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Abstract: Fibre-reinforced polymer (FRP) reinforcement has been employed as an alternative to
conventional steel reinforcement in concrete structures, which is attributed to its excellent strength
and corrosion resistance. However, one drawback is that FRP reinforcements are brittle and affect
the ductility of concrete structures. One of the recent effective techniques proposed to overcome
ductility issues is the compression yielding (CY) concept. The CY mechanism allows the structure to
fail differently than the conventional FRP-reinforced concrete structure. Thus, the existing design
recommendations as per the current codes for FRP-reinforced concrete structures are not appropriate.
Hence, reliability studies are crucial for the development of a functional CY beam design in order
to emphasise the structure’s lifetime performance and to guarantee safety requirements. In this
study, a reliability-based design approach is developed for a compression-yielded FRP-reinforced
concrete beam (CY beam) using load and resistance factor design (LRFD). Firstly, the flexural failure
modes of CY beams are discussed. The uncertainties involved in the development of the probabilistic
model for the CY beam are defined. A case study is consequently conducted for a CY beam with
random variables that are associated with the statistical characteristics of material properties and
load. The reliability analysis method employed in this research is the Hasofer–Lind method. The
results suggest the importance of choosing appropriate design variables and stochastic parameters
for CY blocks that contribute to a higher level of reliability. The reliability index and resistance
factors of a CY beam are then evaluated using the Monte Carlo Simulation computational method.
The reliability index value of 3.336 is obtained from the simulation, which indicates that the CY
beam demonstrates ductile behaviour. The results not only demonstrate ductile behaviour but also
contribute to a possible reduction in material costs and a substantial safety margin. When compared
to conventional FRP-reinforced concrete beams, for different load ratios, CY beams showed higher
resistance and better reliability levels.

Keywords: reliability analysis; fibre-reinforced polymer; reinforced concrete; structural fuse; safety
factor; reliability index

1. Introduction

Fibre-reinforced polymer (FRP) composites have been increasingly applied in civil
engineering structures over the past few decades due to their merits such as their corrosion
resistance [1,2], durability [3], high tensile strength [4], cost-effectiveness [5], fabrication
and extension of service time [6]. Since an FRP reinforcing bar has excellent corrosion
resistance, it is a feasible alternative to conventional steel reinforcement, especially in the
areas where steel reinforcement is prone to deteriorate due to seawater [7], de-icing salts and
corrosives, leading to damage to the integrity of a concrete member [8,9]. The performance
of fibres is mainly controlled by key factors, such as the type, the elastic modulus, the
volume fraction, and the aspect ratio [8,9]. The rapid development and deployment of FRP
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reinforcement are also attributed to its high tensile strength, low thermal expansivity, and
economical production [10,11]. The failure of FRP-reinforced concrete members in flexural
mode is usually due to either concrete crushing or FRP rupture, which results in a brittle
failure [9,12–14]. In order to improve the ductility of FRP-reinforced concrete members,
various techniques have been used in the past, such as over-reinforcement [15], concrete
confinement [16,17], the progressive rupture of reinforcement [18] and the debonding of
reinforcement [19]. However, these methods are either complicated and costly, or ineffective
with limited improvement in ductility [20]. At present, the only solution recommended
by the American Concrete Institute [15] is to design FRP-reinforced concrete members
with a higher strength reserve, i.e., to over-reinforce the members. However, an over-
reinforcement design in bridge structures is usually unrealistic or impracticable in many
circumstances, particularly for bridges with large spans.

Recently, a safe and cost-effective design concept for FRP-reinforced concrete beams
was proposed by Wu et al. [21,22], which was called “compression yielding”. The compres-
sion zone of an FRP-reinforced concrete beam was substituted with a compression-yielding
(CY) material [21], which acted as the structural fuse of the beam. The structural fuse
could be triggered by the large flexural deformation at the fuse location when the beam
is subjected to an excessive load, resulting in the formation of a plastic hinge. Using a
structural fuse, it is possible to prevent overloading and achieve a more ductile structural
behaviour for FRP-reinforced concrete beams. The ductility demand (i.e., the required ratio
of ultimate displacement and yield displacement) for compression-yielded FRP-reinforced
concrete beams (CY beams) was also studied by Wu et al. [23]. To date, two types of CY
materials that meet the ductility requirement have been discovered, namely perforated
slurry-infiltrated fibre concrete (P-SIFCON) blocks [21] and mild steel blocks with holes [24].
In addition, in the study conducted by Zhou et al. [25], the stress profile and strain profile
for CY beams were analysed. Wu et al. [26] conducted an analytical study on the flexural
resistance of a CY beam with strain-hardening CY material, and the design method was
proposed. More recently, a CY block with strain-softening behaviour was considered in the
study conducted by Guo et al. [27] on the analysis of the flexural resistance of CY beams.

At present, some ongoing research concentrates on the analytical study of CY
beams [25,26], the experimental test of CY materials [21] and the cost analysis for CY
beams [28]. However, there is very limited information available on the lifetime perfor-
mance of the structure ensuring the safety requirements. Additionally, since the material
uncertainties and failure mechanism of CY beams are completely different from conven-
tional reinforced concrete structures and FRP-reinforced concrete structures, the design
recommendations, e.g., those in AS3600 [29] and ACI440 [15], cannot be applied to CY
beams. It is also worth noting that the factored values considered as per current de-
sign recommendations and construction costs are viewed as competing objectives. A
reliability-based design is crucial to take into account some of the sources of uncertainty in
design [30], to allow designers to rationally assess the possibility of structural failure [31,32]
and in order to achieve a logical balance between safety and life cycle costs [33,34], and
it is the basis of the wide application of new structures. Hence, this study aims to pro-
pose a reliability-based approach for the design of FRP-reinforced concrete beams with
compression-yielding blocks.

