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Abstract

Accurate identification of slope failure mechanisms under shallow foundations is essential
for reliable risk assessment and reinforcement design. However, existing studies often
neglect the spatial variability of soil properties and the influence of footing shape. This
study develops a non-intrusive stochastic finite difference framework integrating random
field theory, Monte Carlo simulation, and a Gaussian mixture model to automatically
characterize three-dimensional slope failure domains under rectangular footing loads.
Results show that slope failure mechanisms are primarily governed by the footing aspect
ratio and the scale of fluctuation in soil strength. Square footings mainly induce shallow
slope face failure, whereas rectangular footings significantly increase the probability of
deep toe failure as the scale of fluctuation increases. Stochastic analyses generally yield
larger mean failure volumes than deterministic analyses. Risk assessment further indicates
that risk levels are primarily controlled by the absolute failure volume at low safety factors,
whereas failure variability becomes increasingly influential at higher safety factors.

Keywords: spatial variability; random finite difference method; Gaussian mixture model;
failure domain identification; rectangular footing; slope stability

1. Introduction
Driven by topographic constraints or economic considerations, building foundations

are often constructed on or adjacent to slopes, rendering the evaluation of bearing capacity
a persistent challenge in geotechnical engineering [1–3]. Traditional analytical approaches,
including limit equilibrium methods, limit analysis, and the method of characteristics,
have been widely applied to address this issue [4–7]. However, these methods gener-
ally rely on a priori assumptions of slope failure mechanisms to derive ultimate bearing
capacity expressions. Advanced numerical simulation methods provide a powerful alter-
native for addressing these limitations, as they circumvent the need to predefine failure
mechanisms and enable the analysis of soil–structure interaction problems under complex
conditions [8–11]. However, natural slope soils inherently exhibit spatial variability and
autocorrelation, manifesting as random fluctuations in physical and mechanical properties
across three-dimensional (3D) space due to long-term geological processes [12,13]. Under
such conditions, accurately characterizing the spatial evolution of slope failure modes
becomes a key focus of current investigations, as it directly influences the determination of
slope reinforcement strategies under foundation loading. When soil spatial variability is
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considered, potential failure domains at the ultimate limit state no longer conform to the
regular geometries assumed in classical theories; instead, they propagate along irregular
paths through local weak zones [14]. Consequently, the failure mechanism and ultimate
bearing capacity of slopes exhibit inherent uncertainties that are difficult to adequately
capture by deterministic analysis methods alone.

Random field theory offers a robust framework for characterizing the spatial variabil-
ity of soils [15]. Griffiths and Fenton [16–18] integrated random field theory with finite
element methods, establishing the random finite element method (RFEM) to analyze the
probabilistic bearing capacity of strip footings on level ground under two-dimensional
(2D) plane strain conditions. This approach captures the weakest-link phenomenon, where
failure mechanisms propagate along paths of least resistance, leading to transitions in
failure modes within spatially variable soils. Building on this framework, extensive studies
have investigated slope failure behavior subjected to footing or surcharge loading. For
instance, Luo and Bathurst [19] assessed the bearing capacity reliability of strip footings
on cohesive soil slopes. Brahmi et al. [20] studied the stochastic bearing capacity of strip
footings on slopes under inclined loading, employing random field theory combined with
finite element limit analysis. Halder and Chakraborty [21,22] utilized lower-bound finite
element limit analysis and the finite difference method (FDM), respectively, to evaluate the
probabilistic bearing capacity of strip footings on reinforced soil slopes. Zhou et al. [23,24]
demonstrated random transitions between local shear failure and global slope instability
under strip footings. However, these analyses remain confined to 2D plane strain assump-
tions. For rectangular footings with low aspect ratios, plane strain simplifications overlook
end constraints and 3D stress diffusion effects [25]. More importantly, under spatially vari-
able soil conditions, the non-uniform distribution of soil properties along the longitudinal
axis of the footing renders the plane strain assumption inapplicable [14,26]. Consequently,
employing 3D stochastic analyses is essential to adequately capture the propagation of
uncertainties in bearing capacity and failure modes for footing–slope systems.

Quantifying the failure volume of a slope offers critical indicators for assessing the
consequences and risks associated with spatially variable slope failures. Hicks et al. [27,28]
utilized nodal displacements at the numerical limit state, classifying a node as part of
the failure mechanism when its displacement exceeded a predetermined threshold. How-
ever, relying on a predefined displacement threshold to identify the failure domain has
significant limitations [29]. Unsupervised machine learning methods provide an effective
means of distinguishing between failure and stable regions, with the K-means clustering
method (KMCM) being widely adopted [29–34]. Huang et al. [29] pioneered the application
of KMCM to automatically identify failure domains in spatially variable slope stability
analysis using limit-state nodal displacement data. Building on this work, Wang et al. [31]
and Wu et al. [33] validated the feasibility of clustering-based analysis in 2D and 3D slope
stability problems, respectively. Furthermore, Luo et al. [32] applied KMCM to eluci-
date the influence of soil rotational anisotropy on the failure probability and risk of strip
footing–slope systems. Remmerswaal et al. [34] employed KMCM to quantify the geometric
consequences of complex retrogressive failure in 3D slopes subjected to rectangular foun-
dation loads. However, KMCM minimizes the squared error based on Euclidean distance,
inherently favoring cluster structures with similar densities and approximately spherical
shapes [35]. In limit-state slope displacement data, where the variances of stable and failure
domains differ significantly, cluster boundaries are easily skewed by large-displacement
outliers, complicating the robust characterization of failure domain boundaries.

