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Abstract

Fractional optimal control problems provide an effective mathematical framework for
modeling dynamical systems with memory, hereditary behavior, and anomalous diffusion
effects. However, the nonlocal nature of Caputo fractional operators and the reduced
regularity of fractional solutions pose significant challenges for the development of accu-
rate and efficient computational methods. In this paper, we develop a spectral-fractional
Physics-Informed Neural Network (Spectral-fPINN) framework for solving fractional opti-
mal control problems governed by Caputo fractional differential equations. The proposed
methodology combines normalized shifted Legendre spectral approximations, fractional
operational matrix formulations, and physics-informed optimization within a unified com-
putational framework. Unlike conventional PINN and fPINN approaches, which directly
approximate the unknown solution variables, the proposed framework predicts the spec-
tral coefficient vectors associated with the shifted Legendre basis functions, yielding a
low-dimensional global representation with improved approximation efficiency. Caputo
fractional derivatives are evaluated through spectral operational matrices, while the re-
sulting optimization problem is discretized using Gauss–Legendre quadrature and solved
through gradient-based optimization. In addition, a theoretical analysis of the proposed
Spectral-fPINN framework is presented, including approximation, consistency, stability,
and convergence results, together with error estimates and residual control properties. Sev-
eral benchmark linear and nonlinear fractional optimal control problems are investigated
to validate the proposed methodology. The numerical results demonstrate excellent agree-
ment with exact solutions, very small residual errors, and rapid spectral coefficient decay,
confirming the high-order accuracy and robustness of the proposed approach. Overall, the
proposed Spectral-fPINN framework provides an accurate, stable, and computationally
efficient methodology for solving a broad class of fractional optimal control problems.

Keywords: fractional optimal control; Physics-informed neural networks; scientific
machine learning; spectral-fPINN; shifted Legendre polynomials; fractional operational
matrices; convergence analysis

1. Introduction
Fractional calculus has emerged as a powerful mathematical framework for modeling

systems with memory, hereditary characteristics, and anomalous diffusion phenomena
that cannot be accurately represented using classical integer-order differential equations.
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Unlike conventional models, fractional differential equations (FDEs) incorporate nonlocal
operators that account for the historical evolution of a process, thereby providing more
realistic descriptions of complex dynamical systems arising in science and engineering [1–3].
Due to their ability to capture memory-dependent behavior, fractional models have found
extensive applications in viscoelastic materials, biological systems, diffusion and transport
processes, porous media, and many other areas of science and engineering [4,5]. Over the
last few decades, significant progress has been made in the theoretical analysis, modeling,
and numerical approximation of fractional differential equations. Important advances
include the development of existence and uniqueness theories, stability analyses, and
efficient numerical algorithms for fractional differential equations [6,7]. In addition, novel
fractional models have been proposed to describe complex physical phenomena, including
wave propagation in lossy media and anomalous transport in heterogeneous systems [8,9].
Nevertheless, the nonlocal structure of fractional operators substantially increases the
analytical and computational complexity of the resulting mathematical models.

The fractional optimal control problems (FOCPs) have emerged from the integration of
fractional calculus and control theory, providing a more realistic framework for modeling
dynamical systems with memory and hereditary properties. Unlike classical optimal con-
trol models, FOCPs allow the control process to depend not only on the current state of the
system but also on the entire history of its evolution. Consequently, substantial progress has
been made in the formulation of fractional optimal control theory, including the develop-
ment of Hamiltonian frameworks and necessary optimality conditions [10,11]. In addition,
important advances have been achieved in the existence theory of optimal solutions and
the controllability analysis of fractional dynamical systems [12,13]. Recent advances in
fractional control theory have addressed challenging problems such as controllability of
tempered Caputo fractional systems, finite-time control of time-delay fractional-order
systems, and state-constrained control using barrier Lyapunov function techniques [14–16].

These developments further demonstrate the broad applicability of fractional dynami-
cal systems and motivate the development of efficient computational methods for fractional
optimal control problems. In particular, FOCPs have attracted considerable attention in
engineering systems, diffusion processes, distributed parameter systems, and dynamical
control applications. Furthermore, optimal control problems governed by semilinear frac-
tional differential equations with non-instantaneous impulses have also been investigated,
thereby enriching the theoretical framework and practical applicability of FOCPs [17].
In parallel, a variety of numerical approaches have been developed for solving FOCPs,
including spectral methods, operational matrix techniques, and polynomial approximation
schemes. Early studies employed operational matrix and spectral-based techniques to
construct efficient numerical algorithms for fractional optimal control problems [18,19].
More recently, these approaches have been extended to address multi-dimensional and
distributed-order fractional optimal control problems using advanced polynomial approx-
imation frameworks [20,21]. These methods have demonstrated considerable success in
improving the accuracy and computational efficiency of numerical solutions. Neverthe-
less, the development of efficient and accurate numerical techniques for FOCPs remains a
challenging task. In particular, the nonlocal nature of fractional derivatives requires the eval-
uation of historical information over the entire computational interval, which significantly
increases the computational cost and memory requirements of the resulting algorithms.

Different numerical methods have been proposed to solve fractional differential equa-
tions and fractional optimal control problems. Finite difference methods, finite element
methods, and robust optimization techniques have been successfully employed to analyze
various classes of fractional models and optimal control systems [22–24]. In addition,
spectral methods and their variants, including spectral-Galerkin and spectral collocation
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approaches, have attracted considerable attention due to their high-order accuracy and
excellent approximation properties for smooth solutions [25–28]. Finite difference schemes
are relatively easy to implement and have been successfully applied to many fractional
models, but they often require dense discretizations because of the global memory effects
associated with fractional operators. Finite element and collocation methods provide ad-
ditional flexibility for handling irregular geometries and complex boundary conditions,
whereas operational matrix techniques transform the original problems into systems of
algebraic equations, thereby reducing computational complexity. Among the existing
numerical approaches, spectral methods have attracted considerable attention because of
their global approximation properties, exponential convergence, and high-order accuracy
for smooth solutions. The spectral approximations with the Legendre, Chebyshev and Bern-
stein polynomial bases have been very successful in solving fractional differential equations
and optimal control problems. Recently, deep learning-based approaches have become
promising tools for high-dimensional nonlinear partial differential equations and fractional
models. Some notable examples are the deep Galerkin method (DGM) [29–31], deep neural
network solvers for PDEs in complex geometries, and extended physics-informed neural
networks (XPINNs) based on space-time domain decomposition. However, many existing
numerical and deep learning approaches still suffer from high computational cost, large
memory requirements and reduced efficiency when dealing with strongly nonlinear or
high dimensional fractional systems.

In recent years, machine learning and scientific machine learning-based approaches
have emerged as promising alternatives for solving differential equations and optimization
problems. Among these approaches, Physics-Informed Neural Networks (PINNs) have
become one of the most influential paradigms in scientific computing [32]. PINNs incorporate
the governing differential equations, initial and boundary conditions, and physical constraints
directly into the loss function of the neural network, enabling the network to respect the
underlying mathematical model without relying heavily on labeled datasets. Different from
purely data-driven methods, PINNs incorporate physical information into the training process,
leading to better generalization ability and reduced dependence on labeled data. Due to their
mesh-free nature and flexibility, PINNs and their variants have been successfully applied to a
wide range of forward and inverse problems involving nonlinear partial differential equations
and fractional differential equations [33,34]. Representative developments include gradient-
enhanced PINNs, fractional PINNs (fPINNs), Monte Carlo fPINNs, Hermite neural solvers
for time-fractional PDEs, and PINN-based frameworks for integral operator problems [35–37].
However, many existing PINN-based approaches still suffer from limitations related to
training efficiency, computational cost, and memory requirements, especially when dealing
with strongly nonlinear or high-dimensional fractional systems.

