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Abstract 

This study investigates the influence of vertical separation between the girder and bear-

ings under bidirectional seismic excitations on the failure modes of shear keys. A contin-

uum dynamic model for a two-span girder bridge was established and solved using the 

transient wave eigenfunction expansion method. The dynamic response of structural ver-

tical separation and horizontal collision under bidirectional seismic excitations was sys-

tematically analyzed. The results indicate that the vertical seismic component induces sep-

aration at the girder–bearing interface, which significantly alters both the magnitude and 

contact location of the horizontal collision force on the shear keys. This phenomenon is 

most pronounced when the predominant period of the ground motion approaches the 

structure’s vertical natural period, drastically amplifying the girder’s horizontal seismic 

response. Consequently, the failure mode of shear keys exhibits an evolutionary sequence: 

with increasing seismic amplitude, it transitions from flat shear to inclined shear, and ul-

timately to flexural failure. Crucially, this dynamic coupling effect simultaneously ampli-

fies the horizontal collision force and reduces the shear keys’ load-bearing capacity. Under 

the most unfavorable collision conditions, the limit of the horizontal collision force can 

reach up to 5.12 times greater than its design bearing capacity. This study reveals that 

neglecting vertical seismic excitation severely underestimates the actual failure risk of 

shear keys, underscoring the critical need to consider this coupling effect in the seismic 

design and performance evaluation of bridges in high-intensity zones. 

Keywords: vertical separation; girder bridge; bidirectional seismic excitation; shear key 

failure modes 

 

1. Introduction 

As a primary seismic device in bridges, shear keys serve to limit the horizontal dis-

placement of the superstructure. However, once they fail, the superstructure is highly 
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susceptible to severe seismic damage due to unseating. Widespread failure of shear keys 

was observed in the Northridge earthquake [1]. During the Wenchuan earthquake, as 

many as 5560 highway bridges were damaged, with one of the most notable seismic dam-

ages being the extensive brittle shear failure of shear keys along their inclined sections. It 

is noteworthy that the number of damaged shear keys in simply supported girder bridges 

alone reached 720 sets [2,3]. 

The seismic collision behavior of shear keys is difficult to capture and observe di-

rectly during earthquakes. Consequently, existing research has predominantly relied on 

experimental methods and finite element simulation for investigation. Since 2001, Megally 

et al. [4] have pioneered a series of experimental studies involving lateral impact tests on 

shear keys with various geometries and reinforcement configurations. These investiga-

tions systematically explored the failure mechanisms of shear keys and subsequently pro-

posed predictive formulas for the bearing capacities of external shear keys under flat 

shear, inclined shear, and flexural failure modes. The findings from this research were 

later incorporated into the design specifications of the California Department of Trans-

portation (CalTrans) [5]. Subsequently, research on various types of shear keys prolifer-

ated. Xu et al. [6] conducted comparative experiments on 12 shear keys with different 

contact surfaces, analyzing the influence of shear reinforcement and impact location on 

their failure behavior. The results indicated that when shear keys fail in sliding mode, 

their peak strength exhibits a linear relationship with shear reinforcement parameters and 

a negative correlation with loading height. Kottari et al. conducted experimental studies 

on 12 shear keys with varying reinforcement configurations to investigate the influence of 

horizontal tie reinforcement strength and impact location on their load-bearing capacity. 

The results indicated that the strength of horizontal tie reinforcement had a relatively mi-

nor effect on the ultimate strength of the shear keys. However, an increase in collision 

height was found to significantly reduce their load-bearing capacity. This finding indi-

rectly corroborates the conclusions drawn from Xu’s research [7]. Wang et al. [8] experi-

mentally demonstrated that for prefabricated reinforced concrete shear keys subjected to 

high-intensity seismic actions the probability of diagonal shear failure exceeds 80%. In 

contrast to research focused solely on shear keys themselves, seismic studies considering 

the integrated system containing shear keys have also been widely conducted, though 

predominantly based on simulations. For instance, Yang et al. [9] developed a detailed 

solid-element model in ABAQUS to investigate lateral seismic pounding in high-speed 

railway simply supported girder bridges, explicitly incorporating the track system. Their 

findings indicated that a smaller pounding gap leads to a larger impact force upon colli-

sion but is more effective in controlling the relative displacement between the pier and 

the girder. Fu et al. [10,11] employed the same method to investigate the axial compressive 

behavior of the relevant new types of composite structures and achieved promising re-

sults. Pi et al. [12] utilized OpenSees to establish a single pier simply supported girder 

bridge model, simulating the seismic interaction among bearings, shear keys, and piers. 

Based on this analysis, they proposed a “controlled failure” design philosophy that em-

phasizes the coordinated seismic performance of these three components. Building upon 

this approach, Ma et al. employed a similar methodology to evaluate the trends in the 

seismic vulnerability of bridge substructures under varying shear key strengths [13]. 

The influence of vertical ground motion during near-fault earthquakes on the dy-

namic response of bridge structures is widely acknowledged as significant and non-neg-

ligible. The recognition of this issue dates back to the 1989 Loma Prieta earthquake, where 

post-event investigations documented cases of bridge piers penetrating through the deck 

superstructure [14]. This was followed by observations from the 1994 Northridge earth-

quake, where intense vertical seismic excitation was identified as a primary cause of com-

pressive failure in concrete bridge piers, subsequently triggering bridge collapses and 
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extensive pier damage [15]. Further evidence emerged from the 1995 Great Hanshin earth-

quake, where Tanimura et al. attributed the bearing damage at the Nishinomiya Bridge 

specifically to the impact forces resulting from the falling superstructure after being 

thrown upward by vertical motions [16]. The 2011 Christchurch earthquake provided ad-

ditional field evidence of pier damage directly linked to vertical ground shaking. Despite 

these documented field cases, research into this phenomenon has progressed slowly [17]. 

This is largely attributable to its transient occurrence and the practical challenges associ-

ated with direct observation and measurement during seismic events. Early analytical 

work by Nie et al. (2002) [18] highlighted this gap, employing a single-pier sliding bearing 

model to investigate dynamic vertical contact reactions. Their findings challenged the con-

ventional design assumption of constant vertical bearing reaction forces under seismic 

loading, demonstrating its inaccuracy. Subsequently, Yang and Yin [19,20] conducted a 

theoretical study using structural dynamics principles, providing one of the first formal 

demonstrations that the inherent lack of vertical restraint between the girder and bearings 

in simply supported bridges can lead to vertical separation and subsequent pounding un-

der seismic excitation. Extending this line of inquiry, An and Chen [21,22] utilized a theory 

of infinite degrees of freedom to analyze the secondary consequences of vertical separa-

tion. Their research concluded that such separation events can not only occur but also 

critically amplify the dynamic horizontal response of the bridge girder. This amplification 

effect can, in turn, exacerbate damage to both the superstructure and the substructure, 

indicating a complex interaction between vertical and horizontal seismic responses that 

are often overlooked in simplified design models. 

