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Abstract 

This paper proposes an enhanced numerical integration technique for predicting milling 
stability. The underlying milling dynamics model incorporates regenerative chatter ef-
fects, formulated as a system of linear time-delay differential equations. The computa-
tional methodology begins by dividing the tool engagement period into the free vibration 
and forced vibration intervals, followed by uniform discretization of the forced vibration 
interval. A numerical integration method is primarily carried out using Simpson’s and 
Hermite’s rules. Thus, a discrete dynamic mapping that correlates the system’s current 
state with its previous state is constructed. Based on this, the milling stability is ultimately 
determined by applying Floquet theory. Furthermore, the mean squared error metric is 
introduced to quantify the prediction accuracy of stability lobe diagrams. Through com-
prehensive comparative analyses, the predicted efficiency and accuracy of the proposed 
method are systematically benchmarked against the conventional approaches. The simu-
lated and experimental results demonstrate that the proposed method achieves high com-
putational efficiency alongside good accuracy, and its engineering practicality is rigor-
ously validated through milling experiments. 

Keywords: milling stability; numerical integration; Simpson formula; Hermite formula; 
mean squared error 
 

1. Introduction 
The limited stiffness of thin-walled workpieces makes them prone to regenerative 

chatter in milling processes. This vibration phenomenon not only severely degrades ma-
chining accuracy and surface integrity, but also accelerates tool wear, often resulting in 
cutting edge chipping and reduced tool life [1,2]. Furthermore, it jeopardizes critical ma-
chine tool components, necessitating vibration suppression through reduced cutting pa-
rameters, thereby significantly constraining production efficiency [3,4]. Consequently, a 
thorough investigation of chatter is essential to enhance both machining precision and 
productivity. 

Extensive research has focused on three primary approaches for addressing milling 
chatter: chatter prediction, identification [5,6], and suppression [7,8]. Among these, this 
paper focuses on chatter prediction. The dynamics of regenerative milling are 
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characterized by delay differential equations (DDEs). Solving these DDEs generates sta-
bility lobe diagrams (SLDs), which are essential for predicting chatter-free machining pa-
rameters [9,10]. 

Researchers have developed various methods to predict SLDs. Among these, dis-
cretization methods and numerical integration techniques have received particular atten-
tion. The semi-discretization method (0thSDM) was first introduced by Insperger et al. 
[11]. Subsequent refinements led to the first-order SDM (1stSDM) [12] for improved accu-
racy, followed by the development of various higher-order SDMs. Ding et al. [13] later 
developed the full-discretization method (1stFDM), which was followed by the second-
order FDM (2ndFDM) [14] for greater precision. Later, higher-order FDMs were devel-
oped. 

Ding et al. [15] pioneered a numerical integration method (NIM) based on Newton–
Cotes formulas and a Gaussian quadrature. Subsequently, Zhang et al. [16] incorporated 
structural mode coupling effects alongside regenerative effects into an improved New-
ton–Cotes-based approach, demonstrating superior effectiveness over methods consider-
ing regenerative effects alone. Liang et al. [17] advanced NIM by introducing variable 
time-delay parameters, enabling stability prediction under low radial immersion condi-
tions. Niu et al. [18] generalized the Runge–Kutta method derived from the second-kind 
Volterra integral equation to enhance computational performance. Zhang et al. [19] estab-
lished the superiority of Simpson’s rule over 1stSDM and 2ndFDM in convergence speed 
and accuracy. To address variable-speed milling challenges, Ding et al. [20] proposed an 
NIM based on ODE precise solutions, while Niu et al. [21] concurrently proposed a vari-
able-step NIM by unifying spindle speed and time delay within the Floquet theory frame-
work. Ozoegwu et al. [22] later contributed 3rd and 4th vector NIM for high-precision 
solutions to milling stability integrals. Mei et al. [23] developed two initialization methods 
for Milne–Simpson’s scheme using linear multistep theory, numerically validating their 
impact on convergence rates. To enhance accuracy and efficiency, Dong et al. [24] devel-
oped an updated NIM leveraging Hermite interpolation. Concurrently, Li et al. [25] em-
ployed Newton–Cotes rules to establish response relationships between successive time 
points via integral equations—distinct from conventional discrete methods that directly 
integrate state–space equations. Lou et al. [26] applied the Cotes formula to compute fitted 
DDE solutions at discretization points, demonstrating superior computational accuracy 
and efficiency over both the 1stSDM and 1stFDM benchmarks. Further advancing the 
field, Xia et al. [27] introduced an NIM using Lagrange interpolation schemes, later refin-
ing it into a hybrid Lagrange–Simpson approach [28]. This technique constructs high-or-
der integration formulas through Lagrange polynomials while strategically applying 
Simpson’s rule to minimize local discretization errors. Finally, Zhan et al. [29] presented 
a method combining 1/3 and 3/8 Simpson formulas, achieving exceptional prediction ac-
curacy with computational efficiency. 

