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Abstract

Progressive collapse is characterized by disproportionate structural failure triggered by
localized damage, such as column loss under extreme loading conditions. The objective
of this study is to develop a simplified analytical model that is applicable in engineering
practice without the need for high-fidelity nonlinear finite element analysis. Although
current design guidelines (GSA and DoD) provide analytical procedures and acceptance
criteria, they do not explicitly address the tensile resistance of girders after the acceptance
criteria are satisfied, particularly under large deformation and connection failure. To ad-
dress this limitation, this study proposes a simplified theoretical load—displacement
model for a fixed-end girder subjected to three concentrated loads, considering the effects
of secondary beams and focusing on the local girder response under a column-removal
scenario. The proposed model incorporates moment-axial force interactions at plastic sec-
tions in the large-deformation range. Based on one-dimensional finite element analysis
results, an early-developed axial force of 0.15F, at the onset of the transition stage and a
residual bending moment of 0.3M, during the catenary action stage are explicitly intro-
duced to better represent actual structural behavior. The girder response is idealized using
five characteristic points: yielding (Y), full plasticity (P), transition initiation (T), pure ca-
tenary action initiation (C), and collapse governed by connection failure (Feonn). Stress dis-
tributions at plastic sections are analyzed using three-dimensional finite element models
to establish stress-based formulations and a rational procedure for estimating axial force
at collapse. The validity of the proposed model is verified through comparisons with finite
element analysis results for girders with different span-to-depth ratios. The results
demonstrate reasonable agreement in terms of collapse load and displacement, particu-
larly for slender girders, confirming the applicability of the proposed model for progres-
sive collapse assessment.

Keywords: progressive collapse; catenary action; moment-axial force interaction;
simplified theoretical girder model; column-tree connection failure
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1. Introduction

Progressive collapse refers to a phenomenon in which local structural damage, initi-
ated by abnormal loads such as impact events, gas explosions, or terrorist attacks, propa-
gates to adjacent structural members, leading to the partial or total collapse of a structure.
Because the extent of the final collapse is significantly greater than the initial local damage,
progressive collapse is generally characterized by disproportionality. To address this is-
sue, the General Services Administration (GSA) and the Department of Defense (DoD) of
the United States have published the GSA 2016 [1] and DoD 2024 [2] guidelines, respec-
tively, which are aimed at the progressive collapse-resistant design and analysis of federal
civilian facilities and military or defense-related buildings. These guidelines emphasize
graded risk management, quantitative analysis, and multiple protective strategies, and
both propose column removal scenarios at locations considered to have a high risk of pro-
gressive collapse. Furthermore, acceptance criteria corresponding to prescribed loading
conditions are provided based on linear and nonlinear static and dynamic analysis meth-
ods, as well as the detailing of girder—column connections. However, the post-acceptance
load tensile resistance associated with large deformations of flexural members under ex-
treme loading conditions is not explicitly considered in these guidelines.

Based on GSA 2016 [1] and DoD 2024 [2], numerous researchers (Sadek et al. [3], Main
and Sadek [4], Lee et al. [5], Na et al. [6], and Wang et al. [7]) have developed and evalu-
ated computational progressive collapse analysis models using nonlinear static and dy-
namic analyses. While these numerical approaches can provide detailed insight into struc-
tural behavior, they require a high level of expertise and computational experience, which
limits their practical applicability in routine structural design. Therefore, there is a clear
need for simplified analytical models capable of evaluating the progressive collapse re-
sistance of structures.

Previous studies on theoretical girder models indicate that Izzuddin [8], Izzuddin et
al. [9], Stylianidis et al. [10], and Harry et al. [11] developed simplified analytical models
for simply supported girders subjected to uniformly distributed loads by considering the
interaction between bending moment and axial force at plastic sections during the devel-
opment of catenary action. In these studies, a single plastic hinge formed at the midspan
of the girder was assumed. Lee and Kim [12] and Lee et al. [13], based on ABAQUS [14]
numerical analysis results, derived relationships between beam behavior adjacent to the
removed column and the span-to-depth ratio, and proposed an analytical model for a
simply supported beam subjected to a concentrated load at midspan, including the stiff-
ness associated with the pure catenary action stage. Li et al. [15] and Chen et al. [16] de-
veloped a theoretical model for fixed-end girders under uniformly distributed loads by
defining girder behavior in five distinct stages based on strength variations at plastic sec-
tions. In addition, Deputy et al. [17] and Guo et al. [18] proposed analytical models for
fixed-end beams subjected to a single concentrated load, incorporating the detailed inter-
action behavior between bending moment and axial force at plastic sections after the onset
of catenary action. In these models, three plastic hinges forming at the beam ends and
midspan were considered. However, none of the aforementioned studies explicitly de-
fined the structural collapse point within their analytical frameworks.

While research on numerical modeling for progressive collapse assessment has been
active, its practical application to large-scale buildings remains limited due to the require-
ment for high-level expertise, time-consuming modeling, and the generation of massive
datasets. In particular, dynamic finite element analysis considering both material and ge-
ometric nonlinearities entails prohibitive computational costs and execution times, mak-
ing it challenging to implement in routine structural design practice. This study aims to
develop a simplified theoretical girder model for evaluating the progressive collapse re-
sistance of structures through relatively straightforward computational procedures. A
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fixed-end girder subjected to three concentrated loads, including the effects of secondary
beams, is considered, and the stress distribution at plastic sections is analyzed at each
loading stage to establish a corresponding stress-based analytical model. Furthermore, the
loads and displacements acting on the girder following the failure of Column-Tree con-
nections are quantified, and a complete load—displacement relationship from the girder
yielding point to the connection failure point is proposed. By incorporating the early de-
velopment of axial force and the residual moment capacity of plastic sections—obtained
from numerical analysis results—into the analytical model, this study seeks to improve
the reliability of the proposed model compared to existing simplified moment-axial force
interaction approaches.

2. Overview of the Theoretical Girder Model

Figure 1 illustrates the load—displacement relationship of a girder subjected to typical
vertical loading conditions [9,11,13,15]. The response is divided into five distinct stages:
the elastic stage (Stage 1), plastic stage (Stage 2), transition stage (Stage 3), catenary tran-
sition stage (Stage 4), and pure catenary action stage (Stage 5). In the elastic and plastic
stages of a fixed-end girder, the applied load is primarily resisted by bending moments.
After the first yielding occurs at the yield point (Point Y), plastic hinges form at both ends
and at the midspan at the plastic point (Point P), at which the girder reaches its maximum
flexural resistance.

As the load continues to increase and reaches the onset of the transition stage (Point
T), the bending moments at the girder ends and midspan attain their full plastic moment
capacity and can no longer increase. Consequently, axial force begins to increase rapidly
to resist the additional applied load. During the catenary transition stage, both the mid-
span and end sections remain in a plastic state while the axial force continues to develop.
At the onset of pure catenary action (Point C), plastic axial force develops in the girder,
resulting in a pronounced catenary mechanism. In the pure catenary action stage, the
structural response is governed predominantly by axial force rather than bending.

At the girder tensile failure point (Point F), the maximum stress corresponding to the
tensile strength of steel is reached at the plastic section, leading to tensile rupture of the
girder. However, considering that connection failure may occur at a lower load level prior
to girder tensile rupture, a connection failure point (Point Femn) is defined. This point is
adopted as the collapse point of the proposed theoretical girder model.
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Figure 1. Load-displacement relationship of the theoretical model of the girder.

The target structure considered in this study is a steel intermediate moment-resisting
frame with Column-Tree connections, as investigated in the progressive collapse study by
Li[19] (Figure 2a,b). The scope of the theoretical model is defined as the lowest-story model
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(2bayx1bayx1 story) (Figure 2d) extracted from a simplified sub-structural model (Figure
2c), which includes all stories (2bayx1bay) adjacent to the column removal location in the
short-span direction of a multi-story moment-resisting frame (Figure 2a). In addition, the
gravity loads from the composite slab steel deck, transferred through secondary beams
with the pinned connection in the short-span direction, are represented by a fixed-end
girder subjected to three concentrated loads.

