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Abstract

Electrode-particle fracture and thermal runaway remain major safety and durability chal-
lenges for lithium-ion batteries. Deterministic degradation models are limited in repre-
senting random crack nucleation, long-range crack interactions, and critical transitions
from stable operation to failure. A computational framework is proposed that combines a
Lévy-jump-driven nonlocal stochastic partial differential equation (SPDE) model with a
Bifurcation-Aware Physics-Informed Neural Network (BA-PINN). The framework cou-
ples fractional diffusion, peridynamic damage evolution, thermal feedback, state-space
eigenvalue tracking, and damage-variance monitoring. Evaluation is conducted on con-
trolled synthetic fracture simulations, Oxford battery cycling records, and open-access
abuse-test records from the Battery Failure Databank. The damage-field results are inter-
preted as numerical consistency and surrogate-learning evidence, with direct experi-
mental crack-map validation remaining outside the present dataset scope. On the simu-
lated fracture dataset, the proposed method obtains a damage-field mean squared error
of 0.023 +0.002 and a structural similarity index of 0.962 + 0.006. For the evaluated thermal-
runaway warning task, it achieves an AUC-ROC of 0.987 + 0.004 and an average model-
inferred warning lead time of 5.2 + 0.2 h. These results demonstrate the methodological
feasibility of combining stochastic nonlocal fracture modeling with bifurcation-aware
learning. However, broader validation remains necessary, particularly using particle-re-
solved experiments and larger event-level thermal-runaway datasets.

Keywords: lithium-ion battery; electrode particle fracture; Lévy jump SPDE; nonlocal
damage modeling; bifurcation-aware PINN; thermal runaway early warning

1. Introduction

Lithium-ion batteries are widely used in electric vehicles, portable electronics, new-
energy facilities, and power plants. Their broad adoption is driven by high energy den-
sity, improved cycle life, and continuing advances in materials and system-level integra-
tion [1,2]. Electrochemical degradation, mechanical damage, and other material-depend-
ent failure mechanisms after many cycles also reduce the service life and safety of the
battery, especially in conditions of high-rate or high-temperature operation and mechan-
ical stress [3,4]. Among the main failure modes, particle fracture is a major degradation
pathway. It is driven by lithium concentration gradients, stress accumulation, and micro-
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structural damage. Particle fracture accelerates capacity fade, exposes fresh reactive sur-
faces, and may trigger thermal instability under extreme operating conditions [5,6]. Ther-
mal runaway is a type of self-accelerating heat release and a cascade of electrochemical
side reactions that can lead to fire or explosion; thus, it remains a major safety issue for
large-scale deployment of lithium-ion batteries [7,8].

Stochasticity and Nonlocality of Electrode Particle Fracture: The fracture process of
battery electrode particles is inherently random and results from a combination of micro-
structural defects, non-uniform lithiation paths, and the probability of crack initiation and
propagation in these particles [9,10]. Traditional deterministic models, such as Fickian dif-
fusion equations and classical continuum damage mechanics, assume a smooth, predict-
able degradation path and are unable to account for sudden, catastrophic crack events
that have been observed experimentally [11]. Fractures in brittle electrode materials (such
as silicon and high-nickel cathodes) are also nonlocal; that is, a crack nucleus at one place
can cause stress redistribution and subsequent cracking at a distant location through long-
range elastic interactions [12,13]. Therefore, this nonlocality is in conflict with the local
differential operators of the conventional PDE model.

Limitations of Existing Physics-Informed Machine Learning Approaches: Physics-in-
formed neural networks (PINNs) have shown excellent results in solving forward and
inverse problems for PDEs, such as battery degradation modelling [14,15]. Standard PINN
formulations have several deficiencies in their application to the prediction of fracture and
thermal runaway. First, vanilla PINNs are built based on deterministic governing equa-
tions and cannot model the stochastic behavior of random crack nucleation and propaga-
tion [16]. Second, they use local differential operators that are not suitable for capturing
nonlocal fracture interactions [17]. Third, the current data-driven governing-equation dis-
covery frameworks focus on identifying dynamical laws or reduced coordinates and do
not explicitly integrate bifurcation-aware early-warning mechanisms [18,19]. Fourth, most
existing studies lack an explicit early-warning function and can only forecast state-varia-
ble changes rather than detect severe deviations before failure.

Bifurcation Dynamics of Thermal Runaway: The transition to thermal runaway is, in
fact, a bifurcation phenomenon [20,21]. As the internal temperature rises, so too does the
speed of exothermic decomposition; therefore, a positive feedback loop is formed. At a
certain value of the parameter, the stable operating equilibrium loses stability via a fold
bifurcation (saddle-node), and the system jumps to a high-temperature attracting state
from which recovery cannot be achieved [22]. To detect the approach of this bifurcation,
one can identify critical slowing down and increased variance that occur just before it and
thus provide an early warning signal [23,24]. Although neural-network-based surrogate
models have recently been explored for bifurcation analysis in structural mechanics, com-
putational fluid dynamics, and nonlinear PDE systems, their integration with stochastic
nonlocal electrode-particle damage modeling for lithium-ion battery thermal-runaway
early warning remains limited.

Recent battery-specific studies have analyzed lithium-ion battery spontaneous com-
bustion and thermal-runaway critical heating using bifurcation or critical-parameter
frameworks [25,26]. In situ thermal-runaway imaging has also shown abrupt internal fail-
ure evolution during heating [27], providing phenomenological evidence of rapid internal
transition. In the present work, the fold-bifurcation framework serves as a reduced-order
stability description of heat-generation/heat-removal imbalance, with abuse-trajectory
heterogeneity retained as an explicit modeling limitation.

To address the above problems, this paper introduces a computational framework
for stochastic nonlocal damage modelling and bifurcation-aware thermal runaway warn-
ing. The four contributions are as follows:
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1. Lévy Jump Nonlocal SPDE System: A coupled system of stochastic partial differential
equations driven by Lévy jump processes is derived to model the interactions among
lithium concentration diffusion, mechanical deformation, nonlocal damage evolu-
tion, and thermal feedback in electrode particles. The Lévy jump component captures
sudden, discontinuous damage events (microcracking) that fall outside a Gaussian
stochastic representation.

2. Fractional Nonlocal Integral Operator: A nonlocal integral operator based on frac-
tional calculus and peridynamic theory is formulated to quantify long-range damage
interactions across a finite horizon. This operator generalizes classical peridynamics
by incorporating fractional-order interactions with Lévy-stable jump measures.

3. Bifurcation-Aware PINN (BA-PINN): We develop a specialized physics-informed
neural-network architecture with three functions. It tracks solution branches by
pseudo-arc-length continuation, detects bifurcations through eigenvalue analysis of
the linearized physical residual operator, and increases the training weight for bifur-
cation-proximal samples as critical parameter values are approached.

4. Damage Variance Early Warning: We establish a damage-variance monitoring
scheme that tracks the spatial heterogeneity of the predicted damage field and pro-
vides model-inferred early-warning signals with quantified lead times prior to ther-
mal-runaway onset under the evaluated abuse-test protocol.

Through experimental evaluation across synthetic fracture simulations, cycling deg-
radation records, and open-access abuse-test data, we show that the proposed framework
improves damage-field prediction and thermal-runaway warning performance under the
evaluated settings.

2. Related Work

This work sits at the intersection of battery degradation modeling, peridynamic frac-
ture mechanics, stochastic partial differential equations, physics-informed machine learn-
ing, and bifurcation theory. We review these research areas in sequence and clarify how
the proposed framework extends prior studies.

Battery Degradation and Particle Fracture Modeling: The mechanical degradation of
lithium-ion battery electrodes has been extensively studied through continuum and
mesoscale models. Doyle, Fuller, and Newman [28] established a foundational pseudo-
two-dimensional (P2D) model for battery electrochemistry, which has been subsequently
extended to include mechanical stress coupling [29]. Christensen and Newman [30] first
incorporated stress generation due to lithium intercalation into the P2D framework, while
Zhang et al. [31] developed analytical stress solutions for spherical electrode particles.
Woodford, Chiang, and Carter [32] demonstrated that dimensionless parameters control-
ling mechanical degradation can be extracted from electrochemical measurements. More
recently, Tu et al. [33] developed a coupled chemo-mechano-damage phase-field frame-
work for modeling cracking, interface debonding, and capacity fade in core-shell cathode
particles for lithium-ion batteries, providing a more recent reference for phase-field frac-
ture modeling in battery electrode materials. Ai, Wu, and Martinez-Pafieda [34] devel-
oped a coupled phase-field formulation for modelling fatigue cracking in lithium-ion bat-
tery electrode particles. However, these deterministic models do not account for the sto-
chastic nature of crack nucleation or the nonlocal interactions between crack sites.

Peridynamics and Nonlocal Fracture Mechanics: Silling [35] proposed peridynamics
(PD) as a nonlocal reformulation of continuum mechanics that is suitable for discontinui-
ties such as cracks. In PD, the classical stress-divergence operator is replaced by an inte-
gral balance over a finite spatial horizon, so crack initiation and growth can be represented
through bond failure without imposing an additional local crack-tip criterion. Silling and
Askari [36] showed that PD can represent complex fracture patterns. Macek and Silling
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[37] developed a finite-element-based implementation of peridynamics, and Oterkus,
Madenci, and Agwai [38] extended peridynamic theory to thermal diffusion problems.
Wang and Tong [39] developed a coupled chemo-mechanical peridynamic model for de-
layed fracture in electrodes during lithiation, and Wang et al. [40] studied three-dimen-
sional fracture evolution during lithiation in a peridynamic framework. Most PD-based
battery models remain deterministic and omit stochastic jump forcing or fractional-order
nonlocal interactions.

Stochastic Partial Differential Equations with Jumps: Models of random phenomena
in physical systems using SPDEs have been developed considerably. Peszat and Zabczyk
[41] present an all-encompassing study of SPDEs driven by Lévy processes, and Ap-
plebaum [42] covers the broader theory of Lévy processes and stochastic calculus. Xie [43]
studied sharp heat kernel estimates for fractional Laplacian perturbations with gradient
terms. Biccari, Warma, and Zuazua [44] obtained local elliptic regularity results for the
Dirichlet fractional Laplacian and thus provided a mathematical basis for the regularity
analysis of fractional nonlocal operators. Lévy-driven SPDEs have been used in finance,
turbulence, and anomalous diffusion, while applications to battery electrode fracture re-
main limited.

