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Received: 22 January 2026

Revised: 20 February 2026

Accepted: 26 February 2026

Published: 28 February 2026

Copyright: © 2026 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

Evaluation of the Critical Buckling Load Factor in Predesign of
Natural-Draft Cooling Towers Considering Finite-Element
Discretization Uncertainty and Geometric Imperfections
Antonio Tomás 1,* , Lorena Yepes-Bellver 2 and Joaquín María Barquero 1

1 Department of Mining and Civil Engineering, Universidad Politécnica de Cartagena (UPCT),
30203 Cartagena, Spain; joaquin.barquero@edu.upct.es

2 Department of Structural Mechanics and Theory of Structures, Universitat Politècnica de València (UPV),
46022 Valencia, Spain; loyebel@upv.edu.es

* Correspondence: antonio.tomas@upct.es

Abstract

The critical buckling load factor λcr is routinely used as predesign indicator for natural-draft
cooling towers, yet its safety meaning is often opaque because imperfection sensitivity
and modelling options are embedded implicitly. In this study, λcr is formalised as a
product of partial contributions within a screening-level predesign framework—?not a
normative limit-state format—and the contributions associated with geometric imperfec-
tions and FE discretization are calibrated explicitly. Eigenvalue analyses on representative
tower geometries under combined self-weight and wind actions are complemented by
imperfection-sensitivity curves and a systematic mesh/element-type study. The numerical
implementation is additionally verified against published benchmark towers to provide
a traceable reference before the parametric analyses. The results show that admissible
modelling options can produce non-negligible scatter in λcr, while realistic geometric im-
perfections lead to a comparatively stable range. By separating actions, material, brittle
failure, imperfection and discretization contributions, λcr can be interpreted consistently
as a predesign global stability factor of the order of four for typical cooling-tower con-
figurations, with the discretization-related term interpreted as a framework-dependent
epistemic contribution, providing a transparent bridge between linear indicators and
nonlinear verification.

Keywords: shell structures; cooling tower predesign; buckling stability; finite element
modelling; geometric imperfections; structural safety

1. Introduction
Natural-draft cooling towers (NDCTs) are large-scale reinforced concrete structures

that can be idealised as thin rotational shells with very high slenderness ratios. Owing to
their geometry and structural form, their global behaviour is strongly governed by stability
phenomena rather than by material strength. Analytical investigations and numerical
studies on reference configurations and real towers have consistently shown that global
shell buckling constitutes the governing structural mechanism under permanent and wind
actions, often controlling the ultimate capacity well before conventional strength limits are
reached [1–3]. This behaviour has been confirmed not only by classical studies but also by
more recent investigations on large cooling towers, which continue to identify stability-
related phenomena as a critical aspect of their structural response [4]. As a consequence,

Buildings 2026, 16, 952 https://doi.org/10.3390/buildings16050952

https://crossmark.crossref.org/dialog?doi=10.3390/buildings16050952&domain=pdf&date_stamp=2026-02-28
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/buildings
https://www.mdpi.com
https://orcid.org/0000-0001-9405-0559
https://doi.org/10.3390/buildings16050952


Buildings 2026, 16, 952 2 of 23

the structural safety of NDCTs has long been assessed primarily in terms of buckling
resistance, making these structures particularly sensitive to geometric nonlinearities and
small deviations from the ideal shell geometry.

Within this physical framework, linear eigenvalue buckling analysis has become the
standard approach for assessing the stability of natural-draft cooling towers. The first
eigenvalue of the linearized stability problem, commonly expressed through the critical
load factor λcr, represents the multiplier applied to a reference load combination (denoted
here as P0, i.e., the chosen baseline self-weight-wind load combination for the eigenvalue
problem) that would theoretically trigger buckling of the geometrically perfect shell. De-
spite its inherent idealizations, λcr has become a practical global stability indicator in both
research and engineering practice, particularly for preliminary design and comparative
assessments [2,3,5]. Similar stability-based indicators are also employed in broader shell
design frameworks and recommendations, reinforcing the role of eigenvalue buckling
factors as global measures of structural safety [6]. Sectorial design recommendations, most
notably those issued by VGB PowerTech, have explicitly incorporated λcr into design
criteria by prescribing minimum admissible values for combined permanent and wind
actions, thereby consolidating its role as a key stability indicator in practical cooling tower
design [7]. In this context, the critical load factor is commonly defined as

λcr =
Plin

cr
P0

(1)

where Plin
cr denotes the linear buckling load of the geometrically perfect shell and P0

represents the reference load combination.
Beyond its role as a practical stability indicator, several authors have emphasised

that the critical load factor λcr should not be interpreted as a pure measure of structural
resistance. Instead, λcr represents a global safety factor that implicitly combines the ef-
fects of load uncertainties, material behaviour, geometric imperfections and modelling
assumptions. From this perspective, the traditional design requirement λcr ≥ 5 for cool-
ing towers can be understood as an empirical margin intended to cover multiple sources
of uncertainty within a single parameter [5,8]. On this basis, subsequent studies have
revisited the conservatism of this threshold and suggested that slightly lower values of
λcr, typically in the range of 4.5–4.7, may be sufficient for modern cooling tower designs
when the contributing effects are explicitly identified and properly controlled [9,10]. This
reinterpretation underscores the need for greater transparency in the factors embedded in
λcr, particularly when used for preliminary design decisions.

Following the conceptual framework proposed by Krätzig, Andres, and Eckstein [9],
the global buckling safety factor may be interpreted as the product of partial contribu-
tions associated with actions (λ1), material behaviour (λ2), brittle failure (λ3), geometric
imperfections (λ4) and modelling aspects (λ5), i.e.,

λcr = λ1λ2λ3λ4λ5 (2)

Within this framework, the present work focuses on the contributions associated with
geometric imperfections and numerical modelling. Given the geometric complexity of
cooling towers and the absence of closed-form solutions, numerical modelling has long
been an essential tool for the evaluation of buckling resistance. Finite element analyses have
shown that the predicted critical load factor depends not only on geometry and loading, but
also on modelling options such as element formulation, mesh density, idealisation of the
support conditions and load application strategies [1,2,11]. Classical shell buckling theory
already acknowledged that discretization-related effects may lead to a non-negligible
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dispersion of numerical results, particularly for imperfection-sensitive structures [12].
Recent numerical investigations on large shell structures, including cooling towers, have
further confirmed that buckling predictions may exhibit noticeable variability depending
on modelling assumptions and discretization strategies [13]. More recent contributions
stress that reliable buckling predictions require transparent, theory-consistent numerical
modelling, explicitly accounting for discretization and modelling assumptions rather than
treating analyses as black boxes [14].

Wind loading is widely recognised as the dominant destabilising action for natural-
draft cooling towers, and its representation has been extensively investigated in recent years.
Recent studies have refined circumferential and vertical wind pressure distributions using
wind tunnel tests, full-scale measurements and advanced numerical analyses, contributing
to more realistic design-oriented wind load models for large cooling towers [15–19]. While
these advances significantly improve the characterisation of wind actions, they primarily
address aerodynamic loading itself and do not explicitly examine the influence of geometric
imperfections or numerical discretization on buckling predictions. Accordingly, and in
line with common engineering practice, the present study adopts simplified and well-
established wind load models.

