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Abstract

Hybrid dynamical systems may exhibit Zeno behavior, where infinitely many discrete
transitions occur in finite time, leading to a loss of well-posedness of trajectories beyond
the accumulation point. This paper develops a measure-theoretic formulation of hybrid
dynamics by representing discrete transitions through finite vector-valued Radon measures
and recasting the system as a measure differential inclusion. Within this framework, we
establish a closure result for extended hybrid solutions in the space of functions of bounded
variation and derive an existence result under suitable approximation assumptions. We
also prove consistency with classical hybrid trajectories in the absence of Zeno behavior
and characterize the state at the Zeno time as the left limit of the hybrid evolution, together
with any additional vector atom deliberately assigned at the accumulation time. The
proposed formulation provides a natural basis for continuation beyond the accumulation
point and allows Lyapunov-based stability properties to be formulated directly at the level
of the measure-driven dynamics. A central feature of the approach is that infinitely many
discrete transitions with finite total variation of the jump increments are encoded by a
finite vector-valued atomic measure whose atoms may accumulate at the Zeno time. An
additional vector atom at the Zeno time may be introduced as a lumped effective jump;
however, such an atom should be understood as a modeling choice, not as an automatic
consequence of the jump sequence. The results are illustrated on an event-triggered control
system exhibiting Zeno accumulation.

Keywords: hybrid systems; Zeno behavior; measure differential inclusions; functions of
bounded variation; Lyapunov stability; event-triggered control

MSC: 34A60; 34A38; 93D05; 93C65

1. Introduction

Hybrid dynamical systems combine continuous-time evolution with discrete tran-
sitions and arise naturally in a wide range of applications. A central difficulty in their
analysis is the occurrence of Zeno behavior, characterized by infinitely many discrete
events in finite time. Such behavior leads to a loss of well-posedness of trajectories be-
yond the accumulation point and poses fundamental challenges for analysis, stability, and
control design.

Classical frameworks for hybrid systems provide well-posedness and robustness
properties under suitable assumptions, with the formulation of [1] being among the most
influential. Related developments include generalized solution concepts [2] and Lyapunov-
based stability methods [3]. However, these frameworks typically treat Zeno behavior as
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a pathological phenomenon and do not provide a systematic mechanism for extending
trajectories beyond Zeno accumulation points.

A variety of approaches have been proposed to address Zeno behavior. Regular-
ization techniques eliminate Zeno executions by perturbing the system and considering
limits of non-Zeno trajectories [4]. Alternative constructions extend solutions by restarting
the dynamics from w-limit points or by modifying the hybrid time domain [5-7]. Early
foundational studies of Zeno hybrid behavior include [8]. From a stability perspective,
Zeno executions have been analyzed using Lyapunov and small-gain techniques [9-12],
including in event-triggered and networked control systems [13]. Recent event-triggered
control studies also demonstrate the continued relevance of triggering mechanisms in
finite-time and fixed-time multi-agent control problems, including hybrid-order hetero-
geneous systems and networked systems under denial-of-service effects [14,15]. In many
control-oriented designs, Zeno behavior is explicitly excluded by imposing dwell-time
conditions [16,17]. While these approaches provide valuable insights, they either modify
the system or alter the notion of solution and therefore do not yield a unified description of
trajectories beyond Zeno time.

Complementary perspectives arise in nonsmooth and Filippov-type formulations,
which describe limiting behavior under fast switching or sliding modes [18], as well as in
non-standard analysis and numerical approaches addressing Zeno phenomena [19,20]. Re-
cent developments extend hybrid systems theory toward learning-based methods, stochas-
tic approximation, and adaptive estimation [21-24]. Related recent work also illustrates the
broad use of hybrid ideas in stochastic jump-diffusion control with hybrid disturbances,
high-order hybrid computational methods, and time-distribution viewpoints in discrete
dynamical settings [25-27]. These directions broaden the applicability of hybrid models,
but they do not address the intrinsic ill-posedness associated with Zeno accumulation. For
convenience, we recall at this stage that a Dirac mass J; is the unit Radon measure concen-
trated at the time . A point s is called an atom of a Radon measure p if u({s}) > 0, and
the atomic support refers to the set of such atoms. These notions will be used repeatedly
below to distinguish actual mass assigned at the Zeno time from the mere accumulation of
pre-Zeno jump times.

In parallel, measure-driven differential equations and inclusions have been extensively
studied in connection with impulsive systems and optimal control. Early contributions
include impulsive systems with derivative-dependent controls [28]. A systematic treatment
of measure-driven differential inclusions was developed in [29], introducing robust solution
concepts and closure properties motivated by impulsive optimal control. Further devel-
opments include approximation and sampling results [30] and extensions to nonconvex
settings and vector-valued measures [31].

Despite this substantial body of work, the application of measure-driven differential
equations and inclusions to hybrid systems with Zeno behavior, and in particular to the
problem of post-Zeno continuation of trajectories, has not been systematically developed.
Existing contributions focus primarily on impulsive control systems, optimal control for-
mulations, and approximation schemes, without addressing the interplay between hybrid
dynamics and Zeno accumulation.

This paper adopts a measure-theoretic viewpoint in which discrete transitions, in-
cluding countably many transitions accumulating at a finite time, are represented by finite
vector-valued Radon measures with a scalar control measure. In contrast to approaches
based on regularization or modifications of the time domain, Zeno behavior is incorporated
directly into the system dynamics through a measure-driven formulation.

The main idea is not to identify Zeno accumulation automatically with a vector atom
at the Zeno time. Instead, a Zeno execution with finite total jump variation is naturally
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described by a finite vector-valued atomic measure whose support may accumulate at the
Zeno time. If desired, an additional atom at the accumulation time can be introduced as
a lumped effective jump, but this is an explicit modeling step. This viewpoint yields a
well-defined limiting state at the Zeno time and provides a natural starting point for the
continuation of trajectories beyond the accumulation point within a unified dynamical
framework. The continuation itself is not uniquely determined by the original hybrid
inclusion, but it is consistently defined once the limiting state and any additional post-Zeno
modeling choice are specified.

Main contributions. This paper develops a measure-theoretic formulation of hybrid
systems that provides a unified treatment of continuous evolution, discrete transitions, and
their accumulation. The main contributions can be summarized as follows:

1. A reformulation of hybrid dynamics as a measure differential inclusion, providing a
unified representation of flows, isolated jumps, and countable jump accumulations
with finite total variation of the jump increments within a single dynamical model.

2. Awell-posed characterization of trajectories at the Zeno time, in which the pre-Zeno
jump sequence determines a left limit, and any additional atom at the Zeno time is
interpreted as a lumped effective jump introduced by the modeling choice, not as an
automatic consequence of accumulation.

3. An existence result in the space of functions of bounded variation, obtained by com-
pactness and approximation arguments for measure-driven inclusions.

4.  Consistency with classical hybrid trajectories in the absence of Zeno behavior, en-
suring compatibility with standard hybrid system formulations under isolated
jump conditions.

5. Lyapunov-based stability analysis formulated at the level of the measure-driven
dynamics, allowing flow and jump contributions to be treated within a unified dissi-
pation framework.

6. An interpretation of Zeno behavior through a vector-valued atomic jump measure,
with a clear distinction between the natural countably atomic pre-Zeno contribution
and optional lumped atoms used for post-Zeno modeling.

From a computational perspective, the resulting evolution admits a natural decomposi-
tion into a pre-Zeno hybrid phase and a post-Zeno continuation phase. The measure-driven
formulation is used to describe the pre-Zeno hybrid evolution and to define a well-posed
state at the accumulation time. The subsequent choice of post-Zeno dynamics is not selected
uniquely by the original hybrid inclusion; it is an additional modeling choice unless the
model is enlarged, for instance by introducing a mode variable or a time-dependent flow
map.

To the best of our knowledge, a measure-theoretic formulation of hybrid systems that
explicitly distinguishes accumulating pre-Zeno atoms from optional lumped effective atoms
while also providing a Lyapunov-based stability analysis within a unified framework is not
available in the existing literature. Existing approaches either rely on system modifications
or treat flows and jumps separately, which limits their ability to capture Zeno accumulation
and stability properties within a single consistent model. The novelty of this study lies in
combining three ingredients within one mathematically consistent framework: a BV /vector-
measure formulation capable of encoding countably many pre-Zeno jump increments with
finite total variation, an explicit separation between natural pre-Zeno atomic accumulation
and optional lumped post-Zeno atoms, and a Lyapunov analysis carried out directly at
the level of the measure-driven dynamics. In this sense, the contribution is not merely a
reformulation of classical hybrid inclusions but a unified treatment of existence, consistency,
Zeno-state characterization, and stability in a single measure-theoretic setting.
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The remainder of this paper is organized as follows. Section 2 introduces the
necessary background on the functions of bounded variation and set-valued analysis
and recalls the standard hybrid system framework together with its reformulation as a
measure differential inclusion.

Section 3 contains the main analytical results. It begins with compactness and closure
ingredients for trajectories, measures, and admissible flow selections, which are then
combined into a closure result for extended hybrid solutions and an existence result
obtained under suitable approximation assumptions. The section further shows consistency
of the proposed notion of solution with classical time-parameterized hybrid trajectories in
the absence of simultaneous jumps, and it concludes with a characterization of the state
at the Zeno time and of admissible post-Zeno continuations once additional dynamics
are specified.

Lyapunov-based stability properties are analyzed in Section 4, where dissipation
conditions are formulated directly in the measure-driven setting and are used to derive
both nonincreasing and strict decay results.

Section 5 presents a numerical example of an event-triggered control system with
Zeno accumulation, illustrating the measure-based interpretation of the Zeno limit and one
possible subsequent continuation of the trajectory.

Finally, Section 6 summarizes the main findings and outlines possible directions for
future research.

2. Preliminaries and Problem Formulation

This section introduces the mathematical framework underlying the proposed ap-
proach. We recall basic notions on functions of bounded variation and set-valued mappings
and review the standard hybrid system formulation. These elements provide the founda-
tion for the measure-theoretic representation of hybrid dynamics introduced in this work.