Physics-Informed Neural Networks: Raissi, Perdikaris, and Karniadakis introduced
PINNSs as a framework for encoding physical laws into neural network training through
PDE-based loss functions. Subsequent developments include XPINNs for domain decom-
position [45], cPINNSs for conservative formulations [46], and hp-VPINNSs for variational
problems [47]. PINNs have been applied to battery modeling: Wang et al. [48] developed
a physics-informed neural network for stable lithium-ion battery degradation modeling
and prognosis, while Zheng, Yin, and Zhang [49] introduced physics-informed deep op-
erator networks for electrochemical state-space modeling of Li-ion batteries.

However, standard PINN formulations do not handle stochastic equations, nonlocal
operators, or bifurcation phenomena.

Recent reviews on machine-learning-assisted multiscale design of energy materials
further highlight the role of machine learning interatomic potentials, microstructure re-
construction, and physics-informed PDE solvers in connecting atomistic, microstructural,
and continuum-scale modeling [50]. This broader multiscale learning context supports the
use of physics-informed surrogate models for battery degradation analysis, while particle-
resolved fracture evidence remains necessary for calibrating stochastic crack-evolution as-
sumptions.

Bifurcation Detection and Early Warning: Critical transitions in dynamical systems
are preceded by generic early warning signals, including increased autocorrelation, vari-
ance, and skewness. In the battery domain, Gu et al. [51] proposed a state-of-safety-based
early warning method for lithium-ion battery thermal runaway, while Goswami et al. [52]
integrated multiphysics modeling and machine learning for thermal runaway prediction
in lithium-ion battery modules. More recently, Chen et al. [53] proposed a data-driven
early warning framework for thermal runaway in energy storage batteries by combining
reconstruction-error-based anomaly detection, Bi-LSTM feature extraction, attention
mechanisms, and ensemble learning, which provides a more recent benchmark for data-
driven thermal runaway warning. Kim et al. [54] developed a multiphysics-informed neu-
ral network for modeling and predicting lithium-ion battery thermal runaway. However,
none of these approaches combine bifurcation-aware training with physics-informed neu-
ral networks or leverage nonlocal damage field variance as an early warning indicator.

Recent battery-safety studies have also emphasized physics-guided warning, multi-
modal thermal-runaway prediction, and data-driven early-warning models [51-56]. In
this context, the present framework is evaluated as a model-inferred coupling of a latent
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nonlocal damage field with bifurcation-aware state-space monitoring and remains com-
plementary to direct calorimetry-based safety testing and particle-resolved imaging vali-
dation.

Comparison with Existing Approaches: Table 1 provides a comprehensive compari-
son of our method against seven representative baseline approaches across six key capa-
bilities.

Table 1. Comparison with existing methods.

Method Stochastic Damage Nonlocal Fracture Lévy Jumps Bifurcation Awareness Physics-Informed lei;liﬁ .
Peridynamics [35] x v x x v x
Phase-Field [33] x x x x V4 x
Vanilla PINN [14] x x x x J x
XPINN [45] x x x x v x
T-RUNSAFE [56] x x x x x N
State-of-the-art EWS [51] x x x x x V4
PIARN [55] x x x x v v
Ours v v v v v v

Note: In Table 1, the check mark (v') indicates that the corresponding method explicitly includes or
supports the listed capability, whereas the cross mark (x) indicates that the capability is absent or

not explicitly incorporated in that method.

Table 1 summarizes how the proposed framework differs from representative frac-
ture, PINN, and early-warning methods in model scope and key capabilities. Existing
fracture models provide physical interpretability, but they generally lack stochastic jump
forcing and warning functions. In contrast, existing early-warning models focus on cell-
level risk indicators and do not explicitly model the evolution of nonlocal spatial damage.
Thus, the proposed framework connects stochastic nonlocal fracture modeling and bifur-
cation-aware warning through a latent damage-field representation.

3. Preliminaries

This section summarizes the mathematical foundations used by the proposed frame-
work: Lévy processes, fractional calculus, peridynamic theory, physics-informed neural
networks, and bifurcation theory. These concepts support the coupled SPDE system and
the BA-PINN architecture introduced in Section 4.

Lévy Processes and Stable Distributions: A Lévy process {L;}:s( is a stochastically
continuous process with stationary and independent increments that satisfies LO = 0 al-
most surely. The Lévy—Khintchine representation expresses such processes in terms of
their Lévy measure v, which indicates the expected number of jumps of a certain size per
unit of time. For the class of stable Lévy processes with stability index a € (0,2), the Lévy
measure has the following special form:

v, (dz) = Cylz|™1"%dz 1)

where C, is a normalisation constant that depends on the dimension and stability index.
This power-law measure has a heavy tail and a Pareto index «a; therefore, large jumps
occur with a non-negligible probability, and a Gaussian process cannot be used to model
these catastrophic crack events. The corresponding characteristic function of a general a-
stable distribution is as follows:

() = exp <—|u|“ (1-ip sgn@u)tan ?)) @)

where S € [-1,1] controls the skewness of the distribution. The stability parameter «
governs the tail heaviness: As a — 2, the distribution approaches Gaussianity, while
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smaller values of a correspond to increasingly frequent large jumps. In the context of
electrode particle fracture, empirical evidence suggests that @ ~ 1.5 provides a good
match for the distribution of microcrack sizes observed experimentally, reflecting the het-
erogeneous microstructure of battery electrode materials.

For the selected working value of o = 1.5, recent particle-resolved and cell-level evi-
dence in silicon-based anodes provides experimental motivation for jump-type stochastic
damage increments, including operando X-ray computed microtomography of channel
and interfacial cracks in silicon anode solid-state batteries [57] and abrupt degradation
observations in silicon-based lithium-ion cells [58]. These studies motivate the represen-
tation of fracture evolution as intermittent and heterogeneous, while the heavy-tailed
Lévy form and the exact stability index remain calibrated, material-dependent modeling
choices.

Fractional Laplacian and Nonlocal Diffusion: The fractional Laplacian (—A)%/? is the
infinitesimal generator of the a-stable Lévy process and can be viewed as a type of non-
local extension of traditional diffusion. For a function u on RY, the fractional Laplacian
is defined by the following singular integral:

u(x) —u

(D)) = o | Ty ®)
where C;, is a normalization constant ensuring consistency with the Fourier-domain
definition F [(—A)“/ Zu] (&) = |€]*0i(¢). The singular integral representation in Equation
(3) reveals the essential nonlocality of the operator: the value (—A)%?u(x) depends on
u(y) for all y € R%, with the influence of distant points decaying as a power law
|x — y|=(@*+®_ This long-range interaction kernel provides a natural way to model non-
local damage accumulation in battery electrode particles; that is, stress redistribution at a
crack site can affect regions far away from that site.

Peridynamic Theory: Peridynamics reformulates continuum mechanics by replacing
the divergence of stress (a local differential operator) with an integral operator defined
over a finite horizon §. The equation of motion in the peridynamic formulation is

p(x)i(x,t) = f f @, t) —ulx,t),x" —x)dVy, + b(x,t) (4)

Bg(x)
where H(x) denotes the spherical neighborhood of radius d centered at x, f (°) is the pair-
wise force function specifying the interaction between material points, and b(x, t) repre-
sents body forces. This nonlocal integral form avoids spatial derivatives at discontinuities
and permits crack initiation through bond degradation once the stretch exceeds the critical
value. The damage variable in bond-based peridynamics is the extent of material damage:

fBg(x) o (x —x|) - s ar,6)<591AVar
w (|x" — x|)dV,,

ulx, ) =1 - ©)

fBa(X)
where the influence function weights neighboring material points, and the indicator term
equals one for bonds that remain intact, i.e., bonds for which their stretch is below the
critical value. Consequently, Equation (5) defines damage as one minus the normalized
intact-bond fraction: The value approaches 0 for an intact neighborhood and approaches
1 when most bonds in the horizon have failed. This convention is used consistently in the
subsequent damage-evolution and variance-monitoring analysis.

Physics-Informed Neural Networks: A PINN parametrizes the solution u(x,t) of a
PDE by a neural network uy(x,t) and trains the network parameters 6 by minimizing a
composite loss function that penalizes the PDE residual, boundary condition violation,
and data misfit:

LPINN = Lpde + Lbc + Ldata (6)
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where L,4. measures the squared residual of the governing equation at collocation
points, L. enforces boundary and initial conditions, and Lg,, fits available observa-
tional data. While PINNs have demonstrated impressive results for deterministic forward
and inverse problems, the standard formulation in Equation (6) does not accommodate
stochastic forcing, nonlocal operators, or the detection of bifurcation points in the solution
manifold.

Bifurcation Theory: Bifurcations are qualitative changes in the behavior of a dynam-
ical system that occur as parameters cross critical thresholds. The fold (saddle-node) bi-
furcation, described by the normal form

x=21-x? (7)

captures the collision and annihilation of two equilibrium points as the control parameter
A passes through zero. For A > 0, a stable and an unstable equilibrium coexist; for 4 < 0,
no equilibria remain, and trajectories diverge to infinity —a scenario that directly models
the loss of stable operation preceding thermal runaway. The Hopf bifurcation, described
in polar coordinates by

F=r—r3 8)

corresponds to the birth of a limit cycle from an equilibrium as A increases through zero,
modeling the onset of oscillatory thermal behavior that can precede runaway. Both bifur-
cation types exhibit critical slowing down, meaning that decay rates vanish near the bi-
furcation point. In stochastic systems, this behavior appears as increased variance and
autocorrelation. These signals provide the theoretical basis for the proposed damage-var-
iance early-warning scheme.

4. Methodology

This section presents the methodological core of the framework. The Lévy jump-
driven nonlocal SPDE system for coupled electrochemical-mechanical-thermal degrada-
tion is introduced in Section 4.1, followed by the fractional nonlocal integral operator for
long-range damage interactions in Section 4.2, the Bifurcation-Aware PINN architecture
in Section 4.3, and the two-stage training strategy with damage variance monitoring in
Section 4.4.

4.1. Lévy Jump Nonlocal SPDE System

We formulate a coupled system of stochastic partial differential equations that mod-
els the interplay among lithium concentration diffusion, mechanical deformation, non-
local damage evolution, and thermal feedback in a representative electrode particle. The
system comprises four coupled equations.