In summary, existing studies confirmed that girder bridges can experience bearing 

restraint failure due to vertical girder–bearing separation under seismic loads. This phe-

nomenon critically alters the bridge’s dynamic response: it not only amplifies the relative dis-

placement between the girder and pier shear key but also, through post-separation girder ro-

tation and uplift, elevates the collision point (e.g., upward shift). This altered impact mecha-

nism significantly increases the shear key’s risk of shear failure or even global collapse. 

Currently, significant progress has been made in research on experiments and simu-

lations technologies for structures [23–25]. In contrast, fundamental theoretical research 

remains notably insufficient. Theoretical frameworks serve as the cornerstone of engineer-

ing practice: they not only furnish analytical models and computational foundations for 

experiments and simulations, but also enhance the efficiency and cost-effectiveness of 

study, thereby holding irreplaceable core value. This study investigates a typical two-span 

simply supported girder bridge. First, a theoretical model describing the girder–shear key 

interaction under vertical separation is derived using continuum mechanics principles to 

elucidate its effects on collision force, collision position, and ultimate failure mode. Sub-

sequently, a refined finite element model is developed to numerically validate the theo-

retical findings and conduct parametric analyses. It aims to provide a more precise theo-

retical foundation for the seismic design specifications applicable to such bridge types. 

2. Methodology 

As a fundamental and significant configuration within the girder bridge system, the 

two-span girder bridge exhibits exceptionally high prevalence in global highway and rail-

way engineering, particularly in the domain of small- to medium-span bridges. Serving 

as the most elementary building block of multi-span girder bridges, the two-span arrange-

ment is common in practice. It is extensively employed in a wide variety of engineering 

scenarios, such as crossing rivers, roads, and urban interchange hubs, constituting one of 

the essential components of modern transportation networks. Therefore, the theoretical 

model is established based on a two-span reinforced concrete interchange bridge located 

in Jiangxi Province, China (Figure 1). The bridge components include the girder, bearings, 
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cap beam (with shear keys), and piers. To capture the fundamental mechanical behavior, 

a simplified modeling strategy is employed within the theoretical framework. The girder 

is modeled as a Bernoulli-Euler beam for bending. The piers are simplified as St. Venant 

bars (for vertical deformation) and Bernoulli–Euler beams (for horizontal bending), re-

spectively. The cap beam are represented as concentrated mass. Furthermore, to investi-

gate the limit theoretical response values, the entire bridge structure is assumed to remain 

in the linear elastic stage throughout the seismic analysis. Therefore, the material plastic-

ity, structural damping, strain rate and energy dissipation effects are not considered in 

this study [19]. 

 

Figure 1. Bridge theoretical model. 

The material density is  , the girder span length is L, the equivalent elastic modulus 

is Eg, the vertical and horizontal moments of inertia are Igy and Igx respectively, and the 

pier height is H, with an equivalent elastic modulus Ep and moment of inertia Ip. The girder 

and the cap beam are connected by laminated rubber bearings, whose horizontal and ver-

tical compressive stiffness constraints are taken into consideration. Laminated rubber 

bearings typically sustain significant vertical loads, resulting in a vertical stiffness (Kc) 

substantially higher than their horizontal stiffness (Kh). The stress–strain relationship dur-

ing compression is characterized by a slender hysteresis loop, from which the equivalent 

vertical stiffness and horizontal stiffness can be derived [21]. The collision between the 

shear key and the girder was modeled using a gap element combined with a linear elastic 

model. The cap beam was idealized as a lumped mass 𝑀𝑎. Both ends of the girder were 

considered pinned, while the base of the pier was assumed to be fully fixed. When the 

girder remained in contact with the bearing, the connection satisfied the kinematic constraint 

and continuity conditions. Bidirectional seismic excitation was decoupled, with the vertical 

and horizontal components represented by 𝐵(𝑡) and 𝐷(𝑡), respectively. The detailed theoret-

ical model and corresponding parameter definitions are illustrated in Figure 1. 

2.1. Solutions of Horizontal Dynamic Responses 

2.1.1. Vertical Contact Stage 

During the vertical contact phase, the bending wave response equations for the 

girder OA, OB and the pier CD are as follows: 
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 (1) 

where Xi ( )( ), 1,2x t i =  is the girder horizontal deflection, Xp ( ), t  is the horizontal dis-

placement of the pier, and t is defined as the duration of seismic excitation, which satisfies 

 0,t  . The girder and pier considered in the present study need to be slender. More-

over, external damping and contact damping are not included in the model. 

The dynamic displacement response equations for the girder satisfy the following 

boundary conditions: 

2 2 2 2

1 2 1 2

2 2 2 2

1 2 1 1 1 1

( , ) ( , ) ( ),  ( , ) / ( , ) / 0

(0, ) (0, ), (0, ) / (0, ) / , (0, ) / (0, ) /

X L t X L t D t X L t x X L t x

X t X t X t x X t x X t x X t x

− = =  −  =   =

=   =     =    

(2) 

The dynamic displacement response equations for the pier satisfy the following 

boundary conditions: 

2 2(0, ) ( ), (0, ) / ( ) / (0, ) / 0p p pX t D t X t D t t X t =   =     =；  (3) 

The continuity conditions in the horizontal direction between the girder and the pier 

are satisfied: 

3 3

3 23 3

1 2

3 3 3 2

( , ) /
( , ) (0, )

( , ) ( , )(0, ) (0, )

p p P

P i

h

p p

g gx p p a

E I X H t
X H t X t

K

X H t X H tX t X t
E I E I M

x x t





 
= +

   
− − = 

    

 (4) 

where Kh represents the horizontal stiffness of the laminated rubber bearing, and Ma de-

notes the lumped mass of the cap beam. 