To ensure the appropriate level of safety, partial safety factors are typically applied
to loads and materials, along with resistance reduction factors employed in the design of
reinforced concrete structures. For the limit state design of normal concrete structures, the
partial safety factors range between 1.2 and 1.5 [35], depending on the load combinations
under various collapse and serviceability criteria. For the reliability-based design approach,
firstly, the design variables for the CY beam are identified, followed by a sequential relia-
bility analysis employing the first-order reliability method (FORM) approach and Monte
Carlo Simulation. This involves determining statistical parameters, constructing probability
density functions for the variables under consideration, and assessing the reliability index
value. The appropriate partial safety factors and resistance reduction factors for the CY
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beam design are then evaluated. The results of this study for a CY beam with a low-traffic
pedestrian bridge highlight one of the notable benefits of CY beams, in comparison to
conventional FRP-reinforced concrete beams, which is their ability to prevent brittle failure
with a lower target reliability index. The study reveals the possibility of achieving greater
design strength while utilising lower partial safety factors, which not only enhances the
cost-effectiveness of the structure but also ensures its safety.

2. Compression-Yielded FRP-Reinforced Concrete Beam—Flexural Resistance

A typical CY beam that consists of a concrete beam, glass fibre-reinforced polymer
(GFRP) bars at the bottom and steel bars at the top is shown in Figure 1. The CY block is
placed in the centre of the compression side of the beam. To achieve ductile behaviour,
the CY block shall yield before concrete crushing and FRP rupture. The detailed analysis
method for the flexural resistance of the CY beam has been reported in [25,26]. The
assumptions and the principal equations will be introduced in this section.
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Figure 1. The structural configuration of a CY beam [26].

As shown in Figure 1, the effective depth, the concrete cover thickness, the height
of the CY block and its relative length are d, τd , ηd and a, respectively. To determine the
moment resistance of the CY beam, a section analysis shall be conducted with the following
assumptions [25,26]:

• A perfect bond is assumed between the concrete and reinforcing bars (i.e., FRP and steel
bars) in order to ensure proper load transfer from the reinforcement to the concrete.

• A good contact is assumed between the CY block and concrete to eliminate the slip-
periness between the CY block and concrete.

• Any section of the beam is plane before deflection and will remain plane after deflection.
• The tensile strength of concrete is ignored as the compression zone is the main zone of

importance in the study.

The stress–strain relationship of the CY material is shown in Figure 2. fb and fbu
are the yield strength and ultimate strength of the CY material, respectively, and fc is
the compressive strength of concrete. εby and εbu are the yield strain and ultimate strain
of the CY material. Eb is the elastic modulus of the CY material, and ξ is the post-yield
modulus ratio (ξmin is the minimum value of ξ, and ξmax is the maximum value of ξ). The
constitutive model of steel is assumed to be elastic and perfectly plastic, while the model
for FRP is assumed to be linearly elastic, and a triangular model is employed to describe
the behaviour of concrete [25,26].

The distinct variation of the CY beam to that of the FRP-reinforced beam is the manner
in which the structure fails. Therefore, it is crucial to take into account the failure modes of
the CY beam when proposing reliability-based design recommendations. In order to show
the failure modes, three typical moment–curvature response curves of the CY beam are
shown in Figure 3. The type of curves is based on the post-yield modulus ratio ξ of the
CY block [26]. The type I response curve ( ξ ≤ ξ1) has a monotonically ascending trend
and then it descends post peak response and before CY block failure. In the type II curve
(ξ 1 < ξ ≤ ξ2), after point B, the response curve declines until the minimum value Mlm
(point D) is reached. The CY beam has a lower moment resistance at its failure point (point
C) compared to point B. In the type III ( ξ > ξ2) response curve, the value of point C is
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greater than that of point B. The boundary values of the ratios ξ1 and ξ2 are derived from
previous studies and provided in Appendix A [26]. In a CY beam design, the tensile failure
of reinforcement and the concrete crushing in the compression zone at ultimate failure
are prevented.
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The peak moment (Mm) at point B is the focus of this study as the aim is for the
ultimate limit state functions. The three potential cross-section strain distributions at the
peak of point B (Cases I, II and III) are shown in Figure 4. Based on the strain distributions at
point B, the peak moment or flexural resistance of the CY beam is derived, and finding this
flexural resistance is the key step for the reliability analysis. The CY material parameters
are based on the strain distribution curve. In Figure 4, E f is the elastic modulus of the FRP,
ε f m is the maximum allowable strain of FRP, and εcmi is the strain at the concrete–CY block
junction, where the subscript i-1,2,3 indicate Cases I, II and III, respectively. Ec is the elastic
modulus of concrete, Eb is the elastic modulus of the CY block equal to fb/εby, εby is the
yielding strain of the CY block, and fc is the compressive strength of concrete.
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At the onset of Mm, the tension force ( Ff

)
of FRP bars and the curvature Km of the CY

beam are given by Equations (1) and (2) [26].

Ff = Ff i = Es εsy ρs b d + (1 + β1i + β2i)Eb εby η b d +
(bεcu fc)

2Kemi
(1)

Km = Kmi =
ε f m + εcmi

(1 − η)d
(2)

where

Kemi =
Kmi

1 − n
n−1

(
1 − εcmi

εcu

)2 , (for Case i = 1, 2); Kem3 = Km3, (for Case i = 3) (3)

β11 =

(
εcm1 − εby

)
ξ

εby
, (for Case i = 1); β1i =

(
εby − εcmi

)2

2 η dεbyKmi
, (for Case i = 2, 3) (4)

β21 =
Km1ηdξ

2εby
, (for Case i = 1); β2i =

(
Kmiηd + εcmi − εby

)2
ξ

2 η dεbyKmi
, (for Case i = 2, 3) (5)

where Es is the elastic modulus of the steel bar; εsy is the yield strain of the steel reinforce-
ment, ρs is the compression steel reinforcement ratio, b is the breadth of the beam, d is
the effective depth of the beam, η is the CY block height to beam depth ratio, εcu is the
crushing/ultimate strain of concrete, and Kemi is the equivalent curvature.

The peak moment (Mm) or the flexural resistance ( R) at point B in Figure 3 is given by
Equation (6) [26],

Mm = R = Es εsy ρs(1 − τ)b d2 + Eb εby η b d Zbi +
bεcu fc

2Kemi
Zci (6)

where
Zb1 = (1 + β11)

(
1 − η

2

)
d + β21

(
1 − η

3

)
d, (for Case i = 1) (7)

Zbi =
(

1 − η

2

)
d + β1i

[
(1 − η)d +

εby − εcmi

3Kmi

}
+ β2i

{
d −

Kmiηd + εcmi − εby

3Kmi
, (for Case i = 2, 3) (8)

Zci =

1 −
(
3 η εo ε2

cmi − ε3
cmi − 3 n ε2

o εcmi − n ε3
o
)(

ε f m + εcmi

)(
6 n εcmiεo − 3 ε2

cmi − 3 n ε2
o
)
(1 − η)d, (for Case i = 1, 2) (9)
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Zc3 =

(
3 n ε f m + (n + 1) εcu

)
3n

(
ε f m + εcm3

) (1 − η)d, (for Case i = 3) (10)

where τ is the distance from the centroid of the steel reinforcement to the top fibre of the
beam divided by d.