It should be noted that this fixed-end girder model has inherent limitations in fully
replicating the complex mechanical behavior of real-world structures. As it assumes ide-
alized fixed boundary conditions and uniform span lengths, it may not explicitly account
for the flexibility of beam—column joints, including joint translation and inward rotation,
potential torsional effects arising from unequal spans, or the stiffness contribution of sur-
rounding members. However, this study intentionally adopts this simplified approach to
establish a fundamental load-displacement relationship of a girder under a column-re-
moval scenario, represented by three equivalent concentrated loads transferred from sec-
ondary beams. (Figure 2b). Previous studies (Na et al. [6], Li [19], and Wu [20]) have shown
that, under similar girder-level sub-assembly conditions, the differences in peak load and
global load-displacement response remain within a limited range.
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Figure 2. Scope of the simplified model (Li [19]). (a) Entire frame; (b) Structural plan; (c) Sub-assem-
bly model of the shortside column removal scenario; (d) Analysis system for a fixed beam under

three concentrated loads.

In this study, the relationship between bending moment and axial force at plastic
hinges of a fixed-end girder subjected to three concentrated loads was investigated as a
function of the span-to-depth ratio (L/D). Finite element analyses were performed using
the commercial program ABAQUS [14], in which the girder was modeled as a fixed-end
member using two-node one-dimensional beam elements (B31). The material properties
of the girder were defined consistently with the numerical model presented by Li [19],
adopting 55400 structural steel and a bilinear constitutive material model. Based on the
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analysis results, the relationships among the normalized bending moment at fixed sup-
ports (M/Mp_End) and mid position (M/Mp_Mid), normalized axial force (F/Fp_End,
F /Fp_Mid), and vertical displacement were derived, as shown in Figure 3.

For girders with an H-shaped cross-section, the plastic moment capacity Mp and the
plastic axial force capacity Fp can be calculated using Equations (1) and (2), respectively.

Mp =o0,Z ey

Fp=0,A @)

Here, 0, denotes the yield strength of the material, and Z and A represent the plas-
tic section modulus and the cross-sectional area of the H-shaped girder, respectively.

Figure 3 presents the analysis results of the L/D of 20, 30 and 40 with respect to the
different span lengths of 16 m to 18 m. When compared with the simplified model repre-
sented by the black line in Figure 4 —which has been adopted in previous studies by Iz-
zuddin [8], Lee and Kim [12], Stylianidis [10], and Deputy et al. [17]—it can be observed
that axial force develops from an early stage of loading, and that the bending moment
does not vanish even during the pure catenary action stage. The early development of
axial force is directly related to the slope of the load-displacement curve in the transition
stage (Stage 3) shown in Figure 1, while the residual moment in the pure catenary action
stage significantly influences the determination of the girder collapse point.
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Figure 3. Relationship between M/Mp and F/Fp depending on span-depth ratio (L/D) of the gird-
ers. (a) L/D = 20; (b) L/D = 30; (c) L/D = 40.

Based on the numerical analysis results, the maximum normalized moment M/Mp
of the three models with respect to the L/D ratio ranged from 1.0 to 1.1. At the end of the
analysis, the residual moment ratios M/Mp at both girder ends and at midspan were
found to be in the range of 0.2-0.38. Lee et al. [13] considered material strain hardening
and adopted the plastic hinge moment as 1.1Mp. In addition, AISC 360 [21] presents an
approximate average interaction curve for the moment-axial force relationship of H-
shaped sections, indicating that the flexural moment begins to decrease when the axial
force exceeds 15% of the plastic axial capacity (F = 0.15Fp).

According to the above numerical results and the findings of previous studies, the
axial force at the end of the transitional stage was assumed to be 15% of the plastic axial
force (F = 0.15Fp), and the residual moment in the pure catenary action stage was taken
as 30% of the plastic moment (0.3M5), as illustrated by the red line in Figure 4. In this
study, an improved load-displacement relationship for a fixed—fixed girder subjected to
three concentrated loads was formally established in Figure 4 by incorporating the effects
of early-developing axial force and residual moment.

M/MPA » F/FF
StagF 2 Stage3 . Stage 4 Stage 5
I

1.1 f-eneo
1.0}----of \

]
|
I
i Izzuddin [8]
I

]
Inifialjaxial force
03 :u:_\_

Displacement.v (mum)

Figure 4. Interaction relationship between moment and axial force [8].

3. Development of Stress Models for Plastic Sections

To identify the stress distribution in the plastic section of the girder and the stress
state at final failure corresponding to each characteristic point on the load-displacement
curve shown in Figure 1, a numerical analysis was conducted using a fixed—fixed girder
model discretized with three-dimensional solid elements. Based on the numerical results,
stress models of the plastic section corresponding to each characteristic point were de-
rived. Ultimately, the theoretical failure point of the girder is determined by analyzing the
stress distribution at the onset of tensile failure.
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3.1. Three-Dimensional Solid Element Modeling of the Girder

The simplified model representing the short-span column removal scenario of the
entire structural frame (Figure 2d) consists of an 8 m span girder (H-792 x 300 x 14 x 22)
connected to columns with a height of 1 m (H-498 x 432 x 45 x 70). The girder—column
connections were modeled as rigid connections, and fixed-end boundary conditions were
applied at both ends of the girder. Displacement control was imposed at the top section
of the column, and the analysis was performed until collapse.

As shown in Figure 5, the nominal stress—strain relationships specified in KBC 2016 [22]
were adopted for the girder and column materials: S5400 steel F, = 235 MPa, F, = 400 MPa)
and SM490 steel (F, = 325 MPa, F, = 490 MPa). The elastic modulus was taken as E = 205
GPa. A bilinear material model was employed by assuming an ultimate strain of 0.2.

Stress-strain relationship of girder and column

450
400
350

=
£ 300

s, M

5 250

Stres:

200
150
100 —— Girder

50 — — Column

0 0.05 0.1 0.15 0.2
Strain

Figure 5. Stress—strain relationship of girder and column.

Both the girder and columns were discretized using 8-node solid elements (C3DS8).
The interaction between the girder and column was modeled using the Constraint function
provided in ABAQUS [14], and a Tie constraint was applied to represent rigid connections
in both horizontal and vertical directions at the contact surfaces. Considering the web
thickness of 14 mm and the flange thickness of 22 mm, the mesh sizes of the web and
flange were set to 14 mm and 11 mm, respectively, resulting in a total of 5284 nodes. To
improve numerical convergence, a quasi-static analysis was conducted.

To simulate element failure modes, the Ductile Damage and Element Deletion options
available in ABAQUS [14] were employed. When the stress in a girder element reached
the material strength, damage initiation occurred, and the fracture energy after damage
initiation was assumed to be zero, allowing the element to be deleted. This approach en-
abled realistic simulation of sectional fracture in the girder.

3.2. Numerical Analysis Results

The relationship between the applied load on the girder and the vertical displace-
ment at the column removal location is shown in Figure 6a. Plastic behavior of the girder
initiated at a vertical displacement of approximately 65.86 mm under a load of 449.4 kN.
After reaching a vertical displacement of 1323.45 mm and a load of 2343.32 kN, elements
adjacent to the fixed ends began to fail, resulting in a reduction in load-carrying capacity.
At a displacement of 1538.25 mm, multiple elements near the fixed ends fractured, and
the analysis was terminated.