Although PINNs have been very successful for classical integer-order differential
equations, their direct application to fractional systems is significantly more challenging.
The main issue is that the automatic differentiation, which is the computational backbone
of traditional PINNs, cannot be directly extended to fractional operators since the fractional
calculus does not obey the classical chain rule. Thus, the existing PINN frameworks are
faced with great difficulties in approximating nonlocal fractional derivatives. To address
these limitations, several neural computational frameworks have been developed by com-
bining automatic differentiation with numerical discretization techniques for fractional
operators. Simultaneously, the recent development of approximation theory has produced
the generalized polynomial operators with enhanced approximation and convergence
properties [38,39]. These developments show the power of polynomial-based approxima-
tion techniques and add further incentives for using high-order spectral approximations
in the proposed Spectral-fPINN framework. Typical examples of recent advances based

https://doi.org/10.3390/computation14070146

https://doi.org/10.3390/computation14070146


Computation 2026, 14, 146 4 of 32

on PINNs are fractional PINNs for time-fractional phase-field models, PINNs for high-
speed flows, PDE-constrained optimization and control, and physics-informed optimal
control frameworks [40–43]. The obtained results indicate that combining machine learning
techniques with classical numerical analysis can substantially improve the computational
efficiency and approximation accuracy for complex fractional systems.

Among the recently proposed approaches, physics-informed spectral frameworks
have shown considerable promise by combining the high-order accuracy of spectral ap-
proximations with the flexibility of neural network learning. In particular, Spectral-fPINNs
employ global polynomial approximations within the PINN architecture, thereby improv-
ing convergence behavior and reducing approximation errors for smooth solutions [44].
Furthermore, spectral methods naturally provide efficient representations of nonlocal frac-
tional operators, making them especially attractive for fractional optimal control systems.
However, despite the rapidly growing literature on PINNs and fPINNs, relatively limited
attention has been devoted to the development of highly accurate spectral-fPINN formula-
tions for fractional optimal control problems governed by Caputo fractional derivatives.

Although physics-informed neural networks, fractional PINNs, spectral neural meth-
ods, and operational-matrix-based approaches have been extensively studied in recent
years, relatively limited attention has been devoted to their integration within a unified
framework for fractional optimal control problems governed by Caputo fractional differ-
ential equations. The novelty of the present work is the integration of shifted Legendre
spectral approximations, operational matrix representations of fractional derivatives, and
physics-informed optimization into a unified computational framework for the simultane-
ous approximation of the state, control, and adjoint variables arising from the fractional
optimality system. Unlike conventional PINN and fPINN approaches that directly ap-
proximate the solution variables, the proposed methodology employs a spectral coefficient
representation that provides a compact global approximation and facilitates the efficient
treatment of nonlocal fractional operators. To the best of our knowledge, such a spec-
tral coefficient-based physics-informed framework for Caputo fractional optimal control
systems has received limited attention in the existing literature.

Motivated by the above observations, the present work develops a Spectral-fPINN
framework for solving a class of fractional optimal control problems governed by Caputo
fractional differential equations. The proposed methodology combines the high-order
approximation capability of shifted Legendre spectral techniques with the flexibility of
physics-informed neural networks to construct highly accurate and computationally ef-
ficient numerical solutions. By incorporating spectral approximations directly into the
physics-informed learning framework, the proposed method aims to improve convergence
accuracy, enhance numerical stability, and reduce the computational complexity commonly
encountered in existing fPINN formulations. The developed framework therefore provides
an effective computational tool for solving complex fractional optimal control systems
arising in modern scientific and engineering applications. The proposed Spectral-fPINN
framework differs from existing spectral collocation and operational matrix methods in
that the unknown state, control, and costate variables are not obtained through direct
discretization and solution of the resulting algebraic system. Instead, the spectral coeffi-
cients are determined through physics-informed neural network optimization. Compared
with conventional PINNs and fPINNs, the proposed approach employs a global shifted
Legendre spectral representation and fractional operational matrices, allowing the frac-
tional derivatives to be evaluated analytically at the coefficient level. This substantially
reduces the number of trainable parameters while preserving spectral accuracy. Further-
more, the framework is specifically developed for fractional optimal control problems and
is supported by approximation, consistency, stability, and convergence analyses.
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The remaining part of this paper is organized as follows. Section 2 presents the
preliminary concepts and fundamental definitions related to fractional calculus and frac-
tional optimal control problems. Section 3 introduces the mathematical formulation of
the considered fractional optimal control problem together with the proposed Spectral-
fPINN methodology, including the spectral approximation framework, neural network
architecture, operational matrix formulation, and construction of the physics-informed loss
function. Section 4 is devoted to the theoretical analysis of the proposed framework, where
approximation, consistency, stability, convergence, and error estimates are established.
Section 5 presents several numerical examples to demonstrate the accuracy, efficiency, and
robustness of the proposed approach. Finally, concluding remarks and possible future
research directions are given in Section 6.

2. Preliminaries
This section presents several basic definitions and mathematical tools required for the

formulation and numerical treatment of the fractional optimal control problem. The main
concepts include fractional calculus, shifted Legendre polynomials, spectral approxima-
tions, and Gauss–Legendre quadrature rules.

2.1. Fractional Calculus

Fractional calculus generalizes the classical notions of differentiation and integra-
tion to arbitrary non-integer orders. Among the various fractional operators available in
the literature, the Caputo fractional derivative is particularly suitable for physical and
engineering applications because it allows the use of classical initial conditions.

Definition 1. Let α > 0 and let f (t) be sufficiently smooth on the interval [t0, t f ]. The left-sided
Riemann–Liouville fractional integral of order α is defined by

t0Iα
t f (t) =

1
Γ(α)

∫ t

t0

(t − ξ)α−1 f (ξ) dξ, α > 0, (1)

where Γ(·) denotes the Gamma function defined as

Γ(α) =
∫ ∞

0
sα−1e−s ds, α > 0. (2)

Definition 2. Let m − 1 < α < m, where m ∈ N. The left-sided Caputo fractional derivative of
order α is defined by

C
t0
Dα

t f (t) =
1

Γ(m − α)

∫ t

t0

(t − ξ)m−α−1 f (m)(ξ) dξ, m − 1 < α < m. (3)

Definition 3. Let m − 1 < α < m, where m ∈ N. The right-sided Caputo fractional derivative of
order α is defined by

C
t Dα

t f
f (t) =

(−1)m

Γ(m − α)

∫ t f

t
(ξ − t)m−α−1 f (m)(ξ) dξ. (4)

The following properties are frequently used throughout this work.

Lemma 1. For α, β > 0, the Riemann–Liouville fractional integral operator satisfies the
semigroup property

t0Iα
t

(
t0I

β
t f (t)

)
= t0I

α+β
t f (t). (5)

Lemma 2. Let f (t) ∈ Cm[t0, t f ] and let m − 1 < α < m. Then
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t0Iα
t

C
t0
Dα

t f (t) = f (t)−
m−1

∑
k=0

f (k)(t0)

k!
(t − t0)

k. (6)

Definition 4. The normalized shifted Legendre basis functions are defined by

Φ̂n(t) =
√

2n + 1 Φn(t), n = 0, 1, 2, . . . . (7)

The normalized shifted Legendre basis satisfies the orthonormality condition

∫ 1

0
Φ̂i(t)Φ̂j(t) dt = δij. (8)

2.2. Operational Matrix of Fractional Differentiation

To evaluate the fractional derivatives efficiently, operational matrix techniques
are employed.

Definition 5. Let
Φ(t) =

[
Φ̂0(t), Φ̂1(t), . . . , Φ̂N(t)

]T
(9)

denote the vector of normalized shifted Legendre basis functions.
The fractional operational matrix

D(α) ∈ R(N+1)×(N+1)

is defined through the approximation

C
0 Dα

t Φ(t) ≈ D(α)Φ(t). (10)

The entries of the fractional operational matrix are obtained by applying the Caputo
fractional derivative to each normalized shifted Legendre basis function and projecting
the resulting function onto the finite-dimensional spectral space spanned by {Φ̂j(t)}N

j=0.
More precisely,

C
0 Dα

t Φ̂j(t) ≈
N

∑
i=0

D(α)
ij Φ̂i(t), j = 0, 1, . . . , N, (11)

where the matrix coefficients are given by

D(α)
ij =

∫ 1

0
Φ̂i(t) C

0 Dα
t Φ̂j(t) dt, i, j = 0, 1, . . . , N. (12)

Consequently, the action of the fractional derivative operator is transformed into a
matrix–vector multiplication, leading to an efficient algebraic representation of the frac-
tional optimality system. Using the operational matrix representation (10), the fractional
derivatives of the approximate solutions can be evaluated algebraically, and the original
fractional optimality system is transformed into a system of nonlinear algebraic equations
for the unknown spectral coefficients.