There are two possible failure modes for a CY beam: (1) failure mode I—CY block
failure—in which the ultimate failure is governed by the attainment of the ultimate strain
εbu in any part of the CY block; and (2) failure mode II—the moment resistance drops
below an allowable limit after reaching the peak and before CY block failure, i.e., the rate
of moment drop (RMD) ≥ the limit of the moment drop (δd) before CY block failure, where
δd is given by Equation (11).

δd =
Mm − Mmin

Mm
(11)

Here, Mmin represents the lowest resistance value, which is equivalent to Mlm (at point D
in type II and type III curves in Figure 3) or Mu (at point C of the type I curve in Figure 3).

3. Reliability Analysis

The flexural resistance is the maximum force that a structure can sustain before it fails.
In the below section, LRFD is first introduced. Then a simplified probabilistic model is
established using the first-order reliability method (FORM). In addition, the target reliability
index is introduced to analyse the material behaviour in the reliability analysis.

3.1. Load and Resistance Factor Design

Load and resistance factor design (LRFD) [36] focuses on evaluating the strength
parameter and safety parameter for structure design, in which the strength parameter
involves determining the resistance reduction factor which is nothing but the ratio of
design resistance to nominal flexural resistance. This paper utilises the flexural resistance
equation (Equation (6)) obtained from the literature to suit the current case study and
determine the design resistance and the resistance reduction factor using the reliability
analysis procedure. The reduced flexural strength of a CY beam shall be no less than the
magnified load effects, which is expressed as Equation (12).

γDD + γLL ≤ ϕR (12)

Here, D is the nominal dead load, γD the dead load factor, L the nominal live load, and
γL the live load factor. R is the nominal flexural resistance of the CY beam, and ϕ is the
resistance reduction factor. Thus, the load factors and the resistance reduction factor can be
expressed using design dead load (D∗), design live load (L∗), and design resistance ( R∗)
as follows

γD = D∗/D (13)

γL = L∗/L (14)

ϕ = R∗/R (15)

To determine the load and resistance factors, the statistical parameters for the load
component and CY beam resistance are required, including the mean value, standard
deviation, coefficient of variation and bias factors. These parameters will be explained in
detail under variable uncertainties in Section 3.4.

3.2. First-Order Reliability Method

The first-order reliability method (FORM) is one of the established semi-probabilistic
reliability analysis approaches, which can be used to determine the index that indicates
the level of reliability of a structural system [36]. The reason for using FORM in the
current study is that it provides the sensitivity of the failure probability with respect to
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different input parameters, which is essential when optimising the reliability of the CY
beam structure in design, construction and maintenance.

The reliability-based design approach considers the performance of a structure with
respect to its design uncertainties during service life, which makes it more reliable than the
conventional limit state and working stress methods. Also, the safety margins obtained
by the reliability-based design approach are lower than those from the conventional limit
state method, resulting in reduced material usage and subsequent cost savings during
construction [37,38]. As the flexural resistance of CY beams is the focus of this study, the
ultimate limit state is taken into consideration. The equation for the limit state function
used for the reliability analysis, denoted by g, is given by Equation (16).

g = R − Q (16)

Here, Q = D + L, i.e., the combined load effect due to a dead load and a live load.
The probability of the failure of the CY beam (Pf ) can be described as the integral of

the probability density function when g is smaller than 0, which is given by Equation (17).

P f = Pg(R − D − L < 0) =
y

R−D−L<0
fR(R) fD(D) fL(L)dRdDdL = 1 − Φ(β) (17)

Here, Pg is the probability of failure of random variables R, D and L; fR(R), fD(D) and
fL(L) are the probability density functions for R, D and L, respectively; Φ is the cumulative
distribution function of a standard normal random variable; and β is the reliability index.
Thus, the reliability index of the structure can be defined from its relationship with the
probability of failure as

P f = Φ(−β) (18)

β = −Φ−1
(

Pf

)
(19)

For the limit state function in Equation (16), g = R − Q, where R and Q are indepen-
dent random variables, and then µg = µR − µQ and σ2

g = σ2
R + σ2

Q where µR = the mean
resistance, µQ = the mean load, σR = the standard deviation of the resistance, and σQ =
the standard deviation of the load. Then, the reliability index can be calculated using the
following formula from Cornell [39]:

β =
µR − µQ√

σ2
R + σ2

Q

(20)

The relationship between the reliability index of the structure with the probability of
failure can be pictorially depicted. The probability density space for the design variables
considered is plotted with respect to CDF ( FQ,R

)
showing the design point given in Figure 5.

Buildings 2024, 14, x FOR PEER REVIEW 8 of 23 
 

 
Figure 5. Probability density space of design variables for limit state function 𝑔. 

The resistance, dead load and live load of design points [38,40] can be evaluated as 𝑅∗ = 𝜇ோ − 𝛽 𝜎ோଶඥ𝜎ோଶ +  𝜎஽ଶ + 𝜎௅ଶ (21)

𝐷∗ = 𝜇஽ + 𝛽 𝜎஽ଶඥ𝜎ோଶ + 𝜎஽ଶ (22)

𝐿∗ = 𝜇௅ + 𝛽 𝜎௅ଶඥ𝜎ோଶ + 𝜎௅ଶ (23)

where 𝜇ோ is the mean value of resistance, 𝜇஽ and 𝜇௅ are the mean values of the dead 
load and live load, respectively, 𝜎ோ is the standard deviation of resistance, and 𝜎஽ and 𝜎௅ are the standard deviations of the dead load and live load, respectively. 