The pronounced sensitivity of thin shells to geometric imperfections is a fundamen-
tal characteristic of buckling-dominated structures. Early experimental and theoretical
investigations demonstrated that small deviations from the ideal geometry may cause a
significant reduction in the critical buckling load, which led to the development of imperfec-
tion sensitivity concepts and design-oriented reduction factors. The IASS recommendations
provided a seminal framework to account for this effect in cylindrical and spherical shells
by means of equivalent imperfection models and knock-down curves [20]. To overcome
the limitations of these classical approaches for reinforced concrete shells, Tomás and
Tovar extended the imperfection sensitivity concept through nonlinear numerical analyses,
proposing reduction curves applicable to a broader range of shell geometries, including
those representative of natural-draft cooling towers [21]. More recent studies have con-
firmed that imperfection sensitivity remains a critical issue for thin shell structures and
depends on geometry, loading conditions and modelling assumptions [22,23].

The reviewed literature indicates that the structural safety of natural-draft cooling
towers is predominantly governed by global shell buckling, for which the critical load
factor λcr derived from linear eigenvalue analysis remains the standard indicator in both
research and engineering practice. At the same time, λcr implicitly aggregates the effects
of several sources of uncertainty, among which geometric imperfections and numerical
modelling options play a decisive role. While substantial efforts have focused on refined
wind modelling and advanced nonlinear analyses, the combined influence of geomet-
ric imperfections and discretization on the predicted critical buckling load has received
comparatively limited systematic attention for real cooling tower configurations. This is
particularly relevant in current practice, where minimum λcr values are prescribed with-
out separating individual uncertainty sources. The present study addresses this gap by
(i) calibrating an imperfection-related term from imperfection-sensitivity curves under com-
bined self-weight and wind actions, and (ii) quantifying discretization-induced variability
through a systematic mesh/element study, thereby enabling a more transparent predesign
interpretation of λcr as a global stability margin.

2. Finite-Element Modelling and Validation
2.1. Reference Cooling Towers and Numerical Models

The numerical framework adopted in this study is validated against two benchmark
natural-draft cooling towers that have been widely used in the literature for stability and
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buckling investigations. These benchmarks are selected to cover both idealised and realistic
structural configurations and loading conditions, ensuring that the numerical models are
capable of reproducing the fundamental buckling behaviour of reinforced concrete cooling
towers before addressing the specific research questions of this work. In this section,
they are denoted as Benchmark B1 (Chen [24]) and Benchmark B2 (Mang et al. [1]); the
prefix B identifies benchmark configurations, while the index (1–2) distinguishes the two
reference towers.

The first benchmark B1 corresponds to a theoretical hyperbolic cooling tower with
constant shell thickness subjected to self-weight only, originally analysed by Chen [24].
This configuration provides a controlled reference case, free from additional sources of
complexity, and is particularly suitable for validating the finite element formulation and
the prediction of global buckling modes under self-weight loading. The second benchmark
B2 is a real reinforced concrete cooling tower with variable shell thickness subjected to
combined self-weight and wind actions, reported by Mang et al. [1]. This case represents
a realistic structural configuration and allows validation of the numerical model under
practical geometric and loading conditions.

The geometric definitions, thickness distributions and material properties of both
benchmark towers are adopted directly from the original sources without modification.
The cooling-tower shell is idealised as a surface of revolution with vertical coordinate
z measured from the base; S denotes the total shell height, T the elevation of the throat
(minimum radius) above the base, rs the base radius at z = 0, a the throat radius at z = T, rt

the top radius at z = S, and t the shell thickness, constant or height-dependent t = t(z).
The key geometric parameters of the two benchmark towers are summarised as follow-

ing: B1 is a theoretical hyperboloid shell of constant thickness t = 0.19 m, with rt = 27.4 m,
a = 25.1 m, rs = 39.3 m, T = 31.4 m, and S = 76.8 m. B2 is a reinforced-concrete cooling tower
of variable thickness, with rt = 38.52 m, a = 36.33 m, rs = 59.68 m, T = 30.5 m, and S = 120 m;
its thickness varies along height as reported in [25] (approximately from t = 0.203 m in the
central region up to t = 1.017 m near the top and t = 0.762 m near the base).

As a consistency check, the present implementation reproduces the benchmark eigen-
value buckling factors and the associated global mode shapes reported in the reference
studies within typical engineering tolerance.

2.2. Finite-Element Formulation, Support Idealisation and Load Implementation

The finite element models are constructed to reflect standard engineering practice
and to remain fully consistent with the benchmark studies used for validation. All analy-
ses were performed in the finite-element environment ANSYS (v17.0). Linear eigenvalue
(bifurcation) buckling analyses were carried out to obtain the first critical load factor λcr

associated with the fundamental global buckling mode. The tower midsurface was dis-
cretized with isoparametric shell elements covering coupled membrane-bending behaviour.
To assess discretization effects, both triangular and quadrilateral meshes were consid-
ered, using first-order (3- and 4-node) and second-order (6- and 8-node, midside-node)
shell interpolations.

Support conditions are defined to realistically represent the structural behaviour of
natural-draft cooling towers while maintaining compatibility with the reference studies. In
all cases, the shell is assumed to be clamped at the base, restraining both translational and
rotational degrees of freedom, which reflects the stiff connection between the tower and its
foundation commonly assumed in design-oriented buckling analyses.

Loading is introduced through permanent actions, represented by self-weight (G), and
wind actions (W), applied in accordance with linear eigenvalue buckling analysis.
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For reproducibility, the complete set of discretization options (elements, supports and
wind-load discretization cases) is summarised in Table 1.

Table 1. Reproducibility checklist of FE modelling choices, discretization variants, solver settings,
and output definition.

Category Item Reported/Adopted Choice(s)

Software FE platform ANSYS v17.0

Shell formulation

Element topologies and interpolation
orders
explored.

Triangular and quadrilateral; 3-, 4- (first-order) and 6-, 8-node (second-order,
midside-node) shells.

Reference element formulation (type) 8-node quadrilateral, midside-node shell (second-order)
ANSYS element used for the reference
formulation. SHELL93 (8-node structural shell).

Mesh definition

Mesh density parameter Characteristic in-plane element size (h)
Mesh-size sweep h = 3.0–4.0 m with ∆h = 0.2 m

Refinement rules Consistent refinement in high-curvature regions and near the base restraint
(briefly described in text).

Convergence indicator Relative change in λcr between successive refinements
Convergence criterion |∆λcr |/λcr ≤ 2%

Support
idealisation

Global restraint Clamped base (translations + rotations restrained)
Alternative support implementations
(sensitivity)

Continuous vs. discrete enforcement at base ring (preserving global fixed
condition).

Wind-load
discretization

Pressure-field definition
P(z,θ) = p(z) p’(θ), where p(z) is a height-dependent designpressure and p′(θ)
is the circumferential distribution [26] represented by the Fourier series [27]
using the coefficients in [25]

Wind-load cases
(resolution levels)

(i) W-cont: continuous circumferential representation (Fourier series),
continuous p(z)
(ii) W-z: continuous circumferential representation (Fourier series),
height-discretized p(z)
(iii) W-θ: circumferentially discretized representation of p′(θ), continuous
p(z)
(iv) W-zθ: circumferentially discretized p′(θ) and height-discretized p(z)

Eigenvalue
buckling settings

Stress-stiffening PSTRES = ON 1

Analysis type ANTYPE = BUCK 1 (linear bifurcation)
Eigensolver Subspace iteration (BUCOPT, SUBSP) 1

Extracted modes Sufficient to identify the fundamental global mode (no fixed number
imposed)

Mode expansion/storage EXPASS; MXPAND 1 (for consistent mode-shape extraction)

Output definition

Reported buckling factor λcr = smallest positive eigenvalue (first global mode)
Reference load vector P0 = assembled nodal equivalent of the adopted load pattern (G and/or W)
Interpretation Plin

cr = λcr P0 with fixed P0 definition across all discretization variants

1 ANSYS keywords: PSTRES (enable stress-stiffening, assembly of the geometric stiffness matrix from the
prebuckling stress state); ANTYPE,BUCK (select linear eigenvalue buckling analysis); BUCOPT,SUBSP (specify the
subspace eigensolver for the buckling eigenproblem); EXPASS/MXPAND (store/expand the extracted buckling
mode shapes in the results database for post-processing).

