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Abstract

Fuel scarcity remains a recurrent challenge in Nigeria, with significant socioeconomic
consequences despite the country’s status as a major crude oil producer. This study
develops a novel deterministic mathematical model to examine the dynamics of petroleum
product distribution in Nigeria’s downstream sector, with particular emphasis on Premium
Motor Spirit (PMS). The model explicitly incorporates key disruption and behavioral
mechanisms: pipeline vandalism, industrial actions, product diversion, and hoarding
that collectively drive persistent fuel shortages. The model’s feasibility, positivity of
solutions, and existence and uniqueness were established, ensuring consistency with real-
world operational conditions. Five equilibrium points were identified, reflecting distinct
operational regimes within the distribution network. A critical distribution threshold
was analytically derived and numerically validated, revealing that a minimum supply of
approximately 42 million liters of PMS per day is required to satisfy demand and eliminate
fuel queues. Local and global stability analyses, conducted using Lyapunov functions
and the Routh–Hurwitz criteria, demonstrate that stable fuel distribution is achievable
under effective policy coordination and stakeholder compliance. Numerical simulations
show that hoarding by private retail marketers substantially intensifies scarcity, while
industrial actions by transporters exert a more severe disruption than pipeline vandalism.
The results further highlight the stabilizing role of alternative transportation routes, such as
rail systems, in mitigating infrastructure failures and road-based logistics risks. Although
refinery sources are aggregated and rail transport is idealized, the proposed framework
offers a robust and adaptable tool for policy analysis, with relevance to both oil-producing
and fuel-import-dependent economies.

Keywords: downstream; fuel scarcity; mathematical model; daily PMS consumption;
subsidy era; industrial action (strike)

1. Introduction
Petroleum products remain central to Nigeria’s economic and social functioning, sup-

plying energy for transportation, industrial production, electricity generation, and house-
hold consumption. Despite its strategic importance, the downstream petroleum sector has
been persistently characterized by supply disruptions, long queues, and recurrent scarcity
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of refined products, particularly Premium Motor Spirit (PMS). These challenges have con-
strained economic growth, elevated transaction costs, and imposed significant welfare
losses on households and businesses. Addressing these persistent shortages requires not
only policy reforms but also a rigorous, system-level understanding of the structural and
behavioral mechanisms governing fuel distribution.

Crude oil exploration in Nigeria dates back to 1908 with the activities of Shell Darcy in
present-day Ondo State [1–5], culminating in the discovery of oil in commercial quantities at
Oloibiri, Rivers State, in 1956 [3]. By 1958, Nigeria had commenced commercial production
at a rate of 5100 barrels per day [6–8], laying the foundation for its emergence as a major
oil-producing nation. Since then, crude oil production has expanded substantially [9],
positioning Nigeria as Africa’s leading crude oil producer and exporter [1,10,11].

Paradoxically, this abundance has not translated into domestic energy security. Nige-
ria operates four major refineries with a combined installed capacity of approximately
445,000 barrels per day [10,12,13], supplemented by six modular refineries commissioned
between 2020 and 2022 with an additional capacity of about 41,000 barrels per day [11].
Nevertheless, domestic refining capacity has remained insufficient and unreliable, resulting
in heavy dependence on imported refined petroleum products [14–16]. Estimates suggest
that up to 95% of refined fuel consumed domestically is imported [6,11,17], exposing the
economy to external price shocks, foreign exchange pressures, and logistical vulnerabilities.

Beyond supply inadequacies, structural inefficiencies in fuel distribution have com-
pounded scarcity. Aging pipeline infrastructure, frequent vandalism, road transport con-
straints, hoarding by retail marketers, diversion of products, and cross-border smuggling
particularly of PMS to neighboring countries with higher prices continue to undermine
availability and market stability [18–20]. Despite multiple reform attempts spanning mili-
tary and civilian administrations, these challenges have proven persistent [21], reflecting
the complex interaction between infrastructure, institutions, and human behavior.

Recent policy interventions, including the removal of fuel subsidies and the enactment
of the Petroleum Industry Act (PIA) [22], seek to address long-standing inefficiencies and
attract private investment into the downstream sector [13,23,24]. In parallel, the com-
mencement of operations at the Dangote Refinery in January 2024 represents a potentially
transformative development for domestic fuel supply [25]. While these reforms signal
progress, concerns remain regarding transportation bottlenecks, inadequate integration of
logistics into regulatory frameworks, and the sector’s resilience to behavioral and infras-
tructural disruptions.

From a modeling perspective, several mathematical and economic studies have exam-
ined aspects of the downstream oil sector, including supply chain optimization, pricing
mechanisms, transportation logistics, and market coordination [19,26–35]. However, ex-
isting models largely treat these components in isolation. In particular, there is a notable
absence of mechanistic frameworks that simultaneously integrate infrastructure disruptions
(such as pipeline vandalism), behavioral responses (including hoarding and diversion),
and dynamic flow propagation across distribution stages within a single, country-specific
system calibrated to Nigeria’s downstream petroleum sector.

This study addresses this gap by developing a novel compartmental mathematical
model that captures the coupled dynamics of refined fuel source, transportation, retail
distribution, and consumption under both infrastructural and behavioral disruptions.

Overall, this work offers a structured analytical framework for understanding Nige-
ria’s downstream fuel distribution challenges in both pre- and post-subsidy regimes. Be-
yond its immediate application, the model provides a quantitative basis for policy evalua-
tion, infrastructure planning, and future extensions involving optimal control, stochastic
effects, and cost-effectiveness analysis.
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The remainder of this article is organized as follows. Section 2 presents the materials
and methodology, including the model formulation and underlying assumptions. Section 3
details the qualitative and quantitative analyses, simulation results, and discussion. Section 4
concludes with a summary of results, insights, limitations, and directions for future research.

2. Materials and Methodology
To investigate the dynamics of Nigeria’s downstream oil and gas sector, this study

adopts a compartmental modelling framework formulated as a system of autonomous
ordinary differential equations (ODEs). The framework decomposes the downstream
supply chain into interacting compartments representing key functional entities: refined
product sources and storage facilities (Q), retail distribution hubs (depots, A), transporters
(oil and gas workers), and consumers [3,36]. The interactions among these compartments
are illustrated using a socioeconomic flow diagram (Figure 1).

A critical feature of the model is the explicit incorporation of pipeline throughput
(Figure 2), which constitutes one of the principal parameters governing product flow
within the system. To ensure methodological clarity and transparency, the model structure
is presented in both mathematical and non-mathematical block representations (Figure 3).
Transition rates between compartments, corresponding to distribution, transportation, and
consumption processes, are parameterised to quantify the flow of refined products across
the supply chain.

This formulation facilitates analytical examination of system behaviour under both
normal and disruptive conditions, including the impacts of pipeline vandalism, hoarding,
and industrial actions on fuel availability. The proposed framework supports the derivation
of equilibrium points, threshold conditions for fuel sufficiency, and stability criteria. These
analytical outcomes form the core objectives of the study and provide a rigorous basis for
policy-relevant insights and recommendations.

This modelling choice is adopted in preference to agent-based models (ABMs) [35,37],
mixed-integer programming approaches [34,38], and system dynamics models, for several
methodological reasons. While ABMs explicitly simulate individual agents and their inter-
actions, they typically require detailed micro-level data and high computational resources.
Such requirements limit their applicability in large-scale national fuel distribution systems,
where data availability is often incomplete or aggregated [39]. In contrast, the compartmen-
tal framework captures population-level dynamics and aggregate flows, making it more
appropriate for modelling nationwide downstream petroleum operations.