The objective of this study is to develop a theoretical model for the girder and to
verify its validity by comparison with numerical results obtained from analyses using
one-dimensional beam elements. To avoid the influence of local buckling in the web, the
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sectional response was evaluated at a location 14 mm away from the fixed end. The rela-
tionship between bending moment and axial force at this section is shown in Figure 6b.
The fully plastic moment Mp and plastic axial force Fp, calculated based on the sectional
dimensions, were 1654.48 kN-m and 5720 kN, respectively.

As shown in Figure 6b, at the plastic point (P), the bending moment in the plastic
section reached approximately 1.05M;, while the axial force was negligible. At the transi-
tional catenary point (T), the maximum bending resistance of approximately 1.10M, was
observed, accompanied by an early development of axial force equal to 0.17Fp. As the
catenary action developed further, the axial force increased while the bending moment
gradually decreased. At the onset of pure catenary action (C), the axial force in the plastic
section reached 1.0Fp, indicating that the load resistance was governed primarily by axial
force. At the failure point (F), corresponding to the ultimate displacement, the bending
moment and axial force were 0.37Mpand 1.36Fp, respectively.

Load-displacement curve
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g
i
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Figure 6. Analysis results of FEA model using 3-D element. (a) Load—displacement relationship; (b)
M-F relationship of plastic cross-section.

3.3. Stress Models Based on Moment—Axial Force—Displacement Relationships of the
Plastic Section

To analyze the stress distribution characteristics of the plastic section at each charac-
teristic point, von Mises stresses and principal stresses were extracted from 58 nodes along
the web height. The stress distributions at points P, T, C, and F are presented in Figure 7a.
In Figure 7a—c, the horizontal axis represents the signed von Mises stress following the
sign convention of the principal stress, and the vertical axis denotes the sectional height
measured from the centroid of the cross-section.
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Figure 7. Analysis results of stress in the plastic section. (a) Stress distribution in the plastic section;

(b) Stress difference between point T and point P; (c) Stress difference between point C and point T.

3.3.1. Fully Plastic State: Point P

At the fully plastic state, the stress distribution across the section is shown in Figure
7a. The stresses at the upper and lower portions of the section reached the yield stress of
t0, = £235 MPa. Due to the relatively small axial force, the neutral axis shifted down-
ward by approximately 14 mm.

Since the influence of axial force on the bending-dominated stress distribution is neg-
ligible at point P, the stress model for this state assumes that the stresses at both the upper
and lower portions of the section are equal to the yield stress +o,, with the neutral axis

fixed at the sectional centroid, as illustrated in Figure 8.

Oy

N.A. at point P

Stress state at point P

Figure 8. Stress model at point P.

3.3.2. Onset of Transitional Catenary Action: Point T

As shown in Figure 6b, the bending moment at point T increased slightly by approx-
imately 0.05Mp compared to point P, while the axial force increased to 0.17Fp. From the
stress distribution of the section shown in Figure 7a, both tensile and compressive stresses
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slightly exceeded the yield stress, and the neutral axis shifted downward by approxi-
mately 120 mm.

From the stress variation between points P and T illustrated in Figure 7b, it can be
observed that within an approximately 105 mm region of the web located between the
neutral axes at points P and T, the sectional stress increased from —g, to approximately
+250 MPa, corresponding to an increase of about twice the yield stress. This stress varia-
tion is attributed to the development of the axial force of 0.17Fp.

At this stage, the axial force tends to achieve equilibrium through the minimum work
principle. Consequently, the axial force is primarily mobilized in the smallest effective
portion of the section adjacent to the neutral axis at point P, converting compressive yield
stress (—a,) into tensile yield stress (+gy). Due to the eccentricity between the axial force
and the neutral axis at point P, a positive bending moment is induced. To satisfy overall
sectional equilibrium, a counteracting negative bending moment develops, resulting in an
increase in both tensile and compressive stresses at the upper and lower portions of the
section (Gpoine T > 0y)-

With respect to the magnitude of the early axial force observed in the numerical anal-
ysis (0.17Fp), the approximate average interaction curve defined in AISC 360 [21] was ref-
erenced. AISC 360 [21] provides an approximate average curve for the moment—axial force
interaction of H-shaped sections, describing the gradual reduction in bending moment
capacity as axial force increases under fully plastic bending. According to this interaction
relationship, when the axial force exceeds approximately 0.15 times the plastic axial force
(F = 0.15Fp), the bending moment begins to decrease. Therefore, to enhance the general
applicability of the proposed stress model, the axial force at point T was conservatively
taken as 0.15Fp.

The sectional stress model at point T is constructed by superimposing the developed
axial force of 0.15Fp, as shown in Figure 9, onto the fully plastic bending stress distribution
in equilibrium at point P while additionally considering the counteracting bending mo-
ment required to maintain sectional equilibrium.

AFp = 0.15F,
OnodeT > Oy o, FTTTTTT T T T T T T T OnodeT — Ty
0.54(o -0
| Mp = 0.15F, x 0.5h,| 1 (@nodger = )

N.A. at P Node I 20nodeT S | J ,

= ot [====% I hy >MF
N.A. at T Node | 0.15F, F =0.15F, |
L] Il hy =———— |

— OnodeT <— Oy ~ 0y : tw(20node 1) : —(Onoder — ay)
Stress state at T node ~ Stress state at Pnode gtr_es;c_au_se_d gy_a;eif_or:e_ T Mg'=Mp= 0.5A(0noaqe 7 — 0y)h>

Stress caused by Mz’

Figure 9. Stress model at point T.

In this formulation, the axial force of 0.15F, transforms the stress in the web over a
height h; below the neutral axis at point P from —a,, to +0yin: 7. The height h; can be
determined using Equation (3), and the bending moment induced by the axial force,
MFM_FMF, can be calculated using Equation (4). By substituting Equation (3) into Equation
(4) and solving simultaneously with Equation (5), both h; and 0T can be obtained.

0.15F,

=—— 3

! tw(zapointT) ( )

My = 0.15F, X 0.5k, (4)

M} = 0.5A4(0point T — 0y) X hy 5)

https://doi.org/10.3390/buildings16050914



Buildings 2026, 16, 914

11 of 29

Here, t,, denotes the web thickness; 0,4in:r and o, represent the sectional stress at
point T and the yield stress, respectively. A is the total cross-sectional area, and h, is the
distance between the centroids of the tensile and compressive zones associated with Mp.

3.3.3. Onset of Pure Catenary Action: Point C

At point C, the bending moment decreased to 0.65Mjp, corresponding to a reduction
of 35% in the plastic moment, while the axial force significantly increased to 1.0Fp, indi-
cating the full development of catenary action in the girder. The neutral axis shifted sub-
stantially and was located within the lower flange. The stress variation between points T
and C is shown in Figure 7c, where the stresses in the section above the neutral axis at
point T increased by approximately 50 MPa on average. In the lower portion of the section
excluding the flange, the increase in stress exceeded twice the yield stress. Due to the re-
duction in bending moment, some regions of the lower flange experienced a transition
from compressive stress to tensile stress, while compressive stresses were maintained in
the remaining regions.

To construct a simplified yet physically representative stress model for point C, the
residual bending moment at this stage was assumed to be 0.3M5;, as stated in Section 2,
and the stress below the neutral axis at point P shown in Figure 7a was limited to +o,.
The increase in axial force from point T to point C, amounting to 0.85Fp, reduces the
bending moment by 0.7Mp, leaving a residual moment of 0.3M5.

The increased axial force was decomposed into two components, F;, and F¢,. The
force F, increases the stress below the neutral axis at point T from —0,in¢r to +0,, and
the eccentricity between the centroid of F; and the neutral axis at point P, denoted by
hy, results in a reduction in the bending moment by 0.7M;. The remaining axial force in-
crement Fg,, was uniformly applied to the entire cross-section after the application of
F¢ 1, such that the total axial force at point C equals 1.0Fp, as illustrated in Figure 10.