Lithium Concentration Diffusion: The lithium concentration field c(x,t) evolves ac-
cording to a fractional diffusion equation with drift coupling to the damage gradient and
Langevin forcing;:

0

o= = Da(=0) V2 + V- (V) + £(c,T) + 0 Wi ©)

where D,, is the fractional diffusion coefficient (incorporating anomalous transport due
to trapping at crack surfaces), (—A)%/? is the fractional Laplacian defined in Equation (3),
the drift term V- (cVu) captures lithium flux toward damaged regions, f.(c,T) is the
temperature-dependent reaction source term, and o W, represents Gaussian white noise
modeling random concentration fluctuations. The fractional diffusion term in Equation
(9) generalizes Fick’s law to account for the anomalous subdiffusion observed in cracked
electrode particles, where the mean squared displacement of lithium ions scales as
(x2(t)) ~ t?/% rather than linearly in time.
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Mechanical Equilibrium: The mechanical displacement field u(x,t) satisfies a wave
equation with effective stress divergence, damage-dependent body forces, and Lévy jump
forcing:

0%u

pﬁzv-aeﬁ+b(u,u)+auf

z N(dt,dz) (10)
R4
where p is the material density, o°f = (1 — p)o is the effective stress degraded by the
damage field, b(u, ) is the damage-dependent body force, and the compensated Poisson
random measure integral a,, [ zN(dt,dz) introduces Lévy jump forcing that models sud-
den mechanical perturbations from microcracking events. The Lévy jump term in Equa-
tion (10) complements the Gaussian white-noise forcing in Equation (9) by representing
abrupt fracture-induced stress changes outside a purely Gaussian fluctuation model.
Nonlocal Damage Evolution: The damage field u(x,t) evolves according to a frac-

tional reaction-diffusion equation driven by Lévy-stable jump noise:

ou
= I + g ) + f 2Ny (dt, dz) (11)
R

Here, the nonlocal integral operator is defined in Section 4.2. The reaction term drives
damage growth as a function of the von Mises equivalent stress. The Lévy-stable stochas-
tic integral introduces heavy-tailed random jumps associated with large crack events. The
operator in Equation (11) captures nonlocal damage accumulation through long-range in-
teractions, while the Lévy jump term represents sudden damage increments correspond-
ing to primary crack nucleation events.

Thermal Feedback: The temperature field T(x,t) evolves according to the heat equa-
tion with reaction and Ohmic heating sources:

PGy Z—Z = kAT + Quxn (€, T) + Qonm (0) (12)
where pC, is the volumetric heat capacity, k is the thermal conductivity, Q.,(c,T) is
the exothermic reaction heat generated by SEI decomposition and electrolyte oxidation,
and Quum(0) = o°: ¢ is the Ohmic heating rate. Damage and temperature are bidirection-
ally coupled. Damage reduces effective thermal conductivity and increases Ohmic heating,
while elevated temperature accelerates damage growth by increasing reaction rates. This
positive feedback can drive thermal runaway.

Compound Poisson Representation of Lévy Forcing: The Lévy jump components in
Equations (10) and (11) admit a compound Poisson representation that facilitates numer-
ical implementation:

Jx,t) = YN0 7, 8(x — X;) (13)

i=1

where N(t) is a Poisson process with intensity Ajmp counting the number of crack
events up to time t, {Z;};>; denotes independent and identically distributed (i.i.d.) ran-
dom variables drawn from the jump size distribution v,/v,(R), and {X;};»; denotes the
spatial locations of crack events. This form indicates that crack events are a spatiotemporal
Poisson point process with random intensities and spatial locations; thus, a statistically
grounded model for the stochastic fracture process observed experimentally has been ob-
tained.

Fractional Diffusion-Reaction-Damage Equation: Combining the nonlocal operator
with the jump process yields the unified fractional diffusion-reaction-damage equation:

a
==~ Ry fR [kCx +2,8) — (e, O] v (d2) + R(6*™, 1) (14)

The first term —(—A)*?p in Equation (14) governs fractional diffusion of damage
with long-range anomalous transport. The second term is the Lévy jump integral model-
ing discontinuous damage increments from crack events, and the third term R(c"™, u)

https://doi.org/10.3390/batteries12070249
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captures local damage growth driven by stress. The competition between fractional diffu-
sion (smoothing) and jump-driven nucleation (roughness) determines the fractal charac-
ter of the damage field, consistent with experimental observations of crack surface rough-
ness in battery electrodes.

Physical Closures and Boundary/Initial Conditions: The reaction source, damage-
growth function, effective stress relation, heat-generation terms, and initial fields used in
the coupled SPDE are defined in Equation (15). The synthetic particle simulations use no-
flux concentration boundaries, traction-free mechanical boundaries, and convective ther-
mal boundaries. These closures specify the reproducible numerical experiment and re-
main separate from chemistry-specific abuse models.

R.(c,T) = kcexp(—EC/(RT))c(l —-c)
G (O, T, 1) = Aqexp(—Eq/(RT))max(0ym — o, 0)™ (1 — 1)
Oerr = (1 — u)?C: (e — &) (15)
Qran(T, 1) = Xy Hy Arexp(—E/(RT))Xr,  Qonm = I*Rine(u, T)
c(x,0) = co + &), u(x,0) =po+&,(x), u(x,0)=0, T(x,0)=Tem

4.2. Fractional Nonlocal Integral Operator

We formulate a generalized nonlocal integral operator that combines fractional cal-
culus with peridynamic horizon constraints, capturing long-range damage interactions
beyond the classical peridynamic formulation.

Operator Definition: The fractional nonlocal integral operator is defined as

LYl G ) = f (', ) = p(x )

Bs() |xr _ x|1+a K5(|x’ - xl)dx, (16)
s

where Bg(x) is the horizon neighborhood of radius &, |x' — x|~+®) is the fractional in-
teraction kernel with stability index «, and K5(r) = (§ —r)?/8? is a horizon-modulating
kernel that smoothly attenuates interactions near the horizon boundary. The operator in
Equation (16) generalizes classical peridynamics (which corresponds to =1 with a constant
kernel) to fractional-order interactions that capture the heavy-tailed spatial correlations of
damage observed in heterogeneous electrode materials. As a — 2, the operator localizes
to a second-order differential operator, recovering classical damage mechanics. For a €
(0,2), the operator exhibits the nonlocal scaling properties characteristic of fractional equa-
tions. To clarify the components of the proposed fractional nonlocal damage representa-
tion, Figure 1 first visualizes the fractional kernel, a representative Lévy jump trajectory,
and the spatially varying horizon function.

Figure 1 shows the main components of the proposed fractional nonlocal damage
representation. As shown in Figure 1a, decreasing a from 2.0 to 1.2 produces a heavier-
tailed kernel and therefore increases sensitivity to long-range interactions within the peri-
dynamic horizon. Figure 1b illustrates a discontinuous Lévy jump trajectory used to rep-
resent sudden microcrack nucleation and damage bursts. Figure 1c shows the spatially
varying horizon function d(x), which allows the nonlocal interaction range to vary across
the electrode-particle domain. Together, these components provide the stochastic, non-
local, and spatially adaptive basis of the fracture model introduced in Section 4.

https://doi.org/10.3390/batteries12070249
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Figure 1. Conceptual schematic of the fractional nonlocal modeling components. (a) Fractional non-
local kernel for varying stability index a, showing increasingly heavy-tailed interactions as a de-
creases. (b) Representative Lévy jump trajectory, where the blue step line represents the cumulative
Lévy jump process L(t), and the red markers indicate individual jump events. (c) Spatially varying

horizon function d(x), which modulates the nonlocal interaction range across the particle domain.

4.3. Bifurcation-Aware PINN Architecture

The Bifurcation-Aware PINN (BA-PINN) is introduced as an extension of the stand-
ard PINN framework that incorporates bifurcation detection, pseudo-arc-length branch
tracking, and damage-variance-based critical-transition monitoring.

4.3.1. Overall Framework

The BA-PINN parameterizes the solution fields (c,u,u, T) of the coupled SPDE sys-
tem (Equations (9)—(12)) with deep neural networks and trains them using a composite
loss function that includes the PDE residual, boundary conditions, data fitting, and a novel
bifurcation awareness term. The system contains three submodules: the physics network,
the bifurcation module, and the monitoring module. The physics network enforces the
SPDE residuals, the bifurcation module tracks eigenvalues of the linearized physical re-
sidual operator, and the monitoring module computes damage variance for early warn-
ing. Before discussing the training procedure, Figure 2 provides an overview of the BA-
PINN architecture and the information flow among the physics, bifurcation, and monitor-
ing modules.

Figure 2 summarizes the BA-PINN structure. The physics network receives spatial
coordinates x and time t and outputs the concentration, displacement, damage, and tem-
perature fields. Automatic differentiation and FFT-based nonlocal operators are then used
to compute the SPDE residuals. The bifurcation module linearizes the learned physical
residual with respect to the state variables and tracks its leading eigenvalues as the control
parameter changes. A leading real eigenvalue approaching zero is treated as a fold-type
instability indicator, whereas a complex-conjugate eigenvalue pair crossing the imaginary
axis is treated as a Hopf-type instability indicator. Stability analysis is therefore associated
with the physical state space and separated from neural-network parameter-space eigen-
values.
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Figure 2. Conceptual workflow schematic of the BA-PINN framework. It has a three-component
structure: the physics network for enforcing SPDE residuals, the bifurcation module for eigenvalue
tracking of the linearized physical residual operator, and the monitoring module for damage vari-
ance computation and early warning. Arrows show information flow in training and inference.
Black bidirectional arrows indicate coupling between state variables; blue dashed lines represent
spatial nonlocal interactions; red dashed arcs denote heavy-tailed Lévy-jump events; and purple
arrows indicate information flow. Blue, green, red, and orange identify the concentration, displace-

ment, damage, and temperature variables, respectively.

4.3.2. Pseudo-Arc-Length Continuation

To track solution branches through fold bifurcations where standard parameter con-
tinuation fails, we implement pseudo-arc-length continuation in the BA-PINN training
loop. Given a parameter A (e.g., charge rate or ambient temperature) and the network
parameter 6, the method augments the system with a normalization constraint on the
tangent vector (§,1) along the solution branch. The continuation algorithm adapts the
step size based on the curvature of the solution branch, taking smaller steps near the bi-
furcation point where the branch turns. This enables the BA-PINN to follow the solution
manifold around fold points and detect the critical parameter value A" at which stable
operation ceases to exist. To illustrate how the proposed continuation strategy handles
stability loss, Figure 3 presents a synthetic pseudo-arc-length continuation diagram across
the fold bifurcation.

Figure 3 illustrates the pseudo-arc-length continuation capability. As the charge-rate
parameter increases, the damage norm grows smoothly along the stable branch until
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reaching the fold bifurcation point (red star), where the stable and unstable branches co-
alesce and annihilate. Standard parameter continuation (dashed line) terminates near the
critical charge-rate region because the Newton iteration diverges after the stable solution
branch disappears. The BA-PINN continuation (solid line) tracks the branch around the
fold point, follows the unstable branch, and provides information about the basin bound-
ary of stable operation. This capability supports identification of operating conditions as-
sociated with thermal-runaway risk.

1.4 - |
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Figure 3. Synthetic schematic of pseudo-arc-length continuation. The diagram shows the solution
branch as a function of the charge rate parameter y. The BA-PINN continuation tracks the branch
through the fold bifurcation point (red star), whereas standard parameter continuation (dashed line)
terminates near the critical charge-rate region. The red vertical dashed line marks the critical charge-

rate parameter y = 4.5 at the fold bifurcation.

