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Abstract

This study examines likelihood-based estimation of the joint survival function S(ty,f) =
Pr{T® > t;,T?® > t,} for systems with two competing failure modes observed under
right censoring. Rather than introducing a new distributional family, the study compares
established dependence mechanisms within a common observed-data framework. Expo-
nential and Weibull margins are combined with three types of dependence: Archimedean
copulas, represented by the Gumbel and Clayton families; shared gamma frailty, used
to model latent measurement-level heterogeneity; and Marshall-Olkin extensions, used
to represent common shocks and simultaneous failures. The same observation scheme,
likelihood construction, censoring design, and performance criteria are used across models.
Model performance is evaluated through Monte Carlo simulation using bias, integrated
mean squared error, and empirical coverage, and the workflow is illustrated with the
Device G reliability data. The results show that ignoring dependence can distort joint
survival estimates, especially under moderate or high censoring. They also show that cop-
ula, frailty, and Marshall-Olkin specifications can lead to different reliability assessments
because they encode different stochastic mechanisms. The estimation workflow includes
multi-start optimization and diagnostics for boundary solutions, Hessian stability, and
irregular likelihood behavior.

Keywords: joint survival analysis; competing risks; copula models; gamma frailty; reliability
modeling; dependent failure modes

1. Introduction

The statistical problem considered in this article is the estimation and comparison of
joint survival models for a population of comparable systems, devices, or individuals that
may fail through two competing modes. From an independent sample of n measurements,
the aim is to estimate the joint survival function

S(fl,l’z) = PI{T(l) > i’1,T(2) > tz},

and to assess how that estimate changes when dependence is modeled by independence,
copulas, shared frailty, or Marshall-Olkin common shocks [1]. The paper is therefore
an estimation and model-comparison study; it does not formulate a formal null-versus-
alternative hypothesis test, and it does not introduce a new probability family.
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A measurement may correspond, for example, to a field device observed until surge
or wearout, a mechanical assembly exposed to component-specific and external shocks, or
a patient followed until one of two causes terminates follow-up. These examples share the
same statistical structure: two latent failure times compete, and the analyst observes only
the first relevant event time or a censoring time. In a two-mode setting, let T(!) and T(%)
denote the latent failure times for modes 1 and 2. The uncensored system failure time is

T = min{T", T},

which is the standard representation used in lifetime-data and competing-risks models [2,3].

Under right censoring, the latent failure times are not observed directly. For each
measurement, the record consists of the time at which follow-up ends and an event outcome
indicating right censoring, failure by mode 1, failure by mode 2, or simultaneous failure.
The formal observed-data notation is given in Section 2.1, where the recorded time and the
four possible event outcomes are defined for the likelihood construction.

The marginal survival functions S (t) and S,(t) are not sufficient to determine S(t, )
unless independence is assumed. Under independence,

S(t1,t2) = S1(t1)S2(t2),

but shared operating conditions, manufacturing variability, material defects, or external
shocks may induce dependence between the latent failure times. When such dependence is
present, ignoring it can distort joint reliability estimates, especially under censoring [4,5].

Three established dependence mechanisms are compared in the same observed-data
framework. In a survival copula model,

Sc(t, t2) = Co{S1(t1),S2(t2) },

where Cy is a copula with dependence parameter 6 [6,7]. In a shared frailty model, a
positive latent variable Z acts on both cumulative hazards, giving the representation

Se(t1,t2) = Ezlexp{—Z[H1(t1) + Ha(t2)]}],

which attributes association to unobserved measurement-level heterogeneity [8,9]. In a
Marshall-Olkin model,

SMO(tlrtZ) = exp{—Al (tl) - Az(fz) - Ao[max(tl,tz)]},

and the common-shock component can place positive probability on the diagonal
t1 = tp [10-12].

