
 
 

Coatings 2020, 10, 718; doi:10.3390/coatings10080718 www.mdpi.com/journal/coatings 

Article 

Transient Electromagnetic Analysis of Multilayer 
Graphene with Dielectric Substrate Using Marching-
on-in-Degree Method 

Quanquan Wang 1,*, Zukun Song 1, Jian Zhu 1 and Huazhong Liu 2 

1 School of Communication and Information Engineering, Nanjing University of Posts and 

Telecommunications, Nanjing 210003, China; 1219012436@njupt.edu.cn (Z.S.);  

zhujian82@njupt.edu.cn (J.Z.) 
2 Jining Branch, China Mobile Group Shandong Co., Ltd., Jining 272000, China; liuhuazhonge@163.com 

* Correspondence: wangqq@njupt.edu.cn 

Received: 30 May 2020; Accepted: 22 July 2020; Published: 23 July 2020 

Abstract: The marching-on-in-degree (MOD) method is applied in this paper to analyze the 

transient electromagnetic scattering of multilayer graphene and a dielectric substrate. The time 

domain resistive boundary condition (TD-RBC) integral equation and time domain Poggio–Miller–

Chang–Harrington–Wu (PMCHW) integral equation of electric and magnetic currents are 

employed to model graphene and the dielectric substrate, respectively. These two sets of equations 

are coupled and solved with the MOD method. The dispersion of multilayer graphene’s surface 

conductivity/resistivity in the frequency domain is taken into account in the analytical convolution 

of temporal surface conductivity/resistivity and magnetic/electric current densities. The Rao-

Wilton-Glisson (RWG) basis function over triangle patches and weighted Laguerre polynomial 

(WLP) are used as the spatial and temporal basis/testing functions, respectively. The orthogonal 

WLPs are defined from zero to +∞ and are convergent to zero with time passing. These advantages 

ensure late time stability of the transient solution. A stable electric/magnetic current is achieved. A 

radar cross section and extinction cross section in the frequency domain are also obtained and 

compared with commercial software results to verify the proposed method. 

Keywords: multilayer graphene; dielectric substrate; time domain integral equation; marching-on-

in-degree 

 

1. Introduction 

Graphene is a promising 2D material in a wide variety of applications, e.g., THz devices [1], 

metamaterial [1,2], power generation [3], transmission lines and components anticorrosion [4,5], heat 

management [6,7], super capacitor [8], electromagnetic interference (EMI) shielding [9], electronic 

skin [10], etc. Time domain full-wave numerical methods [11–18] are critical in transient 

electromagnetic analysis, and the time domain integral equation (TDIE) of surface electric currents 

has been solved successfully with the marching-on-in-degree (MOD) method to analyze the 

monolayer graphene in free space [18]. 

In reality, monolayer graphene is difficult to obtain. Besides, real-life manufacture, installation 

and applications may require bilayer, trilayer or multilayer graphene (MLG) with a dielectric 

substrate [1,2,5,7–10,15,17,19]. For instance, bilayer graphene has tunable band gaps, while trilayer 

graphene has unique tunable overlaps between conduction and valence bands [20]. MLG has 

increased electrical or thermal conduction, strength, etc. [21], and accurate modeling of MLG 

dispersive surface conductivity/resistivity in the time domain is very important in numerical 

simulation. After summing the monolayer graphene surface conductivity [22,23], the MLG surface 

conductivity/resistivity are approximated by vector fitting (VF) [24], which is a popular tool in power 
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systems and microwave engineering communities [11,25–28]. Then, the analytical convolution of 

temporal surface resistivity and electric current density, as well as surface conductivity and magnetic 

current density, can be deduced [18]. 