Wind loading is modelled using simplified pressure distributions commonly adopted
in engineering practice and in the benchmark studies, in order to preserve a controlled
loading framework consistent with the objectives of the present work. Details of the
adopted pressure-field definition and the corresponding wind-load discretization cases
(including circumferential and vertical resolution levels), together with the associated
source references, are provided in Table 1.

2.3. Eigenvalue Buckling Analysis and Validation Scope

For each numerical model, linear eigenvalue buckling analysis is performed to de-
termine the critical load factor λcr associated with the first buckling mode. This factor
represents the multiplier applied to the reference load combination that would theoretically
lead to loss of stability of the geometrically perfect shell. The corresponding buckling modes
are global in nature and involve characteristic circumferential and meridional deformation
patterns typical of thin-shell instability.
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The validation strategy follows the two complementary benchmark cases adopted
from the literature. In the case of the theoretical cooling tower B1, validation focuses on the
ability of the numerical model to reproduce the expected global buckling modes and critical
load factors under self-weight loading. In the case of the real cooling tower B2, validation is
extended to combined self-weight and wind actions, allowing assessment of the numerical
model under realistic geometric and loading conditions. To provide explicit quantitative
evidence, Table 2 reports the benchmark critical factors

(
λ

re f
cr

)
and the corresponding

values obtained in the present implementation
(

λ
present
cr

)
for both towers, together with the

percent differences. In both cases, the agreement with the published results is assessed not
only through qualitative consistency of the buckling modes, but also by verifying that the
first eigenmode belongs to the same global mode family reported in the reference studies
(characteristic global circumferential-meridional deformation pattern for the corresponding
load case). It is also noted that the benchmark B2 dates back to 1983 and therefore reflects
the computational capabilities and element technology available at that time; nevertheless,
the agreement achieved remains within a compact range.

Table 2. Quantitative validation of benchmark eigenvalue buckling factors (first global mode).

Benchmark
Study

Tower/
Load Case λ

ref
cr λ

present
cr ∆ %

FE Shell Formulation First-Model
Family 1Benchmark Present Work

B1 [24] Theoretical/
G 15.73 15.78 0.32 8-node structural

shell discretization

8-node structural
shell (ANSYS

SHELL93)

Global asymmetric
mode

B2 [1] Real/
G + W

4.80
(4.97) 2 5.01 4.38

(0.80) 2

Curved triangular
thin-shell elements

(layered RC shell FE)

Triangular shell with
layered section

capability (ANSYS
SHELL181)

Global
wind-governed mode

1 Same mode family as benchmark (global circumferential–meridional deformation pattern). 2 Mang et al. [1]
additionally report a value of 4.97 as a communicated result by Abel; using that additional value would yield
∆ = 0.80% for the present implementation.

The numerical models and procedures described in this section establish a controlled
validation framework against which the effects of geometric imperfections (λ4) and dis-
cretization options (λ5) can be systematically assessed. By relying on reference geometries,
load models and analysis strategies already reported in the literature and detailed in the ref-
erence [25], this framework isolates the influence of imperfections and discretization from
other sources of variability. Accordingly, the present section does not aim to refine wind
modelling or ultimate limit state checks, but to provide a consistent numerical baseline for
the sensitivity analyses developed in the following sections.

For reproducibility, the solver settings and the adopted definition/extraction of P0

and λcr are reported in Section 2.4 and Table 1.

2.4. Reproducibility Details

To facilitate independent verification of the reported ranges and figures, the key
modelling options varied in the discretization models and the adopted definition of the
reported outputs are consolidated in this subsection and summarised in Table 1.

The tower midsurface is discretized with isoparametric shell formulations capturing
coupled membrane–bending behaviour. Four shell element formulations are considered in
the discretization study, characterised by the number of nodes and interpolation order: 3-
and 4-node (first-order) and 6- and 8-node (second-order, midside-node) shells, using both
triangular and quadrilateral topologies. Consistently with the discretization sensitivity
results, the 8-node quadrilateral midside-node formulation is adopted as the reference
element type; in ANSYS this is implemented using SHELL93 element (8-node structural
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shell), which provides a robust baseline with reduced mesh-size sensitivity compared with
lower-order alternatives.

Mesh density is parameterized by a characteristic in-plane element size h, explored
through a prescribed sweep from 3.0 m to 4.0 m in increments of 0.2 m, while maintaining
consistent refinement rules in regions of pronounced curvature and near the base restraint.
Mesh convergence is assessed through the stabilisation of the fundamental eigenvalue, us-
ing the relative change in λcr between successive refinements, with a convergence criterion
of |∆λcr|/λcr ≤ 2%.

The base restraint is modelled as clamped, restraining both translations and rotations;
for sensitivity purposes, alternative implementations of this restraint (e.g., continuous vs.
discrete constraint application at the base ring) are included in the discretization models
while preserving the same global fixed condition. Wind loading is implemented through a
controlled set of load discretization levels that represent the same analytical pressure field
with different resolution: continuous representation, discretization in height, discretization
in the circumferential direction, and combined height–circumferential discretization.

Eigenvalue buckling is computed in ANSYS from the standard linear bifurcation
formulation about the prebuckling stress state. Stress-stiffening is activated to ensure
consistent formation of the geometric stiffness matrix, and the eigenproblem is solved using
the subspace method, extracting a sufficient number of modes to identify the fundamental
global buckling mode. The reported λcr corresponds to the smallest positive eigenvalue
associated with this first global mode. The reference load vector P0 is defined as the assem-
bled nodal equivalent of the adopted load pattern (self-weight and/or wind, depending on
the case). Using a fixed definition of P0 across all variants ensures that λcr is consistently
interpreted as the multiplier of the same reference load pattern, enabling direct comparison
across meshes, element families, support implementations, and wind-load discretization
levels. Although the analyses were carried out in ANSYS v17.0, the reported trends are
primarily formulation-driven rather than solver-version-specific, and similar qualitative
trends are expected in other FE packages when equivalent formulations and modelling
settings are adopted.

All reproducibility items described above are compiled in Table 1, and the key notation
used throughout the manuscript is provided in Appendix A (Table A1).

3. Geometric Imperfections Sensitivity (λ4)
In this section, the imperfection-related factor λ4 is evaluated on two real natural-draft

cooling towers: Case I–N (Niederaussem [9,28]) and Case I–B (Belleville [2]). The prefix I
denotes towers used for the imperfection-sensitivity analyses, whereas the suffix identifies
the corresponding plant (N = Niederaussem; B = Belleville).

3.1. Imperfection Sensitivity in Concrete Shell Structures

The sensitivity of concrete shell structures to geometric imperfections is a well-
established characteristic of buckling-dominated behaviour. Small deviations from the ideal
geometry may lead to significant reductions in the critical buckling load, particularly when
elastic instability governs the structural response. This phenomenon has been extensively
documented since the seminal studies collected by the IASS recommendations [20], where
the concept of imperfection sensitivity was formalised through the comparison between
linear and nonlinear critical loads. For homogeneous elastic shells, the imperfection sensi-
tivity is commonly quantified by the factor ρhom, defined as the ratio between the nonlinear
critical load (Pupper

cr ) and the linear elastic buckling load (Plin
cr ),

ρhom =
Pupper

cr

Plin
cr

(3)
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This coefficient provides a direct measure of the reduction in load-carrying capacity
induced by geometric imperfections. The IASS graphical method [20] establishes reference
curves for different shell typologies, including annularly compressed cylinders of vary-
ing slenderness, axially compressed cylinders, and radially compressed spherical shells,
allowing the estimation of ρhom as a function of the normalised imperfection amplitude
(Figure 1).