2.3. Gauss–Legendre Quadrature

To evaluate the integral terms appearing in the objective functional and residual
equations efficiently and accurately, Gauss–Legendre quadrature is employed.

Definition 6. Let
{tq, ωq}

Nq
q=1
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denote the Gauss–Legendre quadrature nodes and corresponding weights on the interval [0, 1]. Then
the integral of a sufficiently smooth function f (t) can be approximated by

∫ 1

0
f (t) dt ≈

Nq

∑
q=1

ωq f (tq). (13)

Gauss–Legendre quadrature provides highly accurate numerical integration for
smooth integrands and is particularly suitable for spectral methods because of its compat-
ibility with orthogonal polynomial bases. Moreover, the quadrature rule is exact for all
polynomials of degree at most 2Nq − 1.

2.4. Residual Norms

To quantify the accuracy of the proposed Spectral-fPINN approximation, a discrete L2

residual norm based on the Gauss–Legendre quadrature points is employed.

Definition 7. Let R(t) denote a residual function evaluated at the quadrature nodes

{tq}
Nq
q=1.

The corresponding discrete L2 norm is defined by

∥R∥L2 =

( Nq

∑
q=1

ωq
(
R(tq)

)2
)1/2

. (14)

The discrete residual norm (14) provides a quantitative measure of how accurately
the approximate solutions satisfy the governing fractional optimality system. Smaller
values of ∥R∥L2 indicate stronger consistency between the numerical approximation and
the underlying fractional dynamical equations.

3. Mathematical Model and Spectral-fPINN Methodology
In this section, we present the mathematical formulation of the fractional optimal

control problem together with the proposed Spectral-fPINN framework for its numer-
ical approximation. The developed methodology combines shifted Legendre spectral
approximations with physics-informed neural networks in order to construct accurate
and computationally efficient numerical solutions for fractional optimal control systems
governed by Caputo fractional derivatives.

3.1. General Fractional Optimal Control Problem

Consider the following general fractional optimal control problem defined on
the interval

t ∈ [t0, t f ].

The objective is to determine the optimal state variable x(t) and control variable u(t) that
minimize the performance functional

min
u

J (x, u) =
∫ t f

t0

F (t, x(t), u(t)) dt, (15)

subject to the fractional dynamical system

C
t0
Dα

t x(t) = G(t, x(t), u(t)), m − 1 < α ≤ m, (16)

together with the initial conditions
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x(k)(t0) = xk, k = 0, 1, . . . , m − 1. (17)

Here,
x(t) ∈ Rn

denotes the state vector,
u(t) ∈ Rmu

represents the control vector,

F : [t0, t f ]×Rn ×Rmu → R

is the running cost functional, and

G : [t0, t f ]×Rn ×Rmu → Rn

denotes the nonlinear dynamical operator.
The operator

C
t0
Dα

t

represents the Caputo fractional derivative of order α, defined by

C
t0
Dα

t x(t) =
1

Γ(m − α)

∫ t

t0

(t − ξ)m−α−1 dmx(ξ)
dξm dξ, m − 1 < α < m. (18)

Fractional optimal control systems provide a realistic mathematical framework for
modeling dynamical processes involving memory and hereditary effects. Such systems
naturally arise in viscoelastic materials, anomalous diffusion processes, engineering control
systems, biological dynamics, fluid mechanics, and distributed parameter systems.

To derive the first-order necessary optimality conditions, we introduce the
Hamiltonian function

H(t, x, u, λ) = F (t, x, u) + λTG(t, x, u), (19)

where
λ(t) ∈ Rn

denotes the adjoint or costate vector.
According to Pontryagin’s minimum principle, the optimality system associated

with (15)–(17) is given by the state equation

C
t0
Dα

t x(t) =
∂H
∂λ

, (20)

the adjoint equation
C
t Dα

t f
λ(t) = −∂H

∂x
, (21)

and the stationarity condition
∂H
∂u

= 0. (22)

The coupled system (20)–(22) constitutes a nonlinear fractional optimality system involving
the state equation, adjoint equation, and stationarity condition. Analytical solutions are
generally unavailable for such systems, particularly in the presence of nonlinear fractional
operators. Consequently, efficient numerical approximation techniques are required for
their accurate solution.
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3.2. Spectral-fPINN Framework

Physics-Informed Neural Networks (PINNs) constitute a scientific machine learning
framework in which the governing physical laws are embedded directly into the optimiza-
tion process of neural networks. Unlike purely data-driven approaches, PINNs minimize
the residuals of the governing equations together with the prescribed initial and boundary
conditions. Although conventional PINNs have shown remarkable success for classical
differential equations, their direct application to fractional systems is significantly more
difficult because automatic differentiation cannot directly handle nonlocal fractional op-
erators. To overcome this limitation, we develop a Spectral-fPINN framework in which
shifted Legendre spectral approximations are integrated into the physics-informed neural
network architecture.

Let {
Φ̂j(t)

}N

j=0

denote the normalized shifted Legendre basis on the interval [0, 1], where

Φ̂j(t) =
√

2j + 1 Φj(t), j = 0, 1, . . . , N,

and Φj(t) are the shifted Legendre polynomials satisfying

Φ0(t) = 1, Φ1(t) = 2t − 1, (23)

and

Φj+1(t) =
(2j + 1)(2t − 1)Φj(t)− jΦj−1(t)

j + 1
, j ≥ 1. (24)

Using the normalized shifted Legendre basis, the approximate state, control, and
adjoint variables are represented as

xN(t) = Ψx(t) + Bx(t)
N

∑
j=0

ajΦ̂j(t), (25)

uN(t) =
N

∑
j=0

bjΦ̂j(t), (26)

and

λN(t) = Ψλ(t) + Bλ(t)
N

∑
j=0

cjΦ̂j(t), (27)

where
aj, bj, cj, j = 0, 1, . . . , N,

are unknown trainable spectral coefficients. The functions Ψx(t) and Ψλ(t) are selected
such that the prescribed initial and terminal conditions are satisfied exactly, while Bx(t)
and Bλ(t) vanish at the constrained boundaries. Consequently, the approximate solutions
automatically satisfy the imposed boundary and terminal constraints.

Instead of directly approximating the state, control, and adjoint variables through con-
ventional fully connected neural networks, the proposed framework predicts the spectral
coefficient vectors

a = [a0, a1, . . . , aN ]
T , b = [b0, b1, . . . , bN ]

T , c = [c0, c1, . . . , cN ]
T .

To this end, let
Nθ : Rd0 → R3(N+1)
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be a fully connected feed-forward neural network with L hidden layers. The trainable
network parameters are denoted by

θ = {Wℓ, bℓ}L+1
ℓ=1 ,

where Wℓ and bℓ represent the weight matrices and bias vectors of the ℓ-th layer, respectively.
Given an input vector z ∈ Rd0 , the forward propagation is defined by

h0 = z,

hℓ = σ
(

Wℓhℓ−1 + bℓ
)

, ℓ = 1, 2, . . . , L,

and
Wθ = WL+1hL + bL+1.

Here, σ(·) denotes the activation function. In this work, the hyperbolic tangent
activation function

σ(s) = tanh(s)

is employed because of its smoothness and suitability for spectral approximations.
The network output is arranged as

Wθ =
[
aT , bT , cT

]T
∈ R3(N+1).

Consequently, the neural network defines the coefficient mapping

θ 7−→ (a, b, c),

where the spectral coefficients are determined through the minimization of a physics-
informed loss function constructed from the governing fractional optimality system. The
network therefore acts as a trainable coefficient predictor within the Spectral-fPINN frame-
work rather than as a neural operator that learns mappings between function spaces.