3.3. Target Reliability Index 
According to the study reported by Vrouwenvelder and Jonkman et al. [41,42], a 

higher failure consequence class should be assigned to the structural elements which 
would collapse suddenly without warning (brittle failure) compared to those with warn-
ings (ductile failure). In general, lifetime target reliabilities (𝛽௧) for structural steel and RC 
elements in flexure vary from 3 to 4 [43]. The studies reported in [44,45] suggested that 
the common bridges and most residential buildings should be designed to have ductile 
failure mode and result in moderate failure consequences. It has been reported that RC 
beams that are retrofitted with CFRP bonded on the soffit had a strength reduction factor 
of 0.85 and a target reliability index (𝛽௧) value of 3.5 [32,46]. The ACI [47] model for an 
FRP-strengthened RC beam based on reliability analysis suggested a 𝛽௧ value of 3.5, and 
Chinese code (GB) [37,48] suggested a 𝛽௧ value of 3.2 for brittle failure and 3.7 for ductile 
failure. ISO 2394 [49] and Australia Standard AS 5104 [44] recommend a 𝛽௧ of 3.8 for the 
ultimate strength limit state design of RC beams where consequences of failure are great 
and the relative cost of safety measures is moderate. A target reliability index of 3.8 was 
used by Stewart and Lawrence [50] for unreinforced masonry walls in compression. 
Therefore, a variety of factors, including the type of failure, the relative cost for the conse-
quence of failure, the cost of enhancing safety, and the current levels of safety, influence 
the value of 𝛽௧. The 𝛽௧ value of 3.7 corresponding to ductile failure is compared to the 
reliability index of the CY beam in the subsequent sections. 

  

Figure 5. Probability density space of design variables for limit state function g.



Buildings 2024, 14, 2415 8 of 22

The resistance, dead load and live load of design points [38,40] can be evaluated as

R∗ = µR − β
σ2

R√
σ2

R + σ2
D + σ2

L

(21)

D∗ = µD + β
σ2

D√
σ2

R + σ2
D

(22)

L∗ = µL + β
σ2

L√
σ2

R + σ2
L

(23)

where µR is the mean value of resistance, µD and µL are the mean values of the dead load
and live load, respectively, σR is the standard deviation of resistance, and σD and σL are the
standard deviations of the dead load and live load, respectively.

3.3. Target Reliability Index

According to the study reported by Vrouwenvelder and Jonkman et al. [41,42], a
higher failure consequence class should be assigned to the structural elements which would
collapse suddenly without warning (brittle failure) compared to those with warnings
(ductile failure). In general, lifetime target reliabilities (βt) for structural steel and RC
elements in flexure vary from 3 to 4 [43]. The studies reported in [44,45] suggested that
the common bridges and most residential buildings should be designed to have ductile
failure mode and result in moderate failure consequences. It has been reported that RC
beams that are retrofitted with CFRP bonded on the soffit had a strength reduction factor of
0.85 and a target reliability index (βt) value of 3.5 [32,46]. The ACI [47] model for an FRP-
strengthened RC beam based on reliability analysis suggested a βt value of 3.5, and Chinese
code (GB) [37,48] suggested a βt value of 3.2 for brittle failure and 3.7 for ductile failure.
ISO 2394 [49] and Australia Standard AS 5104 [44] recommend a βt of 3.8 for the ultimate
strength limit state design of RC beams where consequences of failure are great and the
relative cost of safety measures is moderate. A target reliability index of 3.8 was used by
Stewart and Lawrence [50] for unreinforced masonry walls in compression. Therefore, a
variety of factors, including the type of failure, the relative cost for the consequence of
failure, the cost of enhancing safety, and the current levels of safety, influence the value of
βt. The βt value of 3.7 corresponding to ductile failure is compared to the reliability index
of the CY beam in the subsequent sections.

3.4. Uncertainties Involved in Reliability Analysis

The uncertainties involved in the development of the probabilistic model for the CY
beam are defined as model uncertainties, load uncertainties and design variable uncertain-
ties, which will be explained in the sections below.

3.4.1. Model Uncertainties

In probabilistic analysis, the model uncertainties are caused by the approximations
and assumptions made while using different possible models. Therefore, the determination
of the potential magnitude of a model error holds paramount importance. The model error
KR [37] is denoted as the ratio of the experimental result Mexp to the predicted value Mpre.
The probability values, also known as the p-value, indicate that given a certain statistical
measure, such as the mean or standard deviation, the assumed probability distribution will
be larger than or equal to the actual results.

Since the studies on the CY beam are currently limited, in this study, the model
error/uncertainty values are evaluated based on the test data for FRP-reinforced concrete
beams collected from [37,51,52].

To ascertain the distribution of model error KR, the Kolmogorov–Smirnov (K-S) hy-
pothesis test is conducted in this study for four distributions: normal, lognormal, Weibull,



Buildings 2024, 14, 2415 9 of 22

and extreme type I. The K-S test results of model error in flexural failure are provided in
Table 1. The current assessment for model error and p-values interpreted are based on a
screened test database with sets of test data for FRP-reinforced concrete beams determined
according to published references. It is suggested that with future experimental testing
of CY beams with the same failure mode, the values can be compared with the statistical
characters, corresponding p-values and model error. As can be seen, the lognormal distri-
bution yields the lowest error, leading to the acceptance of the hypothesis. Consequently,
the model error can be represented by a lognormal distribution with a mean of 0.974 and a
coefficient of variation (COV) of 0.158.

Table 1. K-S test results of model error in flexural failure [37,51,52].

Distribution p Value Mean COV Error %

Normal 0.886 0.961 0.155 7.15
Lognormal 0.982 0.974 0.158 2.96

Weibull 0.341 0.953 0.161 17.03
Extreme type I 0.091 0.946 0.181 26.04

3.4.2. Load Uncertainties

In the reliability analysis, the uncertainties associated with various loads cannot be
disregarded, which are evaluated based on the distribution-dependent bias and COV. In
the LRFD approach, the design load (Sd) is expressed as a function of the dead load and
live load and given as

Sd = γDD + γLL (24)

The statistical data given in [37] for FRP-reinforced concrete beams are used in this
investigation and are listed in Table 2.

Table 2. Statistical characteristics of loads [37].