The displacement of the girder–pier system is decomposed into two components: a 

quasi-static component and a dynamic component: 

( , ) ( , ) ( , )  

( , ) ( , ) ( , )

i is id

p ps pd

X x t X x t X x t

X t X t X t  

= +

= +
 (5) 

The partial differential equation set in (5) was solved using the transient wave eigen-

function expansion method [19–21]. The total displacement response of the bridge struc-

ture can be expanded as follows: 

1

1

( , ) ( ) ( ) ( )

( , ) ( ) ( ) ( )

i ij j

j

p pj j

j

X x t D t x q t

X t D t x q t



 



=



=

= +

= +





 (6) 

where , ( 1,2,3 )ij pj j  =   are the bending wave mode functions for the girder OA and 

OB and the pier CD, respectively. ( )jq t  represents the time function of the bridge struc-

ture. ( )D t   denotes the horizontal harmonic seismic excitation, which satisfies: 

0 0( ) sin( )D t D  = + . The dynamic component of the response satisfies the displacement 

and continuity conditions of the structure. 
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Substituting Equation (6) into Equation (1) yields the nonhomogeneous equation for 

the bending wave modes of the structure. The general solution of its homogeneous equa-

tion can be expanded as follows: 

1 1 1 1 1

2 2 2 2 2

3 3 3 3

( ) sin cos sinh cosh

( ) sin cos sinh cosh

( ) sin cos sinh cosh

j gj gj gj gj

j gj gj gj gj

pj cj cj cj cj

x A K x B K x C K x D K x

x A K x B K x C K x D K x

E K F K G K H K





     

= + + +

= + + +

= + + +

 (7) 

where Kgj and Kcj denote the number of modes for the girder and the pier, respectively, 

satisfying / , /gj j x pj jK a K c = = ,  𝑎𝑥 is the phase velocity of the horizontal bend-

ing wave in the girder, and 𝑐 is the phase velocity of the horizontal bending wave in the 

pier. A1, B1, C1, D1; A2, B2, C2, D2; E3, F3, G3, H3 are the coefficients of the modal functions. 

Substituting the wave modal functions into the homogeneous boundary conditions and 

continuity conditions of the dynamic displacement solution, the existence of nontrivial 

solutions requires the determinant of the coefficient matrix to vanish (det(Z) = 0): 

 1 1 1 1 2 2 2 2 3 3 3 3, , 0
T

A B C D A B CZ D E F G H= =, ,, ,, , , , ,  (8) 

Solving yields the implicit equation for the natural frequency ωi of the combined 

structure under co-moving motion: 

2 3

3

(sin ) (cos )

(tan ) 4 /

pj pj pj pj

gj gj g gx gj h

M K H shK H M K H chK H

K L thK L E I K K

− + −

= − +
 (9) 

The modal functions of the bridge structures are as follows: 

1 j

2

2 3

sin ( ) ( )
( )
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sin ( ) ( )
( )
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( ) sin cos

gj gj

j j

gj gj

gj gj

j j j
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pj j cj cj cj cj
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



     

 + +
= − +  

 

 − −
= −  

 

 = − + − （ ） （ ）

 
(10) 

where Aj satisfies the following: 

2 3

2

2 3

[ (cos cosh ) (sin )]

(sin ) (cos )

4

p p pj pj pj pj

a i pj pj pj pj

j

g gx

E I M K H K H M K H shK H

M M K H shK H M K H chK H
A

E I



− + + −

 − − − − =  
(11) 

where M2 and M3 can be solved by the bridge pier boundary condition (3), and Ej can be 

determined by the orthogonality condition of the composite structure. 

Similarly, based on the orthonormality of the bridge structures [19], the temporal dif-

ferential equation ( )jq t  for the contact phase also satisfies the following: 

* 2 * *

1 1 1( ) ( ) ( )j j j jq t q t Q t+ =   (12) 

where *

1 1t t t= −  represents the duration of the contact phase, and t1 denotes the separa-

tion instant. 

External seismic excitation 
*

1( )jQ t  is as follows: 
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By applying the Laplace transform, the following can be obtained: 

*
1* * * *

1 1 1 1
0

(0) 1
( ) (0)cos sin ( )sin ( )

tj

j j j j j j

j j

q
q t q t t Q t t d    

 
= + + −


  (14) 

Under the initial condition, the initial velocity (0)jq   and initial displacement 

(0)jq  of the structure satisfy the following: 

0

1 1 2 2
0 0

0

1 1 2 2
0 0
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−
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(15) 

2.1.2. Vertical Separation Stage 

After the vertical separation, the mid-span of girder AB detaches from the bearings, 

resulting in the vanishing of the constraint. Thus, the displacement responses of the bridge 

structures satisfy the following: 

4 2

4 2

4 2

4 2
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: 0     
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: 0
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t


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
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 
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+ =

 

 (16) 

The displacement response equation of the girder satisfies the following boundary 

conditions: 

2 2 2 2

( , ) ( , ) ( ) 

( , ) / ( , ) / 0

X L t X L t D t

X L t x X L t x

− = =

 −  =   =
 (17) 

The displacement response equation of the pier satisfies the following boundary con-

ditions: 

2 2

2 2

3 3 2 2

(0, ) ( ), (0, ) / ( ) /  (0, ) / 0

(0, ) (0, ) / 0, ( , ) / 0

( , ) / ( , ) /

p p p

p p p p p

p p p a p

X t D t X t D t t X t

X t X t E I X H t

E I X H t M X H t t

 

 



=   =     =
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 (18) 

Similarly, the modal functions of the structures in the separated state are as follows: 

( ) sin ( )

sin
( ) sin sinh (cos )

cos

j j gj

pj pj

pj j pj pj pj pj

pj pj

x A K x L

K H shK H
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
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= +

 +
= − − −  + 

 (19) 

where ,gj pjK K  denote the number of modes for the girder and the pier after separation, 

respectively, satisfying /gj gj xK a=  and /pj pjK c= ; 
gj  and 

pj  are the nat-

ural frequencies of the girder and pier after separation, which satisfy Equation (20): 
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(20) 

The temporal differential equations for the girder qgj(t) and pier qpj(t) after separation 

satisfy the following: 
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(21) 

where *

2 1 1( )t t t t t= −   represents the duration of the separation stage. 

At the initial moment of separation, the displacement and velocity remain continu-

ous with those of the previous phase (contact): 

1 1 1 1

1 1 1 1

( ) ( ), ( ) ( )

( ) ( ), ( ) ( )

j gj j pj

j gj j pj

q t q t q t q t

q t q t q t q t

= =

= =
 (22) 

Given that the duration of re-contact after separation is relatively short, and the lat-

eral constraint from the support during re-contact is minimal—thus having negligible im-

pact on collision—the subsequent dynamic response analysis of the bridge structure will 

continue to use the natural frequencies of the girder and pier after separation for displace-

ment response calculation [20]. This approach not only allows for the completion of re-

sponse analysis in the following stages but also avoids non-convergence issues caused by 

overly complex computations. 