To address the above research gaps, this study develops a stochastic framework for
identifying and quantifying slope failure domains under rectangular footing loads. The
main contributions of this study can be summarized as follows: (1) A non-intrusive 3D
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stochastic finite difference framework integrating random field theory and Monte Carlo sim-
ulation is developed to analyze footing–slope systems with spatially variable soil properties.
(2) A Gaussian mixture model (GMM)-based clustering approach is introduced to automat-
ically identify slope failure domains from limit-state displacement fields. Compared with
the conventional KMCM, the proposed approach more robustly characterizes failure bound-
aries in datasets with significantly different displacement variances. (3) A quantitative
characterization scheme is established to describe the geometric features of 3D stochastic
slope failure domains, enabling systematic evaluation of failure volumes and associated
system risks. (4) Using the developed framework, the effects of the scale of fluctuation
on stochastic slope failure mechanisms and mobilized failure volumes are systematically
investigated for slopes subjected to rectangular footings with varying aspect ratios.

The remainder of this paper is organized as follows. Section 2 introduces the random
field modeling of soil spatial variability. Section 3 details the finite difference modeling
and the definition of the slope failure limit state. Section 4 describes the non-intrusive
RFDM analysis framework. Section 5 presents the slope failure domain identification
and characterization methods. Section 6 discusses the results on stochastic slope failure
mechanisms and failure volumes. Section 7 addresses the limitations of the present study
and outlines future research directions, and Section 8 concludes the paper.

2. Random Field Modeling of Soil Spatial Variability
Soil physical and mechanical properties typically exhibit spatial variability and auto-

correlation, arising from variations in mineral composition, depositional environments, and
complex stress histories. Within the framework of random field theory, a soil parameter is
modeled as a random field characterized by its probability distribution, mean, coefficient
of variation (CoV), and autocorrelation function (ACF) [15]. Among these parameters, the
ACF is critical for quantifying the spatial correlation structure of soil properties between
distinct spatial locations. In this study, a 3D Markovian exponential ACF is adopted, owing
to its widespread application in geotechnical random field modeling [36]:

ρ(ζx, ζy, ζz) = exp

[
−2

(
|ζx|
θx

+

∣∣ζy
∣∣

θy
+

|ζz|
θz

)]
(1)

where ζx = xi − xj, ζy = yi − yj, ζz = zi − zj denote the separation distances between the
centroids of the i-th and j-th finite difference elements along the three principal directions
(i, j = 1, 2, . . ., En, with En being the total number of elements in the numerical model).
Additionally, θx, θy, and θz represent the scales of fluctuation (SOF) along each respec-
tive direction, with larger SOF values corresponding to highly correlated and smoother
spatial fields.

Utilizing Equation (1), a 3D autocorrelation matrix R (En × En) is constructed. Subse-
quently, the random field is generated via the Cholesky decomposition technique (R = LLT).
However, for high-resolution 3D finite difference meshes, performing direct decompo-
sition on the full autocorrelation matrix R entails prohibitive memory and computa-
tional costs [37]. To mitigate this computational burden, the separability property of
the ACF allows R to be expressed as a Kronecker product of three one-dimensional (1D)
autocorrelation matrices:

R = Rx ⊗ Ry ⊗ Rz (2)

where Rx (Ex × Ex), Ry (Ey × Ey), and Rz (Ez × Ez) denote the 1D autocorrelation matrices
along the x, y, and z directions, and ⊗ represents the Kronecker product. Consequently, the
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3D lower-triangular matrix L can be efficiently constructed from the Kronecker product of
the 1D Cholesky factors: 

Rx = LxLT
x

Ry = LyLT
y

Rz = LzLT
z

(3)

L = Lx ⊗ Ly ⊗ Lz (4)

where Lx, Ly, and Lz are obtained via Cholesky decomposition of Rx, Ry, and Rz, re-
spectively. This approach substantially reduces memory requirements and enhances
computational efficiency.

Following the construction of L, a correlated 3D standard normal random field is
generated by multiplying the lower triangular matrix L by a vector of independent standard
normal random variables Zj. For example, for cohesion c, the following equation is used:

Gc =
i

∑
j=1

LijZj (5)

The resulting field Gc is subsequently transformed to match the target probability
distribution. In this study, soil strength parameters are assumed to follow a lognormal
distribution, consistent with common practice in geotechnical reliability analysis [32]. Thus,
the cohesion field c is obtained via the following transformation:

c = exp(µln c + σln cGc) (6)

where µlnc and σlnc denote the mean and standard deviation, respectively, of the underlying
normal distribution of cohesion lnc. These parameters are derived from the physical mean
(µc) and coefficient of variation (CoVc) of the soil cohesion:

σ2
ln c = ln(1 +

σ2
c

µ2
c
) = ln(1 + CoV2

c ) (7)

µln c = ln µc −
1
2

σ2
ln c (8)

An analogous procedure is employed to generate the random field for the internal
friction angle φ.

3. Details of Finite Difference Modeling
3.1. Numerical Model

Figure 1 illustrates the geometry of the numerical model employed in this study. A
rigid, rough footing with width B and length L is situated on a 3D slope of height H
and inclination β. To ensure the generality of the findings, all geometric dimensions are
normalized with respect to the footing width, B. The computational domain spans 9B, 12.5B,
and 5.5B along the three principal axes, respectively. Sensitivity analyses confirmed that
these dimensions are sufficient to minimize boundary effects on slope failure mechanisms.