Loads Bias COV Distribution

Dead load D 1.05 0.12 Normal
Live load L 0.95 0.25 Extreme type I

3.4.3. Uncertainties of Design Variables

In this research, the bias, COV and distribution for the random variables of concrete,
steel, FRP and geometrical properties are based on a screened test database with sets of
test data for the flexural failure of FRP-reinforced concrete beams determined according to
published references [37,51,52]. The probability parameters for the CY material are based
on the experimental results of the perforated SIFCON blocks reported in the literature [23].
These values, although desirable, can have inconsistencies in determining the actual values
of this material characteristic and provide no clear boundaries. A sensitivity factor is hence
used in the subsequent Monte Carlo Simulation sections. The authors’ current detailed
experimental studies can further verify the values. The statistical characteristics of the
design variables and the loads are shown in Table 3.

Table 3. Statistical characteristics of design variables and loads.

Category Variable Bias COV Distribution Reference

Geometry Width b (mm) 1 0.02 Normal [53]
Depth d f (mm) 1 0.02 Normal [54]
Effective depth d (mm) 1 0.03 Normal [55]
Length L (mm) 1 0.03 Normal [52]

Concrete Compressive strength fc (MPa) 1.25 0.15 Normal [52]
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Table 3. Cont.

Category Variable Bias COV Distribution Reference

Steel Area As (mm2) 1 0.03 Normal [54]
Elastic modulus Es (MPa) 1 0.024 Normal [32]
Yield strength fs (MPa) 1.1 0.075 Normal [56]

FRP Thickness t (mm) 1 0.05 Lognormal [57]
Elastic modulus E f (MPa) 1 0.04 Normal [52]
Tensile strength f f (Mpa) 1.15 0.1 Weibull [52]

CY block Ratio of CY block height to beam depth η 1 0.02 Normal [25]
Elastic modulus Eb (MPa) 1 0.30 Normal [58]
Yield strength fb (Mpa) 1 0.30 Normal [23]

Loads Dead load 1.05 0.12 Normal [37]
Live load 0.95 0.25 Extreme Type I [37]

4. CY Beam Reliability Analysis

In this section, the reliability analysis is conducted under the ultimate limit state using
the FORM approach to evaluate the reliability index, resistance reduction factor and safety
parameters for the CY beam. Both failure modes discussed in Section 2 are analysed using
the importance sampling (IS) method. A comparison between the calculated reliability
index and the target reliability index βt from the literature is performed, and a discussion
is presented regarding the ductility behaviour of the CY beam. In addition, the calculated
resistance reduction factor and partial safety factors for dead and live loads are compared
with those for the conventional reinforced concrete beams and FRP-reinforced concrete
beams recommended in the literature.

4.1. Design Case

In this reliability analysis, CY beams for pedestrian bridges are employed as an example
to demonstrate the analysis process. The configuration of the CY beam is depicted in Figure 1.
The CY beam is composed of four materials: FRP reinforcing bars, concrete, CY block and
compression steel bars. The live load on a pedestrian bridge in a medium-traffic area is taken
as L = 5 kN/m2 according to AS 1170.1. As the focus of this study is on the evaluation
of safety factors for CY beam design, only the vertical imposed load is considered in this
example. Further research on girder bridges considering other load conditions such as wind
and earthquake load will be conducted in the future. The geometric and material properties
of the beam taken from previous experimental tests [26] are summarised in Table 4.

Table 4. Summary of geometric and material properties.

Categories Parameters Values

Geometry Width b (mm) 180
Depth d f (mm) 350
Effective depth d (mm) 300
Length L (mm) 2500

Concrete Compressive strength fc (MPa) 30
Yield strain of concrete at CY block interface εcmi 0.002
Crushing/ultimate strain εcu 0.006

Steel Elastic modulus Es (GPa) 200
Yield strain εsy 0.0015
Reinforcement ratio ρs (%) 0.5

FRP Elastic modulus E f (GPa) 124
Rupture/ultimate strain ε f u 0.017
FRP area fraction ρ f (%) 0.05

CY block [25,58] Yield strength fb (MPa) 40.4
Yield strain εby 0.001
Ultimate strain εbu 0.2
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The flexural resistance (R) of the CY beam is calculated using Equation (6). This
value along with dead load and live load taking into consideration their uncertainties are
summarised in Table 5.

Table 5. Summary of random variables.

Random
Variables Nominal Values Bias Factor (λ) Mean

(µ)
COV
(V) Std. Dev (σ) Distribution

Resistance (R ) 21.943 kNm 0.982 21.548 kNm 0.158 3.404 kNm Lognormal

Dead Load (D ) 1.575 kN/m 1.05 1.654 kN/m 0.12 0.165 kN/m Normal

Live Load (L ) 5 kN/m2 0.95 5 kN/m2 0.25 1.25 kN/m2 Extreme type I

4.2. Reliability Analysis Procedure for the CY Beam

The reliability index can be derived by many methods, and in this research, the
Hasofer–Lind method, a matrix procedure, is used to establish the influence of the material
strength of the CY beam on the reliability index. Subsequently, a computational method
using Monte Carlo Simulation is used to evaluate the reliability index and resistance factors
of a CY beam.

4.2.1. Hasofer–Lind Method

Firstly, the flexural resistance of the CY beam is evaluated using Equation (6) con-
sidering the statistical parameters of all design variables in Table 3. For the limit state
Equation (16), the resistance and loads are the design points that govern the safety bound-
ary of the probability design space. In practical conditions, the design variables involved in
the calculation of resistance are uncorrelated and may have a non-linear function or even
sometimes they may be related. In these cases, iterations are required to find the design
point in reduced variable space such that β still corresponds to the shortest distance (safe
space). This is explained in the subsequent section along with the iterative analysis using
the matrix procedure [30,38].

Consider a limit state function g(X1, . . . , Xn) where the random variables are Xi. Each
random variable Xi has a corresponding reduced variable Zi where Zi =

(
Xi − µXi

)
/σXi ,

and replacing this in g(X1, . . . , Xn) yields a new limit state function as g(Z1, . . . , Zn) = 0.
Thus, β is determined as the shortest distance between (0, ..0) and g(Z1, . . . , Zn) = 0 in the
reduced variable space. This is illustrated in Figure 6.
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∣∣∣
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∂Zk
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The matrix procedure for the reliability analysis of the CY beam is presented below:
Step 1: Define the limit state function and specify the parameters that govern each

random variable involving Ri (i = 1, 2, ..., n), Di (i = 1, 2, ..., n) and Li (i = 1, 2, ..., n).
Step 2: Obtain a preliminary design point (R∗

i ) through the assumption of values for
n − 1 of the random variables Ri. Mean values are frequently a rational initial selection.
Solve the limit state equation g = 0 pertaining to the random variable that remains. This
guarantees that the design point coincides with the boundary of failure.