These mechanisms answer different scientific questions. Copulas describe continuous
association between marginal lifetimes, frailty models represent latent heterogeneity among
measurements, and Marshall-Olkin models encode structural dependence caused by com-
mon shocks. The contribution of this article is to compare these mechanisms under the
same observation scheme, likelihood construction, censoring design, simulation grid, and
Device G illustration, rather than changing several elements of the analysis at once [13-15].

The independent Weibull model is used only as an algebraic benchmark. It provides
the simplest sample likelihood and establishes a reference case from which the dependent
specifications can be introduced. This ordering separates the statistical problem, the
marginal model, and the dependence mechanism before the methodology and numerical
results are presented.
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The remainder of the paper is organized as follows. Section 2 defines the observed
sample, the marginal survival models, the independent Weibull benchmark, and the
dependence structures used throughout the study. Section 3 describes the likelihood-
based estimation procedure, censoring mechanisms, simulation design, and performance
metrics. Section 4 presents the simulation and Device G results. Section 5 discusses
interpretation, numerical stability, and model choice. Section 6 summarizes the conclusions
and future work.

2. Background and Model Framework

This section establishes the notation and probabilistic structure used throughout the
article. We begin by defining the observed sample and by separating the latent failure
process from the censoring mechanism. We then introduce the marginal exponential and
Weibull models and use the independent Weibull case as a benchmark for the sample
likelihood. The remaining subsections develop the dependent specifications considered in
the study: Marshall-Olkin common shocks, copula-based association, and shared frailty.

2.1. Marginal Survival Models and Notation

Letj =1,...,n index independent measurements from the population under study,
and leti € {1,2} index the two failure modes. A measurement may correspond to a device,

)

a component assembly, or an individual under follow-up. For the j-th measurement, Tj(1

and Tj(z) denote the latent failure times associated with modes 1 and 2, and C; denotes the
right-censoring time. These are positive random variables on a common probability space.
Under random censoring, C; is independent of the latent failure process (Tj(l), T]-(Z) ).
The observed sample is

Dy ={(Y;V)):j=1...,n}, Y=min{T", 7%, C}, 1)

where V; = (V1;, V5;) is an event vertex taking values in

v ={(0,0),(1,0),(0,1), (1, 1)}. (2)

The vertex is assigned by

(0,0), Cj< T].(l) and C; < Tj(z), right censored,
_— (1,0), Tj(l) < T],(Z) and T],(l) < Cj, failure by mode1, )
I (0,1), T].(Z) < Tj(l) and Tj(z) < Cj, failure by mode 2,
(1,1), Tj(l) = Tj(z) < Cj, simultaneous failure.

Thus, the sample element is the recorded time together with a point of the square
{0,1}2. The vertex (1,1) has positive probability only when the joint law of (Tj(l), Tj(z))
contains a singular component on the diagonal t; = t,, as in Marshall-Olkin common-
shock models [10,16]. In independent, copula, and frailty models with continuous margins,
Pr{V; = (1,1)} = 0.

For a generic measurement, write T(!) for the marginal lifetime associated with failure

modei. Let

E() =Pe{TO <1}, Si(t) =1—F(t),  f(H) =F(t), () = 20
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L(B, A, A2 Dn) = H[(Alﬁyjp—l)m:(lp)}(Azﬁyqu)

Parametric marginal distributions, including exponential and Weibull models, are
standard in lifetime data analysis and reliability engineering because they provide inter-
pretable hazard shapes and closed-form survival functions [1,2,17]. In this article, the
Weibull margin is written in rate form. We write T() ~Weibull, (B;, A;) when B; > 0 is the
shape parameter and A; > 0 is the rate parameter. Then

F(t) =1—exp(—AitP), >0, (4)

and
Si(t) = exp(=AitP)),  fi(t) = ABitPi L exp(—Aith). ()

If 7; denotes the usual Weibull scale parameter, then A; = 7, Pt and
hi(t) = AiitPi 1.

The shape parameter controls the hazard pattern: f; < 1 gives a decreasing hazard,
Bi = 1 gives the exponential case, and ; > 1 gives an increasing hazard [17]. In several
benchmark derivations below, a common shape parameter §; = B2 = B is used because it
gives closed-form expressions and improves numerical stability under censoring [3].