Both deterministic and stochastic analyses were performed using the explicit finite
difference code FLAC3D 6.00. The computational domain was discretized using eight-node
hexahedral elements. To accurately capture stress concentrations beneath footing edges and
the evolution of potential shear zones, while balancing computational efficiency, local mesh
refinement was implemented in the vicinity of the foundation. Specifically, as illustrated in
Figure 1, the numerical models for the square and rectangular footings comprise 34,776
and 45,540 elements, respectively. Grid sensitivity analysis was conducted prior to the
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stochastic simulations, confirming that the adopted mesh density provides a balance
between numerical convergence and computational efficiency. The applied boundary
conditions were as follows: the base was fixed against displacement in all directions,
whereas lateral boundaries were constrained only in the normal direction, permitting free
tangential deformation. The rigid and rough characteristics of the footing were simulated
by constraining the horizontal displacements of soil–footing interface nodes to model rough
contact. Simultaneously, a constant vertical velocity was applied to these nodes to enforce
displacement-controlled loading until the slope reached the ultimate limit state.

  

Figure 1. Geometry and finite difference mesh of the 3D slope model subjected to rectangular
footing loads.

The soil domain is modeled as an elastic perfectly plastic material governed by the
Mohr–Coulomb yield criterion. Its mechanical behavior is defined by the elastic modu-
lus E, Poisson’s ratio ν, cohesion c, unit weight γ, internal friction angle φ, and dilation
angle ψ. Since the ultimate bearing capacity of slopes under rectangular footing loads is
primarily governed by soil shear strength, c and φ are selected as random variables to
capture the spatial variability of strength properties. To ensure physically valid values
(0◦ < φ < 90◦) and directly reflect variations in the friction coefficient, the random field is
generated for tanφ rather than φ itself [38]. Furthermore, to account for non-associated
flow characteristics, the dilation angle ψ is modeled as linearly dependent on the internal
friction angle (ψ = φ/6), while the remaining elastic and physical parameters are treated
as spatially homogeneous deterministic constants. Table 1 lists the adopted values for
these deterministic constants and the statistical parameters governing the random fields.
The statistical parameters in Table 1, such as the scale of fluctuation and the coefficient
of variation, are key variables governing the stochastic response of the system. The se-
lected parameter values and ranges are based on typical geotechnical statistics [35] and
comparable probabilistic studies [19,23], thereby ensuring a realistic and comprehensive
investigation of failure mechanism transitions.

Table 1. Summary of deterministic physico-mechanical parameters and statistical properties of soil
random fields.

Category Symbol Definition Value Unit

Random Field
Statistical Parameter

µc Mean value of cohesion 20 kPa
CoVc Coefficient of variation in cohesion 0.25 -
µtan( φ) Mean value of internal friction angle tan(15) ◦

CoVφ
Coefficient of variation in internal

friction angle 0.15 -

θ/B Normalized SOF 0.75, 1.25, 2.5, 5, 10, 20 -
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Table 1. Cont.

Category Symbol Definition Value Unit

Deterministic
constants

E Elastic modulus 20 Mpa
ν Poisson’s ratio 0.3 -
γ Unit weight 20 kN/m3

H/B Slope height 2.5 -
β Slope angle 45 ◦

3.2. Definition of Limit State for Slope Failure

The numerical model is first subjected to gravity loading and solved to static equilib-
rium to establish the initial in situ stress field generated by the soil’s self-weight. Subse-
quently, nodal displacements across the entire domain are reset to zero to eliminate the
influence of initial settlement on the footing loading phase, while preserving the established
stress state. Following initialization, the rectangular footing is simulated as a rigid body
and subjected to vertical loading via a displacement-controlled scheme, applying a constant
vertical velocity to nodes at the soil–footing interface. In explicit finite difference analyses,
the applied loading rate must be calibrated via sensitivity analysis to ensure quasi-static
conditions, effectively minimizing inertial effects. Figure 2 illustrates the load–settlement
responses obtained for various loading rates. The results indicate that bearing capacity
response curves converge when the loading rate falls below 1.0 × 10−5 m/step, with further
reductions yielding negligible differences. Balancing computational accuracy and efficiency,
a loading rate of 1.0 × 10−5 m/step was utilized for all subsequent analyses.

 

Figure 2. Load–settlement responses of the footing–slope system under various vertical loading rates.

The criterion defining the ultimate limit state determines the specific stage at which
displacement field data are extracted, serving as a critical prerequisite for the subsequent
identification and quantification of failure domains. Various bearing capacity criteria have
been proposed in the literature, including the tangent intersection method, the hyperbolic
method, and the empirical 0.1B criterion [39]. While their applicability has been exten-
sively discussed within deterministic frameworks, in stochastic finite difference analyses,
failure evolution paths and mechanisms may vary substantially across different random
realizations. To ensure comparable mechanical states across random samples and allow po-
tential shear slip zones to fully develop, a displacement-based 0.1B criterion is consistently
adopted in this study. Specifically, the footing–slope system is considered to reach the
ultimate limit state when the footing settlement equals 10% of its width (0.1B). It is worth
noting that this criterion is not intended to pinpoint the exact ultimate bearing capacity for
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a single realization, but rather to establish a consistent and physically meaningful reference
state across all random samples. At this specific displacement level, the bearing capacity
curves for all random realizations fully plateau, indicating that plastic deformation within
the soil mass is fully developed and the ultimate bearing capacity is completely mobilized.
The average vertical stress beneath the footing at this limit state is defined as the ultimate
bearing capacity, qu, which is subsequently normalized as qu/γB for further analysis.

4. Non-Intrusive Random Finite Difference Analysis Framework
4.1. Monte Carlo Simulation Workflow

Following the generation of 3D random fields and the numerical model, a random
finite difference method (RFDM) analysis is executed using Monte Carlo simulation (MCS)
to investigate the impact of soil spatial variability on slope stability. Although various
surrogate models and advanced sampling strategies have been proposed to reduce compu-
tational costs, MCS remains the benchmark for reliability and robustness when assessing
uncertainties in bearing capacity and failure mechanisms [13]. By evaluating probabilistic
system responses through a large number of independent realizations, MCS is particularly
effective at capturing complex 3D failure patterns and their statistical characteristics.