Numerical integration methods often offer high computational efficiency and preci-
sion. However, achieving further simultaneous enhancement in both precision and effi-
ciency, or establishing a favorable trade-off between them, remains an ongoing research 
challenge. This study introduces a method that synergistically combines Simpson’s and 
Hermite’s rules, thereby achieving a balanced integration of accuracy and computational 
efficiency. Furthermore, regarding the accuracy assessment of stability lobe diagrams 
(SLDs), current practices predominantly rely on qualitative approaches. To address this, 
the present work proposes a quantitative accuracy assessment method based on the mean 
squared error (MSE) between the predicted and reference stability limits across relevant 
spindle speeds. 
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2. Mathematical Model and Algorithm 
The milling dynamics incorporating regenerative effects are governed by state–space 

formulations [11]: 

[ ]c+ + ( ) ( ) ( )a t t t T− −M w C w Kw K w w
.. .

  =  (1) 

where M, C, and K represent the mass, damping, and stiffness matrices, Kc(t) denotes the 
time-periodic coefficient matrix with period T, reflecting the regenerative effect in milling 
processes, a indicates the axial depth of cut and u(t) corresponds to the displacement state 
vector that characterizes the system’s dynamic response. Equation (1) describes the 2nd 
DDE for milling dynamics. To transform it into the 1st DDE, define Equation (2) 
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Equation (3) is derived by inserting Equation (2) into Equation (1). The A0 is a con-
stant matrix representing the time-invariant properties of the system, and B(t) is a periodic 
matrix determined by the dynamic cutting force, considering the regenerative effect, sat-
isfying B(t) = B(t + T). The derivation process of A and B(t) is detailed in Appendix A. 

( ) ( ) ( )[ ( ) ( )]t t a t t t T= + − −x Ax B x x  (3) 

The solution of Equation (3) is represented by Equation (4). 
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As illustrated in Figure 1, T can be divided into free vibration and forced vibration 
intervals and Tf and Tc denote the two durations, where t0 and t1 represent the starting and 
ending points of free vibration, respectively. The termination moment can be mathemati-
cally expressed by Equation (5) (at this stage, the B(ξ) in Equation (4) vanishes). To accu-
rately characterize the cutting region, Tc is discretized into m subintervals, each with a 
duration of h = Tc/m. The discrete time points can be determined as ti − (t0 + Tf) = (i − 1)h, 
where i = 1, …, m + 1. Consequently, Equation (5) can be reformulated as Equation (6). For 
simplicity, x(ti) is written as xi, x(ti − T) is written as xi−T and B(ti − T) is written as Bi−T. 

0 0( ) ( ) 0fT
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Defining Gi,n = xi − eA(i−n)h xn, (where i > n), Equation (4) can be rewritten as Equation 
(7). 
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Simpson’s formula leads to the derivation of Equation (8) from Equation (7), for i = 3, 
…, m + 1. 

2 2 1 1
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Figure 1. Tooth-passing period discretization mapping in milling possess. 