To analyze the transient electromagnetic responses of dielectric material constituting the 

substrate, the time domain Poggio–Miller–Chang–Harrington–Wu (PMCHW) method [17,29–31] 

only meshes the surface of the dielectric material. Therefore, all the equivalent electric and magnetic 

currents, viz. the unknowns, exist merely on the surface but not inside the dielectric material. When 

there is a large material contrast between the scatterer and the background medium, the time domain 

PMCHW formulation can obtain accurate results as well. Therefore, generally, the time domain 

PMCHW method is popular in solving the transient electromagnetic scattering of dielectric material. 

When expressed with orthogonal causal convergent weighted Laguerre polynomials (WLPs), 

the temporal current solved with the MOD method generally ensures late time stability [32,33] due 

to the elimination of the time variable from the numerical computation. Hence, the MOD method for 

transient electromagnetic analysis of MLG with dielectric substrate is developed in this paper. Based 

on the time domain resistive boundary condition (TD-RBC) [14–16,34–36] and equivalence principle, 

the time domain integral equations and PMCHW equations are employed to model graphene and 

the dielectric substrate, respectively. These two sets of equations are coupled and converted into a 

recursive matrix equation by Galerkin’s spatial and temporal testing, then, are solved degree by 

degree of the WLPs. 

In the next section, the formulation of the time domain integral equations and MOD procedure 

is provided. Section 3 investigates some numerical results including the time domain and frequency 

domain examples. Section 4 provides closing remarks. 

2. Formulation 

2.1. Integral Equations 

The graphene sheet with the dielectric substrate (Domain II: constitutive parameters permittivity 

ε2 and permeability μ2) resides in a background medium (Domain I: constitutive parameters 

permittivity ε1 and permeability μ1) (Figure 1). The excitation electromagnetic field is {Ei(r,t), Hi(r,t)}. 

In the text below, subscripts g and d indicate graphene and dielectric substrate, and subscript l = 1 or 

2 indicates the domain I or II. S = Sg∪Sd represents the closed surface of the composite structure, and 

∪ denotes union operation. By using the equivalence principle, the time domain integral equation is 

formulated with the induced/equivalent electric and magnetic currents and on the surface S, viz. Jl(r,t) 

= Jg,l(r,t)∪Jd,l(r,t) and Ml(r,t) = Mg,l(r,t)∪Md,l(r,t). The surface electric and magnetic currents generate the 

scattered fields. Enforcing the time domain resistive boundary condition (TD-RBC) [14–16,34–36] of 

total tangential electric and magnetic fields, the time domain integral equations are established on S: 

ˆ ˆ ˆ( ) ( ) ( ) ( ) ( , ) ( ) ( , )i

l l l l l l l l l lt t −   + − = −  n r n r J M E r n r M rL K  (1) 

1ˆ ˆ ˆ( ) ( ) ( ) ( ) ( , ) ( ) ( , )i

l l l l l l l l l lt t − −   + − =  n r n r M J H r n r J rL K  (2) 

1 1I( , ) 

2 2II( , ) 

,1gJ

,2gJ

,1gM

g,2M

,2dM

,1dM ,1dJ

,2dJ

1n̂

2n̂

gS

dS

 

Figure 1. Graphene sheet with the dielectric substrate. 
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The integral operators Ll(X) and Kl(X) are 

1
( ) ( , ) / ' ( , ) /

4 4

R
t

l c
l t

S S
l l

cR
t R dS t' R dt'dS'

c c 

−

−

 
 =  − +      

 
  

'
X X X r'L r'  (3) 

1
( ) ( , ) /

4
l

S
l

R
t R dS'
c

 
=  − 

 
X X r'K  (4) 

where the intrinsic impedance η μ / εl l l= , speed of electromagnetic waves 1/ μ εl l lc = , retarded 

time t’ = t–R/
lc , ˆ ( )ln r  is the unit normal vector, r and r’ are observation and source point position 

vectors, and R = |r−r′| is the distance. 