As illustrated in Figure 3, a non-intrusive RFDM framework was developed to in-
tegrate MCS with finite difference simulations. In this framework, FLAC3D functions as
a “black-box” solver that exclusively receives input parameters and yields deterministic
mechanical responses, while random field mapping, task scheduling, and data extraction
are managed externally via scripting. This strategy leverages the robustness of commercial
software for mechanical analysis while significantly enhancing probabilistic modeling flexi-
bility, all without requiring modifications to the solver kernel. The non-intrusive RFDM
workflow proceeds in three main stages:

1. First, a deterministic finite difference model is constructed using FLAC3D 6.00. Nodal
coordinates and element indices are exported to serve as geometric references for
subsequent random field mapping.

2. Utilizing the exported nodal coordinates and random field parameters, the decom-
position algorithm and non-Gaussian transformation (Section 2) are implemented
in MATLAB R2021a. A total of Nsim 3D multivariate random field realizations, pos-
sessing prescribed correlation structures, are generated and mapped onto the finite
difference mesh.

3. Python 3.6 scripts are employed to orchestrate task execution and workflow control.
FLAC3D is automatically executed to perform Nsim deterministic mechanical analyses
sequentially. Upon reaching the ultimate limit state in each simulation, full-field nodal
displacement vectors are extracted and stored for post-processing.

4.2. Realization of Three Dimensional Random Field

Figure 4 presents representative 3D realizations of soil shear strength parameters
(c and φ) characterized by two distinct spatial correlation scales. Figure 4a,c depict the case
with a small correlation length (θ/B = 0.75), where the random fields exhibit pronounced
high-frequency spatial fluctuations. The resulting parameter distributions appear highly
fragmented and heterogeneous, indicating a rapid decay of spatial correlation over short
distances. In contrast, Figure 4b,d presents realizations with a large correlation length
(θ/B = 20), in which the spatial variation in c and φ appears significantly smoother along
the principal directions. These fields display continuous, stratified, or large-scale zonal
patterns, reflecting strong spatial autocorrelation. These visual comparisons verify that the
proposed random field generation procedure effectively captures the prescribed spatial
variability and correlation structures.
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Figure 3. Flowchart of the non-intrusive random finite difference method (RFDM) analysis framework.

  

  
(a) c (Pa) (b) c (Pa) 

  

  
(c) φ (°) (d) φ (°) 

Figure 4. Typical 3D random field realizations of c and φ with different normalized SOF: (a,c) θ/B = 0.75;
(b,d) θ/B = 20.
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While the aforementioned realizations illustrate the spatial variability of soil properties,
a sufficient number of MCS realizations (Nsim) is required to ensure the statistical stability
of the probabilistic results. To determine the appropriate number of realizations, a conver-
gence analysis was performed. Although this study focuses on the 3D characteristics of
failure mechanisms, the normalized ultimate bearing capacity factor (qu/γB), representing
the macroscopic system response, was adopted as the convergence metric. Figure 5 depicts
the evolution of the mean (µqu/γB) and coefficient of variation (CoVqu/γB) of the bearing
capacity factor with increasing simulation numbers for two representative cases. As the
sample size increases, the cumulative estimates of µqu/γB and CoVqu/γB gradually stabilize,
with fluctuations becoming negligible once Nsim exceeds approximately 400. Considering
the high computational cost associated with 3D stochastic simulations, a fixed sample size
of Nsim = 500 was adopted. This sample size provides a practical balance between computa-
tional efficiency and robust statistical convergence for µqu/γB and CoVqu/γB, which serve
as the key parameters for subsequent failure domain characterization and risk assessment.

(a) Square footing (L/B = 1) 

(b) Rectangular footing (L/B = 3) 

Figure 5. Convergence analysis of Nsim.

5. Slope Failure Domain Identification and Characterization
5.1. Gaussian Mixture Model (GMM)

Slope failure involves the mobilization of a sliding soil mass, potentially causing sig-
nificant damage to infrastructure and buildings. Accurately delineating this sliding mass
provides a quantitative basis for risk assessment. Furthermore, characterizing the spatial
extent of the failure domain offers critical reference data for slope reinforcement design. Pre-

https://doi.org/10.3390/buildings16071321

https://doi.org/10.3390/buildings16071321


Buildings 2026, 16, 1321 10 of 24

vious studies have estimated failure volumes based on limit-state nodal displacement data
to quantify failure consequences [33]. These investigations demonstrated that traditional
fixed-threshold methods are often insufficient for achieving consistent binary classification
between stable and unstable regions [29]. Building upon these findings, this study utilizes
limit-state nodal displacement data as the classification basis. The analysis is extended
to a 3D framework, employing failure domain identification as a key descriptor for the
stochasticity of failure mechanisms. However, the widely used KMCM inherently favors
clusters with similar variances (spherical clusters). Consequently, it may be suboptimal for
limit-state displacement data, where the variances between stable and failure regions differ
significantly. To address these limitations, this study adopts the Gaussian mixture model
(GMM) as a robust probabilistic clustering method [40].