Moreover, the compartmental ODE formulation is mathematically tractable and sup-
ports rigorous analytical investigations, including equilibrium analysis, Lyapunov-based
stability assessment [14,40], and parameter estimation using likelihood-based or Bayesian
inference methods [41]. Compared with simulation-intensive system dynamics models
or optimisation-driven mixed-integer formulations [42], the proposed approach offers a
transparent, flexible, and scalable structure. These properties are particularly advantageous
in data-constrained or noisy environments, such as Nigeria’s petroleum sector, where
interpretability and analytical insight are essential for informed policy evaluation [43].

Furthermore, the compartmental model aligns well with the policy-oriented goals of
this study. It allows the simulation of various intervention scenarios, such as the provision of
alternative transportation routes (rail), improved monitoring of private retail independent
marketers, and the impact of regulatory or infrastructural reforms. Its analytical nature
provides clarity on cause–effect relationships, ensuring that recommendations are not
only data-informed but also grounded in a mechanistic understanding of how the system
behaves. Thus, the compartmental ODE framework stands out as a practical, efficient,
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and insightful tool for analyzing and forecasting the downstream challenges and prospects
in Nigeria’s energy landscape.

Figure 1. Socioeconomic flow of the Nigeria Downstream oil sector.

2.1. Model Formulation

The proposed model captures the flow of petroleum products across key nodes in
Nigeria’s downstream sector. The system is stratified into six compartments [1]:

• Refineries/Seaside Storage (onshore): the Nigerian National Petroleum Corporation
(NNPC) downstream infrastructure for refined petroleum products (Source) and it is
represented by (Q(t)).

• Intermediate Storage Facilities (Depot): This is a large-scale refined products holding
facilities managed by refineries owners or major independent marketers (124 storage
depots in 21 locations nationwide) [44,45] is denoted as A(t).

• Transporter/NUPENG/PENGASSAN: Distributors responsible for delivering prod-
ucts to retail energy stations, Z(t).

• Retail Energy Stations (E1(t), E2(t)): Points of sale, classified into major marketers
(NNPC Retail/Mega Stations) and independent private marketers.

• Consumers (M(t)): The final stage where petroleum products are utilized.

This stratification is coined in the Figure 1, and the interactions among these com-
partments are modeled using autonomous ordinary differential equations (ODEs). Key
operational, policy, and environmental factors such as vandalism rates (V(t)), natural
loss rates (µ), and stakeholders contributions (x, y) [12] are incorporated as the coefficient
(parameters) of the ODE state variables.

The model is represented as (QAZE1E2M) evolves over time t. At time t, Q(t) holds
a quantity of petroleum refined product, replenished daily at a rate of Λ (representing the
amount refined or imported by PPMC/day). The products transported via pipelines per day
is denoted by α (throughput efficiency), while vandalism is modeled as a constant function
(V(t)), and the loss caused by vandalism is αV(t), and it is accounted for in [46–54].

There is an assumption of losses that occurs at various stages in the downstream:
depot losses, µ, retail station loses µ1, and consumer-level loses (µ2). This study extracted
all the losses associated between Q and A as reported in [46–54] and graphed in Figure 2.
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Figure 2. Quantity of PMS product loses per month for the year 2021 NNPC FAAC Reports.

The quantity of fuel dispensed to retail marketers depends on the refined products
available at Q(t) [12]. The efficiency of the distribution from NNPC depots via PENGAS-
SAN/NUPENG Z(t) to filling stations is denoted by c, resulting in a net distribution rate
of cA(t)Z(t).

To facilitate the model formulation, the fundamental assumptions in the next
Section 2.2 are considered.

2.2. Basic Assumption of the Model

The model assumptions are as follows:

1. Petroleum product scarcity in Nigeria is a multi-factored [3,55] issue; however, this
study considers NUPENG strikes (Z(t)), fuel diversion, hoarding, and persistent
vandalization of NNPC pipelines.

2. Vandalization is treated as a constant function (V(t) = V) due to continuous occurrence
reported in [46–53], and it is assumed to satisfies the property of probability 0 < V(t) ≤ 1
except in the case where V(t) is zero.

3. The literature highlights that vandalization increases fuel distribution costs [15,21,56],
resulting in scarcity for consumers. An alternative route for transportation is incorpo-
rated in the proposed model.

4. Fuel scarcity leads to price increases, either directly at the pump or through parallel
markets (black markets), prompting hoarding and diversion, as considered.

5. Ideally, retail marketers are meant to be the sole suppliers to consumers unless tanker
drivers siphon products, so a siphon parameter (η) is included in the model but is
insignificant, and there is no data for this parameter.

6. All parameters are non-negative; any negative results in the model will be interpreted
as impractical.

7. Fuel scarcity can be resolved when consumer demand is lower than supply from
major and independent marketers. Therefore, policy and good implementation are
embedded in the model simulation.
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2.3. The Proposed Model

The formulation of the model in Section 2.1, together with its underlying assumptions
in Section 2.2, is summarized schematically in Figure 3. The first panel (Figure 3a) presents
the mathematically induced compartmental flow of refined petroleum products, while the
second panel (Figure 3b) illustrates an equivalent structural representation designed for
non-mathematical interpretation. This structural representation figure is intuitive built
using the socioeconomic image generated by Gemini Nano Model (Figure 1).

Figure 3. (a) Mathematical flow diagram of the proposed model. (b) Structural block representation
corresponding to Figure 3a. Proposed model for Petroleum Product Distribution (PPD).

The dynamic behavior of the system is governed by the following set of nonlinear
differential equations:

dQ
dt

= Λ −
(
a(1 − V) + b1 + µ

)
Q, (1)

dA
dt

= a(1 − V)Q + b2Z − (µ + cZ)A, (2)

dZ
dt

= b1Q + cAZ −
(
b2 + µ + x + y + η

)
Z, (3)

dE1

dt
= xZ − (µ1 + k1)E1, (4)

dE2

dt
= yZ − (µ1 + k2)E2, (5)

dM
dt

= −µ2M + k1E1 + k2E2 + ηZ. (6)

The total quantity of refined products in the downstream system at any time t is
given by

N(t) = Q(t) + A(t) + Z(t) + E1(t) + E2(t) + M(t).

This compartmental structure captures the flow of products from refinery to depots,
transporters, retail stations, and final consumers, while incorporating losses, leakages, op-
erational inefficiencies, and stakeholder-driven distribution dynamics. The model provides
a flexible analytical framework for assessing the influence of policy shocks, operational dis-
ruptions, subsidy removal, and regulatory interventions on petroleum product availability.
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2.4. Data Description and Baseline Values

Data used in this study are primarily sourced from multiple authoritative national
datasets, including the 2021 Nigerian National Petroleum Corporation (NNPC) Federation
Account Allocation Committee (FAAC) reports [46–54], the Nigerian Midstream and Down-
stream Petroleum Regulatory Authority (NMDPRA) Petroleum Products Stock and Days Suffi-
ciency Reports [24], publications of the National Bureau of Statistics (NBS) [10,15,57,58]. These
sources provide comprehensive and credible information on product inflows, distribution
volumes, losses, and consumption patterns within Nigeria’s downstream petroleum sector.

A detailed description of all model parameters, including the baseline values employed
in the numerical simulations, is presented in Table 1. The initial (baseline) values of the
state variables

(
Q(t), A(t), Z(t), E1(t), E2(t), M(t)

)
are obtained as point estimates derived

from summary statistics. Specifically, the mean, median, and mode computed over at least
five consecutive months of available data. These baseline conditions are designed to ensure
internal consistency of the simulations and to enhance the empirical relevance of the model
to the operational realities of Nigeria’s downstream petroleum supply chain.