Step 3: Calculate the reduced variables (Z∗
i ) that are associated with the design point

(R∗
i ) by employing

Z∗
i =

R∗
i − µRi

σRi

(26)

Step 4: Calculate the limit state function’s partial derivatives in relation to the reduced
variables. Define a column vector {G} comprising these partial derivatives multiplied by
−1, for convenience:

{G} =


G1
...

Gn

, Gi = − ∂g
∂Zi

∣∣∣∣
R∗

i

(27)

Step 5: Perform similar calculations for random variables Di and Li.
Step 6: Calculate an estimate of β using the following formula:

β =
{G}T{Z∗}√
{G}T{G}

, {Z∗} =


Z1

∗

...
Zn

∗

 (28)

Step 7: Calculate a column vector containing the sensitivity factors using

{λ} =
{G}√

{G}T{G}
(29)

Step 8: Assign a new design point to n − 1 of the reduced variables by using

Z∗
i = λiβ (30)

Step 9: Calculate the design point values in the original coordinates that correspond to
the n − 1 values specified in Step 7

R∗
i = µRi + Z∗

i σRi (31)

Step 10: In order to calculate the values of the remaining random variables (i.e., Di
and Li), repeat the steps by calculating the reduced variables that are associated with the
design point (D∗

i ) and (L∗
i ).

Step 11: Repeat steps 3–9 until β and the design point (R∗
i ) converge (i.e., the difference

from the two results smaller than 10−6).

4.2.2. Monte Carlo Simulation

The matrix procedure was implemented in the context of limit state equations in
which the random variables are uncorrelated. Nevertheless, in practice, certain random
variables may be correlated for a CY beam. This correlation can have a significant impact
on the reliability index. The Monte Carlo Simulation computational method is employed to
address correlated random variables.

A step-by-step algorithm is presented here for carrying out the reliability analysis of a
CY beam using Monte Carlo Simulation,
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Step 1: A linear limit state function with n cases, denoted as R1, R2, . . . ,
Rn, D1, D2, . . . , Dn and L1, L2, . . . , Ln, is to be considered for each random variable pre-
sented in Table 5. Ri, Di and Li are uncorrelated random variables that have known mean
values, standard deviations and distributions. As a function of g = g(R1, R2, . . . , Rn ),
g = g(D1, D2, . . . , Dn ) and g = g(L1, L2, . . . , Ln ), the limit state function is defined.

Step 2: The preceding step is repeated X times (432 times in the current study) to create
a reduced variable for each random variable g : g1, g2, . . . , gX .

Step 3: The design points are calculated from the reduced variables generated from
the Taylor series. The values are then plotted with respect to the cumulative distribution
function (CDF) of g on the normal probability paper (Figure 7a,b), and in case the CDF of g
is too short, then either X is increased or we must extrapolate (Figure 7c) to determine β
and Pf values.
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Figure 7. Cumulative distribution function (CDF) of g plots on probability paper. (a) To obtain
reliability index value. (b) To obtain probability of failure value. (c) Line extrapolated to obtain
reliability index value.

Step 4: Further, the reliability index value obtained from Equation (19) can be validated
with the results obtained for the probability of failure Pf calculation using MCS.

5. Results and Discussion
5.1. Matrix Procedure to Find Influence of Material Strength

As explained in Section 4.2.1, the matrix procedure is employed to understand the
influence of the material strength of a CY block on the reliability index (β). The limit state
function is developed considering the yield strength ratio of the CY block ( fb) and concrete
( fc) as random variables. By substituting the values in Equation (1) and expressing it as a
limit state function in terms of ( fb) and ( fc),

g( fb, fc) = 8.744 fb + 15.70 fc (32)

Assuming an initial design point of f ∗b = 40.4 MPa, then from g = 0, f ∗c = −22.5 after
estimating the initial design point. By applying the matrix procedure to solve the equation,
the values of the reduced variables are computed as follows:

Z∗
1 =

f ∗b − µ fb

σfb

= −1.61; Z∗
2 =

f ∗c − µ fc

σfc

= 2.65 (33)

Now, the partial derivatives of the limit state function with respect to the reduced
variables are determined and defined as column vector {G}

G1 = −8.744 − σfb
; G2 = 15.70 − σfc (34)
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By using Equation (29), the β value is obtained,

β =
{G}T{Z∗}√
{G}T{G}

=

{
−24.15
18.38

}T{−1.61
2.65

}
√{

−24.15
18.38

}T{−24.15
18.38

} = 2.69 (35)

Then, a column vector containing the sensitivity factors is calculated using

{λ} =
{G}√

{G}T{G}
=

{
−0.64
0.73

}
(36)

The new design point for the reduced variables is now calculated using

Z∗
1 = λ1β = (−0.98)(2.69) = −2.64 (37)

Then, the corresponding design point values in original coordinates for the n − 1
values is calculated as

f ∗b = µb + Z∗
1 σb = 63 (38)

Iterations are continued until the value of β and the design point converge. A graph
is plotted with the yield strength ratio of the CY block to concrete in the x-axis and the
reliability index in the y-axis for different ratios of the CY block height to beam depth
shown in Figure 8. The reason for studying the deviation with respect to ratio of the CY
block height to beam depth is that, from the authors’ current experimental studies, it is
observed that the strength of the beam is affected by the changes in the geometry of the
CY blocks. It can be seen that the trends corresponding to η follow a similar ascending
pattern when plotted for the reliability index and yield strength ratio. It is observed that
for η = 0.8, the β value increases steadily for a strength ratio between 0.1 and 0.3 after
which it slows down or otherwise converges as the difference between the reliability levels
is smaller. This indicates that the influence of the CY block depth is critical for design
purposes and is effective at particular embedding depths. The resulting variations between
η = 0.2 and η = 0.8 is also an indication that higher-strength CY blocks are more reliable.
Additionally, it is observed that when η = 0.2 and η = 0.8, the β values decrease as η
increases which signifies that a smaller ratio of CY block height to the overall beam depth
has a better reliability level. Thus, varying the CY block height to beam depth ratio (η) not
only influences the strength of the beam but also its relationship with the reliability index.
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Figure 8. Influence of yield strength ratio of CY block to concrete on reliability index.
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5.2. Monte Carlo Simulation to Find Reliability Index

In this research, Monte Carlo Simulation explained in Section 4.2.2 is carried out for
the CY beam with a total of 432 runs as the values were observed to converge after that. For
a complex problem with wind and seismic load cases, a greater number of runs might be
essential. In total, 30 out of 432 runs of the analysis are presented in Table 6 for reference.