The resistive boundary condition on Sg is 

,1 ,2 ,
ˆ( ) ( , ) ( , ) ( ) ( , )g g g lR t t t t  + =  J r J r n r M r  (5) 

,1 ,1 ,2
ˆ( ) ( , ) ( ) ( , ) ( , )g g gt t r t t   = −  + M r n J r J r  (6) 

where   is temporal convolution, and R(t) and σ(t) are surface resistivity and conductivity of 

graphene in the time domain, respectively. On Sg, Mg,1 = –Mg,2, but Jg,1 ≠ –Jg,2. On Sd, Jd,1 = –Jd,2 and Md,1 = 

–Md,2. For simplification, let Jd = Jd,1 = –Jd,2, Jg = Jg,1, Jr = Jg,2, Mg = Mg,1 = –Mg,2, and Md = Md,1 = –Md,2. 

Substituting Equations (1) and (2) into (5) and (6), then, one obtains: 

1 1 1( )*( ) ( ) ( ) ( , )i

g r d g d gR t t− + + + + + =J J J J M M E rL K  (7) 

2 2 2( )*( ) ( ) ( ) 0g r d r d gR t + + − + + =J J J J M ML K  (8) 

1 1

1 1 2 2 1 2( )* ( ) ( ) ( ) ( ) ( , )i

g d g d g d g d rt t  − −− + + + + − + − − =M M M M M J J J J H rL L K K  (9) 

Enforcing the continuity of the tangential electric and magnetic field components, the time 

domain PMCHW formulation on Sd is: 

1 1 2 2 1 2( ) ( ) ( ) ( ) ( , )i

d g d r d g d g t + + − + + + + =J J J J M M M M E rL L K K  (10) 

1 1

1 1 2 2 1 2( ) ( ) ( ) ( ) ( , )i

d g d g d g d r t − −+ + + − + − − =M M M M J J J J H rL L K K  (11) 

Equations (7)–(11) are coupled and solved to determine the unknown electric and magnetic 

currents Jg, Jd, Jr, Mg, and Md. 

2.2. MOD Scheme 

The surface S is modeled with triangle patches. The electric current (the magnetic current can be 

obtained similarly) is expressed as: 

( ) ( ) ( ),

1 0

, φ
S LN N

n j j n

n j

t J t r
= =

 
=  

 
 J r f  (12) 
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where 
,n jJ  is the unknown coefficient, ( )nf r  is the spatial basis function (the well-known RWG 

basis function over triangular patches), and the temporal basis function ( )j t  is the weighted 

Laguerre polynomial (WLP) of j-th degree [29,31–33]. The WLP is defined on zero to +∞ and is 

convergent to zero as time passes. Hence, it is suitable to be a temporal basis function in the transient 

problem. 

The j-th degree Laguerre polynomial is: 

( )
( )

( )( )
exp

exp ,  0
!

j
j

j j

t d
L t t t t

j dt
= −     (13) 

The Laguerre polynomials are orthogonal with respect to the weight: 

( ) ( )
0

exp( ) δi j ijt L t L t dt



− =  (14) 

where δ ij is a Kronecker delta. If i = j, δ ij  = 1; if i ≠ j, δ ij  = 0. 

The WLP is 

( ) ( )( )=exp / 2j jt st L st −  (15) 

where s is the temporal scaling factor. By choosing an appropriate temporal scaling factor s, viz. 

increasing or decreasing the support of the WLP, the transient electromagnetic responses can be 

approximated accurately. 

Multilayer graphene’s frequency domain surface resistivity/conductivity computed by the Kubo 

formula [22–24] can be tuned by number of layers, operation frequency, chemical potential, scattering 

rate (relaxation time), and temperature. The vector fitting method approximates the dispersive 

frequency domain graphene surface resistivity/conductivity using several pairs of complex conjugate 

poles and residues as: 

( )
1

ρ ω
ω

p

v

v v

d

j a=

=
−

  (16) 

( )
1

σ ω
ω

p

v

v v

d '

j a '=

=
−

  (17) 

where ω is the angular frequency. The real parts of poles av and av‘ should be negative. 