The Weibull and exponential specifications used in this article have support on the
positive half-line. Finite-support lifetime models, such as the Kies distribution and recent
mixture extensions, may be useful when the physical observation window is bounded [18].
They are not fitted here because the objective is to compare dependence mechanisms under
a common marginal framework.

Under non-informative censoring, factors involving only the censoring law are omitted
from the likelihood. The likelihood of the sample is determined by the assumed joint law
of (Tj(l), Tj(z) ). To introduce the notation without dependence parameters, we first write the
independent Weibull benchmark. Suppose that the two latent risks have common shape
B > 0 and cause-specific rates A1 and Ay, so that

S(t1,t2) = S1(t1)Sa(t2) = exp(—Arth — Agth). 6)

Under this continuous independent model, Pr{V; = (1,1)} = 0.
Let

n n
=Y H{Vi=(1,0)}, rn=) {V;=(0,1)}, m=r+r.
j=1 j=1

The likelihood of the observed sample is

" 1{V,=(01
Wi=OD) expf— (A + AP @)
j=1
The exponential factor is present for every measurement. The density factor for
mode 1 appears only for V; = (1,0), and the density factor for mode 2 appears only for
V; = (0,1). A censored measurement, V; = (0,0), therefore contributes only through the
survival factor.

The log-likelihood, up to additive constants that do not involve the parameters, is

(B, A1, A2 Dy) = mlogB+rilogAy +ralogrr + (B—1) Z logY;
j:V;€{(1,0),(0,1)}

~ (M) Y YE (8)
j=1
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For fixed B, the profile estimators of the cause-specific rates are
L) =1 =12 ©
1 ,8 - n Y ‘B 7 1=1,2z, )
j=17]
provided that r; > 0. Substituting these estimators into the profile likelihood gives
m }1:1 Y]"B logY;
+ Z logYj —m—————=0. (10)

B ivier(m) o) =1 Yjﬁ

Equation (10) has no closed-form solution in general and is solved numerically over
g > 0.

The maximum likelihood estimates are interpreted under the usual regularity condi-
tions for parametric survival models: identifiable parameters, interior solutions, nondegen-
erate observed times, positive numbers of failures for estimable causes, differentiability
of the log-likelihood, and a nonsingular information matrix [19]. These conditions can
fail under heavy censoring, zero observed failures in one cause, boundary dependence
parameters, or singular Marshall-Olkin components. For that reason, the numerical anal-
yses report convergence diagnostics, Hessian checks, sensitivity to starting values, and
profile-based uncertainty assessments when asymptotic normality is questionable.

2.2. Competing Risks and Minimum Failure Time

Using the observation scheme introduced in Section 2.1, this subsection outlines the
distributional consequences of taking the minimum of two latent failure times. These
analytical results provide algebraic benchmarks for the simulation study and for validating
the likelihood implementation. Crucially, they are not used to impose independence in the
dependent models considered later in this paper.

Let T = min{T("), 7@} denote the uncensored system failure time. In competing
risks and series-system settings, T represents the first latent failure time to occur, and an as-
sociated event vertex identifies the corresponding failure mode [3,10]. Under independence,
the joint survival function factorizes as

S(t1, t2) = S1(t1)S52(t2),
whereby the survival function of the minimum simplifies to
Pr(T > t) = Pe{TM > £, T?) > t} = 5,(£)S,(¢).
1f T() ~Weibull, (B, A;) under the rate parametrization introduced in Section 2.1, then

Pr(T > t) = Pe{TM) >, T? > t} = exp{—(A1 + A2)tF},

and therefore
T ~ Weibull,(B, A1 + Az).