Table 1. Description of Parameters, Variables, and Baseline Values for Numerical Simulation.

Parameter Description Value Source

Λ Quantity refined/imported into NNPC downstream 1–100/day [24,47,52,59]

a Proportion of products pumped from Q(t) to A(t) [0, 1] Assumed

V Vandalism level on pipeline (constant function) (0, 1] Table 29.0 in [58]

µ Natural loss in pipeline transportation 0.043 [46–53]

c Operational efficiency in transporting from A(t) to Z(t) [0, 1] FAAC 2021 data

x, y Distribution sharing proportions among stakeholders 0.489, 0.510 [12]

η Product siphoned during tanker transportation 0.001 Assumed

k1, k2 Rate of sale by retail filling stations [0, 1] Assumed

µ1, µ2 Natural loss at E1, E2, and M 0.0095 Assumed

State Variables

Q(t) White Depot/PPMC Depot stock 150 ML Estimated

A(t) NNPC/PPMC Retail Depot stock 50 ML Estimated

Z(t) NUPENG/Transporters stock 45 ML Estimated

E1(t) NNPC Mega/Independent Marketers Stations 20–26 ML Estimated

E2(t) Private Marketers Stations 23–36 ML Estimated

M(t) Final consumers’ product volume 45–65 ML Estimated

Parameter values are obtained through a combination of direct extraction from official
reports and informed assumptions introduced to allow broader exploration of plausible
operational scenarios. For instance, the parameters α and c represent efficiency measures:
α denotes the proportion of product successfully transferred from refinery or white tank
storage to intermediate depots, while c captures the efficiency of tanker operations in
delivering products to retail energy stations. Consistent with standard engineering and
systems theory, efficiency parameters are defined as ratios of output to input; hence,
assigning α, c ∈ [0, 1] is both scientifically grounded and operationally realistic, particularly
given the ten-year span of the available dataset.

Similarly, the parameters k1 and k2 represent the rates of fuel sales at retail outlets,
corresponding to mega/major marketer stations and independent or private retail stations,
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respectively. Under ideal operating conditions, it is reasonable to assume comparable
sales rates across retail outlets (i.e., k1 = k2). However, deviations from this symmetry are
informative: a scenario in which k2 > k1 may indicate uneven distribution practices or pref-
erential access, potentially exacerbating fuel scarcity, whereas k1 > k2 reflects a dominant
role of mega stations and major marketers in stabilizing supply. These distinctions allow
the model to capture realistic heterogeneities in retail operations and their implications for
downstream fuel availability.

3. Model Analysis, Results and Discussions
3.1. Existence and Uniqueness of Solutions

To ensure that the model is mathematically well-posed, the study investigated the
Lipschitz criterion. The system (1)–(6) can be written as

F1 = Λ − (a(1 − V) + b1 + µ)Q (7)

F2 = a(1 − V)Q + b2Z − (µ + cZ)A (8)

F3 = b1Q + cAZ − (b2 + µ + x + y + η)Z (9)

F4 = xZ − (µ1 + k1)E1 (10)

F5 = yZ − (µ1 + k2)E2 (11)

F6 = −µ2M + k1E1 + k2E2 + ηZ (12)

For the Lipschitz continuity, compute the partial derivatives of (7), with respect to
each state variable X = {Q, A, Z, E1, E2, M} i.e.,∣∣∣∣∣∂F1

∂Q

∣∣∣∣∣ = |α(1 − V) + b1 + µ|,
∣∣∣∣∣∂F1

∂A

∣∣∣∣∣ =
∣∣∣∣∣∂F1

∂Z

∣∣∣∣∣ =
∣∣∣∣∣ ∂F1

∂E1

∣∣∣∣∣ =
∣∣∣∣∣∂F1

∂2

∣∣∣∣∣ =
∣∣∣∣∣ ∂F1

∂M

∣∣∣∣∣ = 0

∣∣∣∣∣∂F3

∂Q

∣∣∣∣∣ = b1,

∣∣∣∣∣∂F3

∂A

∣∣∣∣∣ = cZ,

∣∣∣∣∣∂F3

∂Z

∣∣∣∣∣ = |cA − (b2 + µ + x + y + η)|,
∣∣∣∣∣ ∂F3

∂E1

∣∣∣∣∣ =
∣∣∣∣∣∂F3

∂2

∣∣∣∣∣ =
∣∣∣∣∣ ∂F3

∂M

∣∣∣∣∣ = 0

Similar steps are applied to the remaining state variables, ensuring that all partial
derivatives are bound. The study investigates each of the model state variables solutions at
any two points in the region Ω ∈ R6 as follows

|F1(t, X2)− F1(t, X1)| = |(Λ − (a(1 − V) + b1 + µ)Q2)− (Λ − (a(1 − V) + b1 + µ)Q1)|
= | − (a(1 − V) + b1 + µ)(Q2 − Q1)|
≤ |(a(1 − V) + b1 + µ)||(Q2 − Q1)|

(13)

Similarly for F2,

|F2(t, X2)− F2(t, X1)| = |(a(1 − V)Q + b2Z − (µ + cZ)A2)− (a(1 − V)Q + b2Z − (µ + cZ)A1)|
= | − (µ + cZ)(A2 − A1)|
≤ |(µ + cZ)||(A2 − A1)|

(14)

This |(µ + cZ)| is the Lipschitz constant. Hence, the system has solution for every
Ω ∈ R6.

The boundedness and solutions at any two points satisfies the Lipschitz criteria. Thus,
the model exist and has solution in the region Ω.

3.2. Equilibrium Points

Theorem 1. The system (1)–(6) exhibits five equilibrium points, denoted as Γ = Ei
o, Eii

o , Eiii
o , Eiv

o , Ev
o ,

subject to the following conditions:
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• 0 ≤ V(t) ≤ 1 (vandalism level),
• 0 ≤ Z(t) < ∞ (industrial action level),

vandalism reaches its peak when V = 1, and Z = 0 is NUPENG embarks on industrial action.

Proof. To establish Theorem 1, the right-hand sides (RHS) of (1)–(6) are set to zero. On the
simplification, three scenarios were obtained and they are

Scenario I: Severe Vandalism.

1. Critical Collapse: Vandalism is at its maximum (V ≈ 1), with no alternative trans-
portation route (b1 = 0) and Z = 0. Simplifying system (1)–(6) when equated to zero
gives the equilibrium point:

Ei
0 =

{
(Q, A, Z, E1, E2, M) :

(
Λ
µ

, 0, 0, 0, 0, 0
)}

. (15)

2. Partial Collapse: Vandalism remains at maximum (V ≈ 1), b1 = 0, but Z(t) ̸= 0.
Similarly, simplifying system (1)–(6) when equated to zero gives yields:

Eii
0 =

{
Λ
µ

,
µ + x + y + η

c
,
−µ

c
,

−xµ

c(µ1 + k1)
,

−yµ

c(µ1 + k2)
, Mii

}
. (16)

where Mii = − 1
µ2

(
µ+x+y+η
c(µ1+k1)

+ yµ
c(µ1+k2)

+ µη
c

)
Scenario II: Reduced Vandalism.