The GMM is a probabilistic clustering model that posits that the observed displacement
dataset v = {v1, v2, . . ., vn}, representing element displacement magnitudes (derived from
nodal displacements); it is generated from a weighted mixture of K Gaussian components,
each possessing independent parameters. The probability density function (PDF) of the
displacement magnitude vi for element i is as follows:

P(vi) = ∑K
k=1 πk N(vi

∣∣∣µk, σ2
k ) (9)

where K = 2 is adopted to differentiate between stable and failure domains, aligning with
the binary mechanical state of the slope. πk represents the mixing weight of the k-th
Gaussian component, subject to the constraint ∑K

k=1 πk = 1. N(v|µk, σk
2) denotes the PDF

of the k-th Gaussian component, uniquely defined by its mean µk and variance σk
2:

N(v
∣∣∣µk, σ2

k ) ==
1√

2πkσ2
k

exp

[
− (v − µk)

2

2σ2
k

]
(10)

Compared to KMCM, the primary advantage of GMM lies in its ability to assign
independent variance parameters to each component. This enables adaptive fitting of dis-
placement distributions that exhibit markedly different dispersion characteristics between
stable and failure domains.

As displayed by Equation (10), the parameters governing the GMM comprise the
mixing coefficients πk, the means µk, and the variances σk

2. These parameters are estimated
by maximizing the log-likelihood function for the observed data:

L(π, µ, σ2) =
En

∑
i=1

ln
(
∑K

k=1 πk N
(

vn

∣∣∣µk, σ2
k

))
(11)

where En denotes the total number of observation points (corresponding to the total
number of elements in the numerical model). Due to the presence of the logarithm of a
summation term (the log-sum-exp problem), closed-form analytical solutions are intractable.
Consequently, the Expectation–Maximization (EM) algorithm is employed for iterative
optimization [41]. The EM algorithm alternates between an expectation step (E-step) and a
maximization step (M-step). In the E-step, the responsibility γik, defined as the posterior
probability that observation i belongs to component k, is computed:

γik =
πk N(vi

∣∣µk, σ2
k )

∑K
j=1 πjN(vi

∣∣∣µj, σ2
j )

(12)
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In the M-step, the parameters for each component are updated based on the
computed responsibilities:

πk =
1
N

N

∑
i=1

γik (13)

µk =
∑N

i=1 γikvi

∑N
i=1 γik

(14)

σ2
k =

∑N
i=1 γik(vi − µk)

2

∑N
i=1 γik

(15)

These steps are repeated iteratively until convergence is achieved. Upon convergence,
the two Gaussian components are compared based on their mean displacement magnitudes;
the component with the larger mean is identified as the failure domain. For any observation
i, if its posterior probability of belonging to the failure component satisfies γi, failure > 0.5,
the element is classified as part of the failure domain; otherwise, it is assigned to the stable
domain. This classification corresponds to a maximum a posteriori decision rule, providing
a consistent, probabilistic basis for identifying 3D failure domains.

5.2. Failure Modes and Characterization Indicators

Upon obtaining classification results from each MCS realization, slope failure modes
are categorized, and corresponding characterization indicators are computed based on
the identified failure domains. In classical deterministic analyses of strip footing–slope
systems, failure modes are commonly classified based on the termination point of the slip
surface relative to the slope geometry: slope face failure, toe failure, and base failure [23,24].
Additionally, when the footing is located sufficiently far from the slope crest, minimizing
geometric constraints, the failure mode transitions into a classical Prandtl-type bearing
capacity failure. The geometric definitions of these four classical failure mechanisms are
illustrated in Figure 6.

 

Figure 6. Illustration of the potential failure mechanisms of footings on slopes in deterministic analysis.

Incorporating soil spatial variability significantly intensifies the complexity and
stochastic evolution of failure patterns. Potential slip surfaces are no longer confined
to the smooth geometries assumed in analytical solutions; instead, they exhibit pronounced
path dependency. Failure domains tend to propagate along spatially continuous weak
zones and preferentially traverse local low-strength elements, resulting in irregular slip
surfaces that often deviate from the footing centerline. Despite the variability induced
by random fields, the macroscopic geometric characteristics of failure patterns can still
be broadly categorized into the four classical modes mentioned above. Accordingly, an
automated classification criterion based on the spatial location of the failure domain is
proposed in this study. Each MCS realization is classified as slope face, toe, base, or bear-
ing capacity (Prandtl-type) failure, determined by the coordinate of the lowest point of
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the GMM-identified failure domain along the slope profile. Crucially, this study focuses
exclusively on bearing capacity failure induced by footing loading; global slope instability
driven solely by self-weight is not considered [42].

Utilizing the binary clustering labels derived from GMM, two quantitative indicators
are adopted to characterize the 3D failure domain: the failure volume and the normalized
centroid location. The absolute failure volume, Vf, is defined as the cumulative volume
of all elements classified as belonging to the failure domain. To facilitate comparisons
across different footing dimensions, a normalized dimensionless failure volume, Vnorm,
is introduced:

Vnorm =

N f

∑
i=1

Vi

B2L
(16)

where Nf denotes the total number of elements in the failure domain, Vi is the volume of
the i-th element, and B and L represent the footing width and length, respectively. This
indicator serves as a direct proxy for the magnitude and potential consequences of slope
failure. Additionally, the centroid coordinates serve as an effective metric for capturing the
spatial offset and asymmetry of 3D failure patterns. The geometric centroid of the failure
domain, C(xc, yc, zc), is calculated as follows:

C(xc, yc, zc) =

N f

∑
i=1

CiVi

N f

∑
i=1

Vi

(17)

where Ci = (xi, yi, zi) denotes the spatial coordinate vector of the geometric center of the
i-th element within the failure domain. To ensure consistency, all centroid coordinates are
normalized by the footing width, B. By tracking centroid migration across different MCS
realizations, the dominant spatial trends and dispersion characteristics of 3D failure modes
can be statistically characterized.