2.1.3. Horizontal Collision Stage 

When horizontal collision occurs, the following interface displacement condition is met: 

0, , 0pX t X H t d− − （ ） （ ）  (23) 

where d is the initial gap of the shear key. 

The horizontal collision force is calculated as follows: 

0, ,              0, , 0  

0                                                        0, , 0

p p p p

p

K X t X H t K d X t X H t d
F t

X t X H t d

 − − − − 


− − 

（ ） （ ） （ ） （ ）
（）=

（ ） （ ）
 (24) 

where Kp is defined as the stiffness of collision of shear keys. 

For the calculation of collision force, this study employs the convolution integral 

method to analyze displacement variations induced by external excitation, thereby avoid-

ing the difficulties associated with solving strongly nonlinear equations [19]. The collision 

process is modeled as the superposition of pre-collision displacement and the displace-

ment change caused by the collision response 
cX , which can be expressed as follows: 

c(0, ) (0, ) (0, )X t X t X t= +  (25) 

where 
cX  denotes the displacement response of the bridge structure during the collision 

process, which can be decomposed into the girder collision response displacement 

(0, )gcX t  and the pier collision response displacement (0, )pcX t . It satisfies the impulsive 

response excitation function of the collision: 
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
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

=
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 

 

 (26) 

where ti denotes the moment when the collision occurs, ti+1 denotes the moment when the 

collision ends, mgj and mpj represent the horizontal modal masses of the girder and the 

pier, respectively. The collision force F(t) at each instant during the collision process can 

then be determined from the relative displacement difference between the girder mid-

span and the pier top. 

2.2. Solutions of Vertical Dynamic Responses 

2.2.1. Vertical Contact Stage 

During the vertical contact phase, the bending wave response equations for the gird-

ers OA and OB and the axial wave response for the pier CD are as follows: 

4 2

4 2

4 2

4 2

( , ) ( , )
/ : 0     

( , ) ( , )
  : 0

g gy i i

g

p p p p

p

E I Y x t Y x t
OA OB A

x t

E I Y t Y t
CD A

t



 




 
+ =

 

 
+ =

 

 (27) 

Due to space limitations, the detailed derivation process is omitted here. Based on 

the transient wave eigenfunction expansion method, the implicit equation for the natural 

frequency j of the combined structure is obtained as follows: 

3
cos

cos (tanh tan ) 4 (sin )
p p jp jp

p p jp jp jg jb g gy jg jp

c

E A k k H
E A k k H k L k L E I k k H

K
− = +  (28) 

where Kc is defined as the vertical stiffness of bearings. 

2.2.2. Vertical Separation Stage 

During the vertical separation phase, the bending wave response equations for the 

girder AB and the axial wave response for the pier CD are as follows: 

4 2

4 2

2 2

2 2

( , ) ( , )
: 0     

( , ) ( , )
: 0

g gy i i

g

p p p p

p

E I Y x t Y x t
AB A

x t

E I Y t Y t
CD A

t



 




 
+ =

 

 
− =

 

 (29) 

During the separation process, the girder and the pier vibrate according to their re-

spective wave modes, while the rubber bearing is unloaded (i.e., carries no force). The 

solution method for this stage is similar to that used in the horizontal response analysis 

described above and can be found in Refs. [19,20], so it will not be repeated in this paper. 

The initial displacement and initial velocity distributions for the separation process are 

taken as those at the end of the previous contact phase; thus, a continuous solution from 

the collision process to the separation process can be achieved. 
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3. Results 

3.1. Parameters of Model 

The calculated model in this study is based on a two-span continuous girder bridge. 

The density of the primary structural materials is 2600 kg/m3. The elastic modulus of con-

crete is 30 GPa, and that of steel reinforcement is 200 GPa. Following the principle of sec-

tion deformation compatibility and referencing the “Design Specifications for Highway 

Reinforced Concrete and Prestressed Concrete Bridges and Culverts” (JTG/D62-2004) [26], 

the equivalent section properties were calculated. The equivalent cross-sectional area (Ag) 

of the girder is 6.31 m2, respectively. For the bridge pier, the cross-sectional area (Ap) 3.09 

m2, respectively, with a concentrated mass (Ma) of 30,720 kg for the cap beam. 

GYZ850—171 laminated rubber bearings were selected and installed between the cap 

beam and the girder [19]. As mentioned above, the stress–strain relationship during com-

pression is characterized by a slender hysteresis loop, from which the equivalent vertical 

stiffness can be derived. Consequently, in this study, the vertical stiffness (Kc) and horizontal 

stiffness (Kh) of the bearings were set to 92 10 kN/m  and 62 10 kN/m , respectively. 

The shear key is designed as a monolithic cast in situ concrete structure. Since the 

stiffness of the shear key is closely related to its collision position, reinforcement configu-

ration, thickness, and other factors, a rubber buffer pad is introduced at the contact surface 

to simplify the analysis [21]. The compressive stiffness of this buffer pad, denoted as Kp, is set 

to 82 10 kN/m . The initial clearance between the girder and the shear key, d, is set to 100 

mm. Detailed reinforcement details and dimensional parameters are provided in Figure 2. 

 

Figure 2. Bridge structural dimensions and parameters. 