The neural network in the proposed Spectral-fPINN framework acts as a coefficient
predictor for the shifted Legendre spectral representation. Unlike neural operator and
DeepONet approaches that learn mappings between function spaces, the present frame-
work directly solves a given fractional optimal control problem through physics-informed
training. The spectral coefficients are obtained by minimizing a loss function derived from
the governing fractional optimality system. The use of global spectral basis functions
significantly improves convergence behavior compared with conventional PINNs because
smooth solutions can be represented accurately with relatively few trainable parameters.
The Caputo fractional derivatives appearing in the optimality system are evaluated us-
ing spectral operational matrix formulations or analytical differentiation of the shifted
Legendre basis functions. Define

Φ(t) =
[
Φ̂0(t), Φ̂1(t), . . . , Φ̂N(t)

]T
.

The fractional derivatives are approximated as

C
t0
Dα

t xN(t) ≈ C
t0
Dα

t Ψx(t) + aTD(α)Φ(t), (28)

and
C
t Dα

t f
λN(t) ≈ C

t Dα
t f

Ψλ(t) + cTD̃(α)Φ(t), (29)
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where D(α) and D̃(α) denote the fractional operational matrices associated with the normal-
ized shifted Legendre basis.

Using the spectral approximations, the residual functions corresponding to the frac-
tional optimality system are defined by

R1(t) = C
t0
Dα

t xN(t)−
∂H
∂λ

, (30)

R2(t) = C
t Dα

t f
λN(t) +

∂H
∂x

, (31)

and
R3(t) =

∂H
∂u

. (32)

The above residuals measure the extent to which the approximate solutions satisfy
the governing fractional optimality system. To evaluate the integral terms accurately,
Gauss–Legendre quadrature is employed. Let

{tq, ωq}
Nq
q=1

denote the Gauss–Legendre quadrature nodes and corresponding weights. The discrete
approximation of the objective functional is given by

JN =
Nq

∑
q=1

ωqF
(
tq, xN(tq), uN(tq)

)
. (33)

The total physics-informed loss function is defined by

L = LJ + Lres + LIC + LTC, (34)

where
LJ = JN , (35)

and

Lres = ρ

Nq

∑
q=1

ωq

((
R1(tq)

)2
+
(
R2(tq)

)2
+
(
R3(tq)

)2
)

, (36)

while LIC and LTC denote the initial-condition and terminal-condition loss terms, respec-
tively. The parameter ρ > 0 controls the enforcement strength of the governing fractional
optimality system.

The trainable coefficient vector is given by

Wθ =
[
aT , bT , cT

]T
. (37)

The optimization problem associated with the total loss function is solved iteratively
using quasi-Newton or L-BFGS optimization algorithms. During the training process, the
neural parameters θ are updated until convergence of the total loss function is achieved.
To improve numerical stability and enforcement of the fractional optimality system, a
continuation strategy for the penalty parameter may be employed, namely

ρ1 < ρ2 < · · · < ρs.

At each continuation stage, the optimized coefficients from the previous stage are used
as the initial guess for the subsequent stage. After convergence, the approximate state,
control, and adjoint variables are reconstructed from the optimized spectral coefficients.
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The numerical accuracy of the proposed method is assessed through residual norms and
spectral coefficient decay analysis. The residual norms are computed as

∥Ri∥L2 =

( Nq

∑
q=1

ωq
(
Ri(tq)

)2
)1/2

, i = 1, 2, 3. (38)

In addition, the decay behavior of the spectral coefficients |aj|, |bj|, |cj| is analyzed to
verify spectral convergence. Rapid decay of these coefficients indicates high regularity
of the approximate solutions and reflects the exponential convergence characteristics of
the spectral approximation for sufficiently smooth solutions. The proposed Spectral-
fPINN framework therefore combines the global approximation properties of spectral
methods with the flexibility of physics-informed learning, providing an accurate and
robust computational approach for solving fractional optimal control problems governed
by Caputo fractional differential equations.

Figure 1 illustrates the overall computational workflow of the proposed Spectral-
fPINN framework. The framework uses shifted Legendre spectral approximations in
combination with physics-informed neural networks, where collocation points are passed
first into a neural coefficient predictor to produce the trainable spectral coefficients for
the state, control and adjoint variables. The coefficients are then used to construct the
spectral trial solutions. The fractional derivative module computes the Caputo fractional
derivatives with spectral operational matrices. The optimality-system residuals guarantee
the state equation, the adjoint equation and the stationarity condition. The objective func-
tional and residual equations are integrated using Gauss–Legendre quadrature and added
to the total physics-informed loss function. The resulting optimization problem is solved
iteratively using gradient-based optimization algorithms. Unlike conventional PINN
architectures that directly approximate the unknown solution variables using fully con-
nected neural networks, the present framework predicts the spectral coefficients associated
with the shifted Legendre basis functions. This spectral representation greatly enhances
the approximation accuracy and the convergence behavior for smooth solutions, and
simultaneously reduces the number of trainable parameters. The proposed architecture
consists of several modules. First, collocation points are generated across the computa-
tional domain and passed to the neural coefficient predictor. The input layer generates
collocation points firstly distributed across the computational domain. These collocation
points are then fed into the neural coefficient predictor, which computes the trainable
spectral coefficients for the state, control and adjoint variables. These coefficients are used
to construct the spectral trial solutions based on shifted Legendre polynomial expansions.
The fractional derivative module then computes the Caputo fractional derivatives using
spectral operational matrix formulations. These derivatives are then incorporated into
the fractional optimality system to construct the residual functions associated with the
state equation, adjoint equation, and stationarity condition. The resulting residuals are
directly incorporated into the physics-informed loss function, together with the objective
functional and the prescribed initial and boundary conditions.

Finally, the total loss function is minimized iteratively using optimization algorithms
such as quasi-Newton or L-BFGS methods until convergence. After training, the opti-
mized spectral coefficients are used to reconstruct the approximate solutions of the state,
control and adjoint of the fractional optimal control problem. Therefore, the proposed
Spectral-fPINN architecture leverages the high-order approximation capabilities of spectral
methods and the flexibility of physics-informed neural networks, leading to an efficient and
highly accurate computational framework for solving general fractional optimal control
systems. The pseudocode of the proposed method is presented in Algorithm 1.
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Figure 1. Architecture of the proposed Spectral-fPINN framework for solving fractional optimal
control problems.

Algorithm 1 Spectral-fPINN Framework for Fractional Optimal Control Problems

Input:
Fractional optimal control problem on [t0, t f ]
Fractional order α, spectral order N
Gauss–Legendre quadrature rule {tq, ωq}

Nq
q=1

Penalty sequence {ρk}s
k=1

Neural network architecture and optimization parameters
Output:

Approximate state xN(t), control uN(t), costate λN(t), objective value JN
1: Construct the normalized shifted Legendre basis and the corresponding fractional

operational matrices.
2: Initialize the neural network parameters using Xavier initialization. Since a single

problem instance is considered, the network input is taken as a fixed constant.
3: Represent the state, control, and costate variables through shifted Legendre spectral

expansions with trainable coefficient vectors.
4: for k = 1, . . . , s do
5: Set the penalty parameter ρ = ρk.
6: for epoch = 1, . . . , Nmax do
7: Predict the spectral coefficients using the neural network.
8: Reconstruct the approximate state, control, and costate functions.
9: Evaluate the Caputo fractional derivatives using the operational matrix formulation.

10: Construct the residuals of the state equation, adjoint equation, and stationarity
condition.

11: Evaluate the discrete objective functional using Gauss–Legendre quadrature.
12: Form the total loss function

L = LJ + Lres + LIC + LTC.
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Algorithm 1 Cont.

13: Here, LJ is the quadrature-approximated objective, Lres is the penalized residual
loss, and LIC and LTC are the boundary loss terms.

14: Compute the gradient of L using automatic differentiation.
15: Update the neural network parameters using Adam or L-BFGS.
16: if L < εL or ∥∇θL∥2 < εg then
17: break
18: end if
19: end for
20: Use the optimized parameters as the initial guess for the next continuation stage.
21: end for
22: Reconstruct the final approximate solution from the optimized spectral coefficients.
23: Compute residual norms and spectral coefficient decay to assess convergence and

accuracy.
24: Return xN(t), uN(t), λN(t), and JN .