AF¢ = Fgy + Fgy = 0.85F,

- |
Onodec = Onoder + Fcp/A OnodeT ~ Ty : Mg, = 0.7M,, Fea/A |
] ] | Reduced moment M |
|
N.A. at P Node : . +J \ Fep = 0.85F, — Fey|
NA af TNod = e TR |
Ala ode 4
77777777 oy, + Fep/A I hs ‘ H_’Cl i |
— Onodger + Fc2/A — Onoder <— Oy oo
Stress state at C node Stress state at T node Moment reduced caused Stress caused by axial
by axial force F¢ force F¢,

Figure 10. Stress model at point C.

Since part of the lower flange may experience tensile stress during the reduction in
the bending moment by 0.7Mp (Figure 11), the values of F;; and h, were determined
using Equations (6)—(9). After determining h3, the sectional stress at the upper flange at
point C, 0pint ¢, can be calculated using Equation (9) based on the forces F¢; and F,.

Mgy, = 0.7Mp = Fcy X hy = Fypo, X Yw + Frpg, X Vr (6)
Feq = Fure, + Frrg, @)

Feo=Fp—Fcp (8)

Opoint ¢ = OpointT T % )
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Figure 11. Stress caused by axial force F ;.

3.3.4. Failure Point: Point F

A comparison between points C and F in Figure 7a indicates a significant increase in
stress in the lower portion of the section, accompanied by a slight stress increase over the
remaining cross-section. The tensile stress at failure reached approximately 322 MPa,
which corresponds to about 81% of the tensile strength (o,, = 400 MPa).

This discrepancy in the failure stress arises from the fact that, as described in Section
2, the stress behavior shown in Figure 7a was evaluated at a section located 14 mm away
from the girder end, where local buckling of the web occurs concurrently. Consequently,
the analyzed section does not fully capture the nominal tensile fracture capacity of the
girder. In the experimental observations, the final failure mode of the overall system was
governed by connection failure prior to tensile rupture of the girder. Therefore, the deter-
mination of the girder tensile failure point (point F) primarily serves to provide a reliable
slope between points C and F on the global load—displacement curve, rather than to rep-
resent the actual tensile fracture of the girder.

Accordingly, the tensile strength at point F was taken as the nominal tensile strength g,,,
instead of the reduced stress level observed in the numerical analysis shown in Figure 7a.

As illustrated in Figure 12, the stress model at point F assumes that, after reaching
point C, the bending moment remains constant while only the axial force continues to
increase. Upon reaching point F, the stresses in the section above the neutral axis at point
T reach the tensile strength, resulting in fracture of the plastic section. The increment in
axial force, Fr — Fp, can be obtained from the difference between the tensile strength o,
and the sectional stress at point C, 6y ¢, multiplied by the effective sectional area. Con-
sequently, the axial force at collapse Fg, can be evaluated using Equations (10) and (11).

The axial force increment AF defined in Equations (10) and (11) plays a key role in
the formalization of the failure point presented in Section 4.

AF = (0 — Opoint ¢)A (11)

AFF = (au ~ Onode C)A

Oy Onode C=0nodeT + FC,Z/A : Oy 7&""196 :

| |

| |

N.A. at P Node _ I |
[ . Feo T [ . LN | E— LI—
NA.atTNode | Jo, +—=+0u—0Onodec ___ loy +Fca/A ! || |

— Onoder + Fc2/A+ 0y — Onodec — Onoder + Fea/A [ |

Stress caused by axial
Stress state at F node Stress state at C node Y

force Frp — F),

Figure 12. Stress model at point F.
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4. Formulation of the Load-Displacement Relationship

In this section, a theoretical load—displacement model is formulated for a fixed—fixed
girder subjected to three concentrated loads. The elastic limit point (Y) and the fully plastic
point (P) are derived based on elastic theory and plastic theory, respectively. The onset of
the transitional catenary action (point T) is subsequently determined based on the mo-
ment-axial force interaction.

Throughout the progressive collapse process, a residual bending moment of 0.3M,
is assumed to be maintained, while only the axial force continues to increase. Based on the
stress model at the failure point (F), the axial force corresponding to tensile fracture of the
girder is evaluated. By considering the deformation of a rigid—plastic mechanism, the on-
set of pure catenary action (point C) and the tensile failure point (point F) are derived in
terms of the relationships between axial force and applied load, as well as between axial
deformation and vertical displacement. The load-displacement response between these
characteristic points is then idealized using linear interpolation.

The derivation of the load—displacement relationships at the onset of transitional cate-
nary action (point T) and pure catenary action (point C) is based on the moment—axial force
interaction model of plastic hinges proposed by Izzuddin [8], together with the differential
and integral formulations of axial force increments. These formulations are reorganized to
be consistent with the assumptions and the applicable range of the present study.

4.1. Formulation of the Onset of Plastic Behavior: Point Y

For the fixed—fixed girder subjected to three concentrated loads, as shown in Figure
2d, the yield moment M, first develops at the girder sections adjacent to the fixed ends.
The relationship between the applied load P, corresponding to the yield moment M,,
and the mid-span vertical displacement v, can be obtained using elastic beam theory, as
expressed in Equations (12) and (13) and illustrated in Figures 13 and 14.

16M
=2 12
) 53 (12)
PI: M,I2
=Y. 13
Y = 96EI ~ 30EI (13

5
1 oL=M, £y £y F, M,
P p| ¢ E 5 Y
4 - v
D | ®
V.= > pr<r
[ j ¥

P, Applied loads at Y point

Figure 13. Moment diagram at the point Y.

BB B
PR S/ N} EE
S~ U, e
P,: Applied loads at Y pOl-.;l? —
v, Displacement at Y point L

Figure 14. Deformation diagram at the point Y.
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4.2. Formulation of the Onset of the Transitional Stage: Point P

After the elastic stage, as the applied load P increases, the bending moments at the
end sections A and B reach the fully plastic moment M, leading to the formation of plastic
hinges at the fixed ends. Following the development of end plastic hinges, moment redis-
tribution occurs, and the bending moment at the mid-span section C also reaches the fully
plastic moment Mp, resulting in the formation of a plastic hinge at the center of the girder,
as illustrated in Figure 15.

PP PP P, P
D l C FE l
AP— ! —4§B
Up
_ —
Pp: Applied loads at P point L @ : Fostic hin ge

Figure 15. Moment diagram at the point P of the girder end.

At this stage, the deformation shape of the girder corresponds to that shown in Figure
15. By applying plastic beam theory, the load P, and the corresponding vertical displace-
ment v, at the onset of the transitional stage (point P) can be evaluated using Equations
(14) and (15).

Lee and Kim [12] reported that the transitional-stage onset load Pp is not signifi-
cantly influenced by the span-to-depth ratio (L/D) and suggested that P, be amplified by
a factor of 1.1 to account for strain hardening effects.

4M

P, =11 LP (14)
TMpL?

VP = 96E] (15

4.3. Formulation of the Onset of Transitional Catenary Action: Point T

During the transitional stage, the bending moments at both the girder ends and the
mid-span reach the fully plastic moment and can no longer increase. As shown in Figure 16,
the girder sections at the ends and at the mid-span behave as rotational hinges, leading to a
rapid increase in rotation. To resist further increases in the applied load, axial force begins
to develop rapidly in the girder. In this stage, the load—displacement relationship is derived
by explicitly considering the interaction between bending moment and axial force.

‘@- o
Py Applied loads at T point ; : Hlastic hinge

Figure 16. Rotation angle at the point T.

The derivation of the axial force increment equation for determining point T is based
on the methodology proposed by Izzuddin [8]. Izzuddin [8], Yin and Wang [23], Li et al.
[15], Harry et al. [11], and Deputy et al. [17] idealized the interaction between bending
moment and axial force at a plastic hinge during the transitional stage, which can be ex-
pressed as Equations (16) and (17).
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M + F =1 16
T E (16)
Mp
=L 17
=g 17)

Here, 1p and Fp denote the plastic interaction radius and the plastic axial force, respec-
tively. The total axial elongation of the girder, A(v), can be expressed as a function of the
mid-span displacement v by applying a Taylor series expansion, as given in Equation (18).