To realistically investigate the seismic response of bridge structures under near-fault 

seismic excitation, this study considers the relationship characterized by the ratio of ver-

tical to horizontal peak ground acceleration (V/H). Accordingly, a response spectrum of 

the following form is selected for analysis [27]: 

                                 0.1

/ ( 0.1)         0.1 0.3

0.5                                0.3  

T s

V H T s T s

T s



  




= = − − 
 

＜

＜  (30) 
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In seismic engineering research, ground motion inputs are typically derived from 

either real earthquake records or artificial harmonic waves. Artificial harmonic waves of-

fer a distinct advantage: their parameters—such as period and amplitude—can be pre-

cisely and independently adjusted. This controlled parameterization allows for a clearer 

and more systematic investigation into the key factors influencing a structure’s transient 

dynamic response. Meanwhile, the real seismic waves also can be decomposed into an 

infinite harmonic component via Fourier transform. Therefore, to efficiently study funda-

mental dynamic behaviors like resonance and amplification effects, this study simplifies 

the seismic excitation into decoupled harmonic excitations acting in the horizontal, 𝐷(𝑡), 

and vertical, 𝐵(𝑡), directions. The specific expressions for the horizontal and vertical har-

monic seismic excitations are as follows: 

0 0 0 0 2

0

0 0 0 0 2

0

2
( ) sin( ), ,

2
( ) sin( ), ,

H

h

H

v

D t D t D
T

B t B t B
T


 




 



= = = −

= = = −

 (31) 

where D0 and B0 represent the displacement amplitudes of the horizontal and vertical seis-

mic excitations, respectively, while and T denote the excitation frequency and period at 

horizontal and vertical directions. Based on the geological data of the engineering site, the 

epicentral distance for this study is set to 3 km. The coefficients in the formula are taken 

as α = 1.5 and β = 5, with an initial seismic excitation amplitude(αH) of 0.5 g (510 gal). 

Considering that the peak ground acceleration is predominantly concentrated within the 

excitation period T range of 0.1 to 0.5 s (the seismic excitation input can be divided into 

two distinct analytical scenarios, which are considering vertical seismic excitation sce-

nario/bidirectional excitation Tvh and neglecting vertical excitation scenario/only horizon-

tal excitation Th). 

3.2. Vertical Separation Conditions 

Figure 3 presents the vertical displacement responses of the girder mid and pier top 

under three vertical seismic excitation periods (Tv = 0.2 s, 0.3 s and 0.4 s). Three sets of 

curves are included in the figure, corresponding to the displacement variation of the 

girder mid-span, the pier top, and relative displacements (separation heights) with the 

change of excitation period, respectively, which can intuitively reflect the relative dis-

placement relationship between the two components. When the excitation period Tv = 0.2 

s, the vertical displacement of the girder significantly exceeds that of the pier top. This is 

accompanied by 7 distinct vertical separation phenomena, with a maximum relative dis-

placement amplitude of 17.6 mm. Under the condition of Tv = 0.3 s, although vertical sep-

aration also occurred, both the number of separations and the displacement amplitude are 

significantly lower than those at Tv = 0.2 s. When Tv = 0.4 s, the displacement of girder mid-

span is consistently less than that of the pier top, and no separation is observed. Since the first-

order vertical natural vibration period of the structure (T1v ≈ 0.23 s) is relatively close to the 

excitation period of Tv = 0.2 s, the structure is prone to resonance response in this frequency 

band, thereby aggravating the degree of vertical separation. These results confirm the occur-

rence of vertical separation in girder bridges under the considered vertical conditions. 
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Figure 3. Structural vertical displacement responses at Tv = 0.2 s, 0.3 s and 0.4 s. 

Figure 4 further illustrates the structural responses under different seismic excitation 

conditions in terms of the contact–separation state. The vertical axis is defined as the ratio 

of the maximum dynamic vertical contact force to the static contact force (a ratio equal to 

1.0 indicates that the structure is in a stable, stationary contact state). When the excitation 

period 𝑇𝑣 falls within the range of 0.2 s to 0.3 s, a significant amplification of the vertical 

dynamic contact force is observed, and its peak value exhibits an approximately mono-

tonic increasing trend with the increase in acceleration amplitude. This phenomenon pri-

marily stems from the dynamic amplification effect (i.e., a notable increase in inertial 

force) caused by the instantaneous separation of the girder from the bearing under vertical 

seismic excitation, followed by its subsequent impact upon re–contact. In contrast, when 

the excitation period deviates from this interval, the ratio of dynamic to static contact force 

decreases significantly and gradually approaches 1.0. 

 

Figure 4. The ratio of the maximum dynamic contact force to the static contact force under different 

excitation separation conditions. 

3.3. Influence of Vertical Excitation Conditions on the Horizontal Dynamic Responses 

Previous studies have indicated that vertical excitation probably induces separation 

between the girder and the bearings. Figure 5 presents a comparative analysis of the time–

history responses of the horizontal displacements and relative displacements at the girder 
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mid-span and pier top of the bridge under two scenarios: neglecting (Figure 5a–c) and 

considering (Figure 5d–f) vertical seismic excitations. When the vertical excitation is ne-

glected, pounding between the girder and the shear key occurs only once at Th = 0.3 s, with 

a maximum relative displacement of 147.8 mm. A total of 11 collision instances is observed 

throughout the entire process (see Figure 5b). In contrast, under the simultaneous bidirec-

tional seismic excitations, the pounding effect between the shear keys and the girder is 

significantly intensified: at Tvh = 0.2 s, the peak structural relative displacement reaches 

125.1 mm, which is 2.59 times that of the case neglecting vertical excitation (Th = 0.2 s). By 

T = 0.3 s, the relative displacement considering vertical excitation increases by 11% com-

pared to the case where it is neglected. It is noteworthy that at T = 0.4 s, the displacement 

time–history responses from the theoretical solutions for the two scenarios essentially co-

incide. This is because vertical separation did not occur in this condition. 

 

Figure 5. Time–history responses of girder mid-span and pier top displacements under two scenar-

ios (Neglecting vertical excitations: (a–c); Considering vertical excitations: (d–f)). 

Furthermore, Figure 6 compiles the maximum collision forces under various excita-

tion acceleration amplitudes (αH) ranging from 0.1 g to 0.8 g for two excitation periods T 

= 0.2 s and 0.3 s. The analysis reveals that when the vertical seismic excitation is neglected, 

the collision force increases monotonically with the horizontal excitation amplitude. At Th 

= 0.3 s (neglecting vertical excitation scenarios), significant collision is first observed at αH 

= 0.5 g, with a maximum collision force of 2.2 MN. When the excitation amplitude reaches 

0.8 g, the collision force further increases to 3.6 MN, which is approximately 20% higher 

than that at Th = 0.2 s. This is primarily because T = 0.3 s is closer to the structure’s first-

order horizontal natural period (T1h ≈ 0.31 s), inducing a more pronounced resonant re-

sponse. However, when bidirectional seismic excitation is accounted for, the collision ef-

fect is significantly amplified: at Tvh = 0.2 s with an αH of 0.8 g, the collision force under the 

condition considering vertical excitation reaches 4.91 MN, whereas it is only 3.01MN 

when vertical excitation is neglected—an increase of over 60%. This confirms that vertical 

seismic excitation can substantially intensify the collision between adjacent structures or 
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components. Similarly, the collision force under the condition considering vertical seismic 

excitation reaches 4.51 MN at Tvh= 0.3 s. Under the same excitation conditions, the collision 

force when vertical excitation is neglected is only 79.8% of this value. As revealed by the 

preceding analysis, the structure experiences vertical separation between the girder and 

bearings at both characteristic periods of T = 0.2 s and 0.3 s. The data further indicate that 

this vertical separation significantly amplifies the horizontal seismic response of the struc-

ture and exacerbates the risk of collision against the shear keys. However, the dominant 

mechanisms for the increased seismic response differ between the two periods. 