4. Theoretical Analysis of the Spectral-fPINN Framework
In this section, we provide a theoretical justification for the proposed Spectral-fPINN

methodology. The analysis focuses on the approximation properties of the shifted Legendre
basis, consistency of the fractional operational matrix formulation, residual consistency
of the optimality system, spectral convergence, stability of the residual formulation, and
optimization convergence of the proposed framework.

4.1. Approximation Properties of the Spectral Representation

The proposed Spectral-fPINN framework approximates the state, control, and adjoint
variables through the normalized shifted Legendre expansions

xN(t) = Ψx(t) + Bx(t)
N

∑
j=0

ajΦ̂j(t),

uN(t) =
N

∑
j=0

bjΦ̂j(t),

and

λN(t) = Ψλ(t) + Bλ(t)
N

∑
j=0

cjΦ̂j(t),

where the auxiliary functions Ψx(t), Ψλ(t), Bx(t), and Bλ(t) are selected so that the pre-
scribed initial and terminal conditions are satisfied exactly.

Theorem 1 (Approximation Theorem). Suppose that

x, u, λ ∈ Hm(0, 1), m ≥ 1.

Then there exist coefficient vectors a∗, b∗, c∗ such that

∥x − xN∥L2(0,1) + ∥u − uN∥L2(0,1) + ∥λ − λN∥L2(0,1) ≤ CN−m,

where C > 0 is independent of N. Furthermore, if the exact solutions are analytic on [0, 1], then

∥x − xN∥L2(0,1) + ∥u − uN∥L2(0,1) + ∥λ − λN∥L2(0,1) ≤ Ce−σN ,

for some constants C, σ > 0.
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Proof. Let
PN = span{Φ̂0, Φ̂1, . . . , Φ̂N}

be the normalized shifted Legendre polynomial space of degree at most N, and let

ΠN : L2(0, 1) → PN

denote the corresponding L2-orthogonal projection.
For any f ∈ Hm(0, 1), standard spectral approximation theory yields

∥ f − ΠN f ∥L2(0,1) ≤ C f N−m∥ f ∥Hm(0,1).

Applying this estimate to x, u, and λ, and choosing the spectral coefficients corresponding
to their orthogonal projections onto PN , we obtain

∥x − xN∥L2(0,1) + ∥u − uN∥L2(0,1) + ∥λ − λN∥L2(0,1) ≤ CN−m,

for some constant C > 0.
If x, u, and λ are analytic on [0, 1], then standard spectral convergence theory implies

exponential decay of the normalized shifted Legendre coefficients. Consequently, there
exist constants C, σ > 0 such that

∥x − xN∥L2(0,1) + ∥u − uN∥L2(0,1) + ∥λ − λN∥L2(0,1) ≤ Ce−σN .

This completes the proof.

4.2. Consistency of the Fractional Operational Matrix

The Caputo fractional derivatives are approximated by

C
t0
Dα

t xN(t) = C
t0
Dα

t Ψx(t) + aTD(α)Φ(t),

and
C
t Dα

t f
λN(t) = C

t Dα
t f

Ψλ(t) + cTD̃(α)Φ(t),

where
Φ(t) =

[
Φ̂0(t), Φ̂1(t), . . . , Φ̂N(t)

]T,

and D(α) and D̃(α) denote the operational matrices corresponding to the left- and right-
sided Caputo derivatives, respectively.

The matrices are obtained by projecting the fractional derivatives of the normalized
shifted Legendre basis functions onto the same basis:

C
t0
Dα

t Φ̂j(t) =
N

∑
i=0

D(α)
ij Φ̂i(t) + τj,N(t),

where τj,N(t) denotes the truncation error. For analytic functions, τj,N(t) decays exponen-
tially with N, whereas algebraic decay is obtained for finite regularity.

Theorem 2 (Operational Matrix Consistency). Let f ∈ Hm(0, 1) with m ≥ α, and let fN be its
normalized shifted Legendre projection of degree N. Then

lim
N→∞

∥∥∥C
t0
Dα

t f − C
t0
Dα

t fN

∥∥∥
L2(0,1)

= 0.

Moreover, the operational matrix approximation is consistent, i.e.,
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τj,N → 0, N → ∞,

in the appropriate norm.

Proof. Let
eN(t) = f (t)− fN(t).

By linearity of the Caputo derivative,

C
t0
Dα

t f − C
t0
Dα

t fN = C
t0
Dα

t eN .

Since the Caputo derivative is a bounded linear operator from Hα(0, 1) into L2(0, 1), there
exists a constant Cα > 0 such that∥∥∥C

t0
Dα

t eN

∥∥∥
L2(0,1)

≤ Cα∥eN∥Hα(0,1).

Because fN is the normalized shifted Legendre projection of f , standard spectral approxi-
mation theory implies

∥eN∥Hα(0,1) → 0, N → ∞,

which proves ∥∥∥C
t0
Dα

t f − C
t0
Dα

t fN

∥∥∥
L2(0,1)

→ 0.

The operational matrix approximation introduces only the truncation error τj,N , which
vanishes as N → ∞. Therefore, the matrix representation converges to the exact fractional
derivative and remains consistent.

4.3. Residual Consistency Analysis

The residual functions associated with the fractional optimality system (20)–(22) are
defined by

R1(t) = C
t0
Dα

t xN(t)−
∂H
∂λ

,

R2(t) = C
t Dα

t f
λN(t) +

∂H
∂x

,

and
R3(t) =

∂H
∂u

.

Theorem 3 (Residual Consistency). Assume that the exact solution (x, u, λ) satisfies the frac-
tional optimality system (20)–(22). Let

xN → x, uN → u, λN → λ

in L2(0, 1), and suppose that

C
t0
Dα

t xN → C
t0
Dα

t x, C
t Dα

t f
λN → C

t Dα
t f

λ

in L2(0, 1). Then
∥Ri∥L2(0,1) → 0, i = 1, 2, 3.

Hence, the proposed Spectral-fPINN formulation is consistent with the continuous fractional
optimality system.

Proof. Since the exact solution satisfies the fractional optimality system,
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C
t0
Dα

t x =
∂H
∂λ

, C
t Dα

t f
λ = −∂H

∂x
,

∂H
∂u

= 0.

For the state residual,

∥R1∥L2(0,1) ≤
∥∥∥C

t0
Dα

t xN − C
t0
Dα

t x
∥∥∥

L2(0,1)

+

∥∥∥∥∂H
∂λ

(t, xN , uN , λN)−
∂H
∂λ

(t, x, u, λ)

∥∥∥∥
L2(0,1)

.

The first term tends to zero by assumption, while the second term tends to zero by the
continuity of ∂H/∂λ. Therefore,

∥R1∥L2(0,1) → 0.

The proof for R2 is analogous and yields

∥R2∥L2(0,1) → 0.

Similarly, since
∂H
∂u

(t, x, u, λ) = 0,

we have
R3(t) =

∂H
∂u

(t, xN , uN , λN)−
∂H
∂u

(t, x, u, λ).

By the convergence of (xN , uN , λN) and the continuity of ∂H/∂u, it follows that

∥R3∥L2(0,1) → 0.

Consequently,
∥Ri∥L2(0,1) → 0, i = 1, 2, 3,

which proves the residual consistency of the proposed Spectral-fPINN formulation.

4.4. Spectral Convergence Analysis

The convergence rate of the proposed Spectral-fPINN framework is determined by
the decay of the normalized shifted Legendre coefficients.

Theorem 4 (Spectral Convergence). Suppose that the exact state, control, and adjoint variables
are analytic on [0, 1]. Then there exist constants C > 0 and σ > 0 such that

∥x − xN∥L2(0,1) + ∥u − uN∥L2(0,1) + ∥λ − λN∥L2(0,1) ≤ Ce−σN .

Moreover,
∥Ri∥L2(0,1) = O(e−σN), i = 1, 2, 3.