Figure 1. Sensitivity factor to geometric imperfections ( ρhom = Pupper
cr /Plin

cr

)
for homogeneous con-

crete shells and linear elastic material according to the IASS graphical method. The curves A, B and C
belong to laterally compressed long, medium, and short cylinders, respectively. The curve D is for
spheres and axially compressed cylinders.

In this framework, w0 is a measure of the imperfection and t is the thickness of the
shell, and is classically decomposed into a calculated imperfection ω′, typically associated
with the maximum displacement obtained from a linear buckling mode, and an accidental
construction imperfection ω′′, arising from erection tolerances. For shells built with rigid
formwork and typical thicknesses between 0.05 and 0.07 m, practical values of ω0 ≈ R/3500,
where R is the radius of curvature, are commonly reported in the literature [10,20].

3.2. Extended Imperfection Sensitivity Curves and Validation

While the original IASS curves provide a valuable conceptual basis, their direct applica-
bility to reinforced concrete shells with realistic support conditions and thickness variations
is limited. To address this limitation, Tomás and Tovar [21] developed extended imperfec-
tion sensitivity curves through systematic nonlinear finite element analyses, covering a
wider range of shell geometries, slenderness ratios and support conditions (Figure 2).

These extended curves reproduce the classical IASS trends for long, medium and
short cylindrical shells, while incorporating additional effects such as variable thickness,
realistic support conditions and different shell typologies. The results confirm that im-
perfection sensitivity remains strongly dependent on shell slenderness and curvature but
also highlight the influence of support conditions and load introduction on the resulting
reduction factors.
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(a) (b) 

  
(c) (d) 

Figure 2. Extended imperfection sensitivity curves derived from nonlinear analyses for different
shell slenderness ratios and supports (hinged, clamped, and free edges but with a clamped support
at the centre). Thicknesses of 0.05, 0.06, and 0.07 m. (a) Sphere and axially compressed cylinder;
(b) Laterally compressed short cylinder; (c) Laterally compressed medium cylinder; (d) Laterally
compressed long cylinder (the IASS curve is superimposed on the upper horizontal axis, ρhom = 1).

3.3. Application to Natural-Draft Cooling Towers

The application of the imperfection sensitivity framework to natural-draft cooling
towers requires additional considerations related to geometry, thickness and admissible
imperfection amplitudes. Cooling towers are typically hyperboloids of revolution with
large height-to-radius ratios, and their behaviour is more closely associated with the
medium and long shell categories in classical buckling classifications. Following VGB-
R610e [7], the amplitude of the largest initial imperfection of the shell centre surface is
restricted by construction tolerances. In particular, VGB-R610e limits the imperfection
amplitude simultaneously by an absolute cap and by a thickness-related bound, which
may be expressed in compact form as

ω0 ≤ min(0.5t, 0.10 m) (4)

https://doi.org/10.3390/buildings16050952
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Moreover, VGB-R610e additionally restricts the maximum angular change during
erection to 1.5% (1.5 cm/m) in both meridional and circumferential directions, further
supporting the interpretation of the above limits as practical execution tolerances. When
thickness varies along the height, the VGB bound is applied locally using t = t(z), so that the
admissible imperfection amplitude is governed by the local thickness profile. Consequently,
the imperfection-sensitivity curves in the present study are expressed in normalised form
(w0/t) and are considered up to w0/t = 0.5, consistently with the VGB thickness-related
upper bound.

Two representative hyperboloid configurations are considered, corresponding to
medium and long shells characterised by H2/(Rt) ≈ 1000 and H2/(Rt) ≈ 10000, respectively,
which are typical of real cooling towers. Imperfection sensitivity curves are generated
for different load cases, including self-weight only (G), wind only (W), and combined
self-weight and wind actions (G + Wmin, G + Wmax) (Figure 3).

  
(a) (b) 

  
(c) (d) 

Figure 3. Geometric imperfection sensitivity factor ρhom for hyperboloids of revolution (HR) under:
(a) Self-weight (G); (b) Wind (W); (c) Combined self-weight and minimum wind (G + Wmin); (d) Com-
bined self-weight and maximum wind (G + Wmax). Note: The imperfection sensitivity coefficient is
defined as ρhom = Pupper

cr /Plin
cr , and w0/t denotes the normalised imperfection amplitude, with w0

the imperfection amplitude and t the shell thickness.

The resulting curves confirm that self-weight leads to a higher sensitivity to imperfections
than wind loading, while combined load cases exhibit intermediate behaviour. This obser-
vation reflects the stabilising effect of circumferential stress redistribution induced by wind,
compared to the predominantly compressive stress state generated by self-weight loading.
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3.4. Calibration of the Imperfection Safety Factor λ4

For design-oriented applications, the imperfection sensitivity coefficient ρhom is recast
into a safety factor against buckling (λ4) associated with geometric imperfections,

λ4 = ρ−1
hom =

Plin
cr

Pupper
cr

(5)

To account for the combined effect of self-weight and wind, a weighted formulation is
adopted, in which the overall imperfection sensitivity coefficient is expressed as

ρhom = αρhom(W) + (1 − α)ρhom(G) (6)

with the weighting factor α defined as

α =
Plin

cr (G)− Plin
cr (G + W)

Plin
cr (G)

(7)

Equation (6) is intentionally formulated as a convex combination of the self-weight-
and wind-related imperfection-sensitivity descriptors. The weighting factor α in Equation (7)
is taken as a simple indicator for the relative influence of wind on the linear critical
load, quantified through the reduction of Plin

cr when wind is added to self-weight. This
choice is a heuristic, pragmatic predesign approximation that preserves the correct limiting
behaviour (self-weight only, α → 0; wind-dominated response, α → 1) without introducing
additional nonlinear calibration parameters. It should be noted that α is not intended
to be a unique physical parameter; rather, it provides a simple weighting rule that may
be refined in subsequent design stages if more detailed nonlinear evidence is available.
Alternative weighting choices could be formulated based on more detailed nonlinear
evidence, but this lies beyond the present linear screening scope. Within the present linear
screening scope, however, the convex form of Equation (6) provides a transparent bounded
estimate, between ρhom(G) and ρhom(W), while avoiding additional calibration parameters.
Accordingly, Equations (6) and (7) provide a consistent and easily implementable rule to
combine imperfection-sensitivity descriptors under mixed self-weight-wind loading within
a linear predesign framework.

To provide a quantitative check of this predesign-oriented approximation, the mixed
predictor in Equation (6) is assessed against the direct nonlinear combined-load results
reported in Table 3 for the representative medium hyperboloid under G + Wmin and G
+ Wmax, over the imperfection range w0/t = 0.1–0.5. Using Equation (7) to compute α

from the corresponding linear critical-load factors in Table 3, the convex combination in
Equation (6) reproduces ρhom(G + W) with moderate deviations: for G + Wmin the mean
(maximum) absolute relative error is approximately 5.6% (8.5%), while for G + Wmax it is
approximately 2.2% (4.9%) over the considered imperfection range. Since Equation (6) is a
convex combination, for any α ∈ [0, 1] the combined descriptor is strictly bounded between
ρhom(G) and ρhom(W). These results support the use of Equations (6) and (7) as a transpar-
ent heuristic approximation for predesign within the investigated domain, while direct
nonlinear combined-load analyses remain the reference for project-specific verification.
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Table 3. Buckling results for medium hyperboloids of revolution under self-weight and wind.