1. Partial functionality: When vandalism is significantly reduced (V ≪ 1) and Z = 0,
the system stabilizes at

Eiii
0 =

{
Λ

a(1 − V) + µ
,

a(1 − V)Λ
µ(a(1 − V) + µ)

, 0, 0, 0, 0

}
. (17)

2. Moderate functionality: Vandalism is reduced (V ≪ 1), b1 = 0, and Z ̸= 0. The equi-
librium is

Eiv
0 =

{
Λ

a(1 − V) + µ
, Aiii, Z∗,

xZ∗

µ1 + k1
,

yZ∗

µ1 + k2
, M∗

}
, (18)

where

Z∗ =
α(1 − V)(ΛR0 − µ)− µ2

cα(1 − V) + µ
, M∗ =

Z∗

µ2

(
xk1

µ1 + k1
+

yk2

µ1 + k2
+

η

1

)
.

Scenario III (Optimal Distribution): Increased Fuel Demand and Systemic Challenges.
For this scenario, b1 ̸= 0, b2 ̸= 0, V ≪ 1, and Z ̸= 0. These are considered while

solving (1)–(6) and the equilibrium is

Ev
0 =

{
Λ

a(1 − V) + b1 + µ
,

a(1 − V)Λ + b2Z∗∗

(µ + cZ∗∗)(a(1 − V) + b1 + µ)
, Z∗∗,

xZ∗∗

µ1 + k1
,

yZ∗∗

µ2 + k2
, Miv

}
,

(19)
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where

Miv =
Z∗∗
(

k1x(µ2 + k2) + (µ1 + k1)
(

k2y + η(µ1 + k2)
))

µ2(µ1 + k1)(µ1 + k2)
.

3.3. Threshold for Product Distribution

The daily consumption threshold required to prevent PMS scarcity is derived using
the Next Generation Matrix (NGM) approach, a method originally developed in epidemio-
logical modeling to characterize transmission potential and determine conditions under
which outbreaks can be prevented [60–62]. Beyond infectious disease modeling, the NGM
has been effectively adapted to socioeconomic and behavioral systems by Akande et al. [63]
and by Castillo-Chavez and collaborators [64], thereby demonstrating its robustness in
analyzing systems where transitions between compartments govern overall system stability.

In the Nigerian downstream petroleum sector, industrial actions or operational dis-
ruptions frequently result in the complete shutdown of fuel distribution channels, with im-
mediate and widespread socioeconomic consequences. This systemic sensitivity resembles
epidemic processes in which small perturbations can trigger large-scale impacts once a
critical threshold is surpassed. Drawing on this analogy, the present study interprets fuel
scarcity as a dynamic process in which scarcity propagates when “consumption pressure”
exceeds the system’s replenishment and distribution capacity akin to how an epidemic
grows when the effective reproduction number exceeds unity. The NGM framework is,
therefore, adopted because it provides a mathematically rigorous and transparent means of
deriving threshold conditions, enabling the identification of precise criteria under which
fuel supply can consistently meet national consumption demands, thereby preventing the
spread of scarcity across the distribution network.

The removal of fuel subsidies in 2023 further underscores the importance of under-
standing consumption thresholds. Reports indicate that daily PMS consumption declined
due to the combined effects of increased pump prices and reduced household purchasing
power, as illustrated in Figure 4.

Figure 4. Effect of subsidy removal on daily PMS consumption in May 2023 (source: Premium Times).

Theorem 2. Fuel scarcity can be eliminated if the threshold parameters R0 and Ra
0 satisfy

the following:

1. R0 > 1 and Ra
0 > 1 in the presence of pipeline crises or distribution shocks;

2. R0 ≈ Ra
0 ≥ 1 under smooth and uninterrupted transportation conditions.
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Proof.

F =


cA 0 0

0 0 0

0 0 0

 and

V =


b2 + µ + x + y + η 0 0

−x µ1 + k1 0

−y 0 µ1 + k2


(20)

Matrix F represents the volume of petroleum transported via pipelines to storage
facilities, while matrix V accounts for transitions leading to product delivery to consumers.

If alternative routes are unavailable b1 = b2 = 0, the system relies solely on pipelines.
The inverse of V is given by

V−1 =


(µ + x + y + η)−1 0 0

x
(µ+x+y+η)(µ1+k1)

(µ1 + k1)
−1 0

y
(b2+µ+x+y+η)(µ1+k2)

0 (µ1 + k2)
−1


The threshold parameter, which accounts for both smooth distribution and disruptions,

is determined by the spectral radius of FV−1. The results for the two scenarios are

Ra
e =

cA + b1Q
(b2 + µ + x + y + η)

and Re =
cA

(µ + x + y + η)
(21)

At the Petroleum Distribution-Free Equilibrium (PDE), substituting the value of A in
Equation (21) yields the following:

Re =
cΛα(1 − V)

µk
(

α(1 − V) + µ
) , where k = µ + x + y + η (22)

It is important to note that the condition Re < 1 occurs only when Z = 0 (industrial
action), indicating that effective supply falls below consumption (demand) a classical
supply-demand imbalance that inevitably produces fuel scarcity. Unlike its epidemiological
analogue, Re here measures supply adequacy; thus, for stable downstream operations,
the threshold in Equation (22) must remain strictly greater than unity to ensure that PMS
supply consistently exceeds demand.

3.4. Stability Analysis

This section establishes the analytical criteria used to assess the robustness and prac-
tical relevance of the proposed model in supporting policy formulation and operational
decision-making within Nigeria’s downstream petroleum sector. Stability analysis, a fun-
damental component of mathematical modeling and dynamical systems theory and widely
applied in epidemiology [61,65], is employed to investigate both the local and global
behavior of the system under small perturbations.

Specifically, the stability results provide insight into the conditions under which
disruptions such as pipeline vandalism, industrial action, or other disturbances capable
of impeding fuel transportation and distribution can be mitigated. A stable equilibrium
implies that, following such shocks, the system is able to recover and return to its steady
operational state, rather than evolving into a persistent fuel scarcity regime.
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3.4.1. Methodology for Local Stability Analysis

The local stability of each equilibrium point of the system is examined using the
standard linearization approach. The procedure consists of the following steps:

1. Linearization: The nonlinear system defined by Equations (1)–(6) is linearized about
each equilibrium point through the computation of the associated Jacobian matrix.

2. Eigenvalue Evaluation: The eigenvalues of the Jacobian matrix are evaluated at the
equilibrium points.

3. Stability Classification: The stability nature of each equilibrium point is determined
using eigenvalue-based criteria, following the framework presented in [66] and sum-
marized in Table 2.

4. Stability Conditions: Analytical conditions on the model parameters are derived to
ensure that all eigenvalues satisfy the required stability constraints.

Table 2. Characterization of Stability Analysis [66].

Eigenvalues of J Type of Critical Point Remark
λ1 ≥ λ2 > 0 Source Unstable
λ1 ≤ λ2 < 0 Sink Asymptotically Stable
λ1 > λ2 > 0 Saddle Point Unstable

λ1, λ2 = r ± iµ, r > 0 Outward Spiral Unstable
λ1, λ2 = r ± iµ, r < 0 Inward Spiral Asymptotically Stable

λ1,λ2 = ±iµ Centre Indeterminate

3.4.2. Application of the Methodology

Accordingly, stability is analyzed around the equilibrium points corresponding to
Scenarios II and III, encompassing partial functionality, moderate functionality, and optimal
distribution states. These specific equilibrium points are

• Products Distribution-Free Equilibrium (PDE): Equation (18) representing a scenario
where products are distributed without an alternative route.

• Products Distribution Persistent Equilibrium (PDP): Equation (19), representing a
scenario where products are distributed with an alternative route.