In particular, functions of bounded variation naturally capture trajectories exhibiting
both continuous evolution and jump discontinuities and therefore provide an appropriate
functional setting for describing hybrid systems with Zeno behavior. This motivates the
reformulation of hybrid dynamics as a measure differential inclusion, where the continuous
and discrete components are treated in a unified manner.

2.1. Functions of Bounded Variation

Functions of bounded variation play a central role in the proposed framework, as
they allow one to rigorously describe trajectories that combine absolutely continuous
evolution with possibly infinitely many jump discontinuities. In particular, they provide a
natural setting for representing hybrid trajectories with Zeno accumulation, where classical
formulations may fail.

A function x : [0, T] — R" is said to be of bounded variation if

N
Varpg rj(x) = sup ; lx(t;) — x(ti1)| < oo,

where the supremum is taken over all partitionsIT: 0 =ty < --- <ty =T, with N € N.
Every function x € BV([0, T|;R") admits a measure-valued derivative Dx, which
admits a Radon-Nikodym decomposition into absolutely continuous and singular parts
(see, e.g., [32]). This decomposition provides the structural foundation for the measure-
based formulation introduced below, revealing that the evolution can be naturally split into
a flow component and a singular component. In particular, the absolutely continuous part
corresponds to the flow dynamics, while the singular part captures discrete transitions. In
the Zeno case, this singular part may be a purely atomic measure with countably many
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atoms accumulating at the Zeno time; it need not contain an atom at the accumulation time
unless such an atom is introduced explicitly.

2.2. Hybrid Systems

In the following and throughout this paper, we use the notation H : X = R” to denote
a set-valued mapping, i.e., a mapping that assigns to each x € X a subset H(x) C R". We
consider a hybrid dynamical system in the form of a hybrid inclusion

i(t) € F(x(), x(t)eC,

N 1)
xt—x € G(x), x€D,

where F, G : R" = R" are set-valued maps, and C, D C R”" denote the flow and jump sets,
respectively. Throughout this paper, we assume that the sets C and D are closed.

By a classical hybrid trajectory of (1) we mean a solution defined on a hybrid time
domain involving both continuous time and a discrete jump index, in the sense of [1]. Such
solutions alternate between continuous evolution (flows) and discrete transitions (jumps)
and may exhibit multiple jumps at the same continuous time instant.

The jump relation in (1) is written in incremental form. This representation is
equivalent to the standard post-jump formulation x* € G(x) using the transformation
G(x) = x + G(x), and it is particularly convenient for the measure-theoretic formulation
introduced below.

Solutions to (1) may exhibit Zeno behavior, i.e., infinitely many jumps occurring in
finite time. In such cases, classical hybrid trajectories typically cannot be extended beyond
a finite Zeno time T, since the hybrid time domain becomes unbounded in the jump index.

From a measure-theoretic perspective, the accumulation of jump times may occur in a
variety of ways. In general, the support of the associated measure may contain multiple
accumulation points or exhibit a more intricate structure within the interval [0, T|, which
cannot be characterized by a single accumulation time.

In the present work, we restrict attention to Zeno behavior characterized by accumu-
lation at a single point Tz € (0, T}, as introduced in Definition 2. The natural measure
associated with such a pre-Zeno jump sequence has atoms at the jump times t;, < Tz whose
support accumulates at Tz. It does not, in general, have an atom at Tz. An atom at Tz may
be added only as a lumped effective jump, representing an additional modeling choice for
the post-Zeno description.

2.3. Measure-Based Formulation

To overcome the limitations associated with Zeno behavior, we use a measure-driven
representation in which the cumulative jump contribution is encoded by a finite vector-
valued measure. We write this measure in the form

dx(t) € F(x(t))dt + dv(t), V=g, )

where y is a non-negative finite Radon measure on [0, T|], g is p-integrable, and v is the
vector-valued Radon measure defined by

v(E) = / <(s)du(s) for Borel sets E C [0, T].
E
The differential notation dx(t) is understood in the sense of measures, that is, as the
distributional derivative Dx of the function x € BV ([0, T|; R"). The absolutely continuous

part of the dynamics is described by a selection f(t) € F(x(t)), while the vector measure v
describes the accumulated jump contribution.
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The scalar measure y should therefore be understood as a control measure for the
vector-valued jump measure v, not as the jump increment itself. At an atom ¢ of y, the
actual state jump is

Ax(t) == x(t) = x(t7) = v({t}) = g()u({t}).

Consequently, compatibility with the original hybrid jump map is imposed on the product

gu{t}) e G(x(t7)) at atoms ¢t of 1, (3)

not on the density ¢(t) alone. If u({t}) = 1, this reduces to the usual convention g(t) €
G(x(t™)), but for general atomic weights the product g(¢)u({t}) is the physical jump
increment.

This distinction is important for Zeno behavior. A Zeno sequence of classical hybrid
jumps Ax € G(x(t. )), tx T Tz, with finite total jump variation is naturally represented by
the vector-valued measure -

V= Z Axy b, .
k=1

Equivalently, one may take u = |v|, for instance

Axk
p= Y. |Ax|éy,  glte) =
k: Axp£0 ¢ | Ax]

with the zero increments omitted. Then, v = gu and v({f;}) = Ax; € G(x(t, )). Thus,
finite total variation of the jump increments, not finiteness of the counting measure ) dy,,
is the relevant condition. The accumulating atoms may have T in the support of y, but
they do not create a mass u({Tz}) or a vector atom v({Tz}) unless such a lumped effective
jump is explicitly prescribed.

Remark 1. The formulation above allows a general finite control measure y at the level of notation.
The hybrid interpretation used in the consistency, post-Zeno, and Lyapunov results is centered on
the purely atomic case, where the vector measure v = gy represents isolated jumps and countable
families of jumps accumulating at a Zeno time. A possible atom at the Zeno time is interpreted as
an explicitly prescribed lumped effective jump, not as a measure-theoretic consequence of the mere
convergence of jump times.

3. Main Results

The main technical difficulty in establishing the existence of solutions to (2) lies in
the lack of compactness induced by Zeno accumulation, which leads to the appearance of
infinitely many discrete events in finite time and prevents a direct application of classical
compactness arguments.

To address this issue, we combine compactness properties of functions of bounded
variation with weak and weak-#* convergence techniques for integrable functions and Radon
measures. For the convenience of the reader, we briefly recall the notions of convergence
used throughout this section.

More precisely, we use the following types of convergence:

*  Pointwise convergence: A sequence {x;} converges pointwise to x if

xi(t) — x(t) foreveryt € [0, T].

https://doi.org/10.3390/axioms15080596
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e Weak convergence in L!: A sequence {f;} C L([0, T];R") converges weakly to f,
denoted
fi = f inLY([0, TLR"),

if ) )
/Ofk(t)(p(t)dt—>/0 F(H) @t dt forall ¢ € L([0, T;R™).

e Weak-* convergence of measures: A sequence of finite Radon measures { } converges
weakly-* to p, denoted
Hie —
if
/M o(t) dyug(t) — /[O,T] g(t)du(t) forall g € C([0,T)).
Throughout this paper, a.e. stands for almost every with respect to the Lebesgue measure,
while y-a.e. means y-almost every, i.e., up to a set of y-measure zero.

These notions of convergence will be used to extract convergent subsequences of ap-
proximate trajectories and to pass to the limit in the measure-driven integral identity (6). For
clarity, the strategy of Section 3 is as follows. First, we collect compactness ingredients for
BV trajectories and Radon measures. Second, we establish closedness of the admissible flow
selections and stability of the integral identity under the adopted convergence assumptions.
Third, these ingredients are assembled into a closure theorem for approximate extended
hybrid solutions and a conditional existence corollary. Finally, we turn to consistency with
classical hybrid trajectories and to the characterization of the state and continuation beyond
a Zeno accumulation time.

3.1. Closure and Existence of Extended Hybrid Solutions by Approximation

The strategy adopted in this subsection is to first establish a closure property of the set
of extended hybrid solutions under suitable convergence assumptions (Proposition 1) and
then to derive existence as a consequence of this closure together with an approximability
argument (Corollary 1).

We begin by recalling a standard compactness result for functions of bounded varia-
tion, namely Helly’s selection theorem (see, e.g., [32-34]). This result will be used to extract
convergent subsequences of approximate trajectories.

Lemma 1. Let {x;} € BV([0, T|;R") be a sequence such that

sup Varj 7} (xg) < oo, x,(0) = x for all k.
k

Then there exist a subsequence, not relabeled, and a function
x € BV([0, T|;R")
such that x;(t) — x(t) for every t € [0, T).

Proof. This is a standard form of Helly’s selection theorem for functions of bounded
variation; see, for example, the classical treatments in [33,34]. For completeness, note that
the uniform variation bound together with the common initial value implies a uniform
pointwise bound on {x;}. Applying Helly’s selection theorem componentwise yields a
subsequence converging pointwise on [0, T] to a function x of bounded variation. Lower
semicontinuity of the total variation then gives x € BV ([0, T|;R"). O
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Remark 2. Lemma 1 provides the compactness needed to extract pointwise convergent subse-
quences of trajectories with uniformly bounded variation and consistent initial conditions, including
sequences exhibiting Zeno accumulation.

The next result ensures weak-* compactness of uniformly bounded families of Radon
measures.

Lemma 2. Let T > 0, and let {j} be a sequence of non-negative finite Radon measures on [0, T]
such that
ue([0,T]) < My, forallk,

for some constant My, > 0. Then there exist a subsequence, still denoted by { i }, and a non-negative
finite Radon measure y on [0, T| such that

/[O,T] @(s) dur(s) — /[O,T] @(s)du(s) forevery ¢ € C([0,T]).
Moreover, u([0,T]) < M.

Proof. For each k, define the positive linear functional Ly : C([0,T]) — R by L¢(¢) :=
f[O,T] @(s) dug(s). Since py is non-negative and finite, one has ||L|| = Li(1) = ux ([0, T]) <
M,, so the sequence {L} is bounded in C([0, T])*. By the Banach-Alaoglu theorem, there
exist a subsequence, still denoted by {L;}, and a functional L € C([0, T])* such that L;
converges to L in the weak-* topology of C([0, T])*. Because each Ly is positive, the limit
functional L is also positive. The Riesz representation theorem therefore yields a unique
non-negative finite Radon measure y on [0, T] such that L(¢) = || 0,T] ¢(s)du(s) for all
¢ € C([0, T]). Consequently, for every continuous ¢,

Jo 9 11(S) = [ (s)duts).