• At Th = 0.3 s, which is close to the structure’s first-order horizontal natural period, the 

substantial increase in seismic response is predominantly governed by the horizontal 

resonance effect. 

• At Tvh = 0.2 s, since this period is closer to the structure’s first-order vertical natural 

period, the vertical separation becomes the primary factor amplifying the horizontal 

seismic responses. 

 

Figure 6. Maximum collision force under two scenarios. 

3.4. Limit Solution Calculation for the Most Unfavorable Collision Condition 

Given that vertical separation has a significant influence on the horizontal response, 

and that in real seismic excitations, separation and collision phenomena often occur con-

currently, this study investigates the coupled effects of the two from the perspective of the 

most unfavorable condition. Specifically, the instant at which the vertical separation 

height and the horizontal collision force simultaneously reach their respective limits is 

identified as the most unfavorable collision condition, and it is assumed that both reach 

their limiting states synchronously at this instant for coupling analysis. Figure 7 illustrates 

a schematic of this most unfavorable collision behavior. 
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Figure 7. The most unfavorable collision behavior. 

Based on the dynamic response expression of the structure, it can be observed that 

both the separation height and the horizontal collision force are determined by the veloc-

ities at the moments of separation and collision. Since the occurrence of separation and 

collision during an actual earthquake exhibits significant randomness, this study aims to 

investigate the most unfavorable condition by considering the case where both the sepa-

ration height and the collision force reach their respective limit values simultaneously. To 

analyze the limit values of the separation height and the collision force, the following 

schemes are proposed: 

• Limit separation height: The initial moment of separation is taken as the reference 

point. Within the time range of one excitation period 𝑡𝑇 preceding this moment, the 

maximum relative velocity between the mid-span of the main girder and the top of 

the pier is collected. This maximum relative velocity is then used to calculate the limit 

value of the separation height. 

• Limit collision force: A method analogous to that for separation is adopted. The time 

range of one excitation period before separation is considered, and it is assumed that 

separation could potentially occur at any discrete time step Δ𝜏 within this range. For 

each assumed separation moment Δ𝜏, the post-separation relative collision velocity 

is computed using MATLAB (R2024b). The maximum value among all calculated 

relative velocities is then identified as the basis for determining the limit collision 

force. The specific procedural flowchart is illustrated in Figure 8. 

Figure 9 depicts the computed envelope values for structural collision force and sep-

aration height under bidirectional seismic excitations, Tvh = 0.24 s, 0.3 s, and 0.4 s, repre-

senting conditions near the first-order vertical (T1v), horizontal (T1h), and off-resonant nat-

ural periods, respectively. The data reveal a strong correlation between escalating hori-

zontal collision forces and vertical separation events. Limit values for both metrics occur 

when the excitation period coincides with a first-order natural period (vertical or horizon-

tal), and both increase monotonically with excitation amplitude. A key finding is the di-

vergent growth behavior between these parameters: the limit collision force for Tvh = 0.3 s 

is similar to that for Tvh = 0.24 s, yet the corresponding growth in separation height is sub-

stantially attenuated. This phenomenon can be attributed to the fact that when Tvh = 0.24 

s, the intensification of the vertical separation effect leads to a significant increase in the 

horizontal dynamic response of the structure, which in turn results in an increase in the 
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collision force of the horizontal shear keys. In contrast, the Tvh = 0.3 s case, being closer to 

the horizontal period, features a smaller vertical excitation amplitude. Consequently, the 

induced separation is insufficient to contribute meaningfully to the collision force. At an 

excitation period of 0.4 s, since it is far from the structure’s natural vibration period, both 

the separation and collision responses are relatively small. 

 

Figure 8. Limit solution calculation flowchart. 

 

Figure 9. Limit values of collision forces and separation heights at Tvh = 0.24 s, 0.3 s, and 0.4 s. 
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3.5. Influence of Bidirectional Excitation on Failure Modes of Shear Keys 

3.5.1. Bearing Capacities of Monolithic Shear Keys 

Existing research has identified three predominant failure mechanisms for mono-

lithic shear keys under load: shear friction failure, strut-and-tie failure, and flexural mo-

ment failure [28]. These modes are primarily controlled by parameters including the steel 

strength of longitudinal and transverse bars, the reinforcement ratio, and the point of im-

pact. The corresponding discriminant criteria are formulated as presented in Figure 10. 

 

Figure 10. Failure modes of monolithic shear keys. (a): Shear friction failure model; (b): Strut-and-

tie failure model; (c): Flexural moment failure model). 

1. Shear friction bearing capacity VN1 

1N vf vf vs vsV μ(A f A f )         = +  (32) 

where μ represents the friction–slip coefficient for the concrete section, which is not a con-

stant but depends on the specific sectional geometry [29,30]. To streamline the analysis, 

the model established in Reference [4] is utilized herein, which is taken as μ = 1.4λ for cast-

in-place monolithic concrete shear keys. For conventional concrete, the coefficient λ is 

taken as 1.0. Avf, fvs denote the area and yield strength of the vertical rebars passing through 

the shear plane, respectively, while Avs, fys, represent the area and yield strength of the 

vertical rebars crossing the interface between the shear key base and the wing wall or back 

wall on both sides of the base wall (Figure 10a). 

2. Strut-and-tie failure bearing capacity VN2 

2 2

2 ,1 ,1 ,2 ,2 , , , ,

1
0.2 ( )  

2 2
N c s y s y h s s y s v s s y s

h d
V f bh A f h A f d n A f n A f

s s h a

 
= + + + + 

+   

(33) 

where a is the height from the collision point to the top of the base, As,1 is the total area of 

the horizontally oriented tensile reinforcement, fy1,2,s…. is the tensile strength of the rein-

forcement, As,2 is the total area of the first row of shear reinforcement (as the crack only 

passes through the first row, with no interaction with subsequent rows of shear reinforce-

ment), and As,s is the cross-sectional area of the horizontal reinforcement. nh, nv represent 

the number of horizontal and vertical reinforcement faces, respectively (Figure 10b). 