Based on reference [24], Equation (9) presents the approximate derivation process of 
the Hermite integral algorithm. By reformulating Equation (4) into the form of Equation 
(10), there is a specific case when i = 2 can be correspondingly expressed as Equation (11). 
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Based on Equations (6), (8) and (11), we establish the discrete dynamic mapping be-
tween the current state and the previous cycle, as formulated in Equation (12). 

1

2

+1

1

2

1

( ) ( ) 
12 12

T

T

m Tm+

ah ah
−

−

−

  
  
  − = − +   
  
    

xx
xx

H N N F

x x
 

 (12) 

where the state transition matrix Φ is defined as Equation (13) 
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Floquet analysis [30] reveals that stability depends on the eigenvalue λ of state tran-
sition matrix Φ. 

Remark: For singular configurations of Φ encountered in numerical implementation, 
the regularization framework detailed from reference [15] provides an effective resolution 
strategy. 

3. Convergence Rate 
Convergence verification is performed using a One-DOF milling model example. The 

relevant parameters are provided in Appendix A. The analysis is performed between the 
proposed method and five established approaches in terms of convergence rate: 0thSDM 
[11], 1stFDM [12], 2ndFDM [14], Simpson’s method [19], and Hermite’s method [24]. For 
clarity, the proposed method is labeled as Pm in all figures below. All simulations are 
performed using MATLAB (v2024), on a desktop computer with a 12th Gen Intel i5 CPU 
and 16 GB RAM. The complete set of parameters used in the simulations is listed in Table 
1 [13]. 

Figure 2 presents the convergence of different methods at different time interval 
number m. The spindle speed n is set to 5000 r/min, and four axial depths of cut of 0.2, 0.5, 
0.7 and 1 mm are investigated. The horizontal axis denotes m. The vertical axis denotes 
the absolute error between critical and reference eigenvalue moduli, defined as ||µ| − 
|µ0||, where |µ| is the eigenvalue modulus computed by the evaluated method, and |µ0| 
is the reference eigenvalue modulus calculated using the 1stSDM [12] at m = 200. The ref-
erence eigenvalue moduli |µ0| corresponding to these depths of cut are 0.8192, 1.0726, 
1.2197, and 1.4040 (Figure 3). 

Table 1. Relevant parameters. 

Parameters Values 
Natural frequency fn (Hz) 922 

Damping ratio ζ 1.1% 
Modal mass mt (Kg) 0.03993 

Tangential cutting force coefficient Kt (N/m2) 6 × 108 
Radial cutting force coefficient Kn (N/m2) 2 × 108 

Number of teeth 2 
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Figure 2. Comparisons of the convergence at different m of different methods: (a) a = 0.2, |µ0| = 
0.8192; (b) a = 0.5, |µ0| = 1.0726; (c) a = 0.7, |µ0| = 1.2197; and (d) a = 1, |µ0| = 1.4040. 

 

Figure 3. Comparisons of ||µ| − |µ0|| under four axial depths of cut at m = 60. 

4. Stability Lobe Diagrams Analysis 
4.1. One-DOF Model Example 

For the One-DOF milling model, SLDs are generated using the 0thSDM, 1stFDM, 
2ndFDM, Simpson’s method, Hermite’s method, and the proposed method to compare 
accuracy. Parameters included: spindle speed (5000–10,000 r/min), axial depth of cut (0–
10 mm), and radial immersion ratios aD (the ratio of radial depth of cut to tool diameter) 
of 0.05, 0.1, 0.5, and 1 (down-milling). A 200 × 100 grid spanned the spindle speed and 
axial depth plane. Given that SLDs accuracy requires sufficiently large m, the stability 
boundaries are acquired by the 2ndFDM at m = 200 served as the reference curves. Com-
putational efficiency is evaluated by comparing the time for stability-boundary calcula-
tions. 

