.1368
x = 0.5 k = 10 0.0101 0.0144 0.1382

k = 100 0.0102 0.0156 0.1435

k = 1 0.0211 0.0235 0.1375
x = 0.8 k = 10 0.0108 0.0145 0.1377

k = 100 0.0103 0.0155 0.1397

Table 8. The relative errors of the regularized solution vµ,δ with the logarithmic kernel for m = 4,
q = 1

4 , and various values of ϵ, x, and k.

ϵ 0.001 0.01 0.1

k = 1 0.0101 0.0151 0.1405
x = 0.2 k = 10 0.0104 0.0153 0.1409

k = 100 0.0105 0.0154 0.1420

k = 1 0.0119 0.0152 0.1399
x = 0.5 k = 10 0.0105 0.0146 0.1381

k = 100 0.0103 0.0155 0.1423

k = 1 0.0220 0.0243 0.1130
x = 0.8 k = 10 0.0113 0.0150 0.1393

k = 100 0.0104 0.0152 0.1419

Table 9. The relative errors of the regularized solution vµ,δ with the hyperbolic tangent kernel for
m = 4, q = 1

4 , and various values of ϵ, x, and k.

ϵ 0.001 0.01 0.1

k = 1 0.0104 0.0153 0.1509
x = 0.2 k = 10 0.0107 0.0154 0.1514

k = 100 0.0106 0.0157 0.1519

k = 1 0.0130 0.0165 0.1474
x = 0.5 k = 10 0.0110 0.0152 0.1498

k = 100 0.0104 0.0156 0.1525

k = 1 0.0246 0.0269 0.1462
x = 0.8 k = 10 0.0123 0.0160 0.1487

k = 100 0.0105 0.0153 0.1520
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Table 10. The relative errors of the regularized solution v µ,δ with the Poussin kernel for ϵ = 0.01
and various values of q, x, and k.

q = 1
4 q = 1 q = 2

k = 1 0.0152 0.0170 0.0186
x = 0.2 k = 10 0.0154 0.0169 0.0192

k = 100 0.0156 0.0166 0.0194

k = 1 0.0149 0.0161 0.0171
x = 0.5 k = 10 0.0144 0.0165 0.0177

k = 100 0.0156 0.0167 0.0197

k = 1 0.0235 0.0157 0.0212
x = 0.8 k = 10 0.0145 0.0160 0.0169

k = 100 0.0155 0.0169 0.0191

(a) v(x, y) (b) vµ,δ(x, y) (c) vµ,δ(x, y)− v(x, y)

Figure 5. The exact solution v(x, y), the regularized solution vµ,δ(x, y) with the Poussin kernel,
and the error vµ,δ(x, y)− v(x, y) at x = 0.2 when ϵ = 0.01, q = 1

4 , and k = 10.

(a) v(x, y) (b) vµ,δ(x, y) (c) vµ,δ(x, y)− v(x, y)

Figure 6. The exact solution v(x, y), the regularized solution vµ,δ(x, y) with the Poussin kernel,
and the error vµ,δ(x, y)− v (x, y) at x = 0.5 when ϵ = 0.01, q = 1

4 , and k = 10.

(a) v(x, y) (b) vµ,δ(x, y) (c) vµ,δ(x, y)− v(x, y)

Figure 7. The exact solution v(x, y), the regularized solution vµ,δ(x, y) with the Poussin kernel,
and the error vµ,δ(x, y)− v (x, y) at x = 0.8 when ϵ = 0.01, q = 1

4 , and k = 10.

Table 11 present the relative errors of the regularized solution wµ,δ with the Poussin
kernel for various values of ϵ, x, and k. When ϵ = 0.01 and k = 10, the exact solution
w(x, y) and the regularized solution wµ,δ(x, y) with the Poussin kernel at x = 0.2, 0.5, 0.8
are displayed in Figures 8, 9 and 10, respectively. These results are consistent with those
observed in Examples 1 and 2.

To further validate the method, we next examine a numerical example involving
discontinuous exact solutions.
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Example 4. Consider the exact solution of (2) at x = 1 given by

u(1, y) = u(1, y1, y2) =

104, |y1|+ |y2| ≤ 4,

0, |y1|+ |y2| > 4.

The exact solution of (3) at x = 1 is

v(1, y) = v(1, y1, y2) = u(1, y1, y2).

Consequently, the functions f (y) and g(y) are given respectively by

f (y) =
1

2π

∫
R2

û(1, ξ)

cosh(
√
|ξ|2 + k2)

· eiξ·y dξ,

and

g(y) =
1

2π

∫
R2

v̂(1, ξ)
√
|ξ|2 + k2

sinh(
√
|ξ|2 + k2)

· eiξ·y dξ.