Finally, to quantify the system failure risk, a risk indicator R, based on the normalized
failure volume, is introduced, aligning with the risk assessment framework proposed by
Huang et al. [29]. Within this framework, the indicator represents the expected consequence
of failure and is formulated as follows:

R =
∑Nsim

i=1 Ii(Vnorm)i
Nsim

(18)

Ii =

{
1, (qu/γB)ran < (qu/γB)det/FOS
0, (qu/γB)ran ≥ (qu/γB)det/FOS

(19)

where (Vnorm)i is the normalized failure volume determined via GMM for the i-th MCS
realization; Ii is a binary indicator variable (1 for failure, 0 for safety); and Nsim is the
total number of MCS realizations. The value of Ii is contingent upon the failure criterion
and the applied Factor of Safety (FOS). In this study, the system is considered safe if the
normalized bearing capacity obtained from random analysis (qu/γB)ran/FOS exceeds the
allowable capacity derived from the deterministic analysis divided by the FOS, namely
(qu/γB)det/FOS. Otherwise, the system is deemed to have failed. This formulation utilizes
the indicator function to isolate failed samples and computes the probability-weighted
average of failure volumes. Consequently, it provides a comprehensive risk measure that
integrates both the likelihood of failure and the severity of consequences.
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6. Results and Discussion
6.1. Failure Domain Identification Comparison Using GMM and KMCM

Deterministic analysis results of the slope failure domain at the ultimate limit state
for a rectangular footing (L/B = 3) serve as a benchmark to evaluate the applicability and
performance of KMCM and GMM. Figure 7a,b depicts the displacement contour and 3D
scatter plot of the rectangular footing–slope system at failure. Due to the free boundary
effect of the slope face, the deformation pattern exhibits pronounced spatial asymmetry,
with zones of large displacement extending from beneath the footing towards the slope face,
a characteristic feature of slope-influenced bearing capacity mechanisms [24]. Figure 7c,d
presents the binary failure domain classification results obtained using GMM and KMCM,
respectively. A comparison of their 3D spatial structures indicates that the failure domain
identified by KMCM is primarily restricted to the region directly beneath the footing,
corresponding to the zone of peak displacement. Its boundary terminates prematurely in
the downslope direction, failing to form a continuous failure path connecting to the slope
face. In contrast, the failure domain identified by GMM encompasses a substantially larger
volume. In addition to capturing the core high-deformation region detected by KMCM,
GMM successfully incorporates intermediate deformation zones extending towards the
slope, thereby forming a more complete and spatially connected failure mechanism.

  
(a) Zone displacement contours. 

 
(b) 3D scatter plot of displacement magnitude. 

Figure 7. Cont.
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(c) Failure domain identified by the proposed GMM. 

 
(d) Failure domain identified by KMCM. 

Figure 7. Comparison of failure domain identification characteristics for a rectangular footing
(L/B = 3) at the ultimate limit state.

The discrepancies observed between GMM and KMCM identification results stem
from the underlying statistical characteristics of the displacement data. Figure 8 illustrates
the element-wise displacement magnitudes and the corresponding classification thresholds
derived from KMCM and GMM for this representative case. As depicted in Figure 8a,
element-wise displacement magnitudes at the ultimate limit state exhibit a highly skewed
distribution, characterized by a distinct peak and a long tail. The stable region is character-
ized by a narrow distribution with low variance, whereas elements associated with failure
display a markedly dispersed, long-tailed distribution. Quantitatively, the displacement
variance in the failure domain exceeds that of the stable domain by more than two orders
of magnitude, with a variance ratio above 660 in this representative case. This pronounced
heteroscedasticity conflicts with KMCM’s implicit equal-variance assumption.

Since the KMCM minimizes the within-cluster sum of squared errors, it inherently
favors clusters with similar variances. In the presence of long-tailed distributions, the
clustering boundary is statistically skewed toward higher displacement values by large-
displacement outliers. Consequently, transitional elements undergoing early-stage plastic
deformation are frequently misclassified as stable. This sensitivity to extreme values
renders KMCM-based failure identification relatively conservative. In contrast, GMM
assigns an independent variance parameter to each component, allowing it to explicitly
accommodate the pronounced heteroscedasticity between stable and failure regions. As a
result, transitional deformation zones are more accurately captured within the identified
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failure domain. In this example, the displacement thresholds determined by KMCM and
GMM are approximately 0.036 m and 0.007 m, respectively, corresponding to normalized
failure volumes (Vnorm) of 2.08 and 5.47. This substantial discrepancy highlights the funda-
mental differences in statistical assumptions between the two methods. It indicates that
KMCM-based identification may lead to a systematic underestimation of failure extent, po-
tentially propagating into biased estimates of failure probability and risk within a stochastic
analysis framework.

(a) 

(b) 

Figure 8. Statistical distribution of element displacement magnitudes at the ultimate limit state and
comparison of classification thresholds identified by GMM and KMCM. (a) Overall distribution of
the displacement data. (b) Magnified view of the classification threshold region, with the shaded
region indicating transitional deformation zones.

6.2. Effect of Scale of Fluctuation on Failure Modes

To evaluate the performance of clustering algorithms under spatially variable soil
conditions, slope failure modes for square (L/B = 1) and rectangular (L/B = 3) footings
were statistically analyzed across a range of normalized scales of fluctuation (θ/B). For
square footings, results indicate that irrespective of the fluctuation scale, both KMCM
and GMM consistently identified slope face failure across all Nsim = 500 realizations. This
observation aligns with deterministic analysis, suggesting that under square footings, the
failure mode is relatively insensitive to soil spatial variability due to strong geometric
constraints imposed by the slope and footing. However, as detailed in Table 2, distinct
discrepancies between the two algorithms were observed for rectangular footings. KMCM
uniformly classified all 500 realizations as slope face failure, mirroring the deterministic
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result. In contrast, GMM results exhibited a systematic dependence on the fluctuation scale,
identifying both slope face and toe failure modes. Although slope face failure remained
dominant, the frequency of toe failure (indicative of deeper-seated instability) gradually
rose as θ/B increased from 0.75 to 5, subsequently decreasing slightly as θ/B extended
to 20. This trend underscores that under 3D random field conditions, footing geometry
and fluctuation scale jointly govern the depth of the failure mechanism. Furthermore,
it demonstrates that GMM is capable of capturing the transition from shallow to deep
failure modes.