3.5. Asymptotically Stability Analysis Result Summary

The stability results are summarized in the below theorem and the proof in Section 3.4.2:

Theorem 3. The system (1)–(6) is locally asymptotically stable (LAS) near Scenario II if the
following conditions hold:

• αV < α + µ + b1,
• R0 > 1 and Ra

0 > 1, ensuring product demand does not exceed supply, regardless of the
distribution method.

Additionally,

• Eiii
0 is globally asymptotically stable R0 > 1

• Eiv
0 is globally asymptotically stable whenever the arithmetic mean exceeds the geometric mean

of Lyapnouv function for R0 > 1

3.5.1. Local Stability

To demonstrate local asymptotic stability, the following steps are undertaken: The
Jacobian matrix J of the system is defined as
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J =



−(α(1 − V) + b1 + µ) 0 0 0 0 0
α(1 − V) −(µ + cZ) b2 − cA 0 0 0

b1 cZ cA − (b2 + µ + x + y + η) 0 0 0
0 0 x −(µ1 + k1) 0 0
0 0 y 0 −(µ1 + k2) 0
0 0 η k1 k2 −µ2


(23)

• Step 1: Linearization: The Jacobian matrix of the system is obtained and evaluated
near the partial functionality equilibrium and for a specific case; in the absence of
alternative routes, the Jacobian reduces to

J(E(iii)
0 ) =



−α(1 − V)− µ 0 0 0 0 0
α(1 − V) −µ −cA 0 0 0

0 0 cA − η − µ − x − y 0 0 0
0 0 x −µ1 − k1 0 0
0 0 y 0 −µ1 − k2 0
0 0 η k1 k2 −µ


(24)

• Step 2: Eigenvalue Computation: The eigenvalues are determined from the character-

istic equation |J(E(iii)
0 )− λI| = 0.

• Step 3: Characterization of Eigenvalues: The eigenvalues of the Jacobian are

λ1 = −µ, λ2 = −µ1 − k1, λ3 = −µ1 − k2, λ4 = −µ, λ5 = −α(1 − V)− µ, λ6 = cA − (µ + x + y + η).

• Step 4: Stability Criteria: By the Routh–Hurwitz stability criterion, all eigenvalues
must be negative for local asymptotic stability.

– λ1, λ2, λ3, λ4 < 0 hold true.
– For λ5 < 0, the vandalism rate must satisfy 1 − V > 0.
– For λ6 < 0, the fuel demand should not exceed the supply at retailer filling

stations, implying cA − (µ + x + y + η) > 0.

Consequently, smooth running depends on controlling vandalism and ensuring the
supply meets consumer demand. The model is locally asymptotically stable under
these conditions (step 4), affirming Theorem 3.

3.5.2. Global Stability Analysis

To simplify the stability analysis, fuel distribution is narrowed to major petroleum
dealers and suppliers in the community. This enables qualitative analysis of the subsystem
and the proofis by contradiction (i.e., Re < 1):

dQ
dt

= Λ − (a(1 − V) + µ)Q,

dA
dt

= a(1 − V)Q − (µ + cZ)A,

dZ
dt

= cAZ − kZ,

(25)

where k = µ + x + y + η.
This subsystem possesses two equilibrium points; (15) and (17). These are, respectively,

denoted and rewritten as P0

(
Λ

g1+µ , Λg1
µ(g1+µ)

, 0
)

, P1:
(

Λ
g1+µ , k

c , µ(Re−1)
c

)
, where g1 = a(1−V)

and Re =
Λcg1

µk(g1+µ)
.
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J(Q, A, Z) =

−(g1 + µ) 0 0
g1 −(µ + cZ) −cA
0 cZ cA − k

 (26)

• At P0: The Jacobian matrix evaluated at P0 yields the characteristic equation:

(λ + g1 + µ)(λ + µ)

(
λ − cΛg1

µ(g1 + µ)
+ k
)
= 0. (27)

Eigenvalues are
λ1 = −(g1 + µ), λ2 = −µ, λ3 = k(Re − 1). (28)

Stability holds if Re < 1 in (28). This is counter-intuitive to the balance of demand
and supply stated in Equation (21). Hence, establishing P0 as globally asymptotically
stable when Re > 1.

Theorem 4. The stability at P0 is globally asymptotically stable if Re < 1 and the system transits
to instability Re > 1.

Proof. Consider the Lyapnouv function F = Z with derivative of

Ḟ = Ż (29)

= cAZ − kZ = Z(cA − k) (30)

from PDE (partial functionality), A ≤ Λg1
µ(g1+µ)

, (30) becomes

Ḟ ≤ Z

(
cΛg1

µ(g1 + µ)
− k

)
(31)

simplification gives

Ḟ ≤ kZ

(
cΛg1

kµ(g1 + µ)
− 1

)
= kz(Re − 1)

(32)

Therefore, Ḟ ≤ 0 if Re ≤ 1 and Ḟ = 0 if Z = 0. Thus, F is a Lyapnouv function and by
LaSellei invariance principle, every solution of (25) approaches P0 as t → ∞.

• At P1: Using the Goh–Volterra nonlinear Lyapunov function, global stability at P1 is
confirmed if Re > 1. The proof for this is in the next Section 3.6.

3.6. Global Stability at Moderate Functionality

Proof. To establish the system’s global stability, it is sufficient to use the reduced system
(25) at P1 by formulating the Goh–Volterra nonlinear Lyapnouv function.

L =

(
Q − Q∗∗ − Q∗∗ln

Q
Q∗∗+

)
+

(
A − A∗∗ − A∗∗ln

A
A∗∗

)

+

(
Z − Z∗∗ − Z∗∗ln

Z
Z∗∗

) (33)

https://doi.org/10.3390/computation14020030

https://doi.org/10.3390/computation14020030


Computation 2026, 14, 30 15 of 29

Differentiating the Lyapnouv function (33) gives

L̇ =

(
1 − Q∗∗

Q

)
Q̇ +

(
1 − A∗∗

A

)
Ȧ +

(
1 − Z∗∗

Z

)
Ż (34)

substituting (25) in (34) to get

L̇ =

(
1 − Q∗∗

Q

)
(Λ − (g1 + µ)Q)

+

(
1 − A∗∗

A

)
(g1Q − (cZ + µ)A) +

(
1 − Z∗∗

Z

)
(cZA − kZ)

(35)

substitute Λ = (g1 + µ)Q∗∗ into (35) to obtain

L̇ =

(
1 − Q∗∗

Q

)(
(g1 + µ)Q∗∗ − (g1 + µ)Q

)

+

(
1 − A∗∗

A

)
(g1Q − (cZ + µ)A) +

(
1 − Z∗∗

Z

)
(cZA − kZ)

(36)

Expanding and simplification of (36) gives

L̇ = (g1 + µ)Q∗∗
(

2 − Q
Q∗∗ − Q∗∗

Q

)
+ g1Q − µA − g1Q

A∗∗

A

+ (cZ + µ)A∗∗ − kZ − AZ∗∗ + kZ∗∗

(37)

Let kZ∗∗ = cA∗∗Z∗∗, such that

L̇ = (g1 + µ)Q∗∗
(

2 − Q
Q∗∗ − Q∗∗

Q

)
+ g1Q∗∗

(
Q

Q∗∗ − QA∗∗

Q∗∗A

)
+ (cZ + µ)A∗∗ − cZA∗∗ − AZ∗∗ + cA∗∗Z∗∗ − µA

(38)

factorizing the common terms and further simplification gives

L̇ = (g1 + µ)Q∗∗
(

2 − Q
Q∗∗ − Q∗∗

Q

)
+ g1Q∗∗

(
Q

Q∗∗ − QA∗∗

Q∗∗A

)

+ (µ + cZ∗∗)A∗∗
(

1 − A
A∗∗

) (39)

It is observed from the PDE (18) that g1Q∗∗ = (µ + cZ∗∗)A∗∗, thus, a substitution in
(39) return

L̇ = µQ∗∗
(

2 − Q
Q∗∗ − Q∗∗

Q

)
+ g1Q∗∗

(
3 − Q∗∗

Q
− A

A∗∗ − QA∗∗

Q∗∗A

)
(40)

Since the arithmetic mean exceeds the geometric mean, it follows that

2 − Q
Q∗∗ − Q∗∗

Q
≤ 0
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and
3 − Q∗∗

Q
− A

A∗∗ − QA∗∗

Q∗∗A
≤ 0

In this view, the relationship between the arithmetic mean of being greater than or
equal to the geometric mean supports the conclusion about L̇ ≤ 0 for Re > 1 and L̇ = 0 for
Re = 1.