When k = 10, the exact data f (y) and g(y) are given in Figure 11; the perturbed data
f δ and gδ are generated according to formula (18). When k = 10 and x = 1, Figure 12a
presents the log-log plot of the relative error in f δ versus that in the regularized solution uµ,δ

obtained with the Poussin kernel, while Figure 12b shows the corresponding plot for gδ and
vµ,δ. As demonstrated in Figure 12, the relative error of the regularized solution increases
approximately linearly with the relative error of the perturbed data, indicating a power-law
dependence between them. This observation is consistent with the theoretically predicted
power-law convergence rate derived in this paper. When k = 10, the exact solution u(1, y) and
the regularized solution uµ,δ(1, y) obtained with the Poussin kernel are shown in Figure 13
for different noise levels. The corresponding results for v(1, y) and vµ,δ(1, y) are presented
in Figure 14. As demonstrated in Figures 13 and 14, the regularized solutions consistently
capture the discontinuities present in the exact solution under various noise levels. These
results confirm the effectiveness of the proposed approach for discontinuous problems.

Table 11. The relative errors of the regularized solution w µ,δ with the Poussin kernel for various
values of ϵ, x, and k.

ϵ 0.001 0.01 0.1

k = 1 0.0099 0.0121 0.1223
x = 0.2 k = 10 0.0101 0.0112 0.1116

k = 100 0.0103 0.0104 0.1029

k = 1 0.0144 0.0146 0.1463
x = 0.5 k = 10 0.0097 0.0108 0.1089

k = 100 0.0101 0.0104 0.1028

k = 1 0.0443 0.0386 0.1553
x = 0.8 k = 10 0.0099 0.0107 0.1096

k = 100 0.0101 0.0103 0.1029

(a) w (x, y) (b) w µ,δ(x, y) (c) w µ,δ(x, y)− w (x, y)

Figure 8. The exact solution w(x, y), the regularized solution wµ,δ(x, y) with the Poussin kernel,
and the error wµ,δ(x, y)− w(x, y) at x = 0.2 when ϵ = 0.01 and k = 10.
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(a) w (x, y) (b) w µ,δ(x, y) (c) w µ,δ(x, y)− w (x, y)

Figure 9. The exact solution w(x, y), the regularized solution wµ,δ(x, y) with the Poussin kernel,
and the error wµ,δ(x, y)− w(x, y) at x = 0.5 when ϵ = 0.01 and k = 10.

(a) w (x, y) (b) w µ,δ(x, y) (c) w µ,δ(x, y)− w (x, y)

Figure 10. The exact solution w(x, y), the regularized solution wµ,δ(x, y) with the Poussin kernel,
and the error wµ,δ(x, y)− w(x, y) at x = 0.8 when ϵ = 0.01 and k = 10.

(a) f (y) (b) g(y)

Figure 11. The exact data f (y) and g(y) in Example 4 for k = 10.

(a) rel( f δ) vs. rel(uµ,δ) (b) rel(gδ) vs. rel(vµ,δ)

Figure 12. Log-log plots of relative errors for k = 10 and x = 1: (a) rel( f δ) vs. rel(uµ,δ) and
(b) rel(gδ) vs. rel(vµ,δ).
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(a) (b)

(c) (d)
Figure 13. The exact solution u(1, y) (a) and the regularized solutions uµ,δ(1, y) with the Poussin
kernel when k = 10, for noise levels ϵ = 0.001 (b), 0.01 (c), and 0.1 (d).

(a) (b)

(c) (d)
Figure 14. The exact solution v(1, y) (a) and the regularized solutions vµ,δ(1, y) with the Poussin
kernel when k = 10, for noise levels ϵ = 0.001 (b), 0.01 (c), and 0.1 (d).
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6. Conclusions
In this paper, we propose a truncated-kernel mollification method to address the

Cauchy problem of a multi-dimensional modified Helmholtz equation. Both a priori and a
posteriori strategies for choosing the regularization parameters are introduced. Under ad-
ditional assumptions on the exact data f (y) and g(y), error estimates for the regularized
solutions are derived, and their convergence rates are analyzed. For the Dirichlet kernel,
the a posteriori parameter choice achieves the same convergence order as the a priori strategy:

O(δ1−x) for 0 < x < 1, and O(δ
p−2

p ) for x = 1. In contrast, this property does not hold
for other truncated kernels: although they also yield power-law convergence rates, the a
priori strategy achieves a strictly higher rate than the a posteriori strategy. Numerical experi-
ments demonstrate that the regularization performance of different truncated-kernels in the
mollification method is comparable, and that the proposed method yields excellent recon-
struction performance for both continuous and discontinuous exact solutions. Moreover,
the wave number k has a relatively minor influence on the error of the regularized solutions.
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