2
Aw) = 2% (18)

As illustrated in Figure 17, plastic hinges are formed at the mid-span section C and
at the end sections A and B. The elastic axial elongation of the girder, A,, can be calculated
from the total elongation A and the plastic elongations at sections A, B, and C using Equa-
tion (19). The axial force in the girder, F, can then be expressed according to Hooke’s law
as shown in Equation (20), where k, is the axial stiffness of the girder, A is the cross-
sectional area, and E is the elastic modulus.

Ae=A_AA_AB_AC=A_2AA_AC (19)
2v?
F = keB= ko | == 284 = A (20)
EA
- 1)

F: Axial force
A: Elongation of the beam

2

Ty
A
@ : Plastic hinge 2

Figure 17. Elongation of the beam at the point T.

Following Izzuddin [8], differentiation of Equation (20) leads to Equation (22).

) (22)

6F = k 4v6v 8rp5v
=ke(4— I

From Equation (22), the axial force can increase (§F > 0) only when the condition

vév rpév
4—>8-L
L L

21p. Therefore, the displacement at the onset of transitional catenary action, vr, is defined

is satisfied, which implies that the mid-span displacement v, must exceed

as the larger of vp and 2rp, as expressed in Equation (23). For girders with a very large
span-to-depth ratio, the condition vp > 27, may govern the determination of vy.

vy = max(vp, 21p) (23)

During the transitional stage, since the bending moments at the end and mid-span
plastic sections have reached the fully plastic moment and no further increase in bending
moment occurs, the load—displacement relationship exhibits a horizontal response. How-
ever, considering the actual girder behavior shown in Figure 4, the axial force in the plastic
section at the onset of transitional catenary action is taken as 15% of the plastic axial force.
The load increment 6Py required to generate an axial force of 0.15Fp can be obtained
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from the triangular geometric configuration of the girder corresponding to the displace-
ment vy, as illustrated in Figure 17. Accordingly, the load at the onset of transitional ca-
tenary action, Pr, can be expressed as follows.

aM, aM, vy
PT = 1.1 + (SPT = 1.1 + 0.15Fp (24)
L L \JvZ+ 0s0)?

4.4. Formulation of the Onset of Pure Catenary Action: Point C

At this stage, the bending moments at the end and mid-span sections decrease to a
residual moment of 0.3Mp, while the axial force continues to increase. Consequently, the
plastic hinges develop significant plastic axial force, and the girder model transitions from
a beam-dominated mechanism to a truss-like mechanism, as illustrated in Figure 18.

Following the approach proposed by Izzuddin [8], Equation (22) is integrated over
the displacement range between v; and v, which introduces additional elastic elonga-
tion in the girder excluding the plastic hinges. By applying vy = 2rp, the relationship be-
tween the axial force F and the vertical displacement at the column removal location v,
can be expressed as Equation (25).

ve ve vév 7p0V 2(ve — vyp)?
F=f 6F=f ke(4——8p ):keu (25)

vr vr L L L

A B
Wz 'LT Yo
v
B

§6: Increment of rotmion‘E @ : Plastic hinge

Figure 18. Rotation angle and displacement increment at the point C.

Pure catenary action is initiated when the axial force reaches the plastic axial force
Fp. By rearranging Equation (23), the corresponding displacement v, can be obtained as
given in Equation (26).

Fpl

T (26)

Ve = 21rp +

As shown in Figure 19, once pure catenary action is established, the relationship be-

tween the applied load P, and the displacement v, can be derived from the moment

equilibrium at point C by considering the residual bending moments of 0.3M; atboth the
supports and the mid-span section, resulting in Equation (27).

Hve 12M,
P.=2—+ 27
=2t @7)

Here, H is Fpcos0,.
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Pr: Applied loads at F point
H: Horizontal reaction force at C point

Figure 19. Free body diagram at the point C.

4.5. Formulation of the Tensile Failure Point: Point F

After the onset of pure catenary action, the residual bending moment remains con-
stant at 0.3Mp, and the increasing load is resisted solely by the axial force. In addition,
shear deformation of the girder and its influence on the load—displacement response un-
der large deflection are not included in the present formulation. Based on the developed
stress model at the collapse point, the increment in axial force from the onset of pure ca-
tenary action to failure can be evaluated. Using the triangular proportional relationship
between axial deformation and the vertical displacement at the column removal location,
the collapse load Pr can be determined.

The increments of axial force and axial deformation in the plastic stage are assumed
to exhibit linear behavior. Referring to Equation (21), the axial force increment §F and
the corresponding axial deformation increment A, after point C can be expressed as
Equation (28).

6F
Bp=1— (28)
kp
E,A
_tp
ey == (29)

Here, k, denotes the axial stiffness of the girder in the plastic region, and E, repre-
sents the slope of the stress—strain relationship in the plastic region.

As illustrated in Figure 20, the deformed girder length at point C, L., can be evalu-
ated from the vertical displacement at point C and the original girder length L using
Equation (30). The increase in axial force from point C to point F is obtained as AFr from
the stress model. Accordingly, the axial force at collapse, F, can be calculated using Equa-
tion (31), and the axial deformation induced by the axial force increment can be expressed
as Equation (32). The increment in vertical displacement at failure, v , and the vertical
displacement at point F, vg, can be determined using Equation (33).

@ : Plastic hinge —
Hg: Horizontal reaction force at F point

Figure 20. Free body diagram at the point F.
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Le = /LZ + v? (30)

FF=AFF+FP (31)
V= (32)
Ve = Ve + Ovp = v + \/ (0.5L¢ + 0.54,)° = (0.5L¢)? (33)

By considering the residual bending moments of 0.3Mp at both the supports and the
mid-span section, the relationship between the applied load Pr and the vertical displace-
ment vy at tensile failure can be derived from the moment equilibrium at point C. This
relationship is analogous to that at point C and is expressed as Equation (34).
Hpvp  1.2M

FUF P

L L 34

Here, Hg is equal to FrcosO.

5. Failure Point of the Column-Tree Connection

The theoretical model described thus far is a simplified model that does not explicitly
account for connection behavior. In addition, global tying forces transmitted to adjacent
beams, columns, and floor systems, as well as joint translation and rotation after column
loss, are not explicitly considered in the present formulation. Experimental results of
three-dimensional frame-slab systems conducted by Fu et al. [24] and Wang et al. [7]
showed that, after the applied load reached the maximum resistance capacity, fracture of
the bolts and flanges in the girder—column connections (End-plate bolted connections and
WUE-B connections) occurred, leading to a rapid degradation of the load-resisting capac-
ity of the girders. This stage was defined as the collapse point of the structural system.

In this study, to reflect the influence of girder—column connections on the failure of
the frame-slab system, the failure point(denoted as point F,,,,) of the Column-Tree con-
nection located 900 mm from the column flange during the catenary action stage was eval-
uated based on the bearing-type connection performance and determined through five
sequential steps.

As the applied load increases in the plastic region, the shear force acting on the girder
increases monotonically. Since the slip-critical strength of the high-strength friction bolts
in the Column-Tree connection can be assumed to have already been exceeded, the bear-
ing strength of the bolts and splice plates must be examined. During the catenary action
stage, the bending moment is significantly reduced to 0.3Mp; therefore, the shear force
acting on the flange bolts is relatively small compared to that acting on the web shear
bolts. Consequently, the bearing strength of the Column-Tree connection is governed by
the high-strength shear bolts in the web splice, which resist the applied shear force.