4.3.3. Lyapunov Exponent Computation

To quantify the rate of divergence of nearby trajectories in the learned dynamics, the
BA-PINN computes the largest Lyapunov exponent:

1. 10u(t; 8)
Ap(0) = tlggzln T
0

| (17)

Positive Lyapunov exponents indicate sensitive dependence on initial conditions and
can serve as auxiliary diagnostic indicators of local dynamic instability. In the present im-
plementation, the main reported early-warning results are based on bifurcation-aware
state-space eigenvalue tracking and damage-variance monitoring. The exponent is esti-
mated by the algorithm of Benettin et al. [59]. A systematic comparison between variance-
only warning and variance-plus-Lyapunov warning is left as a future extension, so the
Lyapunov exponent is interpreted here as a complementary diagnostic rather than an in-
dependently validated performance driver.

https://doi.org/10.3390/batteries12070249



Batteries 2026, 12, 249

13 of 37

4.3.4. Eigenvalue Tracking and Bifurcation Detection

The bifurcation module monitors the eigenvalues of the linearized physical residual
operator. Let F(U,) = 0 denote the discretized residual form of the coupled SPDE sys-
tem, where U = [C, u, u, T] represents the learned physical state fields, and 4 denotes
a control parameter such as charge rate, ambient temperature, or heating power. Around
a learned solution U X (1), the local stability operator is defined as

1o =250 e (18)

As the system approaches a fold bifurcation, the leading real eigenvalue of the local
stability operator approaches zero from the stable side, indicating critical slowing down.
Hopf-type instability is identified when a monitored complex—conjugate eigenvalue pair
crosses the imaginary axis. In this formulation, the neural network serves as a differenti-
able surrogate for evaluating the physical residual and its state-space linearization; phys-
ical stability interpretation is assigned to state-space eigenvalues, with neural-parameter-
space eigenvalues excluded from that interpretation.

Implementation Details for Eigenvalue Tracking: The residual is assembled on the
same 128 x 128 spectral grid used for the synthetic fracture simulations and on the event-
window feature grid used for abuse-test warning. The Jacobian is computed by automatic
differentiation with vector—Jacobian products and by finite-difference verification on a
subset of validation samples. Leading eigenvalues are estimated using an implicitly re-
started Arnoldi iteration. In synthetic continuation experiments, the charge-rate parame-
ter v is varied; in abuse-test warnings, the effective control parameter is the normalized
thermal-abuse severity or heating-power descriptor. The bifurcation threshold is valida-
tion-selected and then fixed before held-out evaluation.

4.4. Two-Stage Training and Damage Variance Monitoring
4.4.1. Two-Stage Training Strategy

The BA-PINN uses a two-stage training strategy. Stage I (physics fitting, epochs 1-
5000) prioritizes accurate reconstruction of the coupled SPDE fields by minimizing resid-
ual, boundary-condition, and data-misfit terms. Stage II (bifurcation awareness, epochs
5001-15,000) gradually increases the weight assigned to bifurcation detection so that the
network resolves the stability boundary after the physical fields have been fitted:

Ltotal = Wpde(t)Lpde + WbcLbc + WdataLdata + Wbif(t)Lbif (19)

where wppr decreases with training time, wy. and wgqe, remain fixed, and wy; in-

creases during Stage II. The bifurcation loss is defined explicitly as
Lpie = NirZIivzrl softplus (& + Re()Ll-))2 + 1y ixyfl softplus (|Re(/1]¢)| - EH)Z (20)

In Equation (20), 4; denotes the leading real eigenvalues of the state-space linearized
residual, A; denotes the monitored complex—conjugate eigenvalue pairs, ¢ is the fold-
margin tolerance, €, is the Hopf-margin tolerance, and 1y balances the fold and Hopf
penalties. The softplus function is used as a differentiable penalty for near-critical or un-
stable configurations, which makes the two-stage training process reproducible. To make
the two-stage optimization procedure explicit, Figure 4 plots the evolution of the major
loss components and training weights during BA-PINN training.

Figure 4 shows the two-stage training process. In Stage I, the PDE loss drops quickly
as the network learns the underlying physics, and the bifurcation loss is not yet changing.
At the transition to Stage II (epoch 5000), the bifurcation weight wy;(t) increases linearly
and gradually shifts the focus of training to eigenvalue monitoring. The overall loss shows
a typical two-stage decay: a rapid decrease at the beginning after physics fitting, followed
by slower convergence to the bifurcation-aware minimum. An adaptive schedule avoids
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Figure 4. Synthetic training-diagnostic schematic for the two-stage training strategy. (a)Evolution
of the total loss, PDE loss, boundary/data loss, and weighted bifurcation loss during training. Stage
I (epochs 1-5,000) focuses on physics fitting, whereas Stage II (epochs 5,001-15,000) activates bifur-
cation awareness. (b) Evolution of the normalized bifurcation weight, physics emphasis, and mon-
itoring emphasis, showing the transition from physics-first learning to eigenvalue monitoring and

critical-transition detection.

4.4.2. Damage Variance Monitoring

The damage variance provides a scalar early warning indicator that tracks the spatial
heterogeneity of the predicted damage field:

1
2]
where ji(t) denotes the spatial mean of the damage field over the particle domain. As the
system approaches a critical transition, localized damage increments and crack-like re-
gions emerge and interact, increasing the spatial heterogeneity of the predicted damage
field. This increase is quantified by the damage variance and used as a model-inferred
warning indicator. The warning threshold Our is selected only on the validation set by

oz (t) =

j (u(x, £) — )2 dx 1)
n

maximizing the F1 score subject to a false-positive-rate constraint of 2% and a minimum
validation lead-time constraint of 3 h. Once selected, Our is fixed and applied unchanged
to the held-out test events. Lead time is defined as the interval between the first threshold
crossing and the independently recorded thermal-runaway onset for each held-out abuse-
test event. To demonstrate the warning indicator used in the model, Figure 5 shows a
representative damage-variance trajectory and the corresponding threshold-crossing lead
time.
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Figure 5 shows the damage-variance curve of a representative warning case. The var-
iance is initially small, increases as localized damage increments accumulate and interact,
and then rises more sharply before the onset of thermal runaway. In this representative
case, the BA-PINN warning threshold is crossed at 4.8 h, yielding a 5.2 h lead time before
the recorded onset at 10.0 h. This example illustrates the calculation of the model-inferred
warning indicator; field-level effectiveness under practical battery-management condi-
tions remains dependent on event-level validation and hardware-in-the-loop testing.

Thermal runaway onset

Warning triggered tr = 10.0 h

twarn = 4.8 h

Ground truth

Lévy-SPDE / BA-PINN
Vanilla PINN

Adaptive warning threshold

Lead time = 5.2 h %
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Figure 5. Representative model-inferred warning example based on the damage-variance indicator.
The trajectory shows the characteristic increase prior to thermal runaway. The BA-PINN warning
threshold is crossed at 4.8 h, corresponding to a lead time of 5.2 h before the thermal-runaway onset

at 10.0 h in this representative evaluation case.

4.4.3. Cross-Scale Interpretation of Damage Variance

The damage variance used by the BA-PINN is a particle-scale state variable inferred
from the stochastic nonlocal damage model. The Oxford cycling records and the Battery
Failure Databank do not contain in situ particle-scale crack maps. Therefore, the cell-level
warning experiment is an indirect assessment: Measurable electrochemical, thermal, and
abuse-test descriptors are used to condition the latent damage-state surrogate. The result-
ing warning signal is interpreted as a model-inferred risk indicator; direct microfracture
measurement in each tested cell would require particle-resolved imaging.

The latent damage state is constrained by measurable voltage, current, temperature,
capacity, resistance, calorimetric, and abuse-descriptor features through the data-misfit
term and the physics residual. Uncertainty is propagated using Monte Carlo dropout and
five random-seed ensembles; the reported confidence intervals therefore combine initial-
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ization variability and latent-state uncertainty. Because particle-scale crack maps are un-
available in the Oxford and Battery Failure Databank records, this uncertainty estimate
remains model-inferred and complements direct crack-map measurement.

This two-level validation design defines the scope of the present study. Synthetic
fracture experiments test whether the proposed SPDE-informed surrogate reproduces
controlled nonlocal damage fields, whereas abuse-test experiments evaluate the associa-
tion between inferred state indicators and event-level thermal-runaway warning perfor-
mance under the evaluated protocol.

5. Experimental Setup

This section presents the datasets, evaluation metrics, baseline methods, and imple-
mentation environment used in the experimental evaluation.

5.1. Datasets

Three complementary datasets are used to evaluate distinct components of the
framework: simulated particle-fracture fields for damage-field reconstruction, Oxford cy-
cling records for degradation-feature conditioning, and Battery Failure Databank records
for event-level thermal-runaway warning. Training and evaluation are performed within
each dataset-specific validation task, without cross-dataset fusion. This dataset-specific
design separates synthetic spatial damage-field validation from real cycling-degradation
conditioning and abuse-test warning evaluation.

Simulated Fracture Dataset: A synthetic dataset of 2048 electrode particle fracture
simulations is generated using the Lévy jump SPDE system with systematically varied
parameters. Each simulation samples the stability index, charge rate, initial crack density,
and Lévy jump intensity. The simulations are carried out on a 128 x 128 spatial grid over
100 time steps, and a spectral fractional step method is used for the diffusion component
and an adaptive Euler-Maruyama scheme is used for the stochastic terms. Each sample
contains the entire spatiotemporal development of concentration, displacement, damage,
and temperature fields, as well as a binary thermal-runaway label. The six crack-pattern
morphologies are radial, circumferential, branching, spalling, intergranular, and trans-
granular fracture.

Oxford Battery Dataset: The Oxford Battery Degradation Dataset 1 [60], together with
the associated degradation-diagnostics study [61], contains aging measurements from
eight Kokam SLPB533459H4 740 mAh lithium-ion pouch cells tested in a thermal chamber
at 40 °C. The dataset provides voltage, charge/capacity, and temperature measurements
under repeated cycling and periodic characterization, from which we extract 12 engi-
neered features, including SOH, internal resistance, incremental-capacity features, and
temperature-trajectory statistics. This dataset enables evaluation of our framework on
real-world cycling data where gradual degradation precedes capacity-based end-of-life.
The definitions of the main symbols, abbreviations, and Oxford cycling features used for
degradation-feature conditioning are summarized in Appendix A Table Al.