Table 6. Monte Carlo Simulation results (showing 30 out of 432 runs).

S.
No

Random
Nos Di Zi

Random
Nos Li Zi

Random
Nos Ri Zi Ri − Di − Li X/(X + 1) Φ−1(X/(X + 1))

1 0.876 2.436 4.741 0.765 6.610 10.480 0.980 17.667 24.197 8.621 0.004 −3.298
2 0.251 3.012 8.228 0.262 7.321 11.865 0.795 28.723 42.810 18.391 0.006 −3.046
3 0.018 3.308 10.022 0.552 5.476 8.270 0.693 29.474 44.074 20.690 0.008 −2.936
4 0.443 4.728 18.632 0.784 7.374 11.969 0.944 35.091 53.530 22.989 0.010 −2.936
5 0.800 2.782 6.839 0.038 7.556 12.323 0.394 36.200 55.398 25.862 0.012 −2.900
6 0.719 2.303 3.936 0.409 7.772 12.745 0.120 37.279 57.214 27.203 0.014 −2.863
7 0.825 4.688 18.390 0.447 5.297 7.920 0.445 38.721 59.641 28.736 0.016 −2.812
8 0.190 4.230 15.609 0.757 7.863 12.921 0.149 40.828 63.188 28.736 0.018 −2.812
9 0.464 4.259 15.786 0.029 7.531 12.276 0.256 43.399 67.517 31.609 0.020 −2.725

10 0.891 3.672 12.228 0.673 6.345 9.962 0.816 39.518 60.984 29.502 0.022 −2.791
11 0.152 4.943 19.935 0.572 5.238 7.805 0.459 42.748 66.421 32.567 0.024 −2.710
12 0.239 4.177 15.293 0.791 6.960 11.162 0.029 43.704 68.031 32.567 0.026 −2.710
13 0.691 2.591 5.677 0.194 7.850 12.896 0.868 44.348 69.115 33.908 0.028 −2.667
14 0.396 4.809 19.123 0.005 5.707 8.720 0.951 45.766 71.501 35.249 0.030 −2.645
15 0.140 2.288 3.842 0.625 7.851 12.898 0.740 46.920 73.445 36.782 0.032 −2.608
16 0.560 1.958 1.840 0.260 5.661 8.629 0.795 44.975 70.169 37.356 0.034 −2.594
17 0.162 3.539 11.423 0.711 5.125 7.584 0.645 47.553 74.509 38.889 0.036 −2.543
18 0.189 2.027 2.259 0.994 6.472 10.210 0.254 47.962 75.199 39.464 0.038 −2.528
19 0.397 2.006 2.133 0.549 5.982 9.256 0.602 47.452 74.340 39.464 0.042 −2.528
20 0.988 3.597 11.775 0.986 7.604 12.417 0.116 51.814 81.683 40.613 0.047 −2.521
21 0.612 3.438 10.812 0.426 7.873 12.941 0.554 53.073 83.804 41.762 0.051 −2.485
22 0.331 3.823 13.147 0.809 5.938 9.169 0.255 53.248 84.097 43.487 0.055 −2.441
23 0.890 2.475 4.974 0.703 6.409 10.088 0.038 52.370 82.620 43.487 0.058 −2.441
24 0.448 4.471 17.072 0.209 6.755 10.761 0.935 55.670 88.175 44.444 0.060 −2.419
25 0.865 2.605 5.765 0.292 6.334 9.941 0.841 55.108 87.228 46.169 0.064 −2.390
26 0.080 3.336 10.196 0.112 6.218 9.715 0.679 55.723 88.264 46.169 0.067 −2.390
27 0.024 2.670 6.159 0.814 7.175 11.581 0.090 57.163 90.689 47.318 0.070 −2.339
28 0.582 3.274 9.817 0.567 6.395 10.061 0.942 57.562 91.360 47.893 0.074 −2.324
29 0.381 2.342 4.169 0.798 6.879 11.004 0.530 57.114 90.606 47.893 0.077 −2.324
30 0.067 4.041 14.464 0.093 7.030 11.298 0.498 60.304 95.977 49.234 0.079 −2.288

Here, i random numbers are generated using a similar function in Excel, Di are the
dead load variables generated from i random numbers, Zi are the reduced variables, Li are
the live load variables generated from i random numbers, Ri are the resistance variables
generated from i random numbers, X values are the random variables defined in previous
sections, and Ri − Di − Li is also nothing but denotes the probability of failure. As per
Equation (19), Φ−1 of the probability of failure can generate the values of the reliability
index. The results are plotted in normal probability paper (Figure 9) with standard normal
variables in the y-axis with respect to the function of Ri − Di − Li in the x-axis. It is observed
the cumulative distribution function falls short and hence X is extrapolated which yields
a reliability index value of β = 3.336. The probability of failure is thus calculated as
Pf = 0.0020. It is also observed that the β value is close to the βT value of 3.5 [47], which
corresponds to ductile failure in the literature. This is a good indication that the CY beam
exhibits ductile behaviour.
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With the determined β value, the resistance reduction factor and the partial safety
factors account for the uncertainties in material properties and loads in the design. The
resistance reduction factor values calculated using Equations (15) and (21) yields a value of
ϕ = 0.78. The partial safety factors for dead loads and live loads calculated using Equations
(13, 14, 22 and 23) yields a value of γD = 1.12 and γL = 1.36. From the ACI code [47], the
FRP resistance reduction factor value for compression controlled moment is 0.65, while
partial safety factors for dead loads are near 1.35, and live loads are near 1.5. This shows that
the resistance reduction factor for the CY beam is greater than the FRP beam, and design
loads can be reduced compared to the FRP beam. As a result of the structure’s increased
resistance and decreased design loads, these values contribute to an initial reduction in
material costs. Thus, the CY beam not only shows a ductile (less catastrophic) failure but is
also more economical. In the subsequent sections, the variation in the reliability index with
respect to resistance reduction factors for different live-to-dead load ratios is explained in
detail which again proves the above finding.