By inverse Fourier transform, graphene’s time domain surface resistivity/conductivity is 

( ) ( ) ( )
1

ρ exp

p

v v

v

t u t d a t

=

=   (18) 

( ) ( ) ( )
1

σ exp

p

v v

v

t u t d ' a 't

=

=   (19) 

where u(t) is the unit step function. 

In order to facilitate the numerical computation, we make use of new source vectors ( , )d te r ,

( , )g r te , ( , )r te r , ( , )d th r , and ( , )g th r , and for example, we define 
1

( , ) ( ) ( )
sN

d

d n n

n

t e t
=

=e r f r , 

1

( , ) ( ) ( )
sN

d

d n n

n

t h t r
=

=h r f . 

Take ( , )d te r , for example, in further detail below, we define [29,31]: 

,

1 1 0

( , ) ( ) ( ) φ ( ) ( )
s s LN N N

d d

d n n n j j n

n n j

r t e t r e t r
= = =

= = e f f  (20) 

Therefore, 
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( )
1

, ,

1 0 0

1
( , ) ( , ) φ ( )

2

s LN N j
d d

d d n j n k j n

n j k

t t s e e t r
t

−

= = =

  
= = +  
   

  J r e r f  (21) 

( ) ( )
2 1

2

, ,2
1 0 0

1
( , ) ( , ) φ ( )

4

s LN N j
d d

d d n j n k j n

n j k

t t s e i k e t r
t t

−

= = =

   
= = + −  

    
  J r e r f  (22) 

After the spatial and temporal test following the Galerkin method (both the spatial and temporal 

basis functions are the same as the testing functions), convert the coupled time domain integral 

equations to the matrix form as: 

(1) (1) (1) (1) (1)

,
(2) (2) (2) (2) (2)

,

(3) (3) (3) (3) (3)

,

(4) (4) (4) (4) (4)
,

(5) (5) (5) (5)(5)
,

mn

mn

mn

mn

mn

d
mn mn mn mn

n i

g
mn mn mn mn n i

r

mn mn mn mn n i

d

n i
mn mn mn mn

g

n i
mn mn mn mn

e

e

e

h

h

      
        
        
       
     

(1), (1)

, ,

(2), (2)

, ,

(3), (3)

, ,

(4), (4)

, ,

(5), (5)

, ,

=

inc

m j m j

inc

m j m j

inc

m j m j

inc

m j m j

inc

m j m j

V V

V V

V V

V V

V V

  +
  

+  
  +
  
 + 
  

+  

 (23) 

where 

22
(1)

1 1

22
(2) 1

2

1

22
(3)

1

1 1

22
(4)

2

1 2

1
exp

4 2

1
exp

4 2

1
= exp

4 2

1
= exp

4 2

mn

mn l mn mn

l l

mn

mn

l l l

mn

mn mn mn

l l

mn

mn mn mn

l l

m

sRs
A

c

sRs I
sI

c c

sRs
A

c

sRs
A

c

=

=

=

=

   −
 =  +    

   

   −
 = − +   

   

   −
  +    

   

   −
  +    

   











22
(5) 1

2

1

1
exp

4 2

mn

n

l l l

sRs I
sI

c c=

   −
= +   

   


 (24) 

2
(1)

1

1 1

2
(2) 1

2

1 1

2
(3)

1

11 1

(4)

1 1

1
exp

4 2

= + exp
2 4 2 2

1 1
= exp

4 (1 ) 2

1
= exp

(1 ) 2

mn

mn mn mn

mn

mn mn

p

v mn

mn mn mn

v v v

p

v mn

mn

v v v

sRs
A

c

sRIs s s
q I

c c

d sRs
A

s b b c

d sR

s b b c

=

=

   −
 =  +    

   

   −
 −    

   

   − −
  +  −   

 +   

  − −
  

+ 





2
(5) 1

2

1 1

= + + exp
2 4 2 2

mn

mn mn

sRIs s s
q I

c c


 
 

   −
    

   

 (25) 
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2
(1)