Proof. Since x, u, and λ are analytic on [0, 1], standard spectral approximation theory
implies exponential decay of their normalized shifted Legendre coefficients. Consequently,
there exist constants C, σ > 0 such that

∥x − xN∥L2(0,1) + ∥u − uN∥L2(0,1) + ∥λ − λN∥L2(0,1) ≤ Ce−σN .
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From the residual definitions and the fact that the exact solution satisfies the fractional
optimality system, we have

∥Ri∥L2(0,1) ≤ Ki

(
∥x − xN∥L2(0,1) + ∥u − uN∥L2(0,1) + ∥λ − λN∥L2(0,1)

)
,

for some constants Ki > 0, i = 1, 2, 3. Therefore,

∥Ri∥L2(0,1) = O(e−σN), i = 1, 2, 3.

This completes the proof.

Remark 1. If the exact solution possesses only finite regularity,

x, u, λ ∈ Hm(0, 1), m ≥ 1,

then the convergence rate becomes algebraic:

∥x − xN∥L2(0,1) + ∥u − uN∥L2(0,1) + ∥λ − λN∥L2(0,1) = O(N−m).

4.5. Stability of the Residual Formulation

Define
U = (x, u, λ), Ũ = (x̃, ũ, λ̃),

and let
R(U) = (R1,R2,R3)

denote the residual operator.

Theorem 5 (Residual Stability). Assume that the Hamiltonian

H(t, x, u, λ)

is continuously differentiable and that its partial derivatives are Lipschitz continuous with respect
to (x, u, λ). Then there exists a constant K > 0 such that

∥R(U)−R(Ũ)∥L2(0,1) ≤ K∥U − Ũ∥Hα(0,1).

Consequently, small perturbations in the spectral coefficients produce proportionally small perturba-
tions in the residual functions.

Proof. From the residual definitions, the differences

Ri(U)−Ri(Ũ), i = 1, 2, 3,

consist of Caputo derivative terms and Hamiltonian derivatives. By continuity of the
Caputo derivative operator and the Lipschitz continuity of the Hamiltonian derivatives,
there exist constants Ki > 0 such that

∥Ri(U)−Ri(Ũ)∥L2(0,1) ≤ Ki∥U − Ũ∥Hα(0,1), i = 1, 2, 3.

Summing the above inequalities and setting

K = K1 + K2 + K3,
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yields
∥R(U)−R(Ũ)∥L2(0,1) ≤ K∥U − Ũ∥Hα(0,1).

This completes the proof.

4.6. Error Estimate and Residual Control

The approximation, consistency, stability, and spectral convergence results estab-
lished in Theorems 1–4 provide a theoretical justification for the accuracy of the proposed
Spectral-fPINN framework.

Let
U = (x, u, λ), UN = (xN , uN , λN),

and define

∥U − UN∥L2(0,1) := ∥x − xN∥L2(0,1) + ∥u − uN∥L2(0,1) + ∥λ − λN∥L2(0,1).

The total approximation error is governed by two sources: the truncation error of
the finite-dimensional normalized shifted Legendre approximation and the residual error
associated with the approximate satisfaction of the fractional optimality system. Conse-
quently, the overall numerical accuracy depends jointly on the convergence of the spectral
approximation and the decay of the residual vector

R(UN) = (R1,R2,R3).

For solutions with finite regularity,

x, u, λ ∈ Hm(0, 1), m ≥ 1,

Theorem 1 yields the algebraic estimate

∥U − UN∥L2(0,1) = O(N−m).

For analytic solutions, Theorem 4 gives the stronger exponential estimate

∥U − UN∥L2(0,1) = O(e−σN),

for some constant σ > 0.
Moreover, by Theorem 3,

∥Ri∥L2(0,1) → 0, i = 1, 2, 3.

Therefore, as the residual loss decreases and the spectral order N increases, the approximate
solution converges to the exact solution of the continuous fractional optimality system.

4.7. Optimization Convergence Discussion

The total loss function of the proposed Spectral-fPINN framework is defined by

L(θ) = LJ + Lres + LIC + LTC,

where θ denotes the trainable parameters of the coefficient-prediction network. Since
the normalized shifted Legendre expansions, Hamiltonian function, activation function
tanh(·), and Gauss–Legendre quadrature are continuously differentiable, the discrete loss
function L(θ) is smooth with respect to θ. The optimization is performed using the L-BFGS
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algorithm. Under standard smoothness assumptions, any accumulation point θ∗ of the
generated iterates satisfies the first-order stationarity condition

∇θL(θ∗) = 0.

Because the optimization problem is generally non-convex, global convergence cannot
be guaranteed theoretically. Nevertheless, the numerical experiments reported in this
work consistently exhibit stable convergence toward stationary solutions with negligible
residual errors. To improve robustness, a continuation strategy is employed for the penalty
parameter ρ. Starting from a relatively small value, ρ is gradually increased through several
optimization stages, while the optimized parameters from the previous stage are used as
the initial guess for the subsequent stage. This strategy improves the enforcement of the
fractional optimality system and enhances the stability of the optimization process.

5. Results and Discussion
The proposed Spectral-fPINN framework is tested on several benchmark fractional

optimal control problems to investigate its accuracy, stability, and computational effi-
ciency. The numerical performance is assessed through error measurements, residual
evaluations, spectral coefficient decay, and graphical comparisons with the corresponding
analytical solutions.

5.1. Example 1

We first consider a classical integer-order optimal control problem corresponding
to the limiting case α = 1. Although the governing equation does not explicitly involve
a fractional derivative, this example serves as a benchmark for validating the accuracy,
stability, and consistency of the proposed Spectral-fPINN framework before applying it to
genuinely fractional optimal control problems.

Consider the following optimal control problem:

min J =
1
2

∫ 1

0

(
x2(t) + u2(t)

)
dt,

subject to
dx(t)

dt
= −x(t) + u(t), x(0) = 1.

The exact solution is given by

x(t) = cosh(
√

2t) + β sinh(
√

2t),

u(t) = (1 +
√

2β) cosh(
√

2t) + (
√

2 + β) sinh(
√

2t),

where

β = −cosh(
√

2) +
√

2 sinh(
√

2)√
2 cosh(

√
2) + sinh(

√
2)

.

The corresponding exact objective value is Jexact = 0.192909298100000. We employ
the proposed Spectral-fPINN framework to solve this problem using normalized shifted
Legendre polynomial approximations together with physics-informed optimization. The
numerical results are summarized in Tables 1 and 2 and the corresponding state, control
and costate approximations are presented in Figure 2. The reported errors are calculated
on an independent set of test points and provide a measure for the actual approximation
errors with respect to the analytical solution. The residual quantities represent the degree
to which the computed solution satisfies the governing optimality system.
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Table 1. Training loss values for Example 1 using different penalty parameters.

Penalty Parameter λr Loss Value

101 1.919336914469989 × 10−1

102 1.928109692116326 × 10−1

103 1.928994730466952 × 10−1

104 1.929084288415424 × 10−1

105 1.929111691877855 × 10−1

Table 2. Numerical accuracy of the optimality-system spectral-fPINN method for Example 1.

Quantity Value

Approximate cost functional J 0.192908884539428
Exact cost functional Jexact 0.192909298100000
Absolute error in J 4.1356 × 10−7

Maximum error in x(t) 1.6610 × 10−6

Maximum error in u(t) 1.8731 × 10−5

Maximum error in λ(t) 5.5023 × 10−7

State residual L2 error 3.5564 × 10−6

Costate residual L2 error 8.8035 × 10−7

Stationarity residual L2 error 3.0698 × 10−6
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Figure 2. Cont.
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Figure 2. Example 1: (a) Comparison between the exact and spectral-fPINN state solutions.
(b) Comparison between the exact and spectral-fPINN control solutions. (c) Comparison between
the exact and spectral-fPINN costate solutions. (d) Pointwise absolute errors of the state, control,
and costate variables. (e) Residual errors associated with the optimality system. (f) Evolution of
the physics-informed loss components during training. (g) Decay of the spectral coefficients for the
state, control, and costate approximations. (h) Spectral energy distribution of the state, control, and
costate variables.