Finally, taking ¢ = 1 and passing to the limit gives x([0, T]) = L(1) = limy Ly(1) < M,. O

We recall that a set-valued mapping H : X = R" has nonempty closed values if
H(x) # @and H(x) is closed for every x € X, and we recall that H is outer semicontinuous
if for every sequence x; — x and every sequence §; € H(xy), such that §; — §, one has
¢ € H(x).

It is well known that outer semicontinuity with closed values implies closedness of
the graph of H (see, e.g., [35]). In particular, if x, — x, {x — §, and {; € H(x) for all k,
then ¢ € H(x).

The following lemma provides a crucial weak-closedness property of the differential
inclusion associated with F. It guarantees that the limit of admissible velocities remains
admissible under weak convergence and thus enables the passage to the limit in the flow
part of the dynamics.

Lemma 3. Let T > 0, and let F : R" = R" be upper semicontinuous with nonempty, convex, and
compact values. Assume, in addition, that there is a compact set K C R" such that xi(t) € K and
x(t) € K fora.e. t € [0, T| and all k. Equivalently, the conclusion remains valid if F is integrably
bounded along the sequence.

Let x; : [0, T] — R" be measurable, and let f, € L'([0, T];R") satisfy

fi(t) € F(x(t)) fora.e. t € [0, T).
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Assume that
xe(t) = x(t) forae t €0,T], fi — finLh.
Then,
f(t) € F(x(t)) forae. t € [0,T].

Proof. We argue by contradiction. Assume that there exists a measurable set E C [0, T]
with positive measure such that f(t) ¢ F(x(t)) forall t € E.

Step 1: Measurable separation. By the strict separation theorem, for each t € E there exist
a; € R" and a; € R such that

al f(t) > a, al & <w; forall & € F(x(t)).

Foreacha € Q",r € Q,and m € N, define
Eprm := {t CE:a'f(t)>r+ %, a'&<rforall¢ e F(x(t))}.

Using the density of Q" and Q, the strict separation at each t € E implies that

E= U U U Ewm

aeQ" reQ meN

Since E has positive measure and the above union is countable, there exist a* € Q", r* € Q,
and m* € N such that
|Ea*,r*,m*| > 0.

Setting § := 1/m™* and E* := Ez+ y« +, We obtain
@) f(t) =1+, (a*)TE<r forall& € F(x(t))

forall t € E*.
Step 2: Upper semicontinuity and boundedness of the support function. Define

h(y) := sup (a*)'¢.
ZEF(y)

Then £ is upper semicontinuous and measurable. Since all relevant trajectories take values
in the compact set K and F is upper semicontinuous with compact values, F is bounded on
K. Hence, h(xy(-)) is uniformly bounded above and below on the set under consideration.
Moreover, h(x(t)) < r* forall t € E*. Since x;(t) — x(t) almost everywhere, we obtain

limsup h(xg(t)) < h(x(t)) <r*fora.e.t € E*.
k—o0

Step 3: Integral inequality. From fi () € F(xx(t)) we get
(a*) " fi(t) < h(xx(t)) for a.e. t € [0, T].

Hence,
limsup [ (a*)" fi(t)dt < limsup | h(xi(t))dt.

k—oo JE k00 *
By the reverse Fatou inequality, using the uniform integrable boundedness obtained in
Step 2,
limsup | h(x(t))dt < . limsup h(xi(t)) dt < r*|E*|.

k—o0 * k—o0

https://doi.org/10.3390/axioms15080596
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Thus,
limsup [ (a*)" fi(t) dt < r*|E*|.
E*

k—o0

Step 4: Contradiction by weak convergence. On the other hand,
(a*)"f(t) > r* + o forallt € E¥,
SO
L@ TR0 at = o+ 0 )

Since a* g+ € L=, weak convergence yields

L@ @~ [ @)

E*

Hence,
(r* +0)|E*| < r*|E7],

a contradiction. This proves the claim. [

To pass to the limit in the measure-driven integral identity, we need a result ensuring
stability of both the absolutely continuous and singular components under the adopted
convergence assumptions. The following lemma provides this property and plays a key
role in the subsequent closure argument.

Lemmad. Let T > 0. Foreachk € N, let x; : [0, T] — R”, fi € L1([0, T|;R"), gx : [0, T] — R",
and let py be a non-negative finite Radon measure on [0, T| satisfying u({0}) = 0. Assume that
for every t € [0, T],

wlt) =00+ [ s+ [ 0ls) dit). @

Assume, moreovet, the following:

(i) x(t) — x(t) for every t € [0, T);

(i) fr — fin L}([0, T|;R");

(iii) g — p as finite Radon measures on [0, T);

(iv) There exists a bounded continuous function g : [0, T] — R" such that

sup |gk(t) —g(t)[ — 0.
te[0,T]

Then, for every t € [0, T such that u({t}) = 0, one has

t
() =x+ [ fo)ds+ [ g()dn(s) ©
If, in addition, ux({t}) — u({t}) for every t € [0, T|, then (5) holds for every t € [0, T].

Proof. Fixt € [0, T]. We pass to the limit term by term in (4).
Step 1: Convergence of the absolutely continuous term. Since

fi — fin LY([0, T;R™),

and since the indicator function of [0, ] belongs to L*([0, T]), it follows that

/Otfk(s)ds — /Otf(s)ds.

https://doi.org/10.3390/axioms15080596
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Step 2: Definition of the component measures. Write

n

8= (8- 80), 8= (8., 8"
Foreachi =1,...,n, define signed Radon measures 1/;; and v on [0, T] by
V(E) = [ gi(s) (), VI(E) = [ g'(5)au(s)

for every Borel set E C [0, T].
We claim that
v 5 vl as signed Radon measures on [0, T]

foreveryi=1,...,n. Indeed, let ¢ € C([0, T]). Then,

(/m] ¢(s) dvi(s) = /[O’T] ()8 (s) dpx(s).

Hence,

/m o(s) dvi(s) — /m] o(s) dvi(s)

equals

S 9 (810) —£1(5)) (s

# ([, s o)~ [ o uts) ).

For the first term, we have

<l sup |gi(s) —g'(s)] ([0, T])-
s€[0,T]

Sz 90 (8105) = £'6)) dpls)

Since

sup |gk(s) —g'(s)| < sup |gk(s) —g(s)| =0
s€[0,T] s€[0,7T]

and sup, ([0, T]) < oo, this term converges to zero.
For the second term, the scalar function s —+ ¢(s)g’(s) is continuous and bounded on
[0, T], hence weak-x convergence of i to p yields

/[O,T] 9(s)8'(s) du(s) — /[O,T] ¢(5)g' (s) dp(s).

Therefore,

Jo #40E) = [ gle)dv' (s

for every ¢ € C([0, T]), which proves the claim.
Step 3: Convergence of the measure terms when u({t}) = 0. Assume first that u({t}) = 0.
Fixie {1,...,n}.

Since {g,} converges uniformly on [0, T], there exists a constant M; > 0 such that

gh(s)] < M; foralls € [0,T], k €N,

and
Ig'(s)| < M; foralls € [0,T].
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We first note that
Vi({t}) = /{t} 8'(s)du(s) = ¢'(hu({t}) = 0.
Ift =0, then

[v4([0,0D)] = [4({0})] = 8(0)] i ({0}) < M pe({0}).

Since {0} is closed and p; — u with #({0}) = 0, the portmanteau theorem, see, e.g., [36-38],
yields
limsup 4 ({0}) < u({0}) = 0.

k—00

Hence, ‘ '
v([0,0]) = 0 =v'(]0,0]).

Assume now that t € (0, T]. Let ¢ € (0, t), and choose a continuous function
ps: 10, T] — [0,1]

such that
ps(s) =1 fors e [0,t—], ps(s) =0 fors e [t,T].

Then,
0 <1py(s) —ps(s) <1y_s4(s) forallse[0,T],

and, therefore,

vi(o.) - [ pg(s)dvli(s)‘ _

0,1] /[O,T] (1041 (5) = ps(s)) dvi(s)| < vl ((t = 5,8]),

where 1, denotes the indicator function of a set A4, i.e.,

1, s€A,
1a(s) = 0 s¢A

Since |vi|(E) < M; px(E) for every Borel set E C [0, T], we obtain

< M;ue((t = 6,1]).

(0.~ [ ps(s)dui(s)

(0,7]

Similarly,
< M; u((t—9,1]).

v(0,1) L esle)dv' (s

Since ps € C([0,T]) and v} X1, we have

/[O,T] ps(s)dvi(s) — /[O,T] ps(s)dv'(s).
Hence,

limsup |vi([0,#]) — v/ ([0,#])]| < M; limsup pp((t — 6, t]) + Mu((t — 6, 1]).

k—o0 k—o0

Moreover, since
(t—=90,t] C[t—46,1]
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and [t — J,t] is closed, the portmanteau theorem yields

limsup pi((t —0,t]) < limsup ug([t —6,t]) < u([t —9,1]).

k—00 k—ro0

Because u({t}) = 0, one has

p(lt—0,8]) = u((t = 4,1]).
Therefore, ' '
lir;jogplwi([orf]) — V([0 ])| < 2M; p((t =6, 1]).
Letting 6 | 0 and using y({t}) = 0, we conclude that
v ([0, £]) — v*([0,1]).

Sincei € {1,...,n} was arbitrary, it follows that
/ 8k(s) dpx(s) — / g(s)du(s) inR".
[0,4] [0,4]

Combining this with Step 1 and the pointwise convergence x;(t) — x(t), we may pass to
the limit in (4) and obtain

) =0+ [ fe) st [ g(5)auts)

This proves (5) for every t € [0, T| such that u({t}) = 0.
Step 4: The case of arbitrary t. Assume now that jy({t}) — u({t}) for every t € [0, T]. Fix
te0,Tlandi € {1,...,n}.