2

2 2

2
(2) 1

2

2 2

(3)

1 2

2
(4)

2

1 2

1
exp

4 2

= + + exp
2 4 2 2

1
exp

(1 ) 2

1 1
exp

(1 ) 4 2

mn

mn mn mn

mn

mn mn

p

v mn

mn

v v v

p

v mn

mn mn mn

v v v

sRs
A

c

sRIs s s
q I

c c

d sR

s b b c

d sRs
A

s b b c

=

=

   −
 = −  +    

   

   −
    

   

   − −
 = −   

+   

 − −
 = −  −  

+  




2

2
(5) 1

2

2 2

= + + exp
4 2 2

mn

mn mn

sRIs s
q I

c c

 
 
 

   −
    

   

 (26) 

22
(1) (1) 1

2

1

22
(2) (2)

1

22
(3) (3) 1

2

1 1

2
(4) (4) 1

2

2

1
exp

4 2

1
= = exp

4 2

+ + exp
2 4 2 2

+
4 2

mn

mn mn

l l l

mn

mn mn l mn mn

l l l

mn

mn mn mn

l l

mn mn

sRs I
sI

c c

sRs
A

c

sRIs s s
q I

c c

Is s
I

c



=

=

=

   −
 =  = +   

   

   −
  +    

   

   −
 =  =   

   


 =  = 









2

1

22
(5)

1

22
(5)

1 1

exp
2 2

1
= exp

4 2

1 1
exp

4 (1 ') 2

mn

mn

l l

mn

mn l mn mn

l l l

p

v mn

mn l mn mn

l vl v v l

sR s
q

c

sRs
A

c

d ' sRs
A

s b b ' c

=

=

= =

  −
− 

  

   −
  +    

   

   − −
 =  +  −   

 +   





 

 (27) 

(1), (3),

, , ( )φ ( )dinc inc E

m j m j m jV V V t t t= =   (28) 

(2), (5),

, , ( )φ ( )dinc inc H

m j m j m jV V V t t t= =   (29) 

(4),

, 0inc

m jV =  (30) 

( ) ( )

1 1
, , , ,2

1 , , 2 , ,

0 0

(1)

, , , , ,

1 2

2
, ,1

, ,

0

( )( ) ( )( )
4 4

1 1
+

( )( )
4

d g d rj j
n j n j n j n jd g d r

mn n k n k n k n k

k k

d g d r

m i mn n j n j n j n j

d g j
n j n j d g

n k n k

kl

e e e e
s A j k e e j k e e

V e e e e

h hI s
j k h h

c

 

− −

= =

=

    + −
 + − + + + − −    
        

 
= − + + − 

 

+
+ + − +

 

( )

2 1

,

1 0

1 1
, ,

2 , ,

0

1 1
2

1 , , 2 , ,

0 0

2

1

, ,

+
2

( )( ) ( )( )

  

+ ( ) ( )

i
mn

i j

l j l

d g j
n j n j d g

n k n k

k

i i
d g d r

mn n k n k n k n k

k k

d g

n k n k

l

R

c

h h
sI h h

s A i k e e i k e e

I s
i k h h sI

c

−

= =

− −

=

− −

= =

 
 
 
 

  
   
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bv = av/s–1/2, bv‘ = av‘/s–1/2 (41) 

where Rmn is the distance between centroids of the two triangles related to ( )mf r  and ( )'nf r .  

The matrix Equation (23) is solved by increasing the degree of the WLP, and the surface current 

can be obtained, from which the radar cross section (RCS), extinction cross section (ECS), etc., can be 

computed. 

3. Results and Discussion 

Consider the trilayer 0.02 × 0.04 mm2 graphene (chemical potential μc = 0.1 eV, scattering rate Γ 

= 0.43 meV/ℏ, ℏ is reduced Plank constant, temperature T = 300 K) with the ZnO substrate (relative 

permittivity is 3.61, thickness is 0.003 mm). The lower surface of the dielectric substrate is centered at 

the coordinate origin (Figure 2). The surface conductivity and resistivity of trilayer graphene from 

0.1 to 15 THz computed by the Kubo formula are approximated with VF (Figures 3 and 4). Three 

pairs of poles and residues, listed in Tables 1 and 2, can achieve satisfactory accuracy. 