Linear Analysis Nonlinear Analysis

w0/t λLin dmax (m) λNL dmax (m) ρhom

Medium
hyperboloids
of revolution

Self-weight (G)

0.1 56.6040 0.0236 48.6794 0.0527 0.86
0.2 19.7600 0.0185 15.6104 0.0313 0.79
0.3 12.1040 0.0209 8.2307 0.0273 0.68
0.4 7.7658 0.0194 4.8925 0.0161 0.63

0.5 (VGB limit) 5.4820 0.0173 3.3988 0.0184 0.62

Wind (W)

0.1 63.0790 0.2841 48.5708 0.2139 0.77
0.2 11.5470 0.1595 9.6995 0.2160 0.84
0.3 3.4556 0.0982 2.9027 0.2688 0.84
0.4 1.5360 0.0681 1.3056 0.1715 0.85

0.5 (VGB limit) 0.8136 0.0618 0.6997 0.1519 0.86

G + Wmin

0.1 34.2890 0.1599 26.0596 0.1228 0.76
0.2 9.4541 0.1307 8.2251 0.1258 0.87
0.3 3.6671 0.1008 3.0070 0.1817 0.82
0.4 1.6526 0.0707 1.4047 0.1680 0.85

0.5 (VGB limit) 0.8799 0.0647 0.7567 0.1605 0.86

G + Wmax

0.1 16.9220 0.2266 12.8607 0.1705 0.76
0.2 4.0058 0.1625 3.3248 0.1896 0.83
0.3 1.2009 0.0991 0.9727 0.1762 0.81
0.4 0.5356 0.0670 0.4606 0.1904 0.86

0.5 (VGB limit) 0.2842 0.0627 0.2444 0.1548 0.86

w0 = initial geometric imperfection; t = shell thickness; λLin = linear buckling load factor; λNL = nonlinear buckling
load factor; dmax = maximum displacement; ρhom = imperfection sensitivity factor defined in Equation (3).

From a mechanical standpoint, the reduction in imperfection sensitivity when wind is
added can be interpreted as a consequence of membrane stress redistribution in the shell.
Under self-weight-dominated conditions, the pre-buckling state is largely governed by
meridional compressive membrane stresses, which promotes classical stability patterns
that are strongly affected by geometric imperfections. Wind pressure modifies this stress
field, locally inducing circumferential tension and redistributing meridional compression,
thereby reducing the extent of uniformly compressed regions governing the critical mode
and leading to a comparatively lower imperfection sensitivity under combined loading. It
is noted, however, that this interpretation is established within the static wind-pressure
representations adopted herein; more refined aerodynamic descriptions, dynamic wind
excitation, or aeroelastic effects could alter the pre-buckling stress distribution and the
associated imperfection sensitivity and should therefore be addressed at project-specific
verification stages (see also Section 5.1).

A representative numerical example for a medium hyperboloid of revolution subjected
to self-weight and wind is reported in Table 3, illustrating the influence of geometric imper-
fection amplitude on linear and nonlinear critical loads and on the resulting imperfection
sensitivity coefficient.

For practical interpretation, the imperfection amplitude is reported in normalised form
(w0/t) and the tabulated range is selected to cover the admissible construction-tolerance
domain prescribed in VGB-R610e [7], i.e., w0 ≤ min(0.5 t, 0.10 m). In particular, the upper
bound w0/t = 0.5 corresponds to the thickness-related VGB limit and is consistent with the
admissible imperfection range reiterated for NDCT shells in the buckling-safety discussion
by Krätzig [9]. Accordingly, the rows with w0/t = 0.5 in Table 3 represent the practical
upper-limit imperfection case within the codified tolerance domain.

Application of this approach to two representative nuclear cooling towers (Case I-N
and Case I-B), whose geometries and loading conditions are well documented in the litera-
ture [2,9,23,28], results in values of ρhom in the narrow range 0.707–0.727, corresponding to
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imperfection safety factor λ4 between 1.38 and 1.41. These results are consistent across dif-
ferent geometries and loading scenarios, indicating a robust and transferable imperfection
sensitivity range for practical cooling tower configurations.

3.5. Calibration of λ4 for NDCT Under Combined G + W

Although the theoretical values of imperfection sensitivity span a wide interval, with
ρhom ranging approximately between 0.62 and 0.86 depending on load case and imperfection
amplitude, the application to realistic cooling tower geometries subjected to combined
self-weight and wind actions leads to a significantly narrower and more stable range.

Based on the results obtained in this study, a conservative and practically meaningful
interval for the imperfection safety factor in natural-draft cooling towers may be defined as

λ4 ∈ (1.35, 1.45) (8)

This range reflects the dominant influence of self-weight loading, the moderating
effect of wind actions, and the realistic values imposed on geometric imperfections by con-
struction practice. In particular, these practical bounds are consistent with the construction-
tolerance limits for cooling-tower shells codified in VGB-R610e [7]. They provide a rational
basis for incorporating geometric imperfections into a global predesign safety framework
without resorting to excessively conservative assumptions.

It should be noted that the present calibration of λ4 is based on systematically veri-
fied nonlinear finite-element analyses and consistency with published numerical bench-
marks. Direct experimental validation of global imperfection-sensitivity curves for full-
scale reinforced-concrete natural-draft cooling towers is generally limited due to the scale
and practical constraints associated with controlled instability testing. Consequently, λ4

should be interpreted as a design-calibrated, model-based imperfection factor within the
framework of validated numerical shell modelling, rather than as a universal material or
structural constant. Experimental evidence (e.g., reduced-scale tests or measured as-built
imperfections combined with numerical back-analysis) could refine the quantitative bounds
for specific tower typologies and construction quality levels, while the predesign-oriented
decomposition framework adopted herein would remain unchanged.

The two real towers used as reference cases (Niederaussem and Belleville) were
selected as well-documented full-scale NDCTs representative of conventional reinforced-
concrete hyperboloidal shells and are used here as anchoring configurations for the calibra-
tion and interpretation of λ4. The proposed λ4 bounds should therefore be transferred only
within the analysed geometric domain and modelling scope, whereas tower typologies
departing from this family (e.g., markedly different thickness distributions, novel struc-
tural concepts, or ultra-slender shells beyond the typical NDCT slenderness range) would
require project-specific numerical evidence and recalibration.

The proposed λ4 range is intended to be applicable within the geometric domain
covered by the analysed NDCT configurations, which corresponds to slender reinforced-
concrete shells with H2/(Rt) of the order of 103–104, i.e., representative values around
1000–10,000 typically adopted for natural-draft cooling towers. Accordingly, extrapolation
to shells with substantially lower slenderness ratios, different thickness distributions, or
imperfection patterns outside the considered amplitude domain is not recommended
without recalibration [9].

The present framework focuses on geometric nonlinearity while assuming linear-
elastic material behaviour for reinforced concrete. It is acknowledged that RC shells
subjected to combined self-weight and wind actions may experience cracking and stiffness
degradation, particularly in tension-dominated regions, which can influence both the pre-
buckling stress distribution and the post-buckling response (e.g., Mang et al. [1]). Moreover,
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in RC shells the reduction in load-carrying capacity due to geometric imperfections may
interact with cracking-induced stiffness changes, so that geometric and material nonlinear-
ities are not fully independent (Tomás & Tovar [21]). In the context of the present study,
λ4 is formulated as a predesign-oriented imperfection factor calibrated on a linear-elastic
baseline; inclusion of material nonlinearity would be expected to refine the quantitative
bounds of the imperfection sensitivity curves, but not to modify the conceptual separation
between geometric imperfection effects and other partial contributions adopted herein. For
ultimate verification, materially nonlinear analyses remain necessary at the project-specific
design stage.