By Step 3, we already know that

vi([0,8]) — v'([0,s]) for every s € [0, T] such that u({s}) = 0.
Moreover, for every s € [0, T],
v({s}) = gk®m{s}),  vi({s}) =g (Iu({s}).
By uniform convergence of g, and convergence of the atomic masses, it follows that
vi({s}) = v'({s}) foreverys < [0,T].
Since {gx} converges uniformly on [0, T], there exists a constant M; > 0 such that
|g}<(s)| <M; foralls € [0,T], k€N,

and
lg'(s)| < M; foralls € [0, T].

If t = 0, then [0, t] = {0}, and, therefore,

v(10,0]) = 1;({0}) = £ (0)x({0}) — g'(0)u({0}) = v'({0}) = v/([0,0]).

Thus, the desired convergence of the measure integrals holds at t = 0. In what follows,
assume that ¢ > 0.
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Let {t,,} be any sequence such that t,, T t and p({t;,}) = 0 for all m. Such a sequence
exists because a finite Radon measure has at most countably many atoms. For each fixed m,
Step 3 yields

v ([0, tn]) = v/ ([0, t]).
Moreover,
v({t}) = v'({t}).
We decompose
vi([0,£) = v([0,#]) = (v ([0, tm)) — v ([0, tm])) + (Vi (b, 1)) — V' ((tm, 1))
+ ({1 = ({1).

Hence, 4 } ' } 4
v (10, £]) = v'([0,8])| < [ ([0, tm]) = v'([0,tm])| + [vi((tm, 1))

+ [V (b, )] + [ ({83) = v ({1)].

Using the uniform bound on gi and g', we obtain

(b, )] < M (b, 1)), [V (b, )| < My (b, 1))

It therefore remains to estimate i ( (¢, t)). Since

(b 1) = ([t 1]) — pe({Em }) — i ({£}),

the portmanteau theorem for the non-negative measures p S gives

lim sup pi ([t £]) < p([tm, 1])-

k—o0

Together with the convergence of the atomic masses and the fact that u({t,,}) = 0, this
yields
limsup p((tm, 1)) < p([tm, £]) — p({tn}) — n({t}) = p((tm, ).

k—o0

Therefore, for each fixed m,

lim sup[vE([0, ]) — ([0, ])] < 2M; (b, 1)).

k—o0

Since (t,,t) | @ as m — oo and y is finite, we have

Hence, ' '
v ([0, 4]) = v*([0,£]).
Thus,

/[O,t] gk(s) d,uk(s) — /[O,t] g(s) dy(s) in R™.

Combining this with Step 1 and the pointwise convergence xi(t) — x(t), we obtain (5) for
everyt € [0,T]. O

Remark 3. The assumption

me({t}) — u({t}) foreveryt € [0,T]
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is needed to ensure convergence of the measure integral at points where the limit measure y has
atoms. Indeed, weak-* convergence of measures guarantees convergence on continuity sets but
does not in general control the behavior of the atomic parts. The above condition ensures that the
contributions of point masses are preserved in the limit, which is essential for passing to the limit in
the integral identity (5) at arbitrary times. This assumption plays a key role in the closure result of
Proposition 1 and, consequently, in the existence result stated in Corollary 1.

Remark 4. From a practical viewpoint, the atom-compatibility assumption prevents artificial
creation or disappearance of concentrated jump mass when approximate trajectories are gener-
ated numerically or by regularization. This condition is intentionally strong: Proposition 1 and
Corollary 1 cover approximations in which the relevant atoms and their masses are tracked at the
same time instants. They do not cover moving-atom approximations such as 6y, 1 /i X5y, nor
smooth or absolutely continuous mollifications of atoms, because these approximations fail the
pointwise condition uy({t}) — u({t}) at the limiting atom. Such perturbative or Filippov-type
regularizations require a different approximation theorem based on convergence of the cumulative
vector-valued jump term.

We now formalize the notion of extended hybrid solution, which is motivated by the
measure-based formulation introduced in Section 2.

Definition 1. Let T > 0, and let xo € R". A function x € BV ([0, T|;R") is called an extended
hybrid solution on [0, T] if there exist f € L'([0, T];R"), a non-negative finite Radon measure
on [0, T satisfying u({0}) = 0, and a p-integrable function g : [0, T| — R" such that

f(t) € F(x(t)) forae. te0,T],

g(u{t}) € G(x(t7)) foreveryatomtof u,

and

) =0+ [ f)dst [ g(5)auts ©

for every t € [0, T].
Moreover, the trajectory satisfies the hybrid constraints in the sense that

x(t) € C forae t€[0,T],

and
supp(u) C {t€[0,T]: x(t7) e D}.

These conditions are the measure-theoretic counterparts of the standard hybrid inclusion
constraints. The flow condition acts on the absolutely continuous part, while the atom condition
acts on the actual jump increments g(t)u({t}). Since the support of a measure also contains
accumulation points of its atoms, the support condition constrains accumulation points of jump
activity as well as actual atoms; for instance, if ty 1 Tz and ty € supp y, then Tz € supp y even
when u({Tz}) = 0. No jump relation is imposed at such a non-atomic support point unless an
atom is explicitly assigned there.

Here, x(t~) denotes the left limit of x at time t, which exists since x € BV ([0, T]; R"); at the
initial time we use the convention x(0~) = x(0). The condition u({0}) = 0 excludes an initial
atom and ensures that the integral identity gives x(0) = x.
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Remark 5. The pair (g, u) parametrizes the vector-valued jump measure v = gu. In particular,
for an atom at time t,

K(0) = x(t7) = [ g()n(s) =20 ulir})
Thus, the compatibility condition with the original hybrid jump map is
x(t) —x(t7) € G(x(t7)),

which is exactly the standard incremental jump relation. Equivalently, in the post-jump notation
xt € G(x) with G(x) := x 4+ G(x), an atom of the vector measure produces the update x* =
x+v({t}).

For a genuine Zeno sequence of jump times ty 1 Tz with finite total jump variation, the natural
vector measure has atoms Axydy, at the points ti < Tz. Its scalar control measure may be chosen as
the total variation measure |v|. This representation does not, by itself, create a vector atom at Tz. A
term g(Tz)u({Tz}) appears only when an additional lumped effective jump at the Zeno time is
deliberately included in the model.

In Definition 1, the jump inclusion is required at atoms of p. In contrast, non-atomic points of
supp p, such as accumulation points of pre-Zeno atoms, are constrained by the support condition
but do not themselves generate a jump unless the measure assigns positive mass to the singleton.

Proposition 1. Let T > 0, and let {x; } be a sequence of approximate extended solutions on [0, T|
of the form (4), where
fx(t) € F(x(t)) forae te[0,T],

and, at every atom t of yy,
Sk(ue({t}) € Glx(t7)).

Assume the following:

(i) xx(0) = xo for all k, x;(t) — x(t) and x;(t~) — x(t~) for every t € [0, T], and for every
t € [0, T] and every sequence {t} such that t, — t and t; € supp(uy) for all sufficiently
large k, one has

xk(t,:) = x(t7).

(ii)  Varp r)(xx) < M for all k;

(iii) ([0, T]) < My, and pi({0}) = 0 for all k;

(iv) fip — fin L}([0, T];R");

(v) gk — g uniformly on [0, T], where g is continuous;

(vi) xx(t) € Cforae. t € [0,T], and supp(py) C {t: xx(t~) € D} forall k;

(vii) F is upper semicontinuous with nonempty, convex, and compact values, and G is outer
semicontinuous with nonempty closed values;

(viii) For every weakly- convergent subsequence, still denoted by { pu }, with limit , one has

we({t}) — u({t}) foreveryt < [0, T].

Then there exist a subsequence, not relabeled, and a non-negative finite Radon measure y on
[0, T] such that x is an extended hybrid solution on [0, T| in the sense of Definition 1.

Proof. The proof follows by combining compactness and closedness arguments.
Step 1: Bounded variation of the limit trajectory. By (i), x; — x pointwise on [0, T], and by
(ii),

Var[O,T] (Xk) < M.
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Since x4 (0) = x9, Lemma 1 implies that
x € BV([0,T|;R"), Varo 7j(x) < M.

Step 2: Compactness of measures. By (iii) and Lemma 2, there exist a subsequence, not
relabeled, and a non-negative finite Radon measure y such that

we=u, ([0, T]) < M,

Moreover, by assumption (viii) and y({0}) = 0, we also have u({0}) = 0.
Step 3: Passage to the limit in the integral identity. By Step 2, there exists a subsequence,
not relabeled, such that ;. — . By assumption (viii), this subsequence also satisfies

ur({t}) — u({t}) foreveryte [0,T].

Therefore, by assumptions (iv), (v), and Lemma 4, we obtain

t
x(t) = xo —|—/ f(s)ds +/[ ]g(s) du(s) forallt e [0,T].
0 0t
Step 4: Verification of the flow inclusion. For each k,
fr(t) € F(xk(t)) forae.te[0,T].

Since
xi(t) — x(t) forae.te€[0,T],

and
fi = f inLY([0, T;R™),

Lemma 3 implies
f(t) € F(x(t)) forae.tel0,T].

Step 5: Verification of the atomic jump inclusion. Let t be an atom of the limit measure
u. Then, u({t}) > 0, and by assumption (viii) we have p({t}) — p({t}). Hence, for all
sufficiently large k, the point f is an atom of yy. By the atomic compatibility assumption for
the approximating sequence,

k(O ({t}) € G(x(t7)).

Using assumption (i), assumption (v), and the convergence of the atomic masses, we obtain

() = x(t7),  g(m({t}) = g(O)u({t}).

Since G is outer semicontinuous with closed values, its graph is closed. Passing to the limit
gives

ghp({t}) € G(x(t7)).

Thus, the atomic jump compatibility condition in Definition 1 is satisfied.
Step 6: Preservation of hybrid constraints. By assumption (vi), for each k there exists a
measurable set N; C [0, T] with Lebesgue measure zero such that

x(t) € C forallt € [0,T]\ Ni.
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Let

[e9)
N:= | J N
k=1

Then, N is measurable and has Lebesgue measure zero. Hence, for every t € [0,T] \ N,
one has
x(t) € C forallk € N.

Since C is closed and xy(t) — x(t) pointwise, it follows that
x(t) € C forallt € [0,T]\N.