As shown in Figure 21, during the girder catenary action stage, it is assumed that the
applied load P and the axial force F in the girder increase linearly with the vertical dis-
placement v. Based on this assumption, the relationships between the concentrated load
acting on the girder at connection failure P,,,, and the corresponding girder axial force
Feonn, as well as the vertical displacement at connection failure v,,,,, are formulated as
Equations (35) and (36), respectively. These expressions are obtained by applying equilib-
rium conditions at the connection failure state.
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Figure 21. Load & axial force-displacement relationship at the catenary stage.
(Pconn - PC)(FF _FP)
Fonn = P —P + Fp (35)
F— Ic
(vp — ve)(Fp — Fp)
Vconn = + (36)

Ve
Fconn - FF

5.1. Analysis of the Connection Failure Process

The failure process of the connection was analyzed through the following five calcu-
lation steps. In Steps 1 and 2, the failure mode of the web splice is determined as the
smaller value between the sum of the shear strengths of the high-strength bolts and the
sum of the bearing strengths of the bolt holes. In Step 3, the load and displacement acting
on the girder at the instant of web splice failure are evaluated. In Step 4, the possibility of
flange splice failure at the moment of web splice failure is examined. In Step 5, it is as-
sumed that, after the web splice failure, both the applied load and axial force acting on
the girder are fully transferred to the flange splice, and the failure of the flange splice is
subsequently investigated.

5.1.1. Step 1: Evaluation of the Shear Strength of High-Strength Web Bolts

The shear strength of the high-strength web bolts, F,,;,, is calculated using Equation
(37) based on the number of web bolts n, the bolt cross-sectional area A4,, the nominal
shear strength F,,, and the number of shear planes N;. In this study, it is assumed that
the threaded portion of the bolt is not included in the shear plane; therefore, the nominal
shear strength F,, istaken as 0.5 times the nominal tensile strength of the bolt F;, as given
in Equation (38).

wa = nAb X an X NS (37)

E,, = 0.5F, (38)

5.1.2. Step 2: Evaluation of the Bearing Strength of Web Bolt Holes and Identification of
the Failure Mode

According to AISC 360 [21], the bearing strength of the bolt holes in the web splice,
Fyp, is calculated using Equation (39), and the failure mode of the web splice is identified
by comparing F,, with the shear strength of the high-strength web bolts F,,,. Since the
magnitude of deflection at failure has not yet been determined and the directions of the
shear force and axial force acting on the connection are not clearly defined, the bearing
strength calculation is simplified and conservatively evaluated. As shown in Figure 22,
the clear distance between bolt holes L. is taken as the smaller value between the clear
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distances evaluated in the girder axial direction (x) and the shear direction (y), denoted as
Ly and L,, respectively, as expressed in Equation (40).

T, Axial force of girder
T.on: Shear force of girder
Fj: Axial force of flanges
F,: Axial force of web
F,;: Resultant force of bolts 0 ﬁFf
8 ,onn: Displacement at connection failure point 1

|

1

Figure 22. Freebody diagram of Column-Tree connection.

Fyy = 1.5nL.tF, < 3.0ndtF, (39)

Lo = min(Lgy, Le,y) (40)

Here, t is the thickness of the connected plate, F, is the nominal tensile strength of
the connected plate, and d is the bolt diameter.

Using Equations (37) and (39), the shear strength of the high-strength web bolts F,,;, and
the bearing strength of the bolt holes F;, are calculated and summarized in Table 1. As shown
in Table 1, the shear strength of the web shear bolts in the Column-Tree connections of the
girders at each story is smaller than the corresponding bearing strength of the bolt holes, indi-
cating that the failure mode of the web splice is governed by bolt shear failure.

Table 1. Load & displacement when web splices fracture.

Connection Shear Strength of Bearing Strength of Expected

Location (Figure 2b)  Bolts, F,, (kN) Bolt Holes, Fp,(kN) Fracture Type
G2_1-3F 3768 111,484 Bolt shear
G2_4-6F 1884 5742 Bolt shear
G2_7F 1256 2784 Bolt shear

5.1.3. Step 3: Load P,,,, and Axial Force F,,, at Web Splice Failure

Figure 22 illustrates the shear force V,,,, and axial force T,,,, generated in the Col-
umn-Tree connection by three concentrated loads P, acting on the girder at the mo-
ment of connection failure. The shear force V., acting on the cross-section is transmitted
through the web splice shear bolts, whereas the axial force T,,,, which is the sum of the
catenary-induced axial force and the girder load, is transmitted through both the flange
and web splice bolts, as expressed in Equations (41) and (42).

The horizontal forces transmitted to the flange splice and web splice, F; and F,, re-
spectively, are determined by distributing the axial force T, in proportion to the flange
area A; and web area 4, as given in Equations (43) and (44).

Veonn = 1.5F;onncost (41)

Teonn = Feonn + 1.5PonnSiné (42)
A

Fy = 7" Toonn (43)
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A
Fy, = TW Teonn (44)
_ Uconn
"~ 0.5L (45)

The resultant force combining the shear force V,,, and the axial force F, acting on
the web splice, denoted as F, ony, is given by Equation (46).

Fw,conn =4/ Vc%nn + Fvg (46)

Since the resultant force at web splice failure is equal to the maximum resistance (F,,)
capacity of the bolt group F, ;onn, substituting Equations (35), (37) and (39) into Equation
(46) and rearranging using Equation (47) yields a nonlinear equation for the concentrated
load Py, at Column-Tree connection failure. This equation can be solved using an ap-
propriate numerical method.

Fw,conn = Fup (47)

Through the above procedure, the concentrated load P,.,,,, and the corresponding
displacement v,,,, acting on the fixed—fixed girder at the instant of shear failure of the
web bolts in the Column-Tree connections at the 1st, 4th, and 7th stories are summarized
in Table 2. These results are incorporated into the theoretical girder model as the connec-
tion failure point.

Table 2. Load, axial force & displacement at connection failure.

Connection

Location (Figure 2b) Fup (N) Feonn (kN) Veonn (mm) Peonn (kN)
G2_1-3F 3768 6578 1814 1628
G2_4-6F 1884 5294 1286 1021

G2_7F 1256 2310 1861 632

5.1.4. Step 4: Evaluation of Flange Splice Failure at the Instant of Web Splice Failure

At the instant of web splice failure, the stress in the high-strength web bolts reaches
the nominal shear strength, and the potential failure of the girder flange, flange splice
plates, and flange high-strength bolts must be examined. When a concentrated load P,y
and an axial force F,,,, acton the girder, an axial force of 0.5F; is applied to each flange,
as shown in Figure 23, and is transmitted to the flange splice plates through the high-

strength bolts.
T T T
I I I
I I I
A A 1
..“ _I,-".‘ "‘-—r’,' T
Axial force transmitted through the
section at the bolt-hole location T:OSFf
I ! _F' | ! Axial force transmitted
| 0.5 i3 | through the mid section
I i I
T T T
| | |
| | |
| L L

Figure 23. Axial force transmitted through the mid-section and the section at the bolt-hole location.

The stresses on the flange shear plane (oy), the shear stress in the flange bolts (a5;),
and the stress on the shear plane of the flange splice plates at the bolt line (o) are
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calculated using Equations (48), (49), and (50), respectively. Since the midsection of the
flange splice plate is the region through which the girder flange axial force is transferred
and is therefore vulnerable to potential failure, the stress at this section, oy 4, is addi-
tionally evaluated using Equation (51), as illustrated in Figure 23.

0.5Ff (48)

Or =

4 nyAsn

0.5Ff 49
b = nA,N, (49)
0.5Ff 50
fs,bh = ToArsn (50)
0.5Ff ,
afs,mld nbAfs (5 )

Here, n, is the number of bolt rows, A, is the net sectional area of the flange, n is
the number of shear planes, Ay, isthe net sectional area of the flange splice plate exclud-
ing bolt holes, and Ay, is the gross sectional area of the flange splice plate.