 

Figure 2. Geometric modeling of the trilayer graphene with the dielectric substrate. 

Table 1. av‘ and dv‘ of trilayer graphene surface conductivity. 

v av‘ dv‘ 

1 −0.0131 × 1014 3.5680 × 1010 

2, 3 (–0.0132 ± j5.1838) × 1014 5.1373 × 1010 ± j9.1549 × 105 

Table 2. av and dv of trilayer graphene surface resistivity. 

v av dv 

1 −1.3983 × 1015 1.0143 × 1017 

2, 3 (–0.0026 ± j0.2995) × 1015 (1.2579 ± j0.0161) × 1018 

 

 
(a) 
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(b) 

Figure 3. Monolayer and trilayer graphene surface conductivity: (a) real parts; (b) imaginary parts. 

 
(a) 

 
(b) 

Figure 4. Monolayer and trilayer graphene surface resistivity: (a) real parts; (b) imaginary parts. 
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The central frequency f0 is 7.2 THz, ˆ /t r c = − k , k̂  is the incident unit vector, and along the –

z direction in this example, tp = 3.5 tw is the time delay of the peak from t = 0, pulse width tw = 3/(2πf0). 

The trilayer graphene with the ZnO substrate is analyzed using the MOD method developed in 

Section 2 with 50 WLPs. The graphene and dielectric substrate are meshed by 240 triangles. The 

scaling factor s is 7.5 × 1010. 

End points of two randomly chosen inner edges on upper surface of graphene and lower surface 
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0.003 × 10−3) and (0.003953 × 10−3, 0.009599 × 10−3, 0), (0.008007 × 10−3, 0.011579 × 10−3, 0). The transient 

current across the two inner edges is shown in Figure 5. One light meter (lm) equals approximately 

3.33 ns. The current is stable and convergent. 

 
(a) 

 
(b) 

Figure 5. Transient currents across two example inner edges of the graphene and substrate: (a) 

electrical current; (b) magnetic current. 

Furthermore, the wide frequency band information can be obtained after the Fourier transform 

of the time domain solution. The example results of the bistatic radar cross section (RCS) at 1.06, 7.2, 

and 12.9 THz agree well with those obtained via FEKO in Figure 6 (N = 1 and N = 3 denote monolayer 

and trilayer graphene). θ and φ are the elevation angles and azimuth angles, respectively. Besides, 

the extinction cross section (ECS) [37], which is more interesting at THz and optical frequencies, is 

displayed and compared with the COMSOL simulation in Figure 7. It shows good agreement 

between the two curves. 
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(a) 

 
(b) 

 
(c) 

Figure 6. φ = 90° RCS: (a) 1.06 THz; (b) 7.2 THz; (c) 12.9 THz. 

 

Figure 7. ECS of the trilayer graphene with substrate. 
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4. Conclusions 

As subsequent work of the authors, transient electromagnetic analysis of multilayer graphene 

with a dielectric substrate is performed in this paper. Multilayer graphene’s dispersive surface 

conductivity/resistivity is tackled by convolution of temporal surface conductivity/resistivity and 

magnetic/electric current densities. The TD-RBC integral equation and the time domain PMCHW 

equation are established and coupled together, then, solved in the MOD scheme. Using convergent 

weighted Laguerre polynomials, the time variable is eliminated, and stable transient solution is 

obtained. Radar cross section and extinction cross section compared with commercial software in the 

wide band also verify the proposed method. A more complex dielectric substrate, e.g., vanadium 

dioxide (VO2), and multi-physics transient electromagnetic-thermal coupled field problems will be 

studied in the future. 
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