Therefore,
x(t) € C forae. te[0,T].

Now let t € supp(t). Then, for every neighborhood U of ¢, one has
u(l) > 0.

Since A # and the measures are non-negative, the portmanteau theorem, see, e.g., [36]
(Theorem A.3.12) or [39] (Theorem 11.1.1) yields

liminf e (U) > p(U) > 0.
k—o0

Hence,
U Nsupp(py) # @

for all sufficiently large k. Therefore, there exists a sequence t; € supp(py) such that
tp — t.
By assumption (vi),
xi(ty) € D forallk.

By assumption (i), since ty — t and t; € supp(yy) for all sufficiently large k, we have
xk(tk_) — x(t7).

Because D is closed, it follows that
x(t7) € D.

Hence,
supp(u) C {t€[0,T]: x(t7) e D}.

Thus all conditions of Definition 1 are satisfied, and, therefore, x is an extended hybrid
solutionon [0, T]. O

Proposition 1 establishes a closure property of the set of extended hybrid solutions
with respect to the convergence induced by the underlying function spaces and measures.
In particular, it ensures that limits of admissible approximating sequences remain extended
hybrid solutions.

This result provides the key compactness and stability mechanism for the existence
theory. As a direct consequence, the existence of extended hybrid solutions follows under
an approximability assumption.

Corollary 1. Let T > 0, and let xo € R". Assume the following:
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(i) F:R" = R" is upper semicontinuous with nonempty, convex, and compact values;

(i) G :R" = R" is outer semicontinuous with nonempty closed values;

(iii) There exists a constant M > 0 and a sequence of approximate hybrid trajectories x : [0, T] —
R", with associated functions f, € L'([0, T|;R"), g : [0, T] — R", and non-negative
finite Radon measures yy on [0, T| satisfying px({0}) = 0, such that for every k and every

telo,T],
t
w(t) =5+ [ fils)ds+ [ guls)ducs), @)
with
fx(t) € F(x(t)) forae t€0,T],
Sk(t)u({t}) € G(xi(t™))  for every atom t of py,
xi(t) € Cforae t €[0,T], supp(px) C {t: x(t7) € D},

and

Var(o 71 (xx) < M, uk([0,T)) <M forall k;

(iv) The sequence {gy} converges uniformly on [0, T| to a continuous function g : [0, T] — R";
(v)  For every weakly- convergent subsequence, still denoted by { ju }, with limit u, one has

we({t}) = u({t}) foreveryt € [0, T];

(vi) The sequence {xy} is compatible with left limits in the following sense: for every subsequence,
still denoted by {xy}, and every pointwise limit x of {xy}, one has

xp(£7) = x(t™) foreveryt e [0,T];

(vii) The sequence {xy} is compatible with the supports of {uy} in the following sense: for every
subsequence, still denoted by {xy, uy }, every pointwise limit x of {xy }, every weakly-x limit
wof {ux}, every t € [0, T], and every sequence {ty} such that ty — t and ty, € supp () for
all sufficiently large k, one has

xk(t]:) — x(t7).
Then there exist a subsequence, still denoted by {xy, fx, Sk, Mk }, a function

x € BV([0, T|;R™),

a function
f € LY([0, T;;R"),

and a non-negative finite Radon measure y on [0, T| such that x is an extended hybrid solution on
[0, T] in the sense of Definition 1.

Proof. By Helly’s selection theorem (Lemma 1), the bounds
x(0) = xo,  Varp(xx) <M

yield, after passing to a subsequence, a function x € BV ([0, T|; R") such that
xi(t) — x(t) foreveryt € [0, T].

By Lemma 2, after passing to a further subsequence, there exists a non-negative finite

Radon measure y on [0, T] such that
*

Mk — M-
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Since |x(t) — xo| < Varp1)(xx) < M, the sequence {x} is uniformly bounded on
[0, T]. Hence, all values of all trajectories lie in a fixed compact ball. Because F is upper
semicontinuous with compact values, it is locally bounded on that ball and, therefore,
{fr} is bounded in L*([0, T|; R"). In particular, { f} is uniformly integrable, and by the
Dunford-Pettis theorem there exists, after passing to a further subsequence, a function

f e LY([o, T|;R™)

such that
fie — f inLY([0, T];R™).

All assumptions of Proposition 1 are now satisfied. Therefore, x is an extended hybrid
solution on [0, T] in the sense of Definition 1. [J

Remark 6. Corollary 1 should be read as a conditional closure/existence result. It shows that an
extended hybrid solution exists once one has constructed approximating trajectories satisfying the
compactness, support, and atom-compatibility assumptions of Proposition 1. It is not a general
well-posedness theorem for arbitrary hybrid inclusions with Zeno behavior.

The admissible approximations covered by the corollary are those that are compatible with the
atomic structure of the limiting jump measure. Typical examples are truncations of a Zeno sequence,
or atomic approximations in which the prescribed atoms and their vector increments are tracked
in the approximating sequence. In contrast, a sequence of purely smooth or absolutely continuous
scalar measures cannot satisfy the pointwise atomic compatibility condition

me({t}) = u({t}) foreveryt € [0,T]

when the limiting measure has a genuine atom, since . ({t}) = 0 for every k and every point t.
Such diffuse reqularizations may be useful in other approximation frameworks, but they are not
covered by Corollary 1 without additional hypotheses controlling the convergence of the cumulative
vector-valued jump term.

The same pointwise atom-compatibility condition is restrictive but intentional: it prevents
atomic mass from appearing or disappearing at prescribed points without being tracked by the
approximating sequence. In particular, an arbitrary collapse of a pre-Zeno sequence t;, T Tz into a
new atom at Ty is not covered unless this atomic mass is explicitly built into the approximation.
Thus the corollary applies to compatible atomic approximations and compatible lumped-jump models,
not to every possible Zeno collapse.

3.2. Consistency with Time-Parameterized Hybrid Trajectories

Classical hybrid solutions are typically defined on hybrid time domains involving both
continuous time and a discrete jump index, as in the framework of hybrid inclusions [1].
Such representations allow multiple jumps to occur at the same continuous time instant.

In contrast, the present formulation considers trajectories parameterized solely by
time. As a consequence, multiple jumps occurring at the same time instant cannot be repre-
sented explicitly. This restriction is intrinsic to the chosen time-parameterized formulation
and reflects a modeling choice. In particular, the proposed framework is intended for
hybrid evolutions in which jump times are totally ordered, and any Zeno accumulation is
represented through a finite vector-valued atomic measure whose atoms may accumulate
at a single time. A vector atom at the accumulation time itself is treated separately as an
effective-jump modeling choice.

The following result shows that, in the absence of simultaneous jumps, the proposed
notion of solution is consistent with standard time-parameterized hybrid trajectories.
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Theorem 1. Let x : [0,T] — R" be an extended hybrid solution in the sense of Definition 1.
Assume that the associated measure y is purely atomic with finitely many atoms located at distinct
times, i.e.,

N
=1y aj,, a; >0, O<t<tbh<---<ty<T.
i=1
Then x coincides with a time-parameterized hybrid trajectory of (1) with isolated jumps at times t;.

Proof. Since y is a finite sum of Dirac measures, we have

J, 86V duls) = T gt

<t

Hence,

() = x +/Otf(s) ds+ Y aig(t;).

<t

Between jump times, the measure y vanishes, and, therefore, x is absolutely continuous
on each interval not containing jump times. In particular,

X(t) = f(t) € F(x(t)) forae. t¢&{t,..., In}.

Moreover, by Definition 1, one has x(t) € C for almost every t € [0, T]. Since x is continuous
on each open interval between successive jump times and C is closed, it follows that

x(t) € C forallt € (t;,ti11),

with the obvious modifications on the initial and terminal intervals. Thus, the flow evolves
within the flow set.
At each jump time ¢;, Definition 1 gives

a;g(t;) € G(x(t;)).
Since
x(t;) = x(t;) +aig(ti),
we obtain
x(t;) —x(t;) € G(x(t;)).
Furthermore, since
supp(u) C {t: x(t7) € D},

it follows that x(t;") € D, so jumps occur only from the jump set.
Therefore, x satisfies the hybrid dynamics (1) with isolated jump times ¢; and coincides
with a time-parameterized hybrid trajectory. O

3.3. Post-Zeno Continuation

We first formalize the notion of Zeno behavior considered in this work.

Definition 2. A sequence of jump times {t;} C [0,T) is said to exhibit Zeno behavior if there
exists a time Tz € (0, T such that

et Tz ask — oo.

The point Tz is called the Zeno time.
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In general, sequences of jump times may accumulate in more complex ways, includ-
ing multiple accumulation points or accumulation at the boundary of the interval. In
the measure-theoretic setting, this corresponds to measures whose support may have a
nontrivial structure and cannot be described in terms of a single accumulation time.

In the present work, we restrict attention to Zeno behavior characterized by accumu-
lation at a single point Tz, as in Definition 2. Within the measure-based formulation (2),
the natural representation of a pre-Zeno sequence t; 1 Tz is a finite vector-valued atomic
measure with atoms at the points t; < Tz, provided the total variation of the jump incre-
ments is finite. Its scalar control measure may have T in its support, but neither the control
measure nor the vector jump measure needs to assign positive mass to the singleton {T }.

We may also allow the vector measure v = gu to possess an atomic component at
T. Such a vector atom should be interpreted as a lumped effective jump introduced by
modeling choice, not as a consequence of the accumulation of jump times alone.

Theorem 2. Let x : [0, T| — R" be an extended hybrid solution, and let T, € (0, T) be a Zeno
time. Then,

(i) The left limit x(T, ) = limyr, x(t) exists;
(ii) The value x(Ty) is well defined and satisfies

x(Tz) = x(Ty) (s) dp(s)-

{Tz}g

Consequently, if u({Tz}) = 0, then x(Tz) = x(T, ); if u({Tz}) > O, the additional term is
the vector-valued effective jump deliberately assigned to Tz;

(iii) The restriction of x to [Tz, T}, together with the restricted measure |1, 1), is an extended
hybrid solution in the same shifted sense on [Tz, T| with initial condition x(Tz) and with no
atom at the initial time Ty.