Table 2. Summary of slope failure modes identified by KMCM and GMM for rectangular footings
under varying scales of fluctuation.

Method KMCM GMM

θ/B 0.75 1.25 2.5 5 10 20 0.75 1.25 2.5 5 10 20

Face failure 500 485 456 421 413 428 433
Base failure 0 0
Toe failure 0 15 44 79 87 72 67

Total 500 500

To further investigate the spatial characteristics of failure domains, Figure 9 displays
the slope failure domain centroids derived from 500 MCS realizations identified by GMM
for square and rectangular footings at θ/B = 0.75 and θ/B = 5. Compared with deterministic
analyses, in which the failure domain is represented by a single fixed centroid, the stochastic
results exhibit pronounced spatial dispersion in 3D space. This dispersion reflects the
influence of spatial variability in soil strength, which modifies the distribution of local soil
resistance and consequently shifts the failure domain across different realizations. As the
SOF increases, the centroid distributions for both footing shapes become progressively
more dispersed. A larger SOF indicates stronger spatial correlation in soil properties,
resulting in the formation of larger spatially correlated regions that may be relatively
strong or weak. These regions can substantially alter the preferred failure path across
different realizations, thereby increasing the variability in the location of the failure domain
centroid. Notably, rectangular footings exhibit a wider centroid distribution along the slope
inclination direction (y-axis) and the depth direction (z-axis). This indicates that the failure
domains induced by rectangular footings tend to extend further downslope and propagate
deeper than those associated with square footings, reflecting the influence of footing aspect
ratio on the 3D development of the failure mechanism.

Figure 10 illustrates the centroid distributions for the rectangular footing identified
using KMCM under identical conditions. Compared to GMM, KMCM-identified centroids
are less dispersed in the horizontal plane (x- and y-directions). Although vertical (z-
direction) dispersion exists, centroids remain largely concentrated in the shallow region
above z = 4.5, failing to extend into the deeper layers observed in the GMM results. This
comparison indicates that in stochastic analyses, KMCM primarily captures the shallow
core of the failure domain, potentially missing the evolution of deeper-seated failures
induced by soil spatial variability [43].

6.3. Effect of Scale of Fluctuation on Failure Volumes

Figures 11 and 12 present histograms of the normalized failure domain volume (Vnorm)
at the ultimate limit state, derived from 500 MCS realizations for square and rectangular
footings under different scales of fluctuation (θ/B = 0.75 and θ/B = 5). In each figure,
the left histogram incorporates all realizations, whereas the right histogram displays only
those classified as failures. Failure occurrence is determined based on the criteria defined
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in Equations (18) and (19). The results indicate that the characteristics of the volume
distributions are sensitive to both the scale of fluctuation and the footing geometry. At
θ/B = 0.75, the distributions for both footings are relatively concentrated and unimodal,
indicating that shallow slope face failure strongly dominates the failure mechanism at
this small scale. However, at θ/B = 5, the histograms become significantly flatter, more
dispersed, and exhibit locally jagged or multi-peaked characteristics. For the square footing,
this widely dispersed distribution reflects a significant increase in the spatial randomness
of the failure volume; however, the extent of variation does not culminate in a transition of
the macroscopic failure mode. Instead, it signifies that the slip surface fluctuates among
varying local weak paths across the slope surface. In contrast, for the rectangular footing at
θ/B = 5, the distribution exhibits a multimodal tendency, which physically corresponds
to the transition between distinct macroscopic failure mechanisms. The data clustering
within the lower volume range is governed by the dominant shallow slope face failures,
whereas the localized clustering within the higher volume range corresponds directly to
the increased proportion of deep toe failures.

(a) Square footing (L/B = 1). 

(b) Rectangular footing (L/B = 3). 

Figure 9. Three-dimensional spatial distribution of slope failure domain centroids identified
via GMM.
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Figure 10. Three-dimensional spatial distribution of slope failure domain centroids identified via
KMCM for the rectangular footing (L/B = 3).

  

  
(a) Sliding mass of all simulations (b) Sliding mass of failure 

Figure 11. Histograms of the Vnorm for square footings under different scales of fluctuation (L/B = 1).
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(a) Sliding mass of all simulations (b) Sliding mass of failure 

Figure 12. Histograms of the Vnorm for rectangular footings under different scales of fluctuation
(L/B = 3).

Figures 13 and 14 illustrate the statistical parameters of Vnorm, specifically the mean
(µVnorm) and coefficient of variation (CoVVnorm), as functions of the θ/B. The results indicate
that the mean failure volume derived from stochastic analyses systematically exceeds the
corresponding deterministic solution. This suggests that failure mechanisms tend to prop-
agate through local weak zones, resulting in larger mobilized failure volumes compared
to homogeneous soil conditions. The deviation of the mean from the deterministic value
exhibits a non-monotonic trend with increasing θ/B, though the overall variation remains
marginal. The CoVVnorm curves for both footing geometries display non-monotonic be-
havior, peaking near θ/B = 5, indicating that uncertainty regarding the failure volume
is maximized at this specific correlation scale. Notably, while the trends are similar, the
magnitude of CoVVnorm for rectangular footings is substantially lower than that for square
footings across the entire range of θ/B, further confirming the influence of the 3D spatial
averaging effect. This effect arises because a larger rectangular footing intersects a broader
range of spatially varying soil zones, thereby smoothing local extremes and reducing the
overall variability of the failure volume. Additionally, the extended failure surface mobi-
lizes a larger soil mass, promoting greater energy dissipation and integrating both weaker
and stronger zones. Therefore, although this study focuses on how parameter uncertainties
propagate into failure mechanisms, accurate estimation of spatial statistical parameters
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through comprehensive site investigations remains essential for improving the practical
reliability of random field-based analyses [44].