This is the standard minimum distribution for two independent Weibull competing
risks with a common shape parameter [20]. Equivalently, under the scale parametrization

i = A;l/ﬁ , the scale parameter of T is

_ _ _g\~1/B
nr = (M +Ay) VP = <’71ﬁ+’72ﬁ> .
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The exponential case arises as a special setting by fixing f = 1. Specifically, if
T ~Exp(A;) and T ~Exp(A,) are independent, then

T = min{TM, T@} ~ Exp(A + Ay).

While this benchmark is useful for validating the independent baseline, such a fac-
torization no longer holds when the failure times are dependent. In those settings, the
distribution of the minimum must be explicitly derived from the selected joint survival
model [6,21].

2.3. Structural Dependence via Marshall-Olkin Models

The independent Weibull benchmark introduced above has an absolutely continuous
joint distribution and therefore satisfies Pr{V; = (1,1)} = 0. Marshall-Olkin models

represent the complementary case in which a shared shock can produce Tj(l) = Tj(2) with
positive probability. Thus, this model class gives a direct probabilistic interpretation to the
vertex (1,1) in the observed sample.

For a generic measurement, let Uy be a common shock time, and let U; and U, be
mode-specific shock times. The latent failure times are

T(l) — mil’l(U], uo), T(z) = min(Uz, uo) (11)

If the common shock Uy occurs before both mode-specific shocks and before censoring,
then the observed vertex is V = (1,1). This shock representation is the standard construc-
tion behind Marshall-Olkin dependence models in reliability and survival analysis [22].

For exponential shocks, assume that Ux~Exp(Ay), k =0,1,2, are mutually indepen-
dent, with Ay > 0. Then

SMOE(tll tz) = Pr{T(l) > 1y, T > fz} = exp{—)\ltl — Mty — A max(tl,tz)}. (12)

Equation (12) is the bivariate specialization of the Marshall-Olkin multivariate expo-
nential construction [10,23]. Here A is the common-shock intensity. When Ay = 0, the
model reduces to independent exponential risks. When Ay > 0, the distribution has a
singular component on the diagonal #; = tp, and the probability of simultaneous failures is
positive [21,24].

The Weibull extension used in this article keeps a common shape parameter f > 0 and
writes the shock survival functions in rate form,

Pr(U; > t) = exp(—AitP), k=0,1,2.
The resulting Marshall-Olkin Weibull survival function is
Smow (t1, 1) = exp{—/\ltf - Aztg — Ap max(ty, tz)‘B}. (13)

Equation (13) preserves the common-shock structure of the exponential model while
replacing linear cumulative hazards by Weibull cumulative hazards. The rate parametriza-
tion keeps the additive structure on the cumulative-hazard scale, which is the natural scale
for the Marshall-Olkin construction [16].

The marginal survival functions are

Sy (£) =exp[—(A1 + A)tP], Sy (t) = exp[—(Az + Ag)tF], (14)
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and the uncensored system minimum satisfies
Pr{min(TM, T?)) > t} = exp[— (Ao + A1 + A)tP]. (15)
Consequently,
pr{T() = T@)} — ﬁ
The diagonal component has one-dimensional density
g0(t) = AoBtPLexp[—(Ag + A1 + A)tP], £ >0. (16)

$1(y;0)

L(6; D) =

Equations (13)—(16) show that Marshall-Olkin models combine off-diagonal density
terms, a one-dimensional diagonal term for simultaneous failures, and survival terms for
censoring [10,16].

2.4. Likelihood-Based Inference Under Censoring

Using the observed-data notation introduced in Section 2.1, likelihood inference is
based on the measurements (Y}, V;) rather than on the unobserved latent pair (Tj(l), Tj(z) ).
Right censoring is treated as non-informative, so factors involving only the censoring
distribution are omitted from the likelihood [1]. Let