4. Discretization Contribution and Numerical Modelling Uncertainty (λ5)
In this section, the discretization-related factor λ5 is evaluated on two towers: Case

D–B (Belleville [2]) and Case D–T (theoretical tower [5]). The prefix D denotes cases used
for discretization and numerical-modelling uncertainty analyses, while the suffix identifies
the tower/configuration (B = Belleville; T = theoretical tower).

4.1. Discretization in Buckling Analyses of Shells

In numerical buckling analyses of thin shell structures, discretization constitutes an
inherent source of uncertainty that may significantly affect the predicted critical load
factors. Unlike material properties or external actions, discretization is not a physical
parameter but a modelling choice, and its influence becomes particularly relevant in
stability-dominated problems where eigenvalues and mode shapes are highly sensitive to
numerical approximations.

For natural-draft cooling towers, the combination of large dimensions, pronounced
curvature variations and thin shell thicknesses leads to demanding requirements on the
spatial discretization of the numerical model. Insufficient mesh refinement may result in
artificial stiffening or spurious numerical modes, whereas excessive refinement leads to pro-
hibitive computational costs without necessarily improving the reliability of the predicted
buckling load. Consequently, a systematic assessment of discretization effects is required to
identify acceptable modelling options and to quantify the associated numerical uncertainty.

4.2. Discretization Strategy and Mesh Configurations

The discretization strategy adopted in this study is based on structured meshes defined
in the meridional and circumferential directions. Six different mesh sizes are considered,
obtained by progressively refining the number of divisions along both directions while
preserving the overall mesh topology and element type. This approach isolates the ef-
fect of mesh density from other modelling aspects and ensures consistency across the
parametric analyses. The selected meshes span from relatively coarse discretisation suit-
able for preliminary assessment to highly refined meshes approaching mesh-consistent
eigenvalue predictions.

The combination of the six mesh sizes with the four wind load cases defined previously
leads to a total of 24 discretization-load configurations for each cooling tower. These cases
are combined with the modelling options considered in the discretization study, namely:
(i) element type (four shell discretisations corresponding to triangular/quadrilateral and
first-/second-order interpolations, i.e., 3- and 4-node versus 6- and 8-node formulations);
(ii) mesh density (six characteristic element sizes); (iii) wind-load discretization (four
wind modelling cases, as defined above); and (iv) support idealisation (four alternative
support models at the base). These variants preserve the same global rigid-base (clamped)
idealisation adopted throughout the study and differ only in the numerical enforcement of
the restraint at the base ring (continuous versus discrete constraint enforcement). Overall,
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this results in 4 × 6 × 4 × 4 = 384 eigenvalue FE models analysed per tower. Figure 4
illustrates a representative subset of these models by varying shell element formulation
and characteristic element size, while keeping the wind-pressure discretization (combined
heightwise and meridional) and support conditions (continuous rigid supports) fixed.

 
(a) (b) 

Figure 4. Influence of FE discretization on the linear critical buckling load factor λcr for two reference
cooling towers: (a) Case D-B; (b) Case D-T. Note: The plotted values refer to the first (smallest
positive) eigenvalue buckling factor obtained for the considered mesh/element options.

The full dataset was post-processed by applying the mesh-consistency criterion defined
in Section 4.3 to identify engineering-acceptable discretisations. The resulting admissible
bounds λcr,max and λcr,min, together with the discretization factor λ5, are reported in Table 4
(see also Section 4.4). Table 4 also reports, for each shell element formulation, the maximum
relative variation in λcr upon mesh refinement from 3 m to 1 m.

Table 4. Discretization-induced variability of the linear critical buckling factor λcr for the two
reference cooling towers.

Tower Element Type
(Nodes)

Max. Relative Variation
in λcr (3 m → 1 m) [%]

λcr,max
(Admissible)

λcr,min
(Admissible)

λ5
(λcr,max/λcr,min)

Case D-B

4 3.93

9.3073 8.6771 1.0726
8 0.46
3 13.03
6 2.38

Case D-T

4 18.01

3.6411 3.2232 1.1297
8 1.65
3 16.12
6 16.68

Note: Values include all discretisations for the sensitivity indicator; outliers from non-admissible coarse meshes
are not used for the λ5 calibration.

4.3. Evaluation of Discretisation Sensitivity on λcr

As shown in Figure 4, discretisation effects lead to a non-negligible spread of λcr values,
even when the same loading scheme and support conditions are considered. While the
qualitative ranking of element formulations is consistent in both towers, Figure 4 also shows
that the magnitude of discretisation-induced variability differs between Case D-B and Case
D-T, confirming that discretisation effects are geometry- and configuration-dependent.

Within the rigid-base (clamped) class considered here, the different support imple-
mentations mainly affect the numerical enforcement of the base restraint and may shift
the absolute level of λcr, but they are not observed to govern the discretization-induced
scatter that motivates λ5. This is consistent with prior NDCT buckling studies indicating a
limited influence of base flexibility on buckling loads for the investigated configurations
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(e.g., Mang et al. [1]), while boundary conditions and sub-structure effects may become
relevant in refined assessments (e.g., Krätzig [9]).

In the discretization study, engineering-acceptable FE models are operationally de-
fined as those that (i) provide mesh-consistent predictions of the first eigenvalue buckling
factor λcr and (ii) do not exhibit erratic outlier behaviour under systematic refinement
within the considered element family. In practice, admissibility is enforced through the
mesh-consistency requirement that the relative change in λcr between two consecutive
mesh refinements remains below 2%. This tolerance is adopted as an engineering-level
mesh-consistency requirement for a global scalar response (the first buckling eigenvalue),
consistent with assessing discretization adequacy through eigenvalue stabilisation under
systematic mesh refinement (e.g., Chen [24], among others). Only results satisfying this cri-
terion are retained to limit the discretization-related scatter and to define the discretization
partial factor λ5; non-mesh-consistent cases and erratic outliers (notably for coarse first-
order triangular discretizations) are discarded. Accordingly, only the screened admissible
subset is used to calibrate λ5, whereas all remaining cases are omitted from the calibration
set. It is noted that adopting slightly stricter or looser tolerances (e.g., 1% or 3%) would
mainly affect the size of the admissible subset, whereas the resulting practical bounds of λ5

are not expected to change materially within the modelling assumptions considered.
The magnitude of this discretization-induced variability is quantified in Table 4, which

reports the maximum relative variation in λcr obtained when refining the mesh from 3 m to
1 m for different finite element types, for both towers. The results indicate that discretization
alone may lead to variations exceeding 15% in the predicted critical load factor, depending
on the element formulation and tower geometry. In practical terms, this screening prevents
non-mesh-consistent discretisation from unduly influencing the calibrated λ5 range and
ensures that the discretisation contribution is bounded under mesh-consistent conditions.

Figure 4 summarises a representative subset of the discretization models (fixed wind-
pressure discretisation and rigid supports), highlighting the influence of element type
and characteristic element size on λcr; the corresponding definition of λ5 is provided
in Section 4.4.

The larger dispersion observed for Case D-T compared to Case D-B is mainly attributed
to the numerical sensitivity of the buckling eigenvalue problem to spatial discretisation.
In Case D-T, a stronger dependence of λcr on mesh density and element interpolation is
observed; therefore, coarse discretisations and lower-order formulations may not capture
the instability field with sufficient fidelity, leading to increased variability of λcr. In contrast,
a more stable λcr response is obtained for Case D-B under the same modelling assumptions,
which results in a narrower dispersion band.