Figure 13. Effect of SOF on the µVnorm and CoVVnorm for square footings (L/B = 1).

 

Figure 14. Effect of SOF on the µVnorm and CoVVnorm for rectangular footings (L/B = 3).

Figure 15 illustrates the influence of the θ/B on the failure risk (R) of the footing–slope
system, as calculated using GMM-identified failure domains (Equations (18) and (19)). For a
factor of safety (FOS) of 1.0, the failure risk for both square and rectangular footings exhibits
a decreasing trend with increasing θ/B. In this scenario, the larger absolute failure volume
associated with rectangular footings results in a higher overall risk compared to square
footings. Conversely, at FOS = 1.2, failure risk increases with θ/B, with square footings
exhibiting a slightly higher risk than their rectangular counterparts. These observations
indicate that failure risk is governed by the interplay between failure probability and the
magnitude of the failure domain. At low FOS levels, where failure probability is high, the
larger absolute failure volume of rectangular footings dominates the overall risk. At higher
FOS levels, although the mean safety margin is sufficient, the higher volume variability of
square footings renders them more susceptible to extreme failure events under specific θ/B
conditions, thereby elevating the associated risk.
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Figure 15. Effect of SOF on failure risk (R) of rectangular footing–slope system.

7. Limitations and Future Research
While the proposed framework provides valuable insights into 3D stochastic slope

failure under rectangular footings, several simplifying assumptions were adopted to main-
tain computational feasibility. These limitations also highlight several opportunities for
future research:

(1) This study primarily focuses on the influence of fluctuation scale on slope failure
mechanisms and mobilized volumes. Future research could perform more comprehen-
sive parametric analyses, such as systematically varying the coefficients of variation in
soil properties and incorporating cross-correlations between different shear-strength
parameters, to provide deeper insights into stochastic failure behavior.

(2) The present analyses are limited to vertical static foundation loading applied at the
slope crest. In practice, footing–slope systems may be subjected to more complex
loading scenarios. Future studies may consider inclined or eccentric loading con-
ditions, as well as hydro-mechanical effects associated with rainfall infiltration or
groundwater fluctuations.

(3) To isolate the fundamental influence of spatial autocorrelation, soil variability in this
study was simulated using a stationary random field within a single homogeneous
soil profile. Because natural slopes often exhibit complex geological stratigraphy,
extending the proposed framework to multi-layered heterogeneous soil systems
would improve its applicability to practical engineering scenarios.

(4) To balance computational efficiency and statistical convergence, the number of Monte
Carlo simulations was set to 500. While this sample size is sufficient to capture the
general characteristics of slope failure mechanisms and geometric statistics, evaluating
extremely low-probability failure events may require larger sample sizes. Future work
may explore advanced variance-reduction techniques to improve the computational
efficiency of stochastic analyses.

8. Conclusions
This study established a non-intrusive RFDM framework, integrating a GMM to facili-

tate the automated identification and quantification of 3D failure domains in rectangular
footing–slope systems. The primary conclusions drawn from this research are summarized
as follows:
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1. The displacement data of the slope at the ultimate limit state under rectangular foot-
ing loads exhibit significant statistical heterogeneity, characterized by low variance
in the stable domain and high variance in the failure domain. The KMCM favors
clusters with similar variances, leading to a systematic underestimation of the failure
domain volume. In contrast, the GMM explicitly accommodates independent covari-
ance structures for each component, thereby effectively capturing disparate variance
characteristics and more accurately delineating the complete sliding mass.

2. Slope failure modes are jointly governed by the footing aspect ratio and the spatial
scale of fluctuation in soil properties. For square footings, shallow slope face failure
predominates in both deterministic and stochastic analyses, demonstrating insensitiv-
ity to spatial variability. While shallow failures remain dominant under rectangular
footings, an increase in the normalized scale of fluctuation correlates with a rising
frequency of deeper slope toe failure mechanisms. The statistical migration of failure
domain centroids in stochastic analyses quantitatively confirms this transition toward
deeper failure modes.

3. The mean failure volume derived from stochastic analyses systematically exceeds
deterministic analyses, driven by the preferential propagation of failure mechanisms
through local weak zones within spatially variable soil. The coefficient of variation in
the failure volume exhibits a non-monotonic relationship with the normalized scale
of fluctuation, reaching a maximum when the correlation length is approximately
five times the footing width. Furthermore, rectangular footings exhibit significantly
lower volume variability compared to square footings, attributed to the 3D spatial
averaging effect.

4. The failure risk of footing–slope systems is sensitive to the applied factor of safety
(FOS). At a low safety margin (FOS = 1.0), failure risk decreases with increasing
fluctuation scale. This trend is primarily driven by the magnitude of the absolute
failure volume, resulting in a higher overall risk for rectangular footings. Conversely,
at a higher safety margin (FOS = 1.2), failure risk increases with fluctuation scale. In
this regime, risk is dominated by volume variability, with square footings exhibiting
comparatively higher risk due to their greater susceptibility to extreme failure events.
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