The numerical results presented in Tables 1 and 2 demonstrate that the proposed
Spectral-fPINN framework yields highly accurate approximations for the state, control
and costate variables. The computed objective functional is in good agreement with the
exact value with an absolute error of order 10−7. Furthermore, the residual norms for the
state equation, costate equation and stationarity condition are small, which implies that the
computed solution satisfies the optimality system accurately. Figure 2a–c displays the exact
and approximate state, control and costate variables respectively, with excellent agreement
over the computational interval. The pointwise absolute errors in Figure 2d are uniformly
small and the residual profiles in Figure 2e remain close to zero in the whole domain. The
evolution of loss components is depicted in Figure 2f, showing a stable convergence of the
optimization process. Moreover, the fast decay of the spectral coefficients in Figure 2g and
the spectral energy distributions in Figure 2h confirm the high-order accuracy, compactness
and computational efficiency of the normalized shifted Legendre representation.

Overall, this example demonstrates that the proposed Spectral-fPINN framework
provides a reliable and accurate approach for solving optimal control problems and serves
as a solid foundation for the subsequent fractional-order examples.

5.2. Example 2

In this example, we consider a fractional optimal control problem involving a Ca-
puto fractional derivative of order α = 1.1 in order to assess the ability of the proposed
Spectral-fPINN framework to accurately approximate fractional dynamics and optimal
control variables.

Consider

min J =
∫ 1

0

[(
x(t)− t2

)2
+

(
u(t) + t4 − 20

9Γ(9/10)
t9/10

)2
]

dt,

subject to
C
0 D1.1

t x(t) = t2x(t) + u(t).

The exact solutions are
x(t) = t2,

u(t) =
20

9Γ(9/10)
t9/10 − t4,
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and
y(t) = C

0 D1.1
t x(t) =

20
9Γ(9/10)

t9/10.

The proposed Spectral-fPINN framework is employed using normalized shifted Legendre
polynomial approximations together with physics-informed optimization. The numerical
results are summarized in Tables 3 and 4, while Figure 3 presents the corresponding state,
control, and fractional derivative approximations. The reported errors are computed using
an independent set of test points and measure the actual approximation errors with respect
to the analytical solutions, whereas the residual quantities assess the satisfaction of the
governing fractional optimality system.

Table 3. Training loss values for Example 2 using different penalty parameters.

Penalty Parameter λr Loss Value

101 8.865345834759386 × 10−10

102 8.865345823898574 × 10−10

103 8.865345823898574 × 10−10

104 8.865345823898574 × 10−10

105 8.865345823898574 × 10−10

Table 4. Numerical accuracy of the spectral-fPINN method for Example 2.

Quantity Value

Approximate cost functional J 8.865345823898574 × 10−10

Exact cost functional Jexact 0
Absolute error in J 8.8653 × 10−10

Maximum error in x(t) 4.2909 × 10−7

Maximum error in u(t) 1.0519 × 10−3

Maximum error in y(t) 1.0519 × 10−3

State residual L2 error 1.8008 × 10−7

Control residual L2 error 2.9774 × 10−5

Dynamic residual L2 error 0

The numerical results reported in Tables 3 and 4 show that the proposed Spectral-
fPINN framework yields highly accurate approximations for the state, control and fractional
derivative variables. The computed objective functional matches very well the exact value
with an absolute error of order 10−10. The residual norms are also small, which verifies
that the computed solution satisfies the governing fractional optimality system with high
accuracy. Moreover, the training history shows stable optimization behavior with the
increase in the penalty parameter. Figure 3a–c presents the comparison of the exact and
approximate state, control and fractional derivative variables, respectively. In all cases, the
numerical solutions are in excellent agreement with the respective analytical solutions over
the entire computational interval. The pointwise absolute errors in Figure 3d are uniformly
small, which confirms the high approximation accuracy and spectral convergence of the
proposed method. The residual errors corresponding to the governing equations are shown
in Figure 3e.

It is observed that the residual errors are close to zero in the entire domain. The
evolution of the loss components shown in Figure 3f suggests that the optimization process
converges stably. The fast decay of the spectral coefficients in Figure 3g indicates the
high-order approximation capability of the normalized shifted Legendre basis, and the
spectral energy distributions in Figure 3h demonstrate that most of the solution energy
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is concentrated in the lower-order modes. These observations confirm the computational
efficiency and compactness of the proposed spectral representation.
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Figure 3. Example 2: (a) Comparison between the exact and spectral-fPINN state solutions.
(b) Comparison between the exact and spectral-fPINN control solutions. (c) Comparison between
the exact and spectral-fPINN fractional derivative solutions. (d) Pointwise absolute errors of the
state, control, and fractional derivative variables. (e) Residual errors associated with the governing
system. (f) Evolution of the physics-informed loss components during training. (g) Decay of the
spectral coefficients for the state, control, and fractional derivative approximations. (h) Spectral
energy distribution of the state, control, and fractional derivative approximations.

Overall, this example demonstrates that the proposed Spectral-fPINN framework
provides an accurate, stable, and computationally efficient approach for solving fractional
optimal control problems involving fractional-order dynamical systems.
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5.3. Example 3

In this example, we consider a fractional optimal control problem involving a higher-
order Caputo derivative of order α = 1.9. This example assesses the ability of the proposed
Spectral-fPINN framework to approximate higher-order fractional dynamics and the corre-
sponding optimal control variables.

Consider

min J =
∫ 1

0

[
et(x(t)− t4 + t − 1

)2
+ (1 + t2)

(
u(t) + 1 − t + t4 − 8000

77Γ(1/10)
t21/10

)2
]

dt,

subject to
C
0 D1.9

t x(t) = x(t) + u(t).

The exact solutions are
x(t) = t4 − t + 1,

u(t) = −1 + t − t4 +
8000

77Γ(1/10)
t21/10,

and
y(t) = C

0 D1.9
t x(t) =

8000
77Γ(1/10)

t21/10.

Hence, the exact objective value is Jexact = 0.
The proposed Spectral-fPINN framework is applied using normalized shifted Legen-

dre polynomial approximations and physics-informed optimization. The numerical results
are summarized in Tables 5 and 6, while Figure 4 presents the corresponding graphical
comparisons. The reported errors are evaluated on an independent set of test points with
respect to the analytical solutions, whereas the residual quantities measure the satisfaction
of the governing fractional optimality system.

Table 5. Training loss values for Example 3 using different penalty parameters.

Penalty Parameter λr Loss Value

101 2.850001935471632 × 10−13

102 2.850001935471632 × 10−13

103 2.850001935471632 × 10−13

104 2.850001935471632 × 10−13

105 2.850001935471632 × 10−13

Table 6. Numerical accuracy of the spectral-fPINN method for Example 3.

Quantity Value

Approximate cost functional J 2.850001935471632 × 10−13

Exact cost functional Jexact 0
Absolute error in J 2.8500 × 10−13

Maximum error in x(t) 8.3823 × 10−9

Maximum error in u(t) 1.1012 × 10−5

Maximum error in y(t) 1.1012 × 10−5

State residual L2 error 3.2787 × 10−9

Control residual L2 error 5.2170 × 10−7

Dynamic residual L2 error 0
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Figure 4. Example 3: (a) Comparison between the exact and spectral-fPINN state solutions.
(b) Comparison between the exact and spectral-fPINN control solutions. (c) Comparison between
the exact and spectral-fPINN fractional derivative solutions. (d) Pointwise absolute errors of the
state, control, and fractional derivative variables. (e) Residual errors associated with the governing
system. (f) Evolution of the physics-informed loss components during training. (g) Decay of the
spectral coefficients for the state, control, and fractional derivative approximations. (h) Spectral
energy distribution of the state, control, and fractional derivative approximations.

The numerical results reported in Tables 5 and 6 demonstrate that the proposed
Spectral-fPINN framework provides highly accurate approximations for this higher-order
fractional optimal control problem. The computed objective functional is in excellent
agreement with the exact value, with an absolute error of order 10−13. The residual norms
are also small, confirming that the computed solution satisfies the governing fractional
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optimality system with high accuracy. Furthermore, the training history exhibits stable
optimization behavior as the penalty parameter increases. Figure 4a–c compares the exact
and approximate state, control, and fractional derivative variables, respectively. In all cases,
the numerical solutions closely match the corresponding analytical solutions throughout
the computational interval, demonstrating the ability of the proposed framework to ac-
curately capture higher-order fractional dynamics. The pointwise absolute errors shown
in Figure 4d remain uniformly small, confirming the high approximation accuracy and
spectral convergence of the method.