In particular, the theorem identifies a well-defined post-Zeno initial state. The subsequent
continuation is determined by the measure and dynamics prescribed after T and is not uniquely
fixed by the pre-Zeno hybrid inclusion alone.

Proof. (i) Since x € BV([0, T]; R"), it admits left and right limits at every point. In particu-
lar, x(T, ) exists, independently of the structure of the measure .
(ii) By Definition 1, one has

t
() = x +/ F(s)ds + /[ () duls) forall e 0,7
0 Jot
Decomposing the measure at t = Tz, we obtain

[, s©ame) = [ s+ [ gls)ans)

[0,T7) {Tz}

Since f € L'(]0, T];R"), one has

t T,
/Of(s)dsﬁ/o f(s)ds ast? Ty

Moreover, by the definition of the left limit x(T, ) and the above decomposition of the
measure term, it follows that

Tz
K1) =xo+ [ S+ [ gl)du(s)
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Hence,

x(Tz) = x(T) () dp(s),

{Tz}g

which shows that x(T) is well defined.
(iii) Define (t) = x(t) for t € [Tz, T}, and let i = p|(r, ). Then, for every t € [Tz, T},

#0) = x(T)+ [ f)dst [ g(s)auo).

The use of (Tz, t] is essential when y has an atom at T: that atom has already been included
in the initial value x(Tz) and must not be counted again in the post-Zeno segment. Thus,
the restricted measure has no atom at the new initial time. The flow and support constraints
are inherited by restriction, with the support condition understood for ji. Hence, ¥ is an
extended hybrid solution on [T, T] in the corresponding shifted-time sense. [

Remark 7. The identity in Theorem 2(ii) follows from the elementary formula
], 8 di(s) = 80 (1)

for any p-integrable function g and any atom t of y.
At a Zeno time Ty, this formula describes only the vector atom actually assigned by v = gu to
the singleton {Tz}. For the natural purely pre-Zeno representation

)
U= Z ﬂkétk, i < TZ/
k=1

one typically has u({Tz}) = 0, even though Tz is an accumulation point of the support. Therefore,
a nonzero term g(Tz)u({Tz}) = v({Tz}) should be interpreted as an explicitly prescribed lumped
effective jump, not as an automatic consequence of the accumulation of jump times.

Remark 8. Corollary 1 provides a closure principle for hybrid dynamics in the measure-theoretic
setting. It shows that, under the stated approximation and compatibility assumptions, extended
hybrid solutions can be obtained as limits of approximating sequences of classical or reqularized
trajectories.

From a computational perspective, numerical simulations of hybrid systems naturally generate
such approximations. When the assumptions of Corollary 1 are satisfied, the limiting trajectory is
well defined in the sense of Definition 1, even in the presence of Zeno behavior.

Together with Theorems 1 and 2, this establishes a coherent framework linking classical hybrid
trajectories, their approximations, and their continuation beyond Zeno accumulation.

Remark 9. Theorem 2 ensures that the trajectory admits a well-defined value at the Zeno time Tz,
obtained from the BV left limit and, if present, from an explicitly prescribed atom at Tz. However,
in general, the original hybrid dynamics (1) do not admit a continuation beyond Ty in the classical
sense.

Indeed, at the Zeno time the state typically belongs to the jump set D, and the hybrid system
may generate further instantaneous transitions without allowing the evolution to re-enter the flow
set C. As a consequence, the classical hybrid model does not provide a well-defined post-Zeno
trajectory.

The proposed measure-theoretic framework addresses this issue by defining the pre-Zeno
state x(T ) as a BV left limit and, if a lumped atom is explicitly included at Tz, by adding the
corresponding effective jump to obtain x(Tyz). Such continuation is not uniquely determined by the
original hybrid inclusion and may depend on additional modeling choices. In particular, the present
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framework does not by itself select a unique post-Zeno vector field; it supplies a mathematically
well-defined state at T together with a measure-theoretic bookkeeping of any additional lumped
atom, after which one may prescribe a continuation rule consistent with the application of interest.

In Section 5, this continuation is illustrated by replacing the event-triggered mechanism with a
continuous dynamics beyond Tz. This choice is made for demonstration purposes and is consistent
with the extended solution concept, while highlighting that the essential role of the measure-based
formulation is to provide a well-defined limiting state at the Zeno time, which serves as an initial
condition for subsequent evolution.

4. Stability Analysis

This section establishes Lyapunov-based stability properties of extended hybrid so-
lutions in the sense of Definition 1. The analysis is carried out directly at the level of the
measure differential inclusion (2).

A key feature of the proposed framework is that both the absolutely continuous evolu-
tion and the singular jump contribution are represented within a unified measure-driven
dynamics. As a consequence, dissipation properties can be formulated and analyzed by
separating the absolutely continuous flow contribution from the atomic jump contribution
within a common measure-driven framework.

In particular, the classical hybrid dissipation conditions—decrease of a Lyapunov
function along flows and non-increase across jumps—are naturally embedded into a single
measure-based inequality. This makes it possible to treat hybrid and Zeno dynamics within
a common analytical framework.

More precisely, the derivative of a Lyapunov function along a trajectory is interpreted
in the sense of measures, combining the contribution of the Lebesgue part (flows) and
the singular part induced by u (jumps). This extends classical Lyapunov arguments to
trajectories exhibiting Zeno accumulation, where infinitely many jumps are represented
through a finite vector-valued atomic measure with support that may accumulate.

We first establish a nonincreasing property for Lyapunov functions under suitable
dissipation conditions and then strengthen this result to obtain a strict decay estimate im-
plying exponential convergence. For ease of navigation, Theorem 3 addresses the nonstrict
case and guarantees that the Lyapunov function is nonincreasing, whereas Theorem 4
imposes strict dissipation and yields an explicit exponential estimate. The distinction will
also be summarized again after the proofs.

Definition 3. Let X € R". A locally Lipschitz function V : R" — R is called a Lyapunov
function for ¥ if
V(x)=0, V(x) >0 forall x # %.

Theorem 3. Let X € R", and let V : R" — R be a Lyapunov function in the sense of
Definition 3. Assume that there exist class Koo functions oy and «y such that

ap(jx —x]) < V(x) <ap(|x — x|) forall x € R™.

Assume further that,
(i)  For every x € R" and every ¢ € F(x),

T
max <0
pGBCV(x) p g -

(ii) For every x € R" and every ¢ € G(x),

V(x+7) < V(x).
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Let x : [0, T] — R" be an extended hybrid solution in the sense of Definition 1, with associated data
f, g, and p. Assume that y itself is purely atomic, i.e., it has neither an absolutely continuous part
nor a singular continuous part. Then,

V(x(t)) < V(x(0)) forall t € [0, T].

Equivalently, the distributional derivative of w(t) := V(x(t)) is a nonpositive finite Radon measure
on [0, T.

Proof. Fix an extended hybrid solution x on [0, T]. By Definition 1, there exist f €
L'(]0, T];R"), a non-negative finite Radon measure y on [0, T] and a p-integrable func-
tion g : [0, T] — R" such that

f(t) € F(x(t)) fora.e. t € [0,T],

g(Hu({t}) € G(x(t7)) for every atom t of y,

and

t
x(t) = x(0) + [ fl)ds+ [ g(s)du(s)

for all t+ € [0,T]. Since x € BV([0, T|;R") and V is locally Lipschitz, the composition
w(t) := V(x(t)) is a function of bounded variation on [0, T].

[0/¢] g

Step 1: Absolutely continuous part. The absolutely continuous part of x has density f
with respect to the Lebesgue measure. By the chain rule for locally Lipschitz functions
in the sense of the Clarke generalized gradient [40] (Chapter 2), applied to the absolutely
continuous component, we obtain for almost every t € [0, T},

d T
—w(t) < t).
7V = ) Y

Since f(t) € F(x(t)) for almost every ¢, assumption (i) implies

d

aw(t) <O0forae.te 0T

Step 2: Jump contribution. Let ¢ € [0, T| be such that u({t}) > 0. Then t is an atom of the
measure Ji.
By Definition 1, the jump of the trajectory at ¢ is given by

x(t) —x(t7) = (/{t}g(s) dp(s) = g(t) p({t}).

By the atomic jump compatibility condition in Definition 1,
Gei=gMu({t}) € G(x(t7)).

Hence,
x(t) = x(t7) + Cr.

Applying assumption (ii) with x = x(¢~) and { = {;, we obtain
V() + ) < V().
Therefore,

V(x(t)) < V(x(t7)).
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Hence, the Lyapunov function does not increase across jump contributions.

Step 3: Conclusion. By Step 1, the absolutely continuous part of the distributional deriva-
tive of w is nonpositive. By Step 2, the atomic part corresponding to jump times is also
nonpositive.

By the standing assumption that y itself is purely atomic, the measure-driven term has
no absolutely continuous component and no singular continuous component. Therefore,
the only contributions to the distributional derivative of w are the absolutely continuous
flow part generated by f and the atomic jump part treated above.

Therefore, the distributional derivative Dw is a nonpositive finite Radon measure on
[0, T]. It follows that w is nonincreasing on [0, T], and consequently

V(x(t)) < V(x(0)) forallte [0,T].
O

Theorem 4. Let X € R", and let V : R" — R be locally Lipschitz. Assume that there exist
constants cy,cy > 0and q > 1 such that

clx —x|1 < V(x) < ca|x — x| forall x € R".

Assume further that there exists a constant 7 > 0 such that,

(i) Forevery x € R" and every ¢ € F(x),

T < _nv .
peg%x)r’ ¢ < —nV(x);

(ii) For every x € R" and every ¢ € G(x),
V(x+7) < V(x).