The summary of the reliability analysis procedure for a CY beam design is illustrated
in the flowchart below in Figure 10.

5.3. Reliability Index vs. Resistance Reduction Factor

Next, the deviation in the reduction factor for the reliability index for different load
ratios is shown in Figure 11. It can be seen that the trend corresponding to different load
ratios (α) follows a similar descending pattern when plotted for the reliability index versus
resistance reduction factor. For example, when α = 0.5 and 1, the reliability index drops
from 3.64 to 3.3 for ϕ = 0.6. However, on further increasing the α values to 1.5 and 2,
there are insignificant changes to the reliability index at 3.08 and 2.93. This indicates that
the CY beam has better reliability at a specific load ratio, beyond which the values start
converging. When ϕ = 0.7, the reliability index value further decreases with the increased
load ratio and reaches the minimum value with a higher load ratio. In the case of wind
load and seismic load, the trend of the corresponding load ratio can be similar which needs
further research. Thus, CY beams have higher resistance and better reliability levels for
different load ratios compared to FRP-reinforced concrete beams. In the subsequent section,
the resistance factor of the CY beam is compared with the RC beam and FRP-reinforced
concrete beam.
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Figure 11. Impact of reduction factor on reliability index for different live-to-dead load ratios.

As explained in Section 3.3, the target reliability index value for the ultimate strength
limit state design of an RC beam as per Australia Standard AS 5104 is 3.8. For an FRP-
strengthened RC beam target, the reliability index value is 3.2 for brittle failure and 3.7
for ductile failure as per the Chinese code. Comparing the values, with the calculated
reliability index as per Section 5.2 and their corresponding resistance reduction factors,
a linear regression is obtained as illustrated in Figure 12. CY beams exhibited higher
resistance than FRP-strengthened RC beams and conventional RC beams. This implies that
CY beam designs can have higher resistances for reduced design loads, which ultimately
results in a reduction in material costs. Also, it is worth noting that CY beams compared
to conventional RC beams show a lack of steel corrosion issues throughout their lifespan,
providing the advantage of reduced maintenance costs. Simply put together, CY beams can
limit the loss of bearing capacity which mitigates the severity of failure consequences, and
a simple local replacement of the fuse is more cost-efficient than replacing the structure as
a whole.
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5.4. Optimal Value Factor

If the reliability index is too low, the structural safety cannot be guaranteed, while if the
reliability index is too high, although the structural safety is increased, it is not economical.
Therefore, it is necessary to make sure the designed reliability index is close to the target
reliability. Due to the large number of cases (the number of cases corresponding to each
material partial safety factor or resistance reduction factor), the least-square formula is used
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to calculate the deviation value H between the reliability index and the target one βt, and it
can be written as

H =
1
n

n

∑
i=1

(βi − βt)
2 (39)

where n is the number of cases; βi denotes the reliability index of the i-th case; and βt
denotes the target reliability index specified in Section 3.3. In this study, βt corresponds to
the suggested maximum values as per the literature for the RC beam and FRP beam, i.e.,
the curves for βt = 3.2, 3.5 and 3.8 are plotted in Figure 13. It can be seen that the trend of
average deviation curves corresponding to different target reliability indexes follows an
ascending pattern.
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Thus, the optimal value of a partial safety factor of 1.3 is derived in this case. Based
on the studies in this paper, it can be observed that CY beams not only exhibit a ductile
property compared to FRP beams but also have better reliability levels. The results suggest
the importance of choosing appropriate design variables and stochastic parameters. Since
there is limited information from experimental testing of CY blocks, further research on
the material properties of CY blocks is recommended. The author is currently conducting
experimental research on the CY material properties and the behaviour of CY blocks and
beams. Based on the testing results, the design variables chosen in this research are to
be verified in future. Once the effective CY material is determined, the CY beam can not
only be an economical option since it saves the material during the design stage but also a
localised repair of the affected/failed fuse structure is possible.

6. Conclusions

This paper aims to develop a reliability-based design approach for compression-
yielded fibre-reinforced polymer (FRP)-reinforced concrete beams. The study involves
using the peak moment or flexural resistance of the CY beam in a reliability-based load and
resistance factor design (LRFD) approach to establish a design space and probability density
function. The design variables and corresponding stochastic parameters are generated to
determine the optimal design point using the FORM.

For the design case considered in this study, the reliability index, resistance reduction
factor and partial safety factors for dead and live loads are determined using Monte Carlo
Simulation. The reliability index value obtained by this simulation was in close proximity
to the target reliability index value, as per the literature. This is a good indication that
the CY beam demonstrates ductile behaviour. Also, the resistance reduction factor for
the CY beam is greater than the FRP beam, and design loads can be reduced compared
to the FRP beam. As a result of the structure’s increased resistance and decreased design
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loads, these values contribute to an initial reduction in material costs which means an
economical structure.

In comparison to an FRP-reinforced concrete beam, CY beams exhibited better reliabil-
ity levels for different load ratios. However, they are deemed to have a lower reliability
index than conventional RC structures. Nevertheless, CY beams demonstrated a lack of
steel corrosion issues throughout their lifespan. This depends on the effective utilisation
of the structural bearing capacity which is contingent upon the synchronisation between
the initial safety margin and subsequent maintenance. This is particularly noteworthy
because CY beams can limit the loss of bearing capacity which mitigates the severity of
failure consequences. The results also suggest the importance of choosing appropriate
design variables and stochastic parameters for CY blocks that contribute to a higher level
of reliability.

Ultimately, the ductility demand for the CY beam was satisfied through the utilisa-
tion of the CY block, in addition to the advantages of FRP reinforcement such as high
tensile strength, low thermal expansivity and economical production. Future research
should investigate the cost-effectiveness and long-term durability of FRP in a variety of
environmental conditions. Also, the uncertainties considered in this paper are based on
the literature for FRP beams and limited experimental studies available for CY beams. The
author is currently researching further with experimental investigations on CY material
properties, CY blocks and CY beam behaviour. With these detailed experimental studies, it
is believed that the type of epistemic uncertainties can further be reduced. A comprehensive
assessment is planned for future research to provide an extended method for evaluating
assumption deviation for safety margins and its cost analysis.
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