Battery Failure Databank: The open-access Battery Failure Databank [62] contains
abuse-test records of commercial lithium-ion cells undergoing thermal runaway under
thermal, nail-penetration, and internal-short-circuit triggering conditions. The database
reports cell format, trigger mechanism, heat output, mass ejection, heating power, time
to trigger thermal runaway, and related calorimetry-based safety descriptors. Records
retained for the warning task contain independently reported thermal-runaway onset
and sufficient pre-onset measurements. To support event-level reproducibility while
preserving the main-text dataset overview, the retained abuse-test subset is summarized
in Appendix A Table A2; the corresponding record identifiers, trigger categories, posi-
tive-event labels, negative/pre-runaway windows, and train/validation/test assignments
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are archived with the code in the OSF repository. The dataset supports cell-level risk
identification and lead-time estimation under abuse-induced failure conditions, while
particle-scale crack morphology remains outside its measurement scope. To summarize
the data sources and clarify the role of each dataset in the validation workflow, Table 2
reports the sample scale, feature construction, crack-pattern availability, and test condi-
tions for the three datasets.

Table 2. Dataset statistics.

Dataset

Sample Scale Feature Construction Crack Patterns Source/Test Condition

Simulated Fracture

10 physical/stochastic

2048 simulations parameters; dataset- 6 Synthetic SPDE

specific training

12 engineered features;

Oxford Battery 8 Kokam pouch cells degradation condition- N/A(not available) CC-CV charge
ing only
. Retained abuse records  Safety descriptors; Thermal, nail-penetra-
Battery Failure Data- . . . . . .
with TR onset; event-disjoint split; N/A(not available) tion, and internal-short
bank oo .
IDs/splits in OSF  crack maps unavailable abuse

Table 2 serves as a hierarchical validation map. Synthetic fracture fields provide con-
trolled ground truth for damage prediction, Oxford cycling records supply real degrada-
tion trajectories without thermal-runaway onset labels, and the Battery Failure Databank
records provide abuse-induced thermal-runaway endpoints for warning evaluation. This
separation reduces leakage risk across physical scales and clarifies the indirect nature of
the cell-level warning task for the latent particle-scale damage indicator.

For the warning experiment, all temporal windows originating from the same abuse
record are assigned to the same data split to prevent leakage across training, validation,
and test sets. Model hyperparameters and warning thresholds are selected on the valida-
tion split and then fixed for held-out test evaluation. Positive warning windows are de-
fined relative to the independently recorded thermal-runaway onset. Negative or low-risk
windows are selected from early pre-onset periods outside the warning horizon. The se-
lection follows the archived split protocol. The retained-record counts, positive and neg-
ative/pre-runaway windows, split assignments, trigger-type distribution, false-alarm de-
nominator, and representative held-out operating point are summarized in Appendix A
Table A2 and in the archived split file.

5.2. Evaluation Metrics

The three representative indicators of the accuracy of damage prediction are as fol-
lows.

Mean Squared Error (MSE): The MSE quantifies the average squared difference be-
tween predicted and true damage fields:

MSE = 23, (™! — e (22)
A smaller MSE indicates a better-fitting point-wise prediction. The mean and stand-
ard deviation are reported across five independent runs with different random seeds. The
MSE in Equation (22) strongly penalizes large errors and is therefore sensitive to outliers
such as mislocalized crack predictions that reduce damage-forecast accuracy.
Structural Similarity Index (SSIM): The SSIM evaluates the perceptual similarity be-
tween predicted and true damage patterns:

SSIM = (Zﬂx#y+01)(20xy+02) (23)

(w241l +cy) (02 +03+c2)
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where p, and u, are local means, 0?2 and 03% are local variances, oy, is the local covari-
ance, and ¢; and ¢, are stability constants. SSIM € [0,1], and higher SSIM values indicate
better structural fidelity. SSIM captures crack morphology, connectivity, and spatial dam-
age patterns that may be missed by MSE alone. The luminance, contrast, and structure
comparison terms in Equation (23) jointly assess perceptual quality. Therefore, SSIM pro-
vides a useful structural metric for interpreting damage-field predictions.

F1 Score: For thermal runaway classification, we use the following F1 score:

2 X Precision - Recall
F1 =

— (24)
Precision + Recall

which balances precision and recall for the thermal runaway positive class. This is partic-
ularly important given the class imbalance in battery datasets, where thermal runaway
events are rare compared to normal operation cycles. The F1 score in Equation (24) pro-
vides a single metric that captures the tradeoff between correctly identifying impending
thermal runaway events (recall) and minimizing false alarms that trigger unnecessary
protective shutdowns (precision).

5.3. Baseline Methods

Task-specific baseline methods span classical physics-based models, standard PINN
variants, machine-learning models, and specialized early-warning approaches. For dam-
age-field prediction, the baselines include Fickian PDE, standard peridynamics, phase-
field, Vanilla PINN, XPINN, and cPINN; all are trained or calibrated on the same simu-
lated fracture splits and evaluated with identical MSE, MAE, and SSIM metrics. Thermal-
runaway early-warning baselines include CNN-LSTM, SOS-EWS, T-RUNSAFE, MPINN,
and PIARN. When compatible input channels are available, all warning baselines use the
same event-window features and the same event-level train/validation/test split. Their
thresholds are selected only on the validation set. Hyperparameters for neural baselines
are tuned by validation AUC-PR, whereas warning thresholds are tuned by validation F1
under the false-positive-rate and minimum-lead-time constraints used for the proposed
method. Because some baselines operate on cell-level signals, whereas the proposed
model contains an additional latent damage-field module, the comparisons are inter-
preted as task-level warning comparisons under a common split: Fickian PDE: classical
diffusion equation with concentration-dependent diffusivity; Standard PD: bond-based
peridynamics with deterministic evolution [35]: Phase Field: Allen-Cahn-type phase-field
fracture model [33]; Vanilla PINN: standard physics-informed neural network [14];
XPINN: extended PINN with domain decomposition [45]; cPINN: conservative PINN for-
mulation [46]; CNN-LSTM: convolutional-recurrent neural network baseline; SOS-EWS:
state-of-safety-based early warning method for lithium-ion battery thermal runaway [51];
T-RUNSAFE: transformer-guided multimodal thermal-runaway prediction baseline fol-
lowing the reported warning-oriented configuration [56]; MPINN: multiphysics-informed
neural-network baseline using thermal and safety descriptors when compatible inputs are
available; PIARN: physically informed attention residual network baseline for battery in-
telligent temperature warning.

5.4. Implementation Details

The BA-PINN is implemented in PyTorch 2.0 using fully connected networks with
8 hidden layers of 128 neurons and the tanh activation function for the physics network.
The bifurcation module uses 4 hidden layers of 64 neurons. Adam is used with a learn-
ing rate of 1.0 x 10-% in Stage I and 5.0 x 10~* in Stage II. The fractional Laplacian is com-
puted by FFT-based spectral discretization, and the Lévy jump integral is approximated
by a compound Poisson representation with validation-selected intensity. All experi-
ments are run on NVIDIA A100 GPUs with 80 GB of memory (NVIDIA Corporation,
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Santa Clara, CA, USA). Hyperparameters are selected by grid search on a validation
split, with the search space detailed in Table 3. Random seeds 0—4 are used for the five
reported runs, and all feature normalization statistics are computed from the training
split only.

Table 3. Hyperparameter search space.

Hyperparameter Search Range Selected Value

Fractional order « (1.2,1.8) 1.5

Horizon radius & (5, 15) 10

Lévy intensity Ajump (0.01, 0.5) 0.12

Network depth (Physics) (4, 10) 8
Network width (physics) (64, 256) 128

Stage I epochs N; (3000, 8000) 5000
Bifurcation threshold € (0.01, 0.1) 0.05

The hyperparameter search indicates that the selected fractional order provides the
best tradeoff between long-range damage interaction and numerical stability under the
validation protocol. The horizon radius balances computational efficiency with physical
accuracy, and the Lévy jump intensity controls the frequency of discontinuous damage
increments. The bifurcation threshold is selected on the validation set according to the
precision—recall tradeoff under a minimum lead-time constraint and is then applied un-
changed to the held-out test events. The hardware, software, batch size, training time, and
inference-time settings used in all experiments are summarized in Table 4.

Table 4. Computational configuration.

Component Specification
GPU NVIDIA A100 80 GB (NVIDIA Corporation, Santa Clara, CA, USA)
CPU AMD EPYC 7742 64-Core (Advanced Micro Devices, Inc, Santa Clara, CA, USA)
RAM 256 GB DDR4
Framework PyTorch 2.0, CUDA 11.8
Batch size 64
Training time (per model) ~42h
Inference time (per sample) ~12 ms
Python Python 3.10.13
NumPy/SciPy NumPy 1.24.4; SciPy 1.10.1
scikit-learn/pandas scikit-learn 1.3.2; pandas 2.0.3
FFT and eigenvalue backend torch.fft with cuFFT; scipy.sparse.linalg eigs/Arnoldi checks
Reproducibility files requirements.txt, environment.yml, random seeds, and split identifiers deposited in OSF

The computational configuration in Table 4 enables efficient training of the BA-PINN
on the evaluated research-scale GPU platform. The inference time of approximately 12 ms
per sample indicates computational feasibility for near-real-time inference in laboratory
or server-side monitoring settings. This result is limited to the evaluated research-scale
platform and should be separated from embedded BMS readiness. Production battery-
management systems usually impose strict memory footprints, deterministic execution,
fixed-point or low-precision arithmetic, processor-specific latency constraints, and safety
certification requirements. Embedded deployment will therefore require quantization-
aware training, fixed-point validation, pruning, or knowledge distillation, and hardware-
in-the-loop latency tests before field use.
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6. Experimental Results

This section presents the experimental evaluation of the proposed framework under
the available synthetic, cycling, and abuse-test settings. We first assess damage prediction
accuracy on the Simulated Fracture dataset (Section 6.1); then evaluate thermal-runaway
risk identification and early-warning performance using degradation features and abuse-
test records (Section 6.2); conduct ablation studies (Section 6.3); analyze hyperparameter
sensitivity (Section 6.4); and examine computational efficiency (Section 6.5).

6.1. Damage Prediction
6.1.1. Quantitative Comparison

Damage-field prediction accuracy is evaluated on the Simulated Fracture dataset by
comparing the proposed Lévy jump SPDE with BA-PINN against seven baseline methods.
The quantitative comparison of damage-field prediction performance is reported in Table
5.

Table 5. Damage prediction performance.