3. Flexural moment bearing capacity M 

s 1
s y s

s

M A f jd




 −
=  
 

 (34) 

https://doi.org/10.3390/buildings16050931


Buildings 2026, 16, 931 18 of 24 
 

https://doi.org/10.3390/buildings16050931 

3 /  NV M a=  (35) 

where s  is the total number of rows of reinforcement crossing the shear key interface; 

jds represents the distance from the center of the tensile reinforcement to the center of the 

compressive reinforcement; As, fy denote the area and strength of vertical reinforcements; 

j is the bearing capacity evaluation factor of the shear key, taken as 0.9, and h is the height 

of the shear key (Figure 10c). 

4. Initial bearing capacity of shear keys 

By substituting the shear key parameters defined in Section 3.1, Table 1 summarizes 

the initial bearing capacities corresponding to the three failure modes of the shear key 

(Vn1, Vn2, M). Meanwhile, to facilitate a horizontal comparison of the evolutionary trends 

among different failure modes, the flexural moment design value was normalized into an 

equivalent shear index, Vn3, using Equation (35). 

Table 1. Initial capacity for each failure mode of monolithic shear keys. 

Headed 

Bar 

Back Wall 

Bar 

Wing Wall 

Bar 

Shear Reinforce-

ment 

Tensile Rein-

forcement 

Shear Fric-

tion 

Strut-and-

Tie * 
Flexural * 

No. 
Area 

/mm2 
No. 

Area 

/mm2 
No. 

Area 

/mm2 

s 

/mm 
fy 

Area 

/mm2 

ds 

/mm 
VN1 VN2 M VN3 

6 2281 6 1527 6 1527 32 360 1527 170 2.69 2.82* 78.9 4 * 

* the initial bearing capacity values. 

Given that the shear friction bearing capacity of the monolithic shear keys is primar-

ily governed by the strength of the longitudinal reinforcement and concrete (Equation 

(32)), and thus remains relatively constant, Figure 11 focuses on illustrating the responses 

of the strut-and-tie and flexural capacities when the shear key undergoes collision under 

various vertical excitation periods Tv. The results indicate that under different Tv condi-

tions, the variation trends of strut-and-tie and flexural moment capacities are highly con-

sistent: as Tv increases, the bearing capacities of both modes exhibit a monotonic decay. A 

key finding is that the degradation in bearing capacity becomes particularly pronounced 

when Tv approaches the structure’s first vertical natural period (T1v). This phenomenon 

can be attributed to the fact that, under this specific condition, the separation height be-

tween the bearing and the girder reaches its maximum, causing the potential pounding 

point to shift upward and thereby intensifying the collision effect. However, a compara-

tive analysis reveals that the flexural capacity is more sensitive to changes in the collision 

point. Consequently, its reduction in amplitude is significantly greater than that of the 

strut-and-tie failure mode. Taking the case of Tv = 0.24 s (corresponding to an excitation 

amplitude of 0.8 g) as an example, the equivalent shear values for strut-and-tie and flex-

ural capacities drop precipitously to 2.40 MN and 1.22 MN, respectively. At this point, the 

flexural capacity is merely 50.8% of the strut-and-tie capacity. Similar characteristics have 

been found across other incentive cycle metrics. In summary, it can be concluded that if 

the vertical seismic excitation is not considered, the bearing capacity of a shear key is de-

termined solely by its reinforcement detailing and structural strength. However, when 

vertical excitation is involved, the structure may experience multiple-failure mode transi-

tions due to the occurrence of vertical separation phenomena. 
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Figure 11. Variation trends of bearing capacities under different excitation conditions. (a) Strut-and-

tie bearing capacity; (b) flexural moment bearing capacity. 

3.5.2. Evolution of Governing Failure Mode in Shear Keys Under Vertical Excitations 

Figure 12 offers a panoramic depiction of their evolutionary trajectory in response to 

excitation conditions. Initially, under low-amplitude excitation, the shear key is predis-

posed to shear friction failure due to its inherently limit capacity in this regime. As the 

excitation amplitude escalates, the separation height between the bearings and the girder 

intensifies, triggering a precipitous decline in the strut-and-tie (Vn2) and equivalent shear 

index for flexural capacities (Vn3). This dramatic reduction, in turn, acts as a primary cata-

lyst for the onset of these failure changes. A synthesis of the results reveals a clear hierar-

chical progression in failure modes with increasing excitation amplitude: an initial prev-

alence of shear friction failure gives way to dominance by strut-and-tie failure, which is 

ultimately superseded by flexural failure as the governing mechanism. Significantly, this 

evolutionary cascade is markedly accelerated and intensified when the vertical excitation 

period (Tv) converges upon the structure’s first vertical natural period (T1v). At this junc-

ture of resonance, the structural dynamic response is profoundly amplified, propelling 

the shear key into a high-probability destruction area wherein its load-carrying capacity 

experiences a catastrophic drop to a mere 41.2% of its initial value, as illustrated by the 

red highlighted zone in Figure 12. This pronounced discrepancy underscores that flexural 

failure is likely to emerge as the governing failure mode in the seismic performance as-

sessment of shear keys, especially under the condition of rare earthquakes. 

 

Figure 12. Emergence and evolution of governing failure mode in shear keys. 
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Furthermore, Figure 13 contrasts the collision response and bearing capacity evolu-

tion of shear keys under two scenarios. The analysis reveals that vertical seismic excitation 

exerts a profound influence on failure threshold of the shear keys. For case of Tvh = 0.24 s, 

the ground motion triggers vertical separation between the girder and the bearings, mod-

ifying their contact status. At an excitation amplitude of 0.2 g, horizontal collision initiates 

between the two components, and its bearing capacity commences a declining trend. 

When the amplitude escalates to 0.35 g, the collision force surpasses the shear key’s ulti-

mate bearing capacity for the first time, culminating in failure. This failure threshold is 

markedly lower than the prediction from the Th model (neglecting vertical excitation); at 

0.8 g amplitude, the collision force reaches 5.12 times the bearing capacity, inducing severe 

damage. In stark contrast, the Th model—where the girder and shear key maintain contin-

uous vertical contact—experiences significantly constrained horizontal displacement, 

postponing the shear key’s initial failure until the excitation amplitude reaches 0.7 g. This 

comparison unequivocally shows that neglecting vertical seismic excitation grossly un-

derestimates the collision force demand on the shear key in real seismic events, thereby 

substantially underestimating its failure probability. In the case of Tvh= 0.3 s, a similar re-

duction in the shear key’s failure threshold under vertical excitation is observed, albeit 

less prominently than under Tvh = 0.24 s. This is primarily attributed to the fact that this 

period deviates substantially from the structure’s fundamental vertical natural period T1v, 

rendering the vertical separation effect induced by vertical ground motion and its ampli-

fication of horizontal collision dynamics relatively muted. 