Using Equations (48)—(51), the stresses in the girder flange, the flange splice plate at
the bolt line, and the flange bolts at the instant of web splice failure are calculated and
compared with the tensile strength of SS400 steel (o,, = 400 MPa) and the nominal shear
strength of the bolts (F,, = 500 MPa), as summarized in Table 3. The results indicate that
the stresses in the flanges at each story are 49%, 28%, and 52% of the tensile strength,
respectively, while the stresses in the flange splice plates at the bolt line remain below 47%
of the tensile strength. The stresses in the flange bolts are within 33% of the nominal shear
strength, and the stress at the midsection of the flange splice plate is within 86% of the
tensile strength, confirming that flange splice failure does not occur at this stage.

Table 3. Stresses at flange, flange splices and flange bolts when web splices fracture.

Connection Elements Stress (MPa) Connection Location (Figure 2b)
Stress Ratio (%) G2_1-3F G2_4-6F G2_7F
o 194 111 209
Fl L
ange o;/0, 49 28 52
Orp 164 132 153
Flange bolt L
ange botts 075/ Fo 33 26 31
Flange splices at the mid- Ofs,mid 343 266 321
section Ofsmid/Ou 86 66 80
Section at the bolt-hole Ofs,bh 183 102 194
location of flange splices Ofs pn/ Ou 46 26 47

5.1.5. Step 5: Evaluation of Flange Splice Failure Immediately After Web Splice Failure

Immediately after web splice failure, when the concentrated load P, and axial
force F.,n, act on the girder, a horizontal force T,,,, and a vertical force V.,,, are ap-
plied to the flange splice as shown in Figure 22. Based on the von Mises yield criterion,
the equivalent plane stress considering two-dimensional stress components is calculated
for the flange (oyy r), the flange splice plate at the bolt line (g £ pr), and the midsection
of the flange splice plate (oyu rsmia) using Equations (52)—(60).

Oym,f = "7121,f + 30122,;‘ (52)
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OyM,fs,bh = J‘7121,fs,hb +30% fshp (53)
Oym,fsmid = \/ 0% psmia T 3012 fsmia (54)
Giag = Oniif (55)

Oiop = nfjl’;ln (56)

O11f5bn = 1?;;‘;”: (57)

rageon = gt 69)
O11,fs,mid = 05;% (59)
012,fs,mid = 0.5:4‘/;:,1” (60)

Here, 0, is the stress component due to axial force, and oy, is the stress component
due to shear force. Considering that the flange high-strength bolts transfer the horizontal
force Tionn, the stress in the flange bolts oy, is calculated using Equation (61).

05T 0nn

afb = —nAbNS (61)

Using Equations (52)—(54) and (61), the equivalent stresses in the flange, the flange
splice plate at the bolt line, the midsection of the flange splice plate, and the stresses in the
flange bolts immediately after web splice failure are calculated for each story and com-
pared with the tensile strength of the steel material and the nominal shear strength of the
bolts. As summarized in Table 4, the stresses in the flange and the flange splice plate at
the bolt line range from 28% to 55% of the tensile strength of 55400 steel (400 MPa), indi-
cating no failure in these components. The stresses in the flange high-strength bolts are
within 66% of the nominal shear strength. However, stresses of 618 MPa, 412 MPa, and
521 MPa develop at the midsection of the flange splice plate for the 1st-3rd stories, 4th—
6th stories, and the 7th story, respectively, corresponding to 155%, 103%, and 130% of the
tensile strength of the steel.

Table 4. Stresses at flange, flange splices and flange bolts at the instant after web splices fracture.

Connection Elements Stress (MPa) Connection Location (Figure 2b)
Stress Ratio (%)  G2_1-3F G2_4-6F G2_7F
Oymz 296 164 267
Flange

Oym,f/ 0w 49 28 52
Ofp 327 263 307

Flange bolts 570/ Fan 6 56 ol
Mid-section of flange OyM,fsmid 618 412 521
splices Oym,fsmia/Ou 155 103 130

Section at the bolt-hole OyM,fs,bh 222 141 197
location of flange splices oy, rspn/0u 55 35 49
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Based on the results of Steps 1-5, shear failure of the high-strength web bolts occurs
due to the combined action of axial force and shear force. Immediately after the web splice
failure, both the concentrated load and axial force acting on the girder are fully transferred
to the midsection of the flange splice plate, leading to a sudden fracture of this section and
complete failure of the Column-Tree connection. Accordingly, the Column-Tree connec-
tion failure point defined in this study, P.,n, and v.ny, is determined as the applied load
and displacement at the instant of shear failure of the high-strength web bolts.

6. Validation of the Theoretical Model

The load-displacement relationship of a fixed—fixed girder subjected to three concen-
trated loads, as formulated in the preceding sections, was applied to the example listed in
Table 5 and compared with the results obtained from ABAQUS [14] numerical analyses
to verify the validity of the theoretical model developed in this study. Table 6 summarizes
the calculated loads and displacements at the characteristic points of the theoretical
model, namely Points Y, P, T, C, and F. The load and displacement corresponding to the
connection failure point (Point Fenn) are presented in Table 2.

Table 5. Specifications of the applicable model.

Section Size: H-792 x 300 x 14 x 22

Length (L) 16 m Yield moment (M,,) 1451 kKN X m
Young’'s modulus (E) 205 GPa Plastic moment (M) 1654 kN X m
Moment of inertia (I)  2.54 X 10° mm* Axial stiffness (k) 311,856 kN/m

Yield strength (o) 235 MPa Plastic axial force (Fp) 5720 kN
Ultimate strength (o,,) 400 MPa Plastic interaction radius (7;,) 297 mm

Table 6. Calculation results of load and displacement at each characteristic points.

Characteristic Points Equation Number Load/Displacement Results
Point Y 82 2 22.17.5 rrll(rﬂ
SN
U B R
S B
C B

6.1. Overview of the Numerical Analysis Model

To validate the theoretical model derived in this study, one-dimensional (1D) finite
element analyses were performed using ABAQUS [14], considering cases with and with-
out the application of Column-Tree connections, as shown in Figure 24. The girder spec-
ifications were identical to those listed in Table 5, and a bilinear material model was
adopted for SS400 structural steel.

https://doi.org/10.3390/buildings16050914



Buildings 2026, 16, 914 25 of 29
p Il) p
Fixed | \2 | Fixed
~i |‘ |4
Y A \—Column—'.l're]t;) Column—Tree —/ C: \—Panel zone E B
L x >|<
Column loss
(a)
P P P
Fixed l l l Fixed
AF D C E B

.. X
Column loss
(b)

Figure 24. FEM model using 1-D El. (a) with Column-Tree connection & panel zone; (b) without

Column-Tree connection.

Three modeling cases with identical span lengths but different cross-sectional dimen-
sions were considered. The girder cross-sections were selected to match those of the G2
girders in the target structure and were defined as H-792 x 300 x 14 x 22, H-400 = 400 = 13
x 21, and H-400 x 200 x 8 x 13. For models incorporating connection behavior, the one-
dimensional box-shaped Column-Tree modeling approach proposed by Li [19] was
adopted (Figure 24a). As shown in Figure 24, the three concentrated load(P) applied to
points C, D, E of girder.

6.2. Comparison Between the Theoretical Model and Numerical Analysis Results

For the 1st-, 4th-, and 7th-story girders of the seven-story building considered in this
study, the load—displacement relationships including each characteristic points Y (elastic
limit point), P (fully plastic point), T (transitional catenary action), C (pure catenary ac-
tion), and Feonn (connection failure) of the theoretical model subjected to three concentrated
loads were evaluated and compared with the corresponding numerical analysis results,
as shown in Table 7 and Figure 25. The overall trends of the load-displacement curves
obtained from the theoretical model and the finite element model are in good agreement.