Method MSE | MAE | SSIM 1
Fickian PDE 0.156 + 0.008 0.302 + 0.014 0.641 +0.018
Standard PD 0.118 + 0.007 0.249 +0.012 0.712+0.016
Phase-Field 0.094 + 0.006 0.214 +0.011 0.768 +0.014
CNN-LSTM 0.086 + 0.006 0.198 + 0.010 0.801 +0.013

Vanilla PINN 0.073 +0.005 0.181 + 0.009 0.831 +0.012
XPINN 0.059 + 0.004 0.154 + 0.008 0.879 +0.010
cPINN 0.051 + 0.004 0.143 + 0.007 0.902 + 0.009

Ours 0.023 + 0.002 0.087 + 0.005 0.962 + 0.006

Note: Values are reported as the mean + standard deviation over five independent runs. Lower
MSE/MAE and higher SSIM indicate better damage-field prediction quality.

As shown in Table 5, the proposed method achieves an MSE of 0.023 + 0.002, an MAE
of 0.087 + 0.005, and an SSIM of 0.962 + 0.006 on the simulated fracture dataset. Compared
with the best baseline cPINN, the new method reduces the MSE by about 55% and has
better structural accuracy. Since the ground-truth damage fields in this experiment are
generated by controlled SPDE simulations, the results mainly verify numerical con-
sistency and surrogate-learning capabilities. Direct quantitative verification of the crack
field in experiments is still needed before concluding that the prediction is accurate for
real electrode-particle cracks. To complement the numerical comparison in Table 5, Figure
6 visualizes the same damage-prediction metrics across all evaluated methods.

Figure 6 shows the comparison of damage-field prediction results from all methods
visually. Figure 6a shows that the proposed method has the lowest MSE among all the
compared models and is thus better at point-wise damage prediction. Figure 6b also
shows the lowest MAE and shows a more stable absolute-error control of the damage-
field samples. As shown in Figure 6¢, the proposed method has the highest SSIM, close to
1, and can retain the structure of cracks, connections, and spatial arrangements of damage
effectively. The proposed method achieves the lowest MSE and MAE and the highest
SSIM, indicating both lower point-wise prediction errors and better structural fidelity.
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Figure 6. Synthetic-fracture validation result for damage-field prediction performance. Panels show
(a) MSE, (b) MAE, and (c) SSIM, with error bars denoting standard deviations over five independent
runs. Lower MSE/MAE and higher SSIM indicate better prediction performance.

6.1.2. Qualitative Visualization

To qualitatively assess crack-pattern reconstruction, Figure 7 compares the predicted
damage fields for a representative radial crack case against the controlled SPDE ground
truth.

Fickian PDE Phase-Field Vanilla PINN

Figure 7. Synthetic-fracture validation result showing qualitative damage-field reconstruction.
From left to right: ground truth from controlled SPDE simulation, Fickian PDE prediction, Phase-
Field prediction, Vanilla PINN prediction, and Ours. The color map indicates damage intensity from
0 (blue, intact) to 1 (red, fully fractured).

Figure 7 provides a qualitative damage-field comparison for a radial crack-pattern
test case. The Fickian PDE prediction shows significant blurring and limited reconstruc-
tion of sharp crack-tip and branching features. The phase-field model captures the general
crack direction but produces diffused crack surfaces and misses secondary branches. Va-
nilla PINN improves crack localization but exhibits spurious oscillations near the crack
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tip under discontinuous damage evolution. The proposed method closely follows the con-
trolled SPDE ground truth, including the main radial cracks, secondary branches, and
sharp crack tips. The Lévy jump term introduces sharp transitions at crack surfaces, and
the nonlocal fractional operator represents long-range crack interactions. Bifurcation-
aware training further improves prediction near critical damage concentrations.

6.1.3. Damage Variance Trajectory Analysis

To examine whether the proposed method captures the temporal development of
damage heterogeneity, Figure 8 compares damage-variance trajectories predicted by dif-
ferent methods with the controlled SPDE ground truth.

Ground truth
Fickian PDE

Standard PD
Vanilla PINN Critical slowing down —-
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critical transition phase
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Figure 8. Synthetic-fracture validation result for damage-variance trajectory prediction. Damage-
variance trajectories Oﬁ (t) predicted by different methods compared with controlled SPDE ground
truth (black). Fickian PDE (blue) and Standard PDE (green) significantly underestimate the variance
growth rate. Vanilla PINN (orange) captures the general trend but misses the sharp increase before

runaway. Ours (red) tracks the simulated trajectory, including pre-runaway spikes.

Figure 8 shows damage-variance trajectories predicted by the evaluated methods.
The three stages of the controlled SPDE ground-truth variance (black) include an initial
plateau for uniform microcrack nucleation, a slow increase during crack growth and in-
teraction, and a sudden spike before thermal runaway due to primary crack coalescence.
Classical models (Fickian PDE and Standard PD) underestimate variance growth because
of limited stochastic forcing and nonlocal representation. Vanilla PINN captures the gen-
eral trend but produces a weaker pre-runaway spike because the deterministic loss func-
tion suppresses large-fluctuation regions. The proposed method tracks the three simu-
lated phases, including the critical pre-runaway spike, through the Lévy jump component
and bifurcation-aware training near critical transitions.

6.2. Thermal Runaway Early Warning

We evaluate thermal-runaway risk identification and early-warning performance us-
ing degradation features extracted from Oxford cycling records and abuse-test records
from the Battery Failure Databank. Because Oxford cycling records mainly describe grad-
ual aging rather than direct thermal-runaway onset, event-level thermal-runaway evalu-
ation is conducted on abuse-test records with independently recorded onset times. All
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temporal windows from the same abuse record are kept within the same split to prevent
leakage, and feature normalization, model selection, and warning-threshold calibration
are performed without using test events. Lead time is defined as the interval between the
first warning trigger and the recorded thermal-runaway onset for each test event.

6.2.1. Classification Performance

Table 6 summarizes the thermal-runaway early-warning performance of the pro-
posed method and competing baselines in terms of AUC-ROC, AUC-PR, F1 score, and
warning lead time.

Table 6. Thermal runaway early-warning performance.

Method AUC-ROCt  AUC-PR 1 F11 Lead Time (h) 1
CNN-LSTM 0.891+£0.020  0.812+0.022 0.804+0.019 2.8+04
SOS-EWS 0914+0.015  0.842+0.018 0.827+0.017 33+04
VanillaPINN  0923+0.012  0.892+0.015 0.871+0.014 40+03
T-RUNSAFE [56]  0.965+0.006  0.943+0.008  0.914 +0.010 38403
MPINN 0.971+£0.006  0.950+0.007 0.919 0.009 42103
PIARN [55] 0.978 +0.005  0.957+0.006 0.928 +0.008 45202
Ours 0.987+0.004  0.974+0.005 0.946 +0.006 52402

Note: AUC-PR is retained because thermal runaway events are rare; lead time is measured as the
interval between the warning trigger and thermal runaway onset. t indicates that a higher value

is better.

Under the event-level evaluation protocol used in this study, the proposed method
achieves an AUC-ROC of 0.987 + 0.004, an AUC-PR of 0.974 + 0.005, an F1 score of 0.946 +
0.006, and an average lead time of 5.2 + 0.2 h. Confidence intervals are computed over five
random seeds with event-disjoint resampling. False alarms are counted over retained pre-
onset event-window sequences, and the operating threshold selected on the validation set
keeps the false-positive rate at approximately 2%. These lead-time results are reported
together with the retained-event distribution, trigger-type composition, and false-alarm
calculation protocol summarized in Appendix A Table A2.

Trigger-stratified performance is evaluated for thermal abuse, nail penetration, and
internal short-circuit records when each retained split contains sufficient events. These
stratified results provide a supplementary robustness check alongside the aggregate
AUC-ROC, AUC-PR, F1 score, and lead-time metrics. The OSF repository contains the
event-identifier split file, confusion-matrix script, and false-alarm-per-hour calculation
files used for reproducibility. To provide a visual comparison of warning performance
after the numerical metrics in Table 6, Figure 9 plots the AUC-ROC, AUC-PR, F1 score,
and lead time for all evaluated methods.

Figure 9 shows the comparison of thermal-runaway early-warning performance for
the above methods. The proposed method achieved the best AUC-ROC, AUC-PR, F1-
score, and lead time in this experiment. These results support the feasibility of the pro-
posed warning mechanism, while broader validation across larger event-level datasets
remains necessary.
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Figure 9. Thermal-runaway warning validation result. Abuse-test thermal runaway early-warning
performance comparison across all evaluated methods. Panels show (a) AUC-ROC, (b) AUC-PR, (c)

F1-score, and (d) lead time. Error bars denote standard deviations over repeated event-level splits.

6.2.2. ROC Curves

To further evaluate discrimination performance over different decision thresholds,
Figure 10 presents the ROC curves for thermal-runaway detection.
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Figure 10. Thermal-runaway warning validation result. Abuse-test receiver operating characteristic
(ROCQ) curves for thermal runaway detection. The diagonal dashed line represents random classifi-
cation. The proposed method (red solid) achieves the highest true-positive rate across the evaluated
false-positive-rate range, with an AUC of 0.987. PIARN (blue soild) follows with an AUC of 0.978,
while CNN-LSTM (green dotted) shows the lowest performance with an AUC of 0.891.

Figure 10 displays the ROC curves for thermal-runaway detection. The curve of the
proposed method lies above the compared baselines in the evaluated dataset, indicating
stronger discrimination under the chosen event-level split. Because operational false-
alarm costs vary across battery-management applications, threshold selection should be
calibrated on validation data and reported together with application-specific safety re-
quirements.
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6.2.3. Lead Time Distribution

To assess whether warnings occur sufficiently early before thermal-runaway onset,
Figure 11 presents the complementary cumulative distribution of warning lead times.
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Figure 11. Thermal-runaway warning validation result. Abuse-test complementary cumulative dis-
tribution of early-warning lead times across thermal-runaway events in the held-out abuse-test split.
The x-axis denotes hours before thermal-runaway onset, and the y-axis denotes the fraction of events
warned at least x hours in advance. The proposed method shows earlier warnings than the baselines

under the evaluated split.

Figure 11 presents the complementary cumulative distribution function of lead times
across held-out abuse-test events. The rightward shift of the proposed method relative to
the compared baselines indicates earlier warning in the evaluated split. These distribu-
tional results should be interpreted together with the number of independent abuse-test
events, trigger-type distribution, and event-level split protocol reported in Appendix A
Table A2. To compare the distributional behavior of warning lead times between the pro-
posed method and the strongest baseline, Figure 12 presents the corresponding lead-time
histograms.
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Figure 12. Thermal-runaway warning validation result. Abuse-test lead-time distribution histo-
grams for the proposed method and the PIARN baseline. The proposed method shows a tighter
distribution centered around 5.2 h with fewer short-warning cases, whereas PIARN exhibits a
broader distribution with a pronounced low-lead-time tail below 3 h in the evaluated split. “Std”

denotes standard deviation.