Let x : [0, T] — R" be an extended hybrid solution in the sense of Definition 1. Assume that
the associated measure y itself is purely atomic, i.e., it has neither an absolutely continuous part nor
a singular continuous part. Then, for every t € [0, T],

V(x(t) < e MV (x(0)). ®)
Consequently,
1/
lx(f) — x| < (?) qe—nt/ﬂx(o) — x| ©9)
1

Proof. Letw(t) = V(x(t)).Since x € BV([0, T]; R") and V is locally Lipschitz, the function
w is of bounded variation on [0, T]. By Definition 1, there exist f € L!([0, T];R"), a non-
negative finite Radon measure y on [0, T| and a p-integrable function g : [0, T] — R" such
that

f(t) € F(x(t)) forae. t € [0,T],

g(Hu({t}) € G(x(t™)) for every atom t of y,

and

x(t) = x(0) + /Otf(s) ds + /[0 . g(s)du(s) forall t € [0, T].
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Step 1: Decay along the absolutely continuous part. The absolutely continuous part of x has
density f with respect to the Lebesgue measure. As in the proof of Theorem 3, for almost

every t € [0,T],
d

—w(t) < TF(t).
" = B P Y
Since f(t) € F(x(t)) for almost every ¢ € [0, T], assumption (i) yields

max TA) < =V (x(t forae. t €0, T|.
max pT () < Y (x(t) 0.7)

Combining this with the chain-rule estimate, we obtain

%w(t) < —nqw(t) forae. te|0,T].

Hence, on every interval on which x evolves continuously, the function
t s eTtw(t)
is nonincreasing. Therefore, for 0 <s <t < T,
elw(t) < ew(s),

which is equivalent to
w(t) < e 19y (s).

The estimate is formulated for arbitrary times 0 < s < t in order to allow its application on
subintervals of continuous evolution between successive jumps.

Step 2: Decay across jump contributions. This step is identical to Step 2 in the proof of
Theorem 3. Indeed, for every atom t € [0, T] of j, the jump increment

Gri=g(t)pu({t})

belongs to G(x(t~)) by Definition 1, and

Assumption (ii) therefore yields

Hence, the Lyapunov function does not increase across jump contributions.
Step 3: Global estimate. By Step 1, the absolutely continuous part of the distributional
derivative of w satisfies

%w(t) < —qw(t) forae.te|0,T].

By Step 2, the atomic part corresponding to jump times is nonpositive. By the standing
assumption that y itself is purely atomic, the measure-driven term has no absolutely contin-
uous component and no singular continuous component. Therefore, the only contributions
to the distributional derivative of w are the absolutely continuous flow part generated by f
and the atomic jump part treated above.
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Equivalently, the distributional derivative of the function t — e'w(t) is a nonpositive
finite Radon measure on [0, T]. Hence, t — e"*w(t) is nonincreasing on [0, T, and, therefore,

w(t) <e Mw(0) forallt < [0,T)].

This proves (8).
Combining the bounds

calx(t) =x|T < V(x(t),  V(x(0)) < cafx(0) — %[,
with (8), we obtain
crlx(t) — &|T < V(x(t)) <e MV(x(0)) < e Mey|x(0) — x|7.

Hence,

1/q
x(t) — 1] < (2) e 9)(0) — 5,

C1

which proves (9). The restriction 4 > 1 ensures that the function x — |x — %|7 is locally
Lipschitz, which is required for the application of the Clarke chain rule. O

Remark 10. The preceding Lyapunov results are stated for the case in which the control measure
u itself is purely atomic. This is the setting corresponding to classical hybrid jumps and to Zeno
sequences represented by countably many jump increments with finite total variation.

This assumption is stronger than requiring only the singular part of u to be purely atomic.
Indeed, if du = m(t)dt + Yy axdy,, then the absolutely continuous part of the trajectory has
density f(t) + m(t)g(t), not merely f(t). The flow inequality involving F alone would then fail to
control the full absolutely continuous derivative unless an additional condition were imposed on the
combined velocity f(t) + m(t)g(t).

Similarly, if a genuine singular continuous, Cantor-type component is allowed in the measure
term, the atomic jump inequality

Vx+0) <V(x), {eG(x),

is not by itself sufficient to control the diffuse singular motion. One then needs an additional
directional condition, for example

max p'{ <0  for the relevant singular directions,
peacV(x)

or an equivalent chain-rule hypothesis ensuring dissipation with respect to that component. Theo-
rems 3 and 4 adopt the purely atomic alternative in order to match the jump/Zeno interpretation
used in this paper.

Remark 11. Theorems 3 and 4 differ in the strength of the dissipation conditions imposed on the
flow and jump dynamics.
Theorem 3 guarantees that the Lyapunov function is nonincreasing along the trajectory,

V(x(t)) < V(x(0)) forallte[0,T],

which corresponds to a stability property without a prescribed rate of convergence.
In contrast, Theorem 4 imposes strict dissipation conditions that yield the exponential estimate

V(x(t)) < e "V (x(0)),
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thereby ensuring a quantitative convergence rate.

In the measure-theoretic setting, both results are obtained within the same framework, with the
strict decay arising from strengthened inequalities applied to both the absolutely continuous flow
component and the atomic jump component of the dynamics.

5. Numerical Example: Event-Triggered Control with Zeno Accumulation

Event-triggered control has emerged as an important paradigm for reducing com-
munication and computation in feedback systems by generating control updates only
when necessary. A central challenge in this context is the occurrence of Zeno behavior,
where infinitely many triggering events accumulate in finite time. Consequently, most
existing event-triggering strategies enforce Zeno exclusion through dwell-time conditions,
hysteresis mechanisms, or lower bounds on inter-event times.

The measure-theoretic framework proposed in this paper suggests an alternative
viewpoint. Within this formulation, the accumulation of infinitely many triggering events
with finite total variation of the jump increments can be represented by a finite vector-
valued atomic Radon measure whose atoms accumulate at the Zeno time, leading to a
well-defined evolution in the space of functions of bounded variation. In this sense, Zeno
behavior is incorporated into the system dynamics and is not excluded a priori.

This perspective suggests that event-triggered systems may be analyzed without
explicitly ruling out Zeno behavior, provided that the cumulative effect of triggering events
remains finite in a measure-theoretic sense. In such a setting, sequences of triggering
instants may converge while the corresponding state evolution remains well defined.

The following example illustrates this viewpoint on a controlled hybrid system with
event-triggered updates and Zeno accumulation. The pre-Zeno part is described by the
measure-driven formulation developed above. After the Zeno time, we also display one
possible continuation initialized from the well-defined limiting state. This continuation is
a separate modeling choice and is not claimed to be generated by the original pre-Zeno
flow map.

We consider a damped oscillator of the form

X(t) = Ax(t) + Buy(t),  x(t) € R?

0o 1 0
e w) oo ()

and where uj, denotes a held control input updated only at discrete event times. The

where

feedback law is given by
ui=—kx,  K=(k k)

To describe the event-triggered mechanism, we introduce two auxiliary variables, T
and r, and define the extended state

z = (x1, X, Uy, T, r)T € RS

The variable T acts as an internal timer that determines the occurrence of triggering events;
its geometric reset mechanism generates a sequence of inter-event times that converges to
zero, leading to Zeno accumulation. We initialize the held input by u,(0) = —Kx(0).
Hybrid system formulation. The above dynamics can be written as a hybrid system of the
form (1) with state z, flow map F, jump map G, and sets C and D defined as follows.
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The flow set is
C={zeR: 1>0},

and the jump set is
D={zeR®: T=0}.

The flow map is single-valued and given by
F(z) = (x, —w?x1 — 2Lwxy 4 buy, 0, —1, O)T.
The jump map is described in incremental form as z* — z € G(z), where
G(z) = {(0, 0, —Kx —uy, ar—7, (a — 1)1’)T}, z€D.
Equivalently, using the left limit z(¢™ ), a classical event at time ¢ satisfies

z(t) —z(t7) € G(z(t7)).

In the measure-driven formulation below this condition is imposed only at atoms of the
jump measure. An accumulation point of event times may belong to the support of the
scalar control measure without being an atom; such a point does not itself generate a jump
unless an additional vector atom is deliberately assigned there.

Zeno accumulation. With the initialization u;,(0) = —Kx(0),  7(0) = r(0) = rop > 0,
there is no jump at the initial time. We set

k=1
to =0, i’k:ZlX]}’o, k>1.
j=0
Thus, the first triggering event occurs at t; = rp, and the inter-event times are

ty —t1 = Dék_li’o, k>1.

Consequently,
0
j— a :

T fim b= Lo =g
Thus, infinitely many events occur in the finite interval [0, T7), and the corresponding
classical hybrid trajectory cannot be extended beyond T in the usual hybrid-time sense.
Measure-based formulation. In the proposed framework, the pre-Zeno hybrid evolution is
described directly by the vector-valued jump measure

v= i Az by, Az = z(t) — z(t, ) € G(z(t,))-
k=1

Equivalently, one may write v = gy with the scalar control measure y = |v|. This is
the precise sense in which the Zeno sequence is represented by a finite measure: the
counting measure ) ;7 ; d;, need not be finite, but the vector jump measure is finite when
Vi |Azg| < oo

We now verify this finiteness for the present example. Since u;,(0) = —Kx(0) and each
event resets u; = —Kx, the held input satisfies

Mh(t) = —Kx(tk,l) fort € [tkfll tk)/ k>1.
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Let
c:= [|All+ Bl [[K]l-

If M(t) := supy,; [x(s)], then
()] < (LA x (O] + B[ [un ()| < eM(#)

for almost every t < Tz. Hence,

t
M(t) < |x(0)] —|—c/0 M(s) ds,

and Gronwall’s inequality gives
M(t) < [x(0)|e”, 0<t< Tz

Thus, x and uy, are bounded on [0, T7), and

Tz
/ 1%(8)| dt < oo.
0
At the k-th triggering event,
Aupy = —Kx(te) + Kx(t—1) = —K(x(tx) — x(tc-1)),

SO

[ee)
Y [Auy
k=1

The auxiliary jumps are also summable, since

0 T,
< K Y e (te) = x(te-1)] < HKII/O [x(8)| dt < co.
k=1

|AT| = a¥ro, |ATE] = (1 —a)a*1ry, k>1.