 

Figure 13. Comparison of shear key failure conditions under T = 0.24 s and 0.3 s. 

3.6. Finite Element Validation 

To validate the robustness of the proposed theoretical approach and its analytical 

outcomes, a three-dimensional dynamic model of the bridge was developed in ANSYS 

(2021R). The modeling specifications are detailed as follows: Girder ends were idealized 

as pinned joints with three-degree-of-freedom constraints, and the pier base was fully re-

strained. The girder, piers, and cap beam were discretized using BEAM4 elements, with 

the cap beam assumed to be infinitely stiff. For bearing, LINK10 element was imple-

mented in the vertical direction to replicate the uniaxial tensile behavior of the vertical 

bearings. COMBIN14 spring–damper elements were employed to simulate the lateral 

stiffness of the bearings and connected to the girder through shared nodes. Shear key 

adopted the COMBIN40 member to simulate its dynamic behavior under seismic actions. 

All remaining parameters were kept consistent with those in the theoretical model. Sim-

ultaneously, a constant value of the V/H ratio was prescribed as 0.67 for both the theorical 
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and numerical models during the validation process to ensure a consistent basis for com-

parison. In addition, the same harmonic excitation scheme was adopted in the present 

verification scheme, with an acceleration amplitude of 0.5 g and a vertical-to-horizontal 

load ratio V/H set to 1, so as to examine the reliability of the theoretical solution. The 

specific calculation procedure is illustrated in Figure 14. 

 

Figure 14. Finite Element (FE) program calculation procedure. 

Figure 15 presents the theoretical and FE numerical solutions of the horizontal dis-

placement responses at the mid-span of the girder and at the top of the pier, under exci-

tation periods Th = 0.2 s, 0.4 s and 0.8 s. It can be seen that over a computation duration of 

10 s, the two sets of results agree well, with errors confined to the range of 8–12%, and the 

overall variation trends of the displacement responses are essentially consistent. Under 

each of the three excitation periods, no horizontal collision phenomenon is observed in 

either the theoretical or the numerical solution. 

The theoretical solution, based on the simplified “beam–spring–beam with lumped 

mass” decoupled model, tends to be more conservative in handling multi-dimensional 

dynamics compared to the FE numerical solution. This discrepancy primarily stems from 

the fact that decoupled calculations underestimate the impact of coupling effects on the 

bidirectional response of the structure. Nevertheless, theoretical solutions and the finite 

element solutions demonstrate similar conclusions and trends regarding the evolution of 

the dynamic bridge response. Compared with the FE approach, which is susceptible to 

variations in modeling details, the theoretical method possesses a more solid theoretical 

and methodological foundation and therefore offers higher credibility. It can serve as a 

reference for guiding further development of numerical methods. 
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Figure 15. Comparison of theoretical and FE solutions under excitation periods of 0.2 s, 0.4 s, and 0.8 s. 

4. Conclusions 

This study calculated the influence of vertical separation on the failure mode of shear 

keys under artificial simple harmonic excitation using the continuum dynamics theory 

method and verified the effectiveness of the theoretical method in calculating structural 

dynamic response through FE modeling. The main conclusions are as follows: 

• The study identifies two critical sensitive periods: when the predominant period of 

the input ground motion approaches the bridge’s fundamental horizontal natural 

period (T1h), the horizontal dynamic response of the structure is drastically amplified 

due to resonance effects, leading to a significant increase in the collision force be-

tween the girder and the shear key; when the excitation period nears the structure’s 

fundamental vertical period (T1v), the surge in vertical displacement alters the trajec-

tory of the girder’s motion, causing the collision point on the shear key to rise. This 

elevation of the collision point reduces the effective shear height of the shear key, 

thereby diminishing its sectional bearing capacity. 

• Compared to traditional unidirectional (horizontal) seismic analysis, bidirectional 

seismic input leads to a more complex failure mechanism for shear keys. Specifically, 

under unidirectional excitation, shear keys may experience relatively singular failure 

modes such as shear sliding, shear, or flexure. In contrast, under bidirectional seismic 

action, shear keys are more likely to undergo a “multi-stage failure” process pro-

gressing from shear friction to flexural failure. At the rare earthquake level, the prob-

ability of monolithic shear keys experiencing flexural moment failure and ultimately 

losing functionality increases significantly. 

• The FE model employed in this study effectively validates the aforementioned theo-

retical mechanisms, thereby demonstrating the reliability of the conclusions. 

In summary, this study offers novel insights into the seismic design and codification 

of widely constructed elevated bridges with simply supported or continuous girder con-

figurations. It conclusively demonstrates that neglecting the vertical seismic component 

may lead to a severe underestimation of the damage risk to shear keys and the overall 

collapse resistance of girder bridges. Specifically, the vertical separation of girder bridges 

induced by vertical seismic excitation may lead to a reduction in the bearing capacity of 

monolithic shear keys. This can transform their failure mode from a single failure into a 

progressive process involving multiple failures, while significantly increasing the risk of 

flexural failure. Therefore, in future shear key design, it is essential to fully consider the 

elevated collision risk caused by vertical seismic excitation and to systematically enhance 

their shear resistance by optimizing the external structural configuration of the shear keys. 

Concurrently, current mainstream design codes still lack sufficient consideration for the 
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secondary damage induced by vertical excitation. This study contributes to deepening the 

theoretical foundation for bridge seismic resistance. However, it should be noted that the 

analysis in this paper is confined to one- or two-span small and middle-size girder bridges. 

Although the analytical theory and fundamental viewpoints are analogous for multi-span 

bridges, their specific characteristics concerning vertical separation and collision are likely 

more complex, necessitating further investigation. Furthermore, the analytical model em-

ployed herein is based on an elasticity assumption, failing to account for the plastic defor-

mation and energy dissipation of structures during actual seismic events. Consequently, 

the model may not precisely simulate the true dynamic response of the structure under 

earthquake excitation. More detailed theoretical research will be required to address this 

aspect in the future. 
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