4.4. Definition of the Discretisation Factor λ5

Based on the dispersion levels observed in the discretization study, a discretisation-
related modelling uncertainty factor λ5 is defined to account for numerical modelling
uncertainty within a predesign safety framework as

λ5 =
λcr,max

λcr,min
(9)

where λcr,max and λcr,min represent admissible upper and lower limits of the critical load
factor associated with discretisation options within the set of engineering-acceptable models.
It should be emphasised that λ5 is an epistemic modelling uncertainty factor that accounts
for discretization- and idealisation-related variability of λcr; it is not a physical resistance
factor and does not represent material strength, stiffness degradation, or other intrinsic
structural capacity.
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In this context, Table 4 provides both element-wise sensitivity indicators and the
admissible bounds λcr,max and λcr,min used to compute λ5, ensuring direct traceability of the
discretization calibration. Values associated with non-admissible coarse-mesh outliers are
not considered in the calibration of λ5 in accordance with the mesh-consistency criterion.
For clarity, the mesh-consistency criterion refers to the < 2% stabilisation requirement for λcr

between consecutive mesh refinements defined in Section 4.3, which is used to screen non-
convergent cases and exclude coarse-mesh outliers from the calibration set. Accordingly,
λ5 is framework-dependent and should not be interpreted as a universal discretization
factor. This highlights the importance of explicitly accounting for discretization effects,
particularly in predesign stages where simplified numerical models are often employed.

4.5. Implications for Predesign and Modelling Practice

The results of the discretization study confirm that numerical modelling options can
introduce variability in λcr comparable in magnitude to other sources of uncertainty. While
refined meshes can reduce this variability, they do not eliminate it entirely, and their use
may be impractical in early design stages or extensive parametric studies.

By introducing λ5 as an explicit discretization-related modelling uncertainty factor,
the proposed framework provides a transparent and rational means of accounting for
numerical modelling uncertainty without requiring excessively conservative assumptions.
This contribution is particularly relevant for preliminary design assessment, where λcr is
used as a global stability indicator and the numerical idealisation must remain both robust
and computationally efficient.

The applicability domain of the present λ5 calibration is bounded by the analysed
configurations, since discretization sensitivity is influenced by tower geometry, thickness
distribution, loading configuration, and modelling assumptions. Accordingly, the appli-
cability domain of the present λ5 calibration is bounded by the analysed configurations
and, in particular, by the benchmark towers defined in Section 2.1 and their characteristic
height/radius/thickness proportions. It is recalled that NDCT shells are extremely slen-
der (e.g., values such as h/t ≈ 840 have been reported for full-scale towers [9]), so mesh
sensitivity is inherently geometry-dependent. In line with prior observations that reliable
generalisation requires the essential geometric descriptors to be specified, extrapolation
of λ5 beyond the present parameter bounds is discouraged. The range obtained from
the two benchmarks is intended to be representative for preliminary assessment under
similar conditions; however, for towers with substantially different geometries, support
flexibility, or stiffening layouts, recalibration is recommended by applying the same mesh-
consistency screening described in Section 4.3. It is reiterated that true foundation flexibility
and soil-structure interaction fall outside the present scope and require project-specific
modelling (cf. [9]).

Within this context, λ5 complements the safety contributions associated with actions,
material behaviour, brittle failure, and geometric imperfections previously discussed. Taken
together, these contributions form a consistent basis for defining a global predesign safety
factor for buckling, which is addressed in Section 5.

5. Discussion: Global Predesign Safety Factor for Buckling (λcr)
5.1. Interpretation of λcr as a Global Predesign Indicator

As outlined in the Introduction, the linear critical load factor λcr from eigenvalue analysis
is widely used as a screening metric for preliminary stability assessment of natural-draft
cooling towers, particularly for rapid comparison of alternative geometries and configurations.

However, as shown by the results of this study, λcr implicitly aggregates the influence
of several distinct sources of uncertainty related to actions, material behaviour, brittle
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failure, geometric imperfections and numerical modelling. When these contributions are
not explicitly identified, the interpretation of λcr as a safety margin may become ambiguous,
especially when simplified numerical models are employed. The present work provides
a structured interpretation of λcr as a global predesign safety indicator, whose meaning
can be clarified by separating its underlying contributions. The applicability domain of
the proposed partial-factor ranges is therefore stated explicitly in Sections 3.5 and 4.5, and
extrapolation beyond the analysed geometric bounds is discouraged.

Within this framework, λcr is not intended to replace final design safety checks or
nonlinear verification procedures. Instead, it serves as a compact and transparent mea-
sure of global stability, suitable for predimensioning, parametric studies, and comparative
assessment of different modelling assumptions, while remaining fully compatible with
established design methodologies. The present decomposition of λcr into multiplicative
contributions is an interpretative predesign construct applied to a global eigenvalue indica-
tor, not a formal limit-state design format. In particular, λ1–λ2 are introduced only to align
the predesign interpretation with familiar Eurocode partial-factor concepts for actions and
reinforced concrete, whereas λ4–λ5 are model-based contributions derived from eigenvalue
sensitivity and discretization studies within the adopted numerical framework and should
not be read as normative partial factors.

Scope and limitations. The proposed interpretation of λcr and its decomposition into
partial contributions is intended as a predesign screening framework for rapid compari-
son and preliminary stability appraisal of NDCT geometries based on linear eigenvalue
analysis. It is not a substitute for final verification. The proposed ranges are therefore
applicable only within the modelling scope adopted herein, namely: (i) linear-elastic
shell behaviour and eigenvalue buckling as a global stability indicator (with cracking and
materially nonlinear RC response to be addressed at later design stages; see also the dis-
cussion in Section 3.5 regarding potential implications for imperfection sensitivity and λ4);
(ii) rigid-base support idealisation (foundation flexibility and soil-structure interaction not
considered), and (iii) simplified wind-pressure representations and limited wind-load dis-
cretisations (recognising that wind-field uncertainty, aerodynamic effects and site-specific
wind characterisation may govern refined design). When any of these aspects is expected to
be dominant, the present ranges should be regarded only as indicative and complemented
by project-specific nonlinear analyses and code-compliant checks.

5.2. Partial Safety Contributions

Following the conceptual decomposition originally proposed in the literature on shell
buckling safety, the global predesign safety factor is expressed as the product of five
partial contributions accounting for the main sources of uncertainty affecting λcr. These
include the contribution associated with actions (λ1), material-related uncertainty (λ2),
brittle failure (λ3), sensitivity to geometric imperfections (λ4) and numerical modelling
uncertainty related to discretization (λ5) [5,9].

The values and ranges adopted for λ1 and λ2 are consistent with current design
practice and normative prescriptions, and therefore do not represent a departure from
established safety concepts. The contribution λ3 reflects the brittle failure of the concrete,
a characteristic that has long been recognised in the literature and that justifies the use of
additional safety margins in this type of instability-dominated structures.

The selected values for λ1–λ3 are thus not introduced as novel proposals, but as a
predesign-level alignment with established NDCT practice: λ1 and λ2 follow standard
code-based partial-factor concepts, while λ3 reflects the additional margin traditionally
associated with brittle instability of reinforced-concrete shells. In this sense, the resulting
order of four global range in Section 5.3 should be interpreted as a screening-level synthesis
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consistent with long-standing buckling-safety concepts reported in the cooling-tower
literature (e.g., [9]), rather than as a universal acceptance threshold.

The imperfection-related contribution λ4, derived from the imperfection sensitivity
analyses presented in Section 3, falls within a relatively narrow range for realistic cooling
tower geometries subjected to combined self-weight and wind actions. This finding is
consistent with previous studies on reinforced concrete shells and confirms that, when
realistic limits on imperfection amplitudes are adopted, imperfection sensitivity can be
quantified in a robust and transferable manner.