S(t1,t2;0) = I;r{T(l) >t,T? >t}

be the model-specific joint survival function.
The cause-specific subdensities are

d 0
= lim[—S(tl,tZ; 6)} , 2 (y;0) = lim [—S(tl,tz; 6)} . (17)
el0 oty t1=y, ty=y+e el0 ot ti=y+e, b=y
The one-sided notation is needed only when the joint survival function is not smooth
on the diagonal, as in Marshall-Olkin models. If a singular diagonal component exists,
simultaneous failures have one-dimensional density
90(y:8) = L Pe(T) = T® < y}. (18)
dy e -
For independent, copula, and frailty models with continuous margins, this term
is absent.
The likelihood of the sample is the product of four possible factors, selected by the
vertex V;:
n
T Tlso(xjs 0)11= 0 g (5 0) Y1~ 10 g (3 )T~ OV S (x;, s )1~ 000, (19)
=1

The four factors correspond to simultaneous failure, failure by mode 1, failure by
mode 2, and right censoring. Copula and frailty models modify S, g1, and g, whereas
Marshall-Olkin models also retain gy.

After maximizing ¢(6; D)) = log L(6; D, ), the asymptotic variance—covariance matrix
is estimated from the inverse observed information matrix,

0%4(6; Dy)

Var(0) = Zops (0) Y, Zops(6) = — :
( ) obs( ) obs( ) 90907 0—p

(20)

This approximation is used only when the Hessian is well conditioned and the regu-
larity assumptions are plausible. If the Hessian is nearly singular, if the optimizer reaches a
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boundary, or if simultaneous failures create nonregular behavior, confidence intervals are
supplemented with profile likelihood or parametric bootstrap intervals [19,25,26].

2.5. Marshall-Olkin Weibull Likelihood Components

Subsection 2.3 defined the Marshall-Olkin Weibull survival function. We now collect
the density and subdensity terms needed for the observed-data likelihood. To keep the
notation light, the formulas are written for a generic measurement, with X; and X, used as
generic versions of Tj(l) and 7"].(2).

We use a rate parametrization for the Weibull distribution. Thus, W~Weibull, (B, A)

means
Pr(W > w) = exp(—)\wﬁ), w >0,

where B > 0 is the shape parameter and A > 0 is a rate parameter. The corresponding
scale parameter is 7 = A~1/P. This convention avoids adding scale parameters directly
and is better aligned with the Marshall-Olkin construction, where shock intensities add
on the cumulative hazard scale. The same common-shape setting is used in the maximum
likelihood development for Marshall-Olkin Weibull models [26].

Let Uy, U;, and Uy be mutually independent shock times with

Pr(U; > u) = exp(—AMuP),  u>0, k=0,1,2 (21)

Here U is the common-shock time, whereas U and U, are mode-specific shock times.
The latent failure times are

Xl = min(Ul, UO), Xz = min(llz, UO) (22)
The pair (X7, X») follows a Marshall-Olkin Weibull model, denoted by
(X1, X2) ~ MOW(B, A, A1, Az).

The parameter Ay represents the common-shock rate; if the common shock occurs first,
both components fail at the same time, generating the singular diagonal event described by
Marshall and Olkin [10].

With z = max(xy, x2), the joint survival function is

Sx,, %, (x1,%2) = Pr(Xy > x1, X0 > x3) = exp[—)tle — /\zxg — )\Ozﬁ]. (23)
Consequently, the marginal survival functions are
Sx, (x) = exp[—(A1 +A0)xP],  Sx,(x) = exp[— (A2 + Ag)xF]. (24)
Equivalently,
X1 ~ Weibull, (B, A1 + Ag), Xy ~ Weibull, (B, A2 + Ag).

This expression should be interpreted in rate form: the quantities A1 + Ag and A, + A
are cumulative-hazard coefficients, not scale parameters.

https://doi.org/10.3390/computation14070152
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The distribution of (X, X») is mixed. It has two absolutely continuous off-diagonal
components and one singular component on the diagonal. For x; < xp and x2 < x1, the
off-diagonal densities are

Fi(x,x2) = BPAT (Ao + A2)xb Thl T exp[—Aqaf — (Mg + Ag)af], (25)
fa(x1,x2) = B*(Ag + Al)Azxfflxﬂfl exp[— (Ao + Al)xf - Azxﬁ]. (26)