Figures 4–7 present the comparative results of the SLDs generated by relevant ap-
proaches, compared with the reference curve under the One-DOF milling model. These 
figures reveal that all methods exhibit progressive improvement in accuracy as m in-
creases. Furthermore, under equivalent m, the method achieves significantly higher 
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precision than the 0thSDM, 1stFDM, 2ndFDM, and Simpson’s method, though it remains 
slightly less accurate than Hermite’s method. 
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Figure 4. Comparisons of the accuracy of SLDs at aD of 0.05: (a) m = 30; (b) m = 40; and (c) m = 50. 
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Figure 5. Comparisons of the accuracy of SLDs at aD of 0.1: (a) m = 30; (b) m = 40; and (c) m = 50. 
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Figure 6. Comparisons of the accuracy of SLDs at aD of 0.5: (a) m = 30; (b) m = 40; and (c) m = 50. 
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Figure 7. Comparisons of the accuracy of SLDs at aD of 1: (a) m = 30; (b) m = 40; and (c) m = 50. 

Traditionally, the accuracy assessment of SLDs has primarily relied on qualitative 
analysis methods. To address this limitation, this study proposes a quantitative frame-
work for assessing the accuracy of SLDs. Specifically, the critical depth of cut values at N 
discrete spindle speeds within a specified operational range are selected as reference 
benchmarks (denoted as yi). These reference values are obtained using the 2ndFDM with 
m = 200. The corresponding values predicted by the six methods under evaluation (de-
noted as y ) are then compared with these references. The mean squared error (MSE) is 
employed as the accuracy metric. Taking N = 5 as an illustrative example, the MSE is cal-
culated as follows: 

A
2

methodA i i
i=1

1MSE = ( y - y )
5

N ∧

  (15) 

where a smaller MSE value indicates better agreement with the reference data, thus ena-
bling the validation of the precision of the evaluated methods. The MSE metric eliminates 
subjective judgment, precisely quantifies accuracy differences between methods, detects 
subtle deviations that are imperceptible to visual inspection, and ensures objectivity and 
precision throughout the evaluation process. 

Figure 8 presents a quantitative accuracy comparison based on MSE with the analysis 
regions that are consistent with prior qualitative studies. For the first three aD, spindle 
speeds of 6800, 6900, 7000, 7100, and 7200 r/min are analyzed. For aD = 1, the analyzed 
spindle speeds are adjusted to 6600, 6700, 6800, 6900, and 7000 r/min. The results demon-
strate that the proposed method achieves significantly lower MSE values compared to the 
0thSDM, 1stFDM, 2ndFDM, and Simpson’s method across all tested conditions. At aD = 
1, the MSE values of the proposed method are 0.1676, 0.0029, and 0.0002 mm2, which is 
lower than that of Hermite’s method (0.3898, 0.1124 and 0.0170 mm2). The MSE of the 
method are slightly higher than that of Hermite’s method at the other three aD. Overall, 
the proposed method demonstrates superior accuracy to the 0thSDM, 1stFDM, 2ndFDM, 
and Simpson’ method, but is marginally less accurate than Hermite’s method. 

 

0.2216
0.2478

0.0704 0.0790

0.1378
0.1256

0.1777

0.2734

0.1088

0.4605

0.0280

0.2600

0.0007
0.0002

0.0009 0.0069
0.0060

0.0107

0thSDM 1stFDM 2ndFDM Simpson Hermite Pm
Methods

0

0.1

0.2

0.3

0.4

0.5

M
SE

 (m
m

2 )

m=30
m=40
m=50

(a)



Coatings 2026, 16, 216 13 of 27 
 

https://doi.org/10.3390/coatings16020216 
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outperforms the 0thSDM, 1stFDM, 2ndFDM, and Simpson’s method in efficiency, though 
it remains less efficient than Hermite’s method. 
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Figure 9. Comparisons of computational efficiency of SLDs: (a) aD = 0.05; (b) aD = 0.1; (c) aD = 0.5; 
and (d) aD = 1. 