Therefore,
(e}

|Azg| < oo,
k=1
and the vector-valued jump measure v is a finite Radon measure.
The natural pre-Zeno representation consists of vector atoms at the triggering times
ty < Tz; these atoms may accumulate at Tz without producing a vector atom at Tz. More
precisely, the evolution of the control component can be written in integral form as

wi(8) = (0) + v (10,0) =) + [ gu(s) o),

where v, is the u,-component of the vector jump measure. If an additional effective reset is
deliberately assigned at the Zeno time, then its contribution to the control variable is

up(Tz) —un(Tz) = vu({Tz}) = &u(Tz) n({Tz})-

In the natural purely pre-Zeno representation, however, v({Tz}) = 0, and the limiting
value u;,(T, ) already contains the accumulated effect of the updates at the times t;, < T7.
Thus, the displayed term should be read as a possible lumped effective reset at Tz, not as
an automatic consequence of Zeno accumulation.

Consequently, the pre-Zeno trajectory, extended to T by its BV left limit, together with
the finite vector measure v, satisfies Definition 1 directly on [0, Tz|. On every interval [0, ¢,
containing only finitely many events, Theorem 1 ensures agreement with the corresponding

https://doi.org/10.3390/axioms15080596


https://doi.org/10.3390/axioms15080596

Axioms 2026, 15, 596

32 of 37

classical time-parameterized hybrid trajectory. At the Zeno time T, the pre-Zeno evolution
has a well-defined BV left limit, and any additional atomic contribution at T is handled
explicitly by Theorem 2.

The measure-based formulation also provides a unified interpretation of stability
properties. In particular, nonincrease of a Lyapunov function and exponential decay
correspond, respectively, to nonstrict and strict dissipation conditions imposed on both
the flow and jump components of the dynamics. This mirrors the classical distinction
between Lyapunov stability and exponential stability in hybrid systems, while allowing
both properties to be treated within a single measure-driven framework.

Post-Zeno continuation. For t > Tz, we illustrate one possible continuation by replacing
the sample-and-hold mechanism with a continuous relaxation of the held control toward
the feedback law —Kx, namely

* = Ax+ Buy, 11, = —y(u, + Kx), t=0,7#=0,

where v > 0. This post-Zeno ODE should be understood as a new system initialized at
the well-defined value z(T7) supplied by the measure-based pre-Zeno analysis. It is not
a solution of the original pre-Zeno hybrid inclusion with the same flow map, since the
original flow map has 11, = 0, ¥ = —1, and # = 0. To represent both regimes as a single
formal hybrid model, one would have to enlarge the system, for example by introducing a
mode variable or a time-dependent flow map that switches at T.

The key point is that the proposed measure-based formulation ensures that the state
at the Zeno time is well defined as the limit of the hybrid trajectory. In particular, the
value z(T, ) is determined by the pre-Zeno hybrid evolution, while z(T7) may additionally
incorporate a deliberately prescribed effective jump at T;. This provides a consistent initial
condition for subsequent evolution.

Without such a characterization, the state at T, would in general be undefined, and
any post-Zeno continuation would be inherently ambiguous. In contrast, the present
framework guarantees a well-defined limiting state at T, thereby enabling a meaningful
continuation, including the continuous relaxation considered here. From this perspective,
the example illustrates how the measure-based formulation captures the limiting effect
of Zeno accumulation and provides a rigorous initial state for a subsequent application-
dependent post-Zeno model.

Numerical illustration and Lyapunov-like behavior. We use the parameters w = 2.5, { =
005 b=1, K= ( 6 25 ), rg = 035, « = 0.55, v = 8, with initial condition x(0) =

1.2
-0.3
is Tz ~ 0.778. The chosen parameters were selected to make the qualitative mechanisms

. The held input is initialized as uj,(0) = —Kx(0). The corresponding Zeno time

clearly visible in a single figure: the gain K yields a noticeable effect of the control updates,
the factor & = 0.55 produces a geometric decrease in the inter-event times that is fast
enough to exhibit Zeno accumulation on a short time horizon, and the relaxation gain
¥ = 8 makes the post-Zeno continuous regime visible without creating excessive stiffness.
Other parameter choices are possible. For example, values of « closer to 1 postpone the
accumulation time and spread the events over a longer interval, while smaller values of
produce faster accumulation; larger values of 7y speed up the post-Zeno convergence of uy,
toward —Kx, whereas smaller values lead to a slower relaxation.

Figure 1 shows the evolution of the system. The event times, indicated by vertical
dashed lines, accumulate at T. Before T, the system evolves in a hybrid sample-and-hold
regime with increasingly frequent updates, reflected in the discontinuous behavior of the
held control input u;, while the physical state variables (x1, x») evolve continuously. At
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Tz, the Zeno accumulation is represented by the vector-valued jump measure through
atoms accumulating at Tz, and the well-defined limiting state is then used as the initial
condition for the displayed post-Zeno continuation. The top two panels show that the
physical state (x1, x2) remains continuous while the held input u;, experiences increasingly
frequent updates; the middle panels display the timer variables whose geometric resets
generate the accumulating event pattern; and the bottom panel shows that, despite short
transient increases, the Lyapunov-like quantity exhibits an overall dissipative trend once
the repeated feedback updates dominate the evolution.

Event-triggered oscillator with Zeno accumulation and post-Zeno continuation

11 T, ~0778
0 i -
~— H

7.51

5.0 1

2.5

Up

0.0 4

—5.0 1
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0251 :
0.20 1
0.15 1

0.10
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0.0 0.5 1.0 1.5 2.0 2.5
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Figure 1. Event-triggered controlled oscillator with Zeno accumulation, with state z = (x1, xp, 1, T, ).
Vertical dashed lines indicate event times forming a geometric sequence that accumulates at the Zeno
time Tz. The panels display, from top to bottom, the oscillator states, the held control input, the
timer variables T and r, and the Lyapunov-like function V(z(t)). The hybrid character arises from
the discrete updates of uy,, while (x1, xp) evolve continuously. The accumulating event sequence is
represented by the vector-valued atomic jump measure, while any vector atom at T is interpreted as
an optional effective reset, not as an automatic consequence of the accumulation.
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The function

1
V(z) = > (x} + 2% +0.15u3)

serves as a Lyapunov-like function for the closed-loop system. Due to the sample-and-hold
implementation of the control input, V is not necessarily non-increasing along individual
flow intervals. In particular, between successive triggering events the input uy, is held
constant, and the system evolves in an effectively open-loop regime, which may lead to a
temporary increase in V, as observed in Figure 1 on the initial time interval.

Each triggering event updates the control according to u; = —Kx, thereby restoring
the feedback structure. The instantaneous change in the illustrative quantity V at a single
event is not sign-definite, since only the held input changes and

VY-V~ =0.075(|Kx[* — |u; |?).

Thus, the figure should not be interpreted as showing a guaranteed decrease in V at every
jump. Instead, as the inter-event times decrease geometrically, the feedback updates become
increasingly frequent, and the observed trajectory exhibits an overall dissipative trend after
the initial transient.

From the perspective of the proposed measure-theoretic framework, this behavior is
naturally interpreted through the combined effect of the absolutely continuous and singular
components of the dynamics. While the absolutely continuous part may locally increase V,
the atomic jump contribution associated with the vector measure produces compensating
decreases, resulting in an overall dissipative trend.

Although V does not satisfy the assumptions of Theorem 3 on the whole trajectory, it
still provides a useful Lyapunov-like description of the observed dynamics. This illustrates
that the theorem supplies a sufficient condition for monotone dissipation in the measure-
driven setting, not a necessary one: in applications, informative Lyapunov-like functions
may still exist even when temporary growth is present along some flow intervals. The
example shows how the combined effect of continuous evolution and discrete control
updates can produce an overall dissipative trend, even when V is not monotone along
individual flow intervals. In this sense, the simulation illustrates the type of behavior
that the proposed measure-based framework is designed to capture in the presence of
Zeno accumulation.

Remark 12. The example highlights three practical advantages of the proposed framework. First,
the pre-Zeno evolution remains meaningful in the BV sense even though infinitely many triggering
events occur in finite time. Second, the state at the accumulation time is characterized without
artificially identifying the event accumulation with an automatic atom at T. Third, the resulting
state description provides a coherent bridge to subsequent dynamics, whether one adopts a continuous
relaxation, a new hybrid law, or another application-dependent post-Zeno model.

6. Conclusions

This paper introduced a measure-theoretic formulation of hybrid dynamical systems
that allows one to address Zeno behavior within a unified analytical framework. By
recasting hybrid dynamics as a measure differential inclusion, we derived an existence
result for extended hybrid solutions in the space of functions of bounded variation, together
with consistency with classical hybrid trajectories in the absence of Zeno behavior.

A key feature of the approach is that the accumulation of infinitely many discrete
transitions at a Zeno time is represented by a finite vector-valued atomic Radon measure
whose atoms may accumulate at the Zeno time. The pre-Zeno sequence determines a BV left
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limit at the accumulation point. A finite incremental state change of the form ¢(Tz)u({Tz})
appears only when an additional lumped effective atom is explicitly assigned at T7.

The proposed formulation provides a unified description of continuous and jump
dynamics and resolves the loss of well-posedness associated with Zeno behavior at the
level of trajectories. Lyapunov-based stability properties were derived directly in the
measure-driven setting, showing that classical stability concepts extend to this framework
when interpreted in terms of the combined absolutely continuous flow component and
purely atomic jump component of the dynamics.

The results were illustrated on an event-triggered control system exhibiting Zeno
accumulation, demonstrating how the measure-based formulation captures the limiting
behavior at the Zeno time and one possible subsequent evolution.

The framework does not enforce uniqueness of post-Zeno continuation, but it provides
a consistent characterization of the state at the accumulation point, which can serve as an
initial condition for a subsequently prescribed dynamical law. This highlights the role of
the proposed formulation as a tool for analyzing hybrid systems with Zeno phenomena
within a coherent measure-theoretic setting. At the same time, the present results should
be read together with their scope conditions: the closure/existence theory is conditional
on compatible approximations, the consistency and post-Zeno results are tailored to the
atomic behavior relevant for jump dynamics, and the Lyapunov theorems intentionally
assume a purely atomic control measure unless additional hypotheses are imposed on
possible diffuse measure components. These limitations are not defects of the framework
but part of its precise mathematical range of validity.

Possible directions for future research include the development of more explicit ap-
proximation schemes ensuring the assumptions used in the existence theory, the analysis of
uniqueness and selection principles for post-Zeno continuations, and the extension of the
framework to broader classes of hybrid and impulsive systems.
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