The residual errors shown in Figure 4e are also close to zero over the entire computa-
tional domain, providing further evidence that the computed solution indeed satisfies the
governing fractional optimality system. The evolution of the loss components in Figure 4f
shows the stable convergence of the optimization process. Moreover, the fast decay of
the spectral coefficients, as shown in Figure 4g, reveals the high-order approximation
capability of the normalized shifted Legendre basis. The distributions of the spectral energy
in Figure 4h show that most of the solution energy is concentrated in the low-order modes.
These observations confirm the compactness and computational efficiency of the proposed
spectral representation .

Overall, this example demonstrates that the proposed Spectral-fPINN framework
provides an accurate, stable and computationally efficient approach for solving fractional
optimal control problems involving higher-order fractional dynamics.

5.4. Example 4

In this example, we consider a nonlinear fractional optimal control problem involving
a Caputo derivative of order α = 1.5. This example is intended to assess the ability of the
proposed Spectral-fPINN framework to solve nonlinear fractional optimal control problems
with smooth analytical solutions.

Consider

min J =
∫ 1

0

[(
x(t)− t5/2

)4
+ (1 + t2)

(
u(t) + t6 − 15

√
π

8
t
)2
]

dt,

subject to
C
0 D1.5

t x(t) = t x2(t) + u(t).

The exact solutions are
x(t) = t5/2,

u(t) =
15
√

π

8
t − t6,

and

y(t) = C
0 D1.5

t x(t) =
15
√

π

8
t.

Hence, the exact objective value is
Jexact = 0.

The proposed Spectral-fPINN framework is employed using normalized shifted Leg-
endre polynomial approximations together with physics-informed optimization. The
numerical results are summarized in Tables 7 and 8, while Figure 5 presents the correspond-
ing graphical comparisons. The reported errors are evaluated on an independent set of test
points with respect to the analytical solutions, whereas the residual quantities measure the
satisfaction of the governing nonlinear fractional optimality system.
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Table 7. Training loss values for Example 4 using different penalty parameters.

Penalty Parameter λr Loss Value

101 6.747545425453489 × 10−29

102 6.747545425453489 × 10−29

103 6.747545425453489 × 10−29

104 6.747545425453489 × 10−29

105 6.747545425453489 × 10−29

Table 8. Numerical accuracy of the spectral-fPINN method for Example 4.

Quantity Value

Approximate cost functional J 6.747545425453489 × 10−29

Exact cost functional Jexact 0
Absolute error in J 6.7475 × 10−29

Maximum error in x(t) 6.4393 × 10−15

Maximum error in u(t) 2.1786 × 10−14

Maximum error in y(t) 2.1786 × 10−14

State residual L2 error 3.5082 × 10−15

Control residual L2 error 7.7477 × 10−15

Dynamic residual L2 error 0

The numerical results in Tables 7 and 8 show that the proposed Spectral-fPINN
framework can produce very accurate approximations for this nonlinear fractional optimal
control problem. The computed objective functional is very close to the exact value and the
residual norms are small, which confirms that the computed solution is a high accuracy
solution of the governing nonlinear fractional optimality system. Moreover, the training
history indicates stable optimization behavior for the increasing penalty parameter. The
comparison of the exact and approximate variables of the state, control and fractional
derivative are shown in Figure 5a–c. The numerical solutions in all cases are in good
agreement with the corresponding analytical solutions over the computational interval,
which demonstrates the ability of the proposed framework to capture nonlinear fractional
dynamics accurately. The pointwise absolute errors in Figure 5d are uniformly small, which
further verifies the high approximation accuracy and spectral convergence of the method.

Finally, the residual errors shown in Figure 5e remain uniformly close to zero through-
out the computational domain, further validating that the computed solution satisfies the
governing fractional optimality system. The evolution of the loss components in Figure 5f
indicates a stable convergence of the optimization process. Moreover, the fast decay of the
spectral coefficients displayed in Figure 5g indicates that the normalized shifted Legen-
dre basis has the high-order approximation capability. The spectral energy distributions
in Figure 5h show that most of the solution energy is concentrated in the lower-order
modes. These results verify the compactness and computational efficiency of the proposed
spectral representation.

Overall, this example demonstrates that the proposed Spectral-fPINN framework
provides an accurate, stable, and computationally efficient approach for solving nonlinear
fractional optimal control problems. The conditioning of the fractional operational matrices
generally deteriorates as the spectral order N increases, which is a common feature of
global spectral discretizations. In the present work, moderate values of N are employed,
and the numerical experiments demonstrate stable convergence without noticeable loss of
accuracy. For very large spectral orders, preconditioning and matrix-scaling strategies may
be beneficial to further improve numerical robustness.
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Figure 5. Example 4: (a) Comparison between the exact and spectral-fPINN state solutions.
(b) Comparison between the exact and spectral-fPINN control solutions. (c) Comparison between
the exact and spectral-fPINN fractional derivative solutions. (d) Pointwise absolute errors of the
state, control, and fractional derivative variables. (e) Residual errors associated with the governing
system. (f) Evolution of the physics-informed loss components during training. (g) Decay of the
spectral coefficients for the state, control, and fractional derivative approximations. (h) Spectral
energy distribution of the state, control, and fractional derivative approximations.

All numerical experiments were performed in MATLAB R2023b using double-
precision arithmetic. The Spectral-fPINN framework employs a fully connected feed-
forward neural network with four hidden layers and 40 neurons per hidden layer. The
hyperbolic tangent activation function is used throughout the hidden layers. Network
parameters are initialized using the Xavier (Glorot) initialization strategy. The trainable
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parameters are optimized using the Adam optimizer with an initial learning rate of 10−3,
combined with an exponential learning-rate decay strategy. Full-batch training is employed,
where all Gauss–Legendre collocation points are used simultaneously in the loss evaluation.
The optimization process is terminated when either the loss function becomes smaller than
10−12 or the gradient norm falls below 10−10. No additional regularization techniques are
applied. For all numerical examples, a penalty continuation strategy is adopted using

λr ∈ {101, 102, 103, 104, 105},

where the optimized parameters obtained at one penalty level are used as the initial
guess for the subsequent level. All computations were performed on a 64-bit Windows
workstation equipped with an Intel Core i7-1255U processor, 16 GB RAM, and an NVIDIA
GeForce RTX 2050 GPU.

6. Conclusions
In this work, a corrected Spectral-fPINN framework based on normalized shifted

Legendre polynomial approximations and operational matrices of fractional differentia-
tion has been developed for solving fractional optimal control problems. The proposed
methodology combines the high-order accuracy of spectral methods with the flexibility of
physics-informed optimization. Both the theoretical analysis and numerical experiments
demonstrate the accuracy, stability, consistency, and spectral convergence properties of
the proposed framework. The numerical results show highly accurate approximations
together with very small residual errors, confirming the effectiveness of the method for a
variety of linear and nonlinear fractional optimal control problems. The theoretical results
establish approximation, consistency, stability, and convergence properties of the proposed
framework, while the numerical experiments verify these findings through several bench-
mark problems. In addition, the observed rapid decay of spectral coefficients and residual
norms confirms the strong approximation capability of the normalized shifted Legendre
representation within the proposed Spectral-fPINN framework. The proposed framework
has potential applications in a wide range of areas, including engineering systems with
memory effects, anomalous diffusion and transport processes in physics, biological systems
exhibiting hereditary behavior, and optimal control of fractional-order dynamical systems.
The flexibility and high-order accuracy of the proposed methodology make it a promis-
ing computational tool for solving practical problems governed by fractional differential
equations. The proposed framework is particularly suitable for smooth fractional optimal
control problems, where spectral approximations achieve rapid convergence. However,
for problems involving discontinuities or nonsmooth solutions, additional adaptive tech-
niques may be required. Furthermore, the computational cost may increase for large-scale
multidimensional systems. Future work will focus on constrained, variable-order, and
multidimensional fractional optimal control problems, as well as adaptive Spectral-fPINN
formulations for more complex applications.
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