Figure 12 compares the lead-time distributions of the proposed method and the PI-
ARN baseline under the evaluated split. The proposed method is centered around the
reported mean lead time of 5.2 h and shows fewer short-warning cases than PIARN in this
experiment. The precise distributional shape and tail behavior depend on the retained
event count, triggering conditions, and sampling protocol; accordingly, the histogram
provides split-specific supporting evidence with limited generalizability across abuse-test
scenarios.

6.2.4. Interpretation of Bifurcation Indicators

The term bifurcation-aware denotes monitoring of the leading eigenvalues of the
state-space linearized physical residual and the use of damage-variance growth as a criti-
cal-transition indicator. In synthetic fracture simulations, these indicators are evaluated
against the known simulated critical regime. In abuse-test records, the indicators are as-
sessed indirectly through classification performance and warning lead time because the
public records lack direct solution-branch turning points and particle-scale bifurcation pa-
rameters. Thus, the abuse-test evaluation supports the practical warning value of the in-
dicators, while direct experimental proof of a physical bifurcation path in each cell re-
mains outside the available records.

Accordingly, the present results demonstrate that bifurcation-aware monitoring im-
proves the warning task under the evaluated protocol.

6.3. Ablation Studies

We systematically ablate key components of our framework to quantify their indi-
vidual contributions.

Component Ablation Analysis

To quantify the contribution of each modeling component, Table 7 reports the abla-
tion results obtained by removing individual modules from the full framework.

Table 7. Ablation study results.

Configuration MSE | SSIM 1 AUC-ROC 1t Lead Time (h) 1
Full model 0.023 + 0.002 0.962+0.006  0.987 +0.004 52+0.2
w/o Lévy jumps 0.041 +0.003 0.925+0.008  0.976 +0.005 49+03
w/o nonlocal operator 0.052 + 0.004 0.903 £0.009  0.969 = 0.006 48+0.3
w/o bifurcation loss 0.026 +0.002 0.956 +0.006  0.968 + 0.006 44+03
w/o damage variance monitoring 0.024 +0.002 0.960 + 0.006 0.979 + 0.005 47+0.2
w/o Gaussian concentration noise 0.028 + 0.003 0.948 +0.007  0.982 +0.004 5.0+0.2
w/o bifurcation loss + variance monitoring 0.027 + 0.003 0.955 £0.007  0.955+0.008 3.8+0.3

Note: The ablation settings remove one component at a time, unless otherwise specified. The com-
bined removal row quantifies the joint contribution of bifurcation loss and damage variance moni-

toring. t indicates that a higher value is better, whereas { indicates that a lower value is better.

As shown in Table 7, removing the nonlocal operator causes the largest degradation
in damage-field prediction, increasing the MSE from 0.023 to 0.052 and reducing SSIM
from 0.962 to 0.903. This result indicates the importance of long-range damage interactions
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for fracture-field modeling. Removing Lévy jumps also substantially degrades perfor-
mance, increasing the MSE to 0.041, which indicates the role of heavy-tailed jumps in rep-
resenting abrupt microcrack events. For early warning, removing the bifurcation loss pro-
duces the largest lead-time reduction, decreasing the warning lead time from 5.2 h to 4.4
h. Removing damage variance monitoring reduces the lead time to 4.7 h, whereas jointly
removing bifurcation loss and variance monitoring further decreases it to 3.8 h, indicating
complementary roles in critical-transition detection. Gaussian concentration noise has the
smallest effect, suggesting that Lévy jumps dominate the stochastic damage dynamics in
the proposed framework. To visualize the relative impact of the ablated components, Fig-
ure 13 summarizes the changes in damage-prediction error and warning lead time with
respect to the full model.
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Figure 13. Ablation validation result. (a) Increase in synthetic-fracture damage-prediction MSE rel-
ative to the full model when each component is removed; removing the nonlocal operator causes
the largest increase in MSE. (b) Reduction in abuse-test warning lead time relative to the full model;
removing the bifurcation loss causes the largest individual reduction, while jointly removing the
bifurcation loss and damage-variance monitoring results in a 1.4 h reduction. “w/o0” denotes “with-
out”.

Figure 13 summarizes the relative contributions of the main framework’s compo-
nents. The ablation results show that excluding the nonlocal operator produces the largest
MSE increase, indicating that long-range damage interactions are important for crack-
field prediction. Excluding the Lévy jump component produces the second-largest MSE
increase and reflects its role in representing sudden crack events outside a Gaussian-pro-
cess description. For early warning, excluding the bifurcation loss produces the largest
lead-time reduction, while removing damage-variance monitoring also reduces warning
lead time. The joint exclusion of bifurcation loss and damage-variance monitoring pro-
duces a larger lead-time reduction than either individual exclusion, indicating a comple-
mentary interaction between improved critical-transition dynamics and variance-based
warning.

6.4. Hyperparameter Sensitivity

Tables 8 and 9 report sensitivity analyses for two key parameters in the proposed
framework: the fractional order ot and the Lévy jump intensity. Table 8 shows the impact
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of ot on damage prediction and early-warning discrimination, and Table 9 presents the
effect of prediction errors, warning lead times, and false-alarm rates.

Table 8. Sensitivity to fractional order o.

Fractional Order a MSE | SSIM 1 AUC-ROC 1
1.2 0.034 +0.008 0.931 +£0.013 0.972 +0.007
1.3 0.029 + 0.005 0.944 +0.010 0.978 + 0.006
1.4 0.025 + 0.003 0.955 + 0.007 0.984 +0.005
1.5 0.023 £ 0.002 0.962 +0.006 0.987 + 0.004
1.6 0.026 + 0.003 0.956 + 0.007 0.984 + 0.005
1.7 0.031 + 0.004 0.941 +0.009 0.979 + 0.006
1.8 0.039 + 0.006 0.918 +0.012 0.971 + 0.008

Note: a = 1.5 corresponds to the selected value in the hyperparameter search and provides the best
balance between long-range damage interaction and numerical stability. t indicates thata higher

value is better, whereas | indicates that a lower value is better.

Table 9. Sensitivity to Lévy jump intensity Ajymp.

Lévy Intensity A MSE | Lead Time (h) 1  False Alarm Rate (%) |
0.01 0.051 +0.005 37+0.3 0.8+0.2
0.05 0.035 + 0.004 45+03 1.1+0.3
0.10 0.025 +0.003 5.0+0.2 1.6+0.3
0.12 0.023 +0.002 52+0.2 1.8+0.3
0.20 0.027 +0.003 53+0.3 25+04
0.30 0.036 + 0.004 54+04 3.6+0.5
0.50 0.049 + 0.006 5.5+0.5 52+0.7

Note: A = 0.12 is selected as the practical operating point because it maintains a false alarm rate
below 2% while preserving the longest reliable warning interval. 1 indicates that a higher value

is better, whereas | indicates that a lower value is better.

As shown in Tables 8 and 9, the selected fractional-order balances interaction range
and numerical stability. Performance degrades gradually for nearby values, indicating ro-
bustness to mild misspecification. Values below 1.3 produce excessive nonlocality and
numerical instability, whereas values above 1.7 approach classical local diffusion and
weaken long-range coupling. The Lévy intensity balances sensitivity to crack-event incre-
ments and robustness to noise. Very weak intensity reduces sensitivity to small damage
increments, whereas overly strong intensity increases false alarms. The validation opti-
mum lies in a moderate-to-high intensity range. To visualize the sensitivity trends re-
ported in Tables 8 and 9, Figure 14 plots the validation-set response of prediction and
warning metrics to the fractional order and Lévy jump intensity.

Figure 14 shows the hyperparameter sensitivity map. The upper panel presents a
single-parameter performance surface for the fractional order, with the best validation
performance occurring at a = 1.5. The degradation is asymmetric: Excessively small « val-
ues produce a larger performance drop than excessively large a values, indicating the
importance of nonlocal fracture interactions for crack-path evolution. The lower panel
shows the Lévy-intensity sensitivity; lead time and false-alarm rate exhibit opposing
trends and together determine the operating point. The selected intensity is close to the
Pareto front, with false-alarm control retained under the validation constraint.
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Figure 14. Validation-set hyperparameter sensitivity analysis. Panel (a) shows MSE and SSIM as

functions of the fractional order a, with the best overall performance achieved at a = 1.5. Panel (b)

shows MSE, lead time, and false-alarm rate as functions of the Lévy jump intensity Ajymp, indicating

that Ajymp = 0.12 provides a practical balance between prediction accuracy, warning lead time, and

false-alarm control.

6.5. Efficiency Analysis

Table 10 shows the computational efficiency of the proposed method and some rep-

resentative baseline algorithms in terms of training duration, inference speed, number of

parameters, and GPU memory consumption.

Table 10. Computational efficiency comparison.

Method Training Time (h) | Inference (ms) | Parameters (M) GPU Memory (GB) |
Vanilla PINN 2.8+0.1 38+04 2.6 7.4
XPINN 3.6+0.2 6.4+0.5 3.0 9.2
cPINN 39+0.2 71+0.6 3.1 9.8
CNN-LSTM 48+03 95+0.7 5.6 10.5
PIARN 52+0.3 154 +1.1 4.2 13.6
Ours 42+0.2 12.0+0.8 3.8 12.0
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Note: Training time is measured per model. The proposed method keeps real-time inference feasible
on the reported research platform while remaining on the accuracy—efficiency Pareto frontier ob-
served in this study. t indicates that a higher value is better, whereas | indicates that a lower

value is better.

As shown in Table 10, the training time of the proposed method is 4.2 h on the A100
research platform, about 19% faster than PIARN and 12.5% faster than CNN-LSTM under
the reported configuration despite the more complex architecture. The costly bifurcation
computations in Stage II are performed only after the physics network has achieved par-
tial convergence in Stage I. The measured inference time of approximately 12 ms on an
NVIDIA A100 GPU indicates near-real-time feasibility under the evaluated research-scale
computing environment. This timing is not representative of embedded BMS readiness,
because production battery-management hardware is subject to stricter memory, power,
fixed-point arithmetic, deterministic scheduling, latency, and safety-certification con-
straints. To complement the efficiency metrics in Table 10, Figure 15 visualizes the re-
search-scale accuracy—efficiency tradeoff among the representative methods.
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Figure 15. Efficiency—-analysis result. Research-scale accuracy—efficiency tradeoff for selected repre-
sentative methods on the NVIDIA A100 platform. The proposed BA-PINN achieves the highest
AUC-ROC while maintaining moderate training time and parameter count; this result is limited to

research-scale GPU evaluation and remains separate from embedded BMS readiness.