When aD = 0.05, the computation time of the proposed method at m = 30, 40, and 50 
corresponds to 27%, 85%, 64%, 92%, and 94%; 28%, 77%, 62%, 86%, and 90%; and 27%, 
72%, 57%, 84%, and 87% of that required by the other five methods, respectively. For aD 
= 0.1, the corresponding percentages are 31%, 86%, 67%, 92%, and 99%; 35%, 85%, 71%, 
90%, and 94%; and 35%, 83%, 68%, 89%, and 93%. At aD = 0.5, the percentages become 
45%, 100%, 85%, 103%, and 108%; 46%, 91%, 79%, 105%, and 109%; and 53%, 106%, 94%, 
106%, and 107%. Finally, for aD = 1, the values are 28%, 89%, 67%, 94%, and 97%; 27%, 
80%, 63%, 82%, and 85%; and 29%, 79%, 62%, 89%, and 91%. 

4.2. Two-DOF Model Example 

The principles for analyzing the accuracy of the Two-DOF model remain consistent. 
The relevant parameters are provided in Appendix A. Here, we analyze the case m = 40 as 
an exemplar. Figure 10 compares the SLDs generated by different methods with the ref-
erence curve for m = 40. The results show that the method generally achieves higher accu-
racy than the 0thSDM, 1stFDM, 2ndFDM, and Simpson’s method. However, no advantage 
is observed over the 0thSDM at aDs of 0.1 and 0.5, nor over the 1stFDM at an aD of 0.05. 
The accuracy of the method is generally comparable to that of Hermite’s method. 

Quantitative comparisons in Figure 11 further reveal that the proposed method 
demonstrates superior performance to the 0thSDM, 1stFDM, 2ndFDM, and Simpson’s 
method, with MSE values of 0.2901 mm2 (aD = 0.05); 0.0589 mm2 (aD = 0.1); 0.0002 mm2 
(aD = 0.5); and 6.8 × 10−6 mm2 (aD = 1.0), though with two notable exceptions: 1stFDM 
achieves the lowest MSE of 0.2240 mm2 at aD = 0.05, while 0thSDM outperforms the others 
at both aD = 0.1 (0.0039 mm2) and aD = 0.5 (0 mm2). Compared to Hermite’s method, the 
method demonstrates superior accuracy at aDs of 0.05 (0.2901 mm2 vs. 0.5234 mm2) and 
0.1 (0.0589 mm2 vs. 0.2949 mm2), but exhibits marginally higher MSE at aDs of 0.5 (0.0002 
mm2 vs. 0.0001 mm2) and 1.0 (6.8 × 10−6 mm2 vs. 4.0 × 10−7 mm2). 
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Figure 10. Comparisons of SLDs at m = 40: (a) aD = 0.05; (b) aD = 0.1; (c) aD = 0.5; and (d) aD = 1. 
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Figure 11. Comparisons of MSE of SLDs at m = 40: (a) aD = 0.05; (b) aD = 0.1; (c) aD = 0.5; and (d) aD 
= 1. 

Furthermore, Figure 12 demonstrates that this method achieves the highest efficiency 
among all methods across all four aD in the Two-DOF model, with the only exception 
being at aD = 1, where it yields marginally longer computation times than Simpson’s 
method. When m = 40, the computation time of the proposed method at aD = 0.05, 0.1, 0.5 
and 1 corresponds to 30%, 61%, 57%, 84%, and 76%; 32%, 67%, 59%, 89%, and 79%; 37%, 
71%, 63%, 91%, and 82%; and 58%, 93%, 88%, 107%, and 98% of that required by the other 
five methods, respectively. 
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Figure 12. Comparisons of efficiency at m = 40. 

Comparative assessment under both the One-DOF and Two-DOF models across four 
immersion ratios demonstrates that this proposed method achieves competitively high 
accuracy and computational efficiency, positioning it as a good balanced approach among 
the evaluated techniques. 