Similarly, the discretization-related contribution λ5 introduced in Section 4 reflects
the dispersion in λcr induced solely by modelling options that are otherwise considered
acceptable from an engineering standpoint. The magnitude of this effect, which may
exceed 10–15% depending on element formulation and mesh refinement, is in line with
observations reported in numerical studies of shell buckling and highlights the importance
of explicitly accounting for numerical uncertainty, particularly in predesign applications.
Here, λ5 is calibrated from the subset of engineering-acceptable discretisations (mesh-
consistent eigenvalue predictions), as defined in Section 4, so that the reported range
reflects modelling uncertainty rather than non-converged coarse meshes.

Regarding the action-related contribution λ1, a predesign estimate is adopted because
the relative shares of permanent actions (self-weight) and variable actions within the
reference G + W combination are typically not fixed at early design stages. Accordingly,
λ1 is approximated by the arithmetic mean of the standard partial factors for permanent
and variable actions (1.35 and 1.50), resulting in λ1 = 1.425. Once the action breakdown
is available, λ1 should be updated consistently with the structural code and the actual
load composition.

For the material-related contribution λ2, the baseline value λ2 = 1.50 is retained as
representative of Eurocode-based practice. A lower value (illustrated here as λ2 ≈ 1.40) is
introduced only for those cases where reduced material partial factors may be permitted
when enhanced material and execution quality control is specified (e.g., stricter inspection
and testing regimes), which is often a realistic assumption for cooling-tower construction.

For clarity, the partial safety contributions considered in this study, together with their
physical meaning, typical ranges and reference sources, are summarised in Table 5. This
synthesis facilitates interpretation of the global predesign safety factor and highlights the
relative weight of each contribution.

Table 5. Partial safety contributions considered in the definition of the global predesign safety factor
for buckling of natural-draft cooling towers.

Partial Factor Physical Meaning Typical Range Basis/Source

λ1
Actions

(self-weight and wind) 1.425 1 Eurocode 1

λ2
Material uncertainty
(reinforced concrete) 1.50 (1.40) 2 Eurocode 2

λ3 Brittle failure 1.30 Concrete shells literature

λ4 Geometric imperfections 1.35–1.45 Section 3
(imperfection sensitivity study)

λ5 Numerical discretization effects 1.05–1.15 Section 4
(discretization study)

1 Predesign estimate: λ1 = (1.35 + 1.50)/2 = 1.425. 2 λ2 = 1.50 (Eurocode-based); λ2 ≈ 1.40 (or a similar value) if
permitted by a certain structural code other than Eurocode 2 under certain specific construction requirements or
enhanced quality control.

It is worth noting that the maximum scatter reported in Table 4 (up to 18.01%) corre-
sponds to the full set of mesh/element combinations, including coarse discretisations that
do not meet the mesh-consistency requirement. Admissibility is therefore enforced through
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the mesh-consistency criterion adopted herein (i.e., λcr changes by less than 2% between
consecutive mesh refinements), so that λ5 reflects modelling uncertainty rather than lack of
numerical convergence. When restricting the dataset to these admissible models, the limit
on discretisation-induced variability reduces to approximately 5–15%, which supports the
representative range λ5 = 1.05–1.15 adopted in Table 5.

5.3. Global Safety Range

When the partial contributions identified above are combined, the resulting global
predesign safety factor for buckling can be expressed as Equation (2). Using the representative
values in Table 5, this results in λcr ≈ 3.9–4.6. If a reduced material factor around λ2 ≈ 1.40 is
permitted under enhanced quality control, the corresponding range becomes λcr ≈ 3.7–4.3.
This range can be interpreted as being consistent with long-standing empirical requirements
traditionally expressed through minimum admissible values of λcr, while providing a clearer
insight into their underlying physical and numerical meaning.

The synthesis presented in Table 5 helps to rationalise these values by explicitly
identifying the contribution of each source of uncertainty. In particular, the present formu-
lation shows that values of λcr slightly below historically prescribed thresholds may be
justified when the individual safety contributions are explicitly identified, conservatively
bounded and supported by numerical validation. Conversely, it also highlights situations
in which apparently adequate λcr values may be misleading if geometric imperfections or
discretization effects are neglected.

From a practical perspective, the proposed interpretation of λcr facilitates rational
comparison between alternative designs and modelling strategies using only linear buck-
ling analysis, while maintaining a clear link with more refined nonlinear assessments
that would be required at later stages of design. This range should therefore be read as
a predesign-level indicator under the scope stated in Section 5.1, and not as a standalone
criterion for final verification.

5.4. Implications for Engineering Practice and Future Research

The discussion above underlines the importance of explicitly addressing both geo-
metric imperfections and numerical modelling uncertainty when assessing the buckling
stability of natural-draft cooling towers, even at early design stages. Treating these effects
implicitly within λcr may obscure their relative importance and lead to inconsistent safety
margins when different modelling options are adopted.

By separating and quantifying the contributions λ4 and λ5, the proposed framework
provides a rational bridge between simplified linear analyses and more elaborate nonlinear
verification procedures. This approach supports informed engineering judgement during
predimensioning, without imposing excessive computational demands or departing from
established design philosophies.

Future research may focus on refining individual partial contributions using full-scale
monitoring data, probabilistic approaches or improved characterisation of construction
tolerances, as well as extending the proposed framework to other shell-supported structures
where global buckling governs structural performance.

6. Conclusions
This work has proposed a coherent and explicit framework for interpreting the linear

critical load factor λcr as a global predesign safety indicator for the buckling assessment of
natural-draft cooling towers. Starting from established concepts in shell buckling theory
and engineering practice, the study has shown that λcr can be meaningfully decomposed
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into partial contributions associated with actions, material behaviour, brittle failure, geo-
metric imperfections and numerical discretization.

A key outcome of the investigation is the explicit identification and quantification of
the contributions related to geometric imperfections and numerical modelling uncertainty.
The results demonstrate that both effects may significantly influence the predicted buckling
safety margin and should therefore be explicitly accounted for, even at early design stages.
The introduction of dedicated safety contributions λ4 and λ5 provides a rational means of
incorporating these effects within simplified linear analyses, without resorting to overly
conservative assumptions.

The proposed formulation clarifies the physical and numerical meaning of commonly
adopted admissible values of λcr and shows that global safety levels of the order of four
can be consistently justified when the underlying contributions are explicitly identified and
conservatively bounded. In this sense, the framework bridges the gap between traditional
empirical requirements and modern numerical modelling approaches.

Overall, the study supports the use of λcr as a compact and efficient global indicator for
predimensioning and comparative assessment of cooling tower designs, while maintaining
consistency with more refined nonlinear verification procedures required at later stages.
The framework is not intended to replace final design checks, but to support informed
engineering judgement during the early phases of design.

The approach presented herein may be extended to other thin shell structures governed
by global buckling, offering a structured basis for interpreting linear stability results in a
broader engineering context.
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Appendix A

Table A1. Summary of key symbols and definitions.

Symbol Meaning (Brief Definition)

λcr Linear critical load factor from eigenvalue buckling analysis (first global mode).
P0 Reference load vector (assembled nodal equivalent of the adopted load pattern).

Plin
cr Linear critical load : Plin

cr = λcrP0
Pupper

cr Nonlinear (upper) critical load used in imperfection-sensitivity assessment (IASS concept).
ρhom Imperfection sensitivity coefficient : ρhom = Pupper

cr /Plin
cr

λ4 Imperfection safety factor (predesign) : λ4 = ρ−1
hom

λ5 Discretization modelling-uncertainty factor (predesign) : λ5 = λcr,max/λcr,min over admissible FE models.
λ1 Partial contribution associated with actions (code-based predesign value).
λ2 Partial contribution associated with material uncertainty (reinforced concrete; code-based predesign value).
λ3 Partial contribution associated with brittle failure (literature-based).
w0 Initial geometric imperfection amplitude.
t Shell thickness (possibly varying with height).

G, W Self-weight and wind load cases (and combined cases as defined).
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