This completed the last part of the Theorem 3.

3.7. Results Discussion and Scenario Simulation

Premium Motor Spirit (PMS) constitutes the highest share of domestic petroleum
product consumption (Figure 5b); accordingly, its distribution data obtained from the
NNPC FAAC reports and the National Bureau of Statistics [15] forms the empirical basis
for the simulations in this study. This emphasis enables the analysis to reflect the most
consequential component of Nigeria’s downstream supply dynamics.

As shown in Figure 5a, the reported output of all NNPCL-operated refineries is
consistently zero [15], indicating that no refinery was operational from 2020 through 2023,
including the period following fuel subsidy removal. Consequently, the downstream
system relies almost entirely on imported petroleum products, as illustrated in Figure 5b.

3.8. Distribution Threshold (Re) Validation

This subsection provides a numerical validation of the distribution threshold parame-
ter (Re). From Equation (22), the threshold quantity is given by

Re =
cα(1 − V)Λ

µ(α(1 − V) + µ)(b2 + µ + x + y + η)
.

To evaluate Re, the following parameter values are adopted:

c = 0.03, α = 0.9, x = 0.489, y = 0.510, η = 0.001, b2 = 0, µ = 0.043.

According to [12], NNPC Retail Limited and major marketers jointly account for
approximately 48.9% of downstream share, while private independent marketers contribute
about 51.0%. The combined contribution amounts to 99.9%, with the remaining 0.1%
attributed to product losses arising from tanker driver siphoning (η).

The parameter b2 is set to zero to reflect the absence of alternative transportation
routes under condition of severe pipeline vandalism, while the vandalism intensity is fixed
at V = 0.95. This choice of b2 and V is theoretically supported by the equilibrium analysis
presented in Equations (15) and (16). Substituting the parameters value into the expression
for Re yields

Re =
0.03(0.9)(1 − 0.95)× 122

0.043(0.9(1 − 0.95) + 0.043)(0 + 0.043 + 0.489 + 0.510 + 0.001)

= 41.5950MLtr/day.
(41)

This value closely aligns with the estimated national PMS demand of approximately
42 million liters per day, thereby validating the analytical threshold derived in Equation (22)
and confirming the internal consistency of the model under high-vandalism, no-alternative-
route conditions.

3.8.1. Effect of Vandalism and Alternative Routes on Re

Numerical simulations are conducted to quantify the joint effects of pipeline vandalism
and the availability of alternative transportation routes on the fuel distribution threshold
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Re, defined in Equation (22). The threshold value evaluated in Equation (41) serves as
the reference benchmark for subsequent simulations involving industrial action, product
diversion, and hoarding, as discussed in later subsections.

Figure 6 illustrates the simulation outcomes. Panel (a) presents the three-dimensional
(mesh) representation, while panel (b) shows the corresponding contour plot. The simula-
tions consider the alternative route implementation parameter b1 ∈ [0, 1] under scenarios
of severe vandalism (V ≈ 1). The horizontal axis represents the level of vandalism,
with darker (blue) regions indicating higher levels, while the vertical axis denotes the
extent of alternative route deployment. The color gradient reflects the resulting magnitude
of the threshold parameter Re.

The results demonstrate that the provision of alternative transportation routes substan-
tially mitigates the adverse impact of vandalism on fuel distribution. Even under extreme
vandalism, a modest implementation of alternative routes (approximately 10%) is sufficient
to ensure that Re exceeds the minimum demand threshold. Furthermore, when alternative
routes are implemented at levels below 30% effectiveness (b1 < 0.3), the threshold Re

consistently remains above the estimated daily demand of 42 million liters. This outcome
implies a resilient supply chain capable of sustaining stable fuel availability and reducing
the likelihood of economic disruptions despite infrastructure sabotage.

3.8.2. Effect of Hoarding and Product Diversion on Re

This set of simulations examines the combined influence of fuel diversion and pipeline
vandalism on the distribution threshold Re. Figure 7 depicts the outcomes under varying
levels of vandalism and diversion intensity. At extreme vandalism (V ≈ 1) coupled with
substantial diversion of products (low effective contribution from regulated distribution
channels), the system struggles to meet the minimum consumption threshold, as indicated
by the deep blue regions. In such scenarios, fuel availability is barely sufficient to satisfy
consumer demand, leaving minimal or no surplus for national reserves.

Conversely, the yellow regions in Figure 7 correspond to conditions of minimal vandal-
ism and negligible diversion. Under these circumstances, the threshold Re is comfortably
exceeded, indicating not only adequate supply to meet consumption needs but also the
accumulation of strategic reserves. The transition from yellow to blue regions highlights
how increasing diversion, particularly when combined with vandalism, progressively
erodes system efficiency and threatens supply stability.

Overall, these results underscore that meeting or exceeding the threshold Re is essential
for preventing fuel scarcity. They further emphasize the importance of robust regulatory
oversight, effective monitoring by relevant authorities, and coordinated supply chain
management to limit diversion and hoarding. Such measures are critical for enhancing the
resilience of Nigeria’s downstream petroleum distribution network.

Figure 5. Cont.
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Figure 5. (a) Ten (10) years performance of the country’s refineries (NNPCL refineries). (b) Distribu-
tion of petroleum products imported to the country in the year 2021. Sources of Petroleum Products
for the Downstream. In Figure 5, a zero output from the refineries and data from [15] revealed that
none of the country’s refineries are in operation. Therefore, the data of imported products is presented
in Figure 5b.

Figure 6. (a) Three-dimensional representation of the combined effects of vandalism and alternative
route implementation on Re. Blue regions correspond to high vandalism with limited alternative
routes, while yellow regions indicate improved resilience due to increased alternative route de-
ployment. (b) Contour plot equivalent of Figure 6a, illustrating that higher levels of vandalism
require proportionally stronger alternative distribution routes to sustain Re. Impact of alternative
transportation routes under high vandalism scenarios on the fuel distribution threshold Re.

Figure 7. Cont.
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Figure 7. (a) Three-dimensional view of the interaction between vandalism and product diversion
on Re. Maximum supply stability is achieved under minimal vandalism and negligible diversion
(yellow region). (b) Contour representation of Figure 7a, showing that increased vandalism amplifies
the adverse effects of fuel diversion on Re. Joint impact of vandalism and product diversion on the
fuel distribution threshold Re.