5. Experimental Validation 
This section details experimental investigations encompassing modal analysis, mill-

ing force coefficient identification, and machining trials. Given that chatter predominantly 
manifests along the wall-thickness direction in thin-walled workpieces, the study focuses 
on the first-order tool modes (X and Y directions) and the first two workpiece modes (Y 
direction). Experiments employed a four-flute solid carbide end mill with a 10 mm diam-
eter, 100 mm overhang length, and 30° helix angle. Machining was performed on a Ti-6Al-
4V (TC4) rectangular workpiece (80 mm × 50 mm × 4 mm). The milling model is depicted 
in Figure 13. All tests are conducted on a DOOSAN DNM-415 vertical machining center 
(Doosan Machine Tools (Yantai) Co., Ltd., Yantai, Shandong, China) under dry cutting 
conditions. 
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Figure 13. Four-DOF milling dynamic model. 

5.1. Experimental Modal Analysis 

During modal testing, impact excitation is applied to the workpiece and milling tool 
using an instrumented hammer. Accelerometers mounted on both components recorded 
vibration responses, with data acquired through a DHDAS dynamic signal acquisition 
system (Jiangsu Donghua Testing Technology Co., Ltd., Taizhou, Jiangsu, China). Re-
sponse data are saved after each measurement point excitation. Following the predefined 
measurement point numbering sequence, frequency response functions (FRFs) are gener-
ated within DHDAS’s modal analysis interface. Modal parameters are subsequently ex-
tracted through FRF curve fitting. The experimental configuration is documented in Fig-
ure 14, with the identified parameters summarized in Table 2. 

 

Figure 14. Field modal test setup. 

Table 2. Modal parameters of manufacturing system. 

Systems 
Natural Frequency 

(Hz) 
Damping Ratio 

(%) 
Stiffness 
(N/m2) 

Cutter X (Mode no. 1) 1938 4.2% 1.45 × 108 
Cutter Y (Mode no. 1) 1933 3.9% 1.41 × 108 

Workpiece Y (Mode no. 1) 834 0.8% 4.94 × 106 
Workpiece Y (Mode no. 2) 2446 1.4% 4.72 × 107 

5.2. Milling Force Coefficient Determination Experiments 

The rapid calibration method [31] is adopted to acquire milling force coefficients. For 
slot milling experiments, time-averaged force components in X and Y directions follow 
Equation (16): 

4

4

x r z re

y t z te

Na NaF = K f + K
π

Na NaF = K f + K
π







 (16) 

As shown in Equation (16), coefficients are determinable through feed variation ex-
periments. Since the cutting force coefficients depend solely on the workpiece and the tool 
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itself and are independent of specific machining parameters, relatively conservative cut-
ting parameters are selected. The experimental parameters are as follows in Table 3. 

Table 3. Cutting force coefficients identification experiments. 

No. Spindle Speed 
(r/min) 

Axial Depth of Cut 
(mm) 

Radial Depth of Cut 
(mm) 

Feed Rate 
(mm/min) 

1 1000 1 10 80 
2 1000 1 10 160 
3 1000 1 10 240 
4 1000 1 10 320 
5 1000 1 10 400 

To measure the dynamic cutting forces during the milling process, a DOOSAN DNM 
415 machining center was used as the processing platform. A Kistler 9159A dynamometer 
(Kistler Group, Winterthur, Switzerland) was mounted on the machine table. The vise 
holding the workpiece was fixed onto the top plate of this dynamometer, ensuring that 
the cutting forces acting on the workpiece could be directly measured. The output signals 
from the dynamometer were conditioned by a charge amplifier and subsequently rec-
orded synchronously by a data acquisition system (Figure 15). 

During the experimental process, the average milling forces in the X and Y directions 
under five sets of cutting parameters were measured using the dynamometer. Linear re-
gression was performed with the feed per tooth (fz) as the independent variable and the 
average milling force components Fy and Fx as the dependent variables, respectively. The 
cutting force coefficients Kt and Kr were subsequently obtained by converting the slopes 
of the resultant linear fits according to the established formula. The calibrated results are 
Kt = 12.6 × 108 N/m2 and Kr = 4.9 × 108 N/m2. 