Figure 15 illustrates the accuracy—-efficiency tradeoff. The proposed method occupies
a favorable region of the evaluated accuracy—efficiency space on the A100 GPU platform.
This finding supports research-scale feasibility and motivates future embedded optimiza-
tion, but it does not by itself establish industrial BMS deployability.

https://doi.org/10.3390/batteries12070249



Batteries 2026, 12, 249

31 of 37

7. Discussion

The experimental results indicate that integrating Lévy jump processes, fractional
nonlocal operators, and bifurcation-aware training can improve simulated damage pre-
diction and abuse-test warning performance under the evaluated settings. This interpre-
tation is consistent with recent physics-informed battery degradation models [48,49], ther-
mal-runaway early-warning studies [51-56], and emerging multiscale energy-material
learning frameworks. The strongest damage-field results are obtained on controlled syn-
thetic fracture simulations, and the current model uses a representative-particle formula-
tion; full electrode- and pack-scale validation will be investigated in future work. These
constraints define the scope of the reported performance.

Physical Interpretability of the Lévy Jump Component: The Lévy jump process pro-
vides a mechanistically plausible way to represent sudden crack events, in contrast to
smooth deterministic damage accumulation. Recent operando imaging of silicon anode
fracture shows abrupt channel cracking and interfacial fracture modes [57], and abrupt
capacity degradation has also been reported in silicon-based lithium-ion anodes [58]. In
the present study, jump statistics are calibrated within the simulation and validation
workflow. The Lévy component is therefore interpreted as a physically motivated model-
ing assumption supported by ablation analysis, with direct measurement from in situ
crack-event distributions remaining a future validation target.

Role of Nonlocal Interactions in Crack Pattern Formation: The fractional nonlocal in-
tegral operator provides a flexible representation of long-range damage correlations and
stress redistribution. The selected stability index is physically plausible for heavy-tailed
crack interactions and is supported by sensitivity analysis and recent silicon-anode frac-
ture observations [57,58]. Direct validation against experimentally measured crack-den-
sity fields or crack-surface roughness remains an important direction for future work.

Bifurcation Awareness and Critical-Transition Theory: The BA-PINN detects stabil-
ity loss through eigenvalue tracking of the state-space linearized physical residual opera-
tor. This formulation assigns physical stability interpretation to state-space eigenvalues
and separates them from neural-parameter-space eigenvalues. Recent lithium-ion battery
studies have used bifurcation theory and critical-heating analyses to quantify spontane-
ous combustion and thermal-runaway thresholds, while in situ neutron imaging provides
phenomenological evidence of abrupt internal failure evolution during heating. The fold-
bifurcation interpretation is therefore used as a reduced-order stability model for heat-
generation/heat-removal imbalance, with heterogeneous abuse trajectories retained as
part of the modeling scope.

Limitations and Future Work: The present study has several limitations. First, the
Lévy jump SPDE system assumes isotropic fracture properties. Real electrode materials,
however, may exhibit crystallographic anisotropy, textured active particles, and hetero-
geneous binder—particle interfaces. The fractional nonlocal operator can be extended by
replacing the scalar kernel with an anisotropic tensor-valued kernel, which encodes crys-
tallographic orientations or direction-dependent fracture toughness. Second, the current
implementation considers a representative particle, with full electrode- and pack-scale ge-
ometry left for future extension. Third, the strongest spatial damage-field validation relies
on synthetic simulations; validation against in situ X-ray CT, operando microscopy, or
particle-resolved crack maps is needed. Fourth, thermal-runaway evaluation should be
expanded to larger event-level datasets with explicitly reported positive events, nega-
tive/pre-runaway windows, split strategies, and trigger-type distributions. Embedded
BMS deployment imposes constraints beyond the research-scale GPU timing reported in
this study. Practical implementation requires a bounded memory footprint, deterministic
execution, fixed-point or low-precision arithmetic validation, processor-specific latency
profiling, real-time scheduler tests, and safety certification. Additional optimization steps,
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including quantization-aware training, pruning, knowledge distillation, and hardware-
in-the-loop latency evaluation on representative automotive-grade microcontrollers, are
therefore required before field deployment.

Future studies should test whether the safety margin generalizes across different cell
formats, chemistries, pack-level configurations, sampling frequencies, sensor sets, and
embedded hardware limitations.

8. Conclusions

This paper presented a computational framework for modeling lithium-ion battery
electrode-particle fracture and warning of thermal runaway through Lévy jump nonlocal
SPDEs and Bifurcation-Aware Physics-Informed Neural Networks. The key contributions
include the following: (1) a coupled SPDE system driven by Lévy jump processes for sto-
chastic, nonlocal, and thermally coupled electrode degradation; (2) a fractional nonlocal
integral operator for long-range damage interactions beyond classical peridynamic hori-
zons; (3) a BA-PINN architecture integrating pseudo-arc-length continuation, state-space
eigenvalue tracking, and adaptive loss weighting for critical-transition monitoring; and
(4) a damage-variance monitoring scheme that provides model-inferred early-warning
signals with quantified lead times before thermal runaway.

Experimental evaluation on synthetic fracture simulations, cycling degradation data,
and open-access abuse-test records demonstrated promising performance under the eval-
uated conditions. The proposed method achieved a damage prediction MSE of 0.023 +
0.002 and an SSIM of 0.962 + 0.006 on simulated fracture fields, as well as a thermal-runa-
way AUC-ROC of 0.987 + 0.004 and an average model-inferred early-warning lead time
of 5.2 + 0.2 h on the evaluated warning task. These results support the feasibility of inte-
grating stochastic nonlocal damage modeling with bifurcation-aware learning under the
stated numerical and event-level validation scope.

The framework provides a possible bridge between multi-physics degradation mod-
eling and machine-learning-based battery safety analysis. Its practical use in next-genera-
tion battery management systems will require direct validation using experimentally ob-
served crack evolution, larger-scale cell and module datasets, pack-level operating condi-
tions, uncertainty-calibrated warning thresholds, and deployment tests on embedded
hardware. Future experimental validation should further incorporate particle-resolved
imaging techniques, such as in situ X-ray computed tomography, operando microscopy,
and post mortem high-resolution crack mapping, to directly compare the predicted non-
local damage fields with experimentally observed crack initiation, propagation, and coa-
lescence in electrode particles.
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Appendix A. Nomenclature and Oxford Feature Definitions and
Abuse-Test Split Summary

Appendix A Table Al summarizes the main symbols and abbreviations used
throughout this paper. The Oxford cycling features used for degradation-feature condi-
tioning are as follows: (1) state of health (SOH) from discharge capacity retention; (2) nor-
malized discharge capacity; (3) charge capacity; (4) coulombic efficiency; (5) internal re-
sistance estimated from voltage response; (6) voltage relaxation slope; (7) incremental-
capacity peak position; (8) incremental-capacity peak amplitude; (9) incremental-capacity
peak width; (10) mean temperature during charge/discharge; (11) maximum temperature
rise; and (12) temperature-trajectory slope. These definitions clarify that the Oxford da-
taset supports degradation assessment and latent-state conditioning, with thermal-runa-
way onset prediction evaluated through the abuse-test records.

Appendix A Table Al also uses u consistently as the damage variable.

Table A1l. Nomenclature and Oxford feature definitions.

Symbol/Abbreviation Definition

c(x, t) Lithium concentration field

u(x, t) Mechanical displacement field

H(x, t) Damage field; u =0 intact and p =1 fully damaged

T(x, t) Temperature field
a Fractional stability index controlling tail heaviness
0 Peridynamic horizon radius

Ajump Lévy jump intensity

BA-PINN Bifurcation-Aware Physics-Informed Neural Network
TR Thermal runaway
AUC-ROC/AUC-PR Receiver-operating-characteristic and precision-recall areas

Table A2 reports the retained abuse-test subset used for event-level thermal-runaway
warning. The split is performed at the abuse-record level, so all windows from the same
abuse record remain within the same train, validation, or test partition. Positive windows
are defined relative to the independently recorded thermal-runaway onset; negative win-
dows are early or low-risk pre-onset windows outside the warning horizon.

Table A2. Retained abuse-test split summary for the Battery Failure Databank warning task.

Item Reported Value Definition/Note
Retained abuse-test rec- 60 Screened records with independently reported TR on-
ords set and sufficient pre-onset measurements.

Each retained record has a recorded TR onset for

TR-positive event records 60 . .
event-level lead-time evaluation.

Non-runaway event rec- Non-runaway record count = 0; negative labels are

ords early/pre-critical windows.
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Total event-window se- 2160 Temporal windows generated from the 60 retained
quences abuse-test records.
Positive warning windows 360 Windows inside the prec.ieﬁned pre-onset warning
horizon.
Negative/low-risk pre-run- 1800 Early pre-onset or low-risk windows outside the
away windows warning horizon.
Event-disjoint split; all wind f d re-
Train/validation/test split 36/12/12 records Vet AISJoint Spty afl Windows Toth one record re
main in the same split.
Split ratio 60%/20%/20% Computed at the abuse-record level.
1296 total; 21 itive; 1 -
Train windows 96 total; 216 I;o;;tlve, 080 nega Generated from the 36 training records.

Used for hyperparameter selection and warning-
threshold calibration.
Test windows 432 total; 72 positive; 360 negative Held-out event-disjoint windows for final evaluation.

Validation windows 432 total; 72 positive; 360 negative

Thermal abuse: 24; nail penetration:

. o Counts based on retained abuse-test records.
20; internal short circuit: 16

Trigger-type distribution

Thermal abuse: 14; nail penetration:

Train trigger distributio
rain trigger distribution 12; internal short circuit: 10

Trigger-type counts in the training split.

Validation trigger distribu- Thermal abuse: 5; nail penetration:

Trigger-type counts in the validation split.
tion 4; internal short circuit: 3 5&CTYP p

Thermal abuse: 5; nail penetration:

Test trigger distributio
igger distribution 4; internal short circuit: 3

Trigger-type counts in the held-out test split.

. 1800 negative windows overall; 360  False positives are counted over negative/low-risk
False-alarm denominator

in the held-out test split pre-runaway windows.

R tative held- Threshol 1 istent with F1 = 0.94 FPR

epresen a.tlve e d-out TP =69, FP = 5, FN = 3, TN = 355 resholded result con51ste§1 wit 0.946 and

operating point <2%.
Event-level ?ead—tlme de- 12 held-out TR events The mean lead time is computed across the 12 held-
nominator out test events.
Mean model-inferred Interval between the first warning-threshold crossing
. . 52+02h
warning lead time and the recorded TR onset.

Note: For the representative held-out operating point in Table A2, F1=2TP/(2TP + FP + FN) =138/146
= 0.945, which is consistent with the reported F1 score of 0.946 + 0.006. The held-out false-positive

rate is 5/360 = 1.39%, satisfying the validation-selected 2% false-positive-rate constraint.
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