3.9. Numerical Simulation of Global Stability Analysis

Global asymptotic stability of an equilibrium implies that, irrespective of the initial fuel
stock levels at depots, transporters, or retail outlets, the downstream fuel distribution system
converges to a unique steady operating state, provided the effective distribution threshold Re

satisfies the required condition. In this subsection, numerical simulations are conducted to
validate the analytical global stability results established in Sections 3.5.2 and 3.6.

The simulations focus on the subsystem comprising Equations (1)–(3), which describe the
dynamics of White Tank/Refinery Storage Q(t), retail allocation (intermediate storage/Retail
depot) A(t), and transporter stock Z(t). Parameter values and baseline conditions are adopted
from Table 1. To assess robustness against perturbations, diverse initial conditions (twenty
(20) distinct initial conditions) were selected within realistic operational ranges, representing
diverse fuel supply and distribution scenarios.

Two vandalism regimes were considered to examine the influence of pipeline disruption
on system stability: a low-vandalism scenario (V = 0.2) and a near-maximal vandalism
scenario (V = 0.8). These scenarios allow for evaluating the sensitivity of the convergence
behavior to infrastructure stress while maintaining all other parameters fixed. For both cases,
the computed distribution threshold satisfies Re > 1, with a representative value Re ≈ 631,
indicating a strongly supply-dominant regime.

The time-series simulations for Q(t), A(t), and Z(t), shown in Figures 8–10, demonstrate
that all solution trajectories converge to the same equilibrium point, regardless of the initial
perturbations. Although transient dynamics differ across simulations due to initial imbalances,
these differences diminish over time, and the system uniformly approaches its steady state.
This convergence behavior persists across both vandalism scenarios, highlighting the resilience
of the subsystem.

Phase-space analyses further corroborate the global stability property. The three-
dimensional phase-plane projections (Q, A, Z) displayed in Figure 11 reveal that trajectories
originating from widely separated initial conditions contract toward a single equilibrium
point, forming a unique global attractor. No oscillatory behavior, divergence, or multistability
is observed. Complementary two-dimensional projections in the (Q, Z) and (A, Z) planes,
presented in Figures 12 and 13, exhibit similar contraction patterns, reinforcing the conclusion
of global asymptotic stability.

The observed stability is further supported by the underlying parameter regime. A suffi-
ciently large inflow rate (Λ ≥ 50), high distribution efficiency (α ≈ 1, c = 0.6), and loss rates
(µ = 0.043, η = 0.01) jointly yield a large threshold value, as illustrated in Figure 11. This
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combination ensures that effective fuel supply and distribution capacity dominate system
losses, thereby sustaining convergence to equilibrium even under substantial perturbations.

Collectively, these numerical findings corroborate the analytical stability results and
confirm that the downstream fuel distribution system is globally stable whenever Re > 1.
From a practical standpoint, this implies that temporary disturbances such as short-term
supply shocks, logistical disruptions, or abnormal fuel accumulation do not permanently
destabilize the system. Provided that effective supply capacity outweighs aggregate losses
due to diversion, decay, and inefficiencies, the fuel distribution dynamics naturally return to
a stable operating regime. These results provide strong numerical validation of the global
asymptotic stability established analytically in Theorem 3.

(a) The Q profile for the scenario V = 0.2 (b) The Q profile for the scenario V = 0.8

Figure 8. Time-series convergence profile of Q.

(a) The A profile for the scenario V = 0.2 (b) The Z profile for the scenario V = 0.8

Figure 9. Time-series convergence profile of Intermediate (Retail) Depot (A).

(a) The case V = 0.2 (b) The case V = 0.8

Figure 10. Time-series convergence of transporters (Z) class.
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(a) The QAZ profile for the scenario V = 0.2 (b) The Q, A, Z profile for the scenario V = 0.8

Figure 11. Three-dimensional phase-plane projections (Q, A, Z) demonstrate a single global attractor;
the five-pointed star (equilibrium point).

(a) The QZ relationship profile for the scenario V = 0.2 (b) The QZ relationship profile for the scenario V = 0.8

Figure 12. Two-dimensional phase-plane projections. Impact of perturbation on subsystem and conver-
gence to equilibrium point (the five-pointed star).

(a) The AZ relationship profile for the scenario V = 0.2 (b) The AZ relationship profile for the scenario V = 0.8

Figure 13. Two-dimensional phase-plane projections. Different colour indicate different initial conditions,
which each exihibits corresponding dynamics but all converges to the same equilibrium point (the
five-point star).
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3.9.1. Simulation of the Whole Model

Numerical simulations of the full system (1)–(6) are conducted to examine the combined
effects of vandalism, alternative transportation routes, hoarding, diversion, and industrial
actions on fuel distribution dynamics. The results are presented in Figures 14 and 15.

Under extreme vandalism (approximately 90%) and in the absence of alternative trans-
portation routes, pipeline operations originating from the refinery/White Storage depot Q(t)
are effectively halted. As shown by the dashed blue trajectory of Q(t) in Figure 14, refined
products accumulate at the first storage, creating a severe source node bottleneck. This accu-
mulation propagates other downstream, significantly constraining product flow to A(t), Z(t),
E1(t), E2(t), and ultimately M(t), thereby precipitating a critical fuel scarcity scenario.

By contrast, under moderate operational conditions or near steady-state behavior
(labeled “smooth operation” in Figure 14), the presence of alternative transportation routes
(b1 ̸= 0) substantially alleviates these disruptions. In this case, the system exhibits reduced
sensitivity to pipeline vandalism, and the dominance of the Q(t) compartment diminishes.
This outcome underscores the strategic importance of complementary transport infrastruc-
ture, such as rail and marine logistics, in mitigating the vulnerabilities associated with
Nigeria’s aging pipeline network. Moreover, improved route diversification enhances
distribution efficiency and reduces over-reliance on road transportation, thereby lowering
accident risks and operational losses. These findings are consistent with existing studies on
resilient fuel logistics systems [67].

Hoarding by Retail Marketers

The simulations further reveal the significant impact of fuel hoarding, particularly by
privately owned independent marketers represented by the E2 compartment. As illustrated
in Figure 14, hoarding behavior causes fuel to accumulate within E2(t), reducing the
volume that reaches final consumers M(t) (orange trajectory). This behavior exacerbates
scarcity at the consumer level and creates incentives for illicit cross-border smuggling,
especially in contexts where PMS prices are higher in neighboring countries. The results
highlight the necessity for targeted regulatory oversight of independent marketers to ensure
equitable distribution and timely release of fuel to consumers.

Although the Department of Petroleum Resources (DPR) is mandated to regulate
licensing, safety, and product quality within Nigeria’s downstream sector [68], the model
outcomes suggest that stronger enforcement and enhanced transparency mechanisms are
required to effectively curb hoarding and associated supply distortions.

Transportation Efficiency and Industrial Actions

Comparative simulations involving vandalism (V), hoarding (k2 < k1), and diversion
(x < y) indicate that, while these factors negatively affect system performance, their impacts
are relatively moderate when transport operations remain functional. In sharp contrast,
industrial actions by transporters modeled as Z = 0 generate the most severe disruptions,
as illustrated in Figure 15.

During strike scenarios, the red trajectories across retailers and consumers’ com-
partments in Figure 15 demonstrate pronounced reductions in fuel availability, with the
consumer compartment M(t) attaining its lowest levels. This result highlights the extreme
vulnerability of the downstream supply chain to disruptions within the transportation
sector. The comparison between M(t) in Figures 14 and 15 further confirms that industrial
actions have a more destabilizing effect than vandalism alone.