 

Figure 15. Experimental setup for milling force coefficients measurement. 

5.3. Experimental Results and Discussion 

Using parameters derived from Sections 5.1 and 5.2, the SLD at m = 40 and aD = 0.1 
is generated within the spindle speed range of 2000–5000 r/min, which is commonly used 
in milling operations, as shown in Figure 16. To validate the method, many machining 
trials spanning the SLD space are conducted, with four characteristic operating conditions 
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(A-D) selected for detailed analysis in Table 4: points A, C, and D are within the stable 
region versus B beyond the stability boundary. The radial depth of cut was uniformly set 
to 1 mm, corresponding to aD = 0.1 as defined when generating the SLD. Moreover, the 
typical feed per tooth range for titanium alloy milling is 0.01–0.03 mm/z; the selected value 
of 0.02 mm/z lies at the mid-range of this interval. Consequently, the cutting speeds are 
240, 280, 280, and 320 mm/min, respectively. 

Table 4. Four sets of cutting experiments. 

No. 
Spindle Speed 

(r/min) 
Axial Depth of Cut 

(mm) 
Radial Depth of Cut 

(mm) 
Feed Rate 
(mm/min) 

A 3000 0.3 1 240 
B 3500 0.4 1 280 
C 3500 0.1 1 280 
D 4000 0.4 1 320 

 

Figure 16. The SLD generated by the proposed method and nine operational conditions selected for 
experimental validation based on SLD (Including Characteristic conditions A–D). 

Comprehensive measurements included milling forces and frequency spectra. The 
cutting force waveforms in Conditions A, C, and D exhibit relatively smooth profiles, 
whereas Condition B demonstrates pronounced fluctuations, as evidenced in Figure 17. 
The results also show that the dominant frequencies under Condition A are stable har-
monics at 200 Hz (4ωr), 800 Hz (16ωr), and 1200 Hz (24ωr), where ωr represents the spindle 
rotational frequency; those under Condition C at 233 Hz (4ωr), 699 Hz (12ωr), and 1166 Hz 
(20ωr); and those under Condition D at 266 Hz (4ωr), 800 Hz (12ωr), and 1333 Hz (20ωr). 
Condition B exhibited definitive chatter signatures: non-harmonic components at 1122 Hz 
and 1355 Hz flanking harmonics 233 Hz (4ωr) and 1166 Hz (20ωr) with frequency differ-
ence Δf = 233 Hz (4ωr), confirming instability. 

The integrated analysis of time-domain milling forces and corresponding frequency 
spectra reveals close correspondence between experimental observations and SLD predic-
tions. This multi-modal validation confirms the efficacy of the method in predicting ma-
chining stability boundaries across diverse operating conditions. 

a 
(m

m
)
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Figure 17. The results obtained from cutting experiments: subfigures (a–h) show the time domain 
and frequency domain diagrams of the milling forces at points A, B, C, and D. 

6. Conclusions 
This paper proposes an enhanced numerical integration technique combining Simp-

son’s method and Hermite’s method for milling stability prediction. It is compared in de-
tail with the existing methods and experimentally validated. Here, some important con-
clusions are summarized: 

(1) This work establishes a quantitative accuracy assessment framework for SLDs, uti-
lizing the critical depth of cut values at N spindle speeds as reference benchmarks 
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(2ndFDM, m = 200). The mean squared error (MSE) quantifies deviations across six 
methods, with lower values indicating higher predictive fidelity. 

(2) The method demonstrates superior convergence and computational efficiency. Over-
all, it achieves a significantly lower MSE than 0thSDM, 1stFDM, 2ndFDM, and Simp-
son’s method. Isolated exceptions occur at the Two-DOF model, where 1stFDM (aD 
= 0.05) and 0thSDM (aD = 0.1, 0.5) yield the marginally lowest MSE. In One-DOF 
systems, it exhibits marginally higher MSE than Hermite’s method (aD = 0.05, 0.1 and 
0.5) and achieves significantly lower MSE (aD = 1); for Two-DOF systems, it exhibits 
lower MSE at aD = 0.05 and 0.1, though it has marginally higher values at aD = 0.5 
and 1.0. Thus, the proposed method is good. 