H-792x300x14x22

4000 F
P P P S
3500 4 ol d E VB 7 285mm,
L P 3996kN
3000 i
P
Z 2500 S =
; Fonn:1814mm, - i
« 2000 [ 1628kN
3 N7
< L
= 1500 ===Theory
1776mm, ——Numeric. W. C.T
1000 - C 140210 Numeric. W/O. C.T.
P T ® Characteristic point
500 m  Connection fracture
0 s s s s s s s s s
0 500 1000 1500 2000 2500 3000 3500 4000 4500

Displacement, v(mm)

(a)
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H-400x400x13x21

P P P /FA
3000 g Dl Cl El iR 7 \
t L B P / 3998mm,
2500 | - 3339kN
Z z
= o~
= 2000 >
= P
S 1500 | Feonn:1286mm, — ~
- 1021kN \ o e==Theory
1000 |- —FEM w. CT
1556mm, e FEM w/o. CT
500 C 1021kN ® Characteristic point
[ P T ®m  Connection fracture
0 L L L L L L L L )
0 500 1000 1500 2000 2500 3000 3500 4000 4500
Displacement, v(mm)
H-400x200x8x13
1500 -
P P P
At Dl Cl El B 3430mm, 1178kN:
1200 | L _\)F
-
-
- -
1 ‘conn? 1861mm, o
- 632kN
3 Ny
2 600
] = Theory
FEM w. CT
1755mm, ~—FEM wlo. CT
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Displacement, v(mm)
()

Figure 25. Comparison of P — § curves from theoretical and FEM model for girder. (a) 1st story; (b)
4th story; (c) 7th-story.

Table 7. Comparison of the connection failure point between FEM and theory.

Floor Beam Size P or v FEM Theory Error
L —
P00 <00 <1321 {50 0 mm L7
B0 208013 {75 56 i)

For the girder with the H-792 x 300 x 14 x 22 section (L/D = 20), the load and dis-
placement at the connection failure point (Point Femn) predicted by the theoretical model
were 1628 kN and 1814 mm, respectively, whereas the collapse load and displacement
obtained from the numerical model with Column-Tree connections (FEM w. CT) were
1402 kN and 1776 mm. The corresponding discrepancies were 16% in load and 2% in dis-
placement.

For the H-400 x 400 x 13 x 21 girder (L/D = 40), the collapse loads and displacements
predicted by the theoretical model and the FEM w. CT model were 1021 kN and 1286 mm,
and 1021 kN and 1556 mm, respectively. For the H-400 x 200 x 8 x 13 girder (L/D = 40),
the collapse points were obtained as 632 kN and 1861 mm from the theoretical model and
460 kN and 1755 mm from the FEM w. CT model.

As shown in Figure 25, the discrepancies in collapse load for the 1st- and 4th-story
girders are 16% and 0%, respectively, while the corresponding displacement differences
are 2% and 17%. In contrast, the 7th-story girder exhibits the largest discrepancy in col-
lapse load, reaching 37%. It is observed that the theoretical model based on stress models
at characteristic points shows better agreement with numerical results for girders with
relatively larger cross-sections. This tendency can be attributed to the fact that the girder
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stress model used in this study was calibrated based on the numerical results of the H-792
x 300 x 14 x 22 section, and the tensile failure point of the girder (Point F) was determined
accordingly.

A comparison between the theoretical model, including the girder tensile failure
point (Point F), and the numerical model without Column-Tree connections (FEM w/o.
CT) indicates that the theoretical model consistently exhibits higher stiffness than the nu-
merical results. This difference is attributed to the rigid—plastic mechanism assumption
adopted in the theoretical model, in which plastic hinges are idealized as discrete points,
thereby neglecting the spread of plasticity along the member length.

In addition, as shown in Figure 3, when the girder reaches the tensile failure point
(Point F), the bending moment at the midspan does not reduce to the simplified residual
moment level 0of0.3Mp. Consequently, the stress developed in the plastic section is higher
than that predicted by the simplified theoretical stress model, leading to failure at lower
loads and smaller displacements in the numerical analysis.

7. Conclusions

In this study, an improved theoretical load-displacement model for a fixed—fixed
girder subjected to three concentrated loads was developed by incorporating the mo-
ment-axial force interaction of plastic sections in the large-deformation range. Based on
one-dimensional finite element analysis results, an early-developed axial force at the onset
of the transition stage (Point T) and a residual bending moment of 0.3Mp remaining in
the plastic section during the catenary action stage (Point C) were explicitly considered to
better represent the actual structural behavior. By formulating the load and displacement
at each characteristic point using equilibrium conditions at the supports, the girder re-
sponse was idealized as a theoretical model consisting of five characteristic points: the
yield point (Y), the plastic hinge formation point (P), the transition stage initiation point
(T), the pure catenary action initiation point (C), and the collapse point governed by con-
nection failure (Feonn).

The main conclusions of this study can be summarized as follows:

(1) Systematic Definition of Structural Response: The girder load—displacement relation-
ship was systematically defined using five characteristic points—Y, P, T, C, and F—
corresponding to yielding, full plasticity, initiation of the transition stage, initiation of
pure catenary action, and collapse. This formulation enables a clear physical interpre-
tation of each deformation stage and provides a rational framework for representing
progressive collapse behavior.

(2) Improved Axial-Flexural Interaction Model: To better capture the actual structural re-
sponse, an early-developed axial force and a residual bending moment at the plastic
section were incorporated. This approach improves upon conventional simplified in-
teraction models by more accurately reflecting the gradual transition from flexural-
dominated behavior to axial-force-dominated catenary action.

(3) Rational Estimation of Collapse Resistance: Stress distributions in plastic sections
were analyzed using three-dimensional solid-element models to propose a procedure
for estimating axial force at collapse. The derived formulations play a critical role in
formalizing the collapse point (Fconn) and enhance the mechanical consistency of the
model across various structural stages.

(4) Model Validation and Practical Implementation: The validity of the model was veri-
fied through comparisons with finite element analysis for girders with different span-
to-depth ratios (L/D), showing reasonable agreement in collapse load (16-37% error)
and displacement (2-17% error). The model exhibited improved accuracy for girders
with larger L/D ratios, although it consistently predicted higher stiffness due to the
rigid—plastic assumption. While the model adopts idealized boundary conditions that
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may not fully account for joint flexibility or torsional effects, it serves as a validated
baseline for continuous beams. For practical use, the procedures and equations for
calculating these characteristic points are schematically summarized in Figure 26.

(5) Future Research and Extensions: The proposed framework can be extended to cases in-
volving uniformly distributed loads through the same conceptual approach. While this
study provides a necessary theoretical foundation, further research is required to gen-
eralize the model to more complex structural systems. This includes investigating a
broader range of girder dimensions, beam spans, and steel grades, as well as explicitly
incorporating high-order parameters—such as the spread of plasticity, joint flexibility,

Input:
Geometric and material properties
of Column-Tree connection

and torsional effects—to better represent realistic behavior in multi-story structures.
Relationship between load and axial force at

Input:
Geometric and material properties of analysis object
the connection fracture point P o Feonn

Girder stress model (Equations (35), (36))

(Section 3.3) l

Check the fracture mode of web splice joint
(Equations (37), (39))

The beam axial force

at the tensile fracture point Fp
(Equations (10) ~ (11))
Check the flange splice fracture
when web splice joint fracture
(Equations (48) ~ (61))

Characteristic points in the girder
Y,P,T,CF

(Table 7)
_ / Column-Tree connection failure point F,,,,
< / (Table2)

v
Output:
Completion of Load-displacement relation
with each characteristic points of the girder model

Figure 26. Design scheme of theoretical girder model.

The proposed model is intended for girder-level assessment under a column-removal
scenario and does not represent the global progressive collapse behavior of an entire struc-
tural system, including joint deformability, three-dimensional load redistribution, and ty-
ing action through adjacent members and slabs.
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