These findings emphasize the critical role of the transporter class Z(t) in sustain-
ing downstream fuel availability. Addressing stakeholder grievances within this group,
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alongside maintaining cooperative industrial relations, is therefore essential for preserving
supply chain stability and preventing recurrent fuel crises.

Figure 14. Simulation results under scenarios of vandalism, hoarding, and fuel diversion across
compartments Q, A, Z, E1, E2, and M. The smooth operation scenario (no vandalism, no hoarding or
diversion, and Z > 0) yields stable distribution, while high vandalism and behavioral distortions
induce severe scarcity.

Furthermore, the blue trajectories across the compartments in Figure 15 represent system
operation under high vandalism with the availability of alternative transportation routes.
Although these routes mitigate the severity of supply disruptions, their performance remains
suboptimal when compared with the smooth-operation scenario illustrated in Figure 14. This
observation suggests that alternative routing alone may be insufficient to fully stabilize the
downstream supply chain. Consequently, future research is warranted to incorporate optimal
control techniques to identify cost-effective and resilient distribution strategies capable of
ensuring sustained and efficient fuel delivery under adverse conditions.

(a) White Tank/Refinery Profile (b) intermediate Storage Profile

Figure 15. Cont.
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(c) Profile of Transporters (d) Mega/Major Marketers Profile

Figure 15. Impact of industrial actions (Z = 0) and vandalism on retail and consumer compart-
ments. The red trajectories illustrate severe shortages during transporter strikes, whereas continued
transporter participation, even under high vandalism, mitigates supply disruptions through alterna-
tive routes.

4. Results Summary, Insights, Limitations, and Future Directions
4.1. Summary of Mathematical Analysis and Key Results

This study develops a novel deterministic compartmental model to investigate fuel
distribution dynamics in Nigeria’s downstream petroleum sector, explicitly incorporating
pipeline vandalism, industrial actions, diversion, and hoarding as dominant mechanisms
driving fuel scarcity. Both analytical and numerical investigations yield several key findings
with direct operational and policy relevance.

First, the proposed model was shown to be mathematically well posed. The feasible
invariant region was established, and solutions were proven to be positive, bounded,
and unique for all admissible initial conditions. These properties ensure that the model
remains consistent with the physical, logistical, and operational constraints of real-world
fuel distribution systems.

Second, five equilibrium points were identified, each representing a distinct opera-
tional regime within the downstream supply chain. These equilibria range from efficient
and uninterrupted fuel distribution to severely disrupted states characterized by persistent
scarcity. Their existence highlights the structural complexity of the downstream sector and
the potential for regime shifts driven by policy, infrastructure, or behavioral changes.

Third, a critical distribution threshold was analytically derived and numerically evalu-
ated. The results indicate that a minimum daily supply of approximately 42 million liters
of Premium Motor Spirit (PMS) is required to eliminate persistent queues and satisfy con-
sumer demand under normal operating conditions. This threshold provides a quantitative
benchmark for national supply planning, logistics coordination, and regulatory oversight.

Fourth, both local and global stability analyses were conducted using Routh–Hurwitz
criteria and the Lyapunov-based techniques respectively. The analysis established that,
whenever the effective distribution threshold Re > 1, the fuel distribution subsystem admits
a unique globally asymptotically stable equilibrium. Numerical simulations confirmed
that all solution trajectories converge to this equilibrium irrespective of initial fuel stock
levels at depots, transporters, or retail outlets. This global stability result implies strong
resilience of the downstream system to transient shocks, provided that supply inflow and
distribution efficiency remain sufficiently high.

Finally, numerical simulations implemented using a fourth-order Runge–Kutta scheme
revealed two critical system-level insights. Hoarding by private retail outlets significantly
amplifies fuel scarcity and prolongs recovery time, while industrial actions by transport
unions exert a more immediate and severe disruption to fuel availability than pipeline
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vandalism alone. These findings underscore the disproportionate impact of behavioral and
institutional disruptions relative to purely infrastructural failures.

4.2. Insights, Challenges, and Future Research Directions

The proposed modeling framework captures the coupled effects of infrastructure
integrity, human behavior, and institutional coordination within a unified mechanistic
structure. Beyond its application to Nigeria, the framework is readily adaptable to other
oil-producing developing economies experiencing similar downstream vulnerabilities.

The global asymptotic stability results provide an important operational insight: when
the distribution threshold exceeds unity, the downstream system self-corrects after pertur-
bations, converging to a stable steady state regardless of initial imbalances. This finding
highlights the importance of maintaining adequate supply inflow, minimizing transporta-
tion losses, and sustaining operational efficiency. In contrast, when Re falls below unity,
even minor disruptions may trigger persistent scarcity.

Parameter estimation in this study relied primarily on NNPCL FAAC monthly reports,
National Bureau of Statistics (NBS) publications, and NMDPRA records. While these
sources provide valuable baseline information, future studies should enhance robustness
by integrating independent industry datasets, real-time logistics data, and high-frequency
consumption records. Improved data triangulation would strengthen empirical calibration
and support more reliable forecasting.

A notable contribution of this work is the explicit incorporation of alternative trans-
portation routes, including rail systems, alongside pipeline and road-based tanker distri-
bution. This extension enhances the model’s relevance for regions facing infrastructure
degradation and vandalism. However, data limitations prevented a detailed assessment of
transportation costs and efficiency trade-offs. Future research should incorporate sensitivity
analysis, optimal control, and cost-effectiveness studies to identify optimal fuel distribution
strategies under competing risks.

Although the framework accommodates both pre- and post-subsidy regimes, nu-
merical calibration focused primarily on subsidy-era data to establish historical demand
thresholds. Future studies should prioritize post-subsidy consumption behaviour, de-
mand elasticity, and adaptive responses by consumers and marketers to provide a more
comprehensive assessment of long-term policy impacts.

4.3. Conclusions, Policy Implications, and Recommendations

This study demonstrates that fuel scarcity in Nigeria is not solely a supply problem but
a systemic outcome of infrastructure vulnerability, behavioral responses, and institutional
coordination failures. The global stability analysis reveals that sustained fuel availability is
achievable when effective distribution capacity dominates system losses and disruptions.

Key policy implications emerging from the analysis include the following:

• Investment in diversified transportation infrastructure, particularly rail systems, to re-
duce dependence on vandalism-prone pipelines and deteriorating road networks.

• Deployment of advanced surveillance, monitoring, and enforcement technologies to
curb pipeline vandalism and illegal tapping.

• Strengthening regulatory oversight of private marketers and transport operators to
mitigate hoarding, improve transparency, and stabilize downstream supply chains.

With the commencement of operations at the Dangote Refinery and the removal of
fuel subsidies, domestic refining capacity is approaching a more stable operational regime.
To prevent monopolistic dominance, policy frameworks should promote competitive
market participation, enforce transparent pricing mechanisms, and encourage private-
sector investment across the value chain.
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Regional cooperation also presents a viable pathway for improving energy security.
Coordinated refining, storage, and cross-border transportation initiatives within frame-
works such as ECOWAS could reduce smuggling, enhance supply efficiency, and stabilize
regional markets.

Model Limitations and Future Extensions

The accuracy of parameter estimates in this study is constrained by data availability and
reporting inconsistencies. Global oil price dynamics, international supply shocks, and ex-
change rate effects were not explicitly incorporated. Moreover, the framework is deterministic
and does not capture stochastic disturbances or random shocks. Future extensions should
integrate stochastic modeling, price dynamics, uncertainty quantification, and real-time data
assimilation to enhance realism, predictive capability, and policy relevance.
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