(3) Except the cutting force waveform, which exhibits pronounced fluctuations, Condi-
tion B exhibited definitive chatter signatures: non-harmonic components at 1122 Hz 
and 1355 Hz, flanking fundamental harmonics 233 Hz (4ωr) and 1166 Hz (20ωr) with 
frequency difference Δf = 233 Hz (4ωr), confirming instability. The analysis of milling 
force signals and the corresponding frequency spectra validates the method’s effec-
tiveness. 

(4) The proposed method is outperformed by the existing techniques in certain One-
DOF and Two-DOF scenarios—a fact which warrants further research and analysis. 
Moreover, a limitation of this study is its neglect of the workpiece’s time-varying 
modal parameters. Accordingly, future work will focus on integrating the proposed 
numerical integration-based stability prediction method with these time-varying dy-
namics. 
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Appendix A 
The derivation process of A and B(t) is as follows, from Equation (A1) into Equation 

(A8). Equation (A1) can be derived from p(t) in Equation (2). 

1 11( ) ( ) ( )
2

t t t
⋅

− −= −M p M Cww  (A1)

Equation (A2) can be obtained by differentiating p(t) with respect to time. 
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1( ) ( ) ( )
2

t t t
⋅⋅ ⋅⋅

= +p Mw Cw  (A2)

Equation (A3) is obtained by substituting Equation (1) into Equation (A2). 

]( ) ( ) ( ) ( )[ ( ) (1 )
2 ca tt t tt t T

⋅ ⋅
= − − + − −p Cw w wK K w  (A3)

Equation (A4) is derived by substituting Equation (A1) into Equation (A2). 

( )1 1 ]1( ) ( ) (1 )
2

) + ( )[ ( ) (
4 ct tt a tt t t T− −

⋅
= − + − − −p M p K KC CM Cw w w w  (A4)

Equation (A5) is obtained by integrating Equation (A1) and Equation (A4). 

( )

1 1

1 1

1( ) ( ) ( )
2

1( ) ( ) ( ) + ( )[ (1 )]) (
42 ct a

t

t t

t t

t t t t T

⋅
−

−
⋅

−

−

 
  
 
 − − − −
 

= −

 
= +

M p M Cw

p CM CM Cw w wp wK K

w
 (A5)

Equation (A6) is further expressed as Equation (A5). 

1 1

1 1

( ) ( ) ( ) (/ 2
( )( ) ( ) (/ 4 / 2( )

)
)c

t t t T
a

t
tt t t t T

⋅
− −

−⋅ −

  − −     =    
 −  

+   − −  −  −    

w w w wM C M
p p pCM C K C

0
K 0p

0
M

 (A6)

Therefore, A and B(t) can be expressed by Equations (A7) and (A8). 
1 1

1 1

/ 2
/ 4 / 2

− −

− −

 −
=  − − 

M C MA
CM C K CM

 (A7)

( )
( )c t

t
 
 =
 

0 0
K 0

B  (A8)

The coefficient matrixes for the One-DOF milling system can be described as follows: 

2 2

1

( )

n
t

t n t n n

m
m m

ξω

ξω ω ξω

 − =  
 − − 

A  (A9)

0 0
( )

( ) 0
t

h t

 
=  
 − 

B   (A10)

( ) ( ) ( ) ( )
1

( ) ( ) sin ( ) cos ( ) sin ( )
j j j j

N

t r
j

h t g t t K t K tφ φ φ φ
=
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2 ( 1)2( )
60j
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( ) 1    if  ( )
( )

0    
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j

st ext
g t

otherwise

φ φ φ
φ

< <= 


 (A13)

The coefficient matrixes for the two-DOF milling system can be described as follows: 
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