The singular density on the diagonal, with respect to one-dimensional Lebesgue
measure, is
fo(x) = BroxPtexp[—(Ao+ A1+ A2)xP], x>0 (27)

Thus, fy should not be interpreted as a two-dimensional density. It is the diagonal
term associated with simultaneous failures. For the observed competing-risks likelihood, it
is useful to define

A=A+ A1+ A

The subdensities appearing in the generic likelihood (19) are then

20(y) = royP e ™, qi(y) = By e, go(y) = BrayPle ML (28)

Here gg corresponds to simultaneous failure, g; to failure by mode 1, and g to failure
by mode 2. A censored observation at time y contributes through

Sx,%, (1, y) = exp(—AyP). (29)

When Ay = 0, the singular component disappears and the model reduces to inde-
pendent Weibull risks with common shape f. When = 1, the model reduces to the
Marshall-Olkin exponential case. The expressions (28) and (29) are the quantities used in
the maximum likelihood estimators presented in the following subsection.

2.6. Maximum Likelihood Estimators

We now specialize the sample likelihood to the Marshall-Olkin Weibull model. Let
n
may =y H{V; = (a,b)}, (a,b) €V,  m=myy+mo +myy, (30)
j=1

where m is the total number of observed failures. Censored measurements are counted by
mpp and enter the likelihood through the survival factor.
For
0= (B, Ao, M, A2), Ap =AM+ A1+ Ay,

the event-specific terms in the MOW model are

YP

_ B 1 —
a $2(Yj;0) = proYF e MY, (31)

_ B

o(Y;;0) = ﬁftoyjﬁ_le §1(Y;;0) = ﬁMYjﬁ_le

and a censored measurement contributes S(Y}, Yj;0) = exp(—A+ Y]ﬁ ). Hence the sample
likelihood is

n i Uv=(11)} 1 UHV=(10)} 1 Hv=(01)}
L(@;Dn)zl‘[[moyf 1] / [ﬁMYf 1} ! [mzy? 1} ’ exp(—A4YF). (32)
j=1
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The corresponding log-likelihood is

((0; D) = mlog B+ my1log Ag + myglog Ay + mgylog Az + (B—1) ) logY;
j: Vi#(0,0)

AL f Yf. (33)

=1
For a fixed value of B, define Q(B) = ¥4 Y]ﬁ . Maximizing with respect to Ay, A1, A2

gives
N miq ) mio 2 mo1

Amm:@@? M@%:@Bv Aﬂm:@@y

provided the corresponding count is positive. If mq; = 0, the likelihood is maximized at

(34)

the boundary Ao = 0in the closed parameter space. This is the nonregular situation noted
for Marshall-Olkin exponential models by [27] and later discussed in the Weibull setting

by [26].
Let ;
A= Y logY, B(B)=) Y logy,
j:Vj#(0,0) j=1
The profile score is
B
sp(ﬂ)zrg—l—A—mQ((l;)):O. (35)

This equation is solved numerically over 8 > 0. A fixed-point iteration similar to the
procedure used by [28] is

mQ(p) 6

BUD — p("),  n(p) = mB(B) — AQ(B)’

whenever the denominator is positive. The iteration stops when |81 — ()| < ¢, and
the final rate estimates are obtained from (34).
When failure causes are ignored, only Ty, = min(Xj,Xp) is used. Under the
MOW construction,
Pr(Tmin > ) = exp[—(Ao + A1 + A2)yP]. (37)

Thus ignored-cause data identify the total rate A but not the three shock components
separately. This agrees with approximate maximum likelihood approaches for Weibull
competing risks when cause information is not used [26,29,30].

For completeness, if W = log Tpyin, then

. _1 w—p w—p
fW(w,y,a)—aexp{ - exp( - )}, weR, (38)

where ¢ = 1/B and y = —clogA,. This transformation is useful for obtaining starting
values, but the likelihood in (32) is used whenever the event vertex V; is available. The next
subsection uses the same observed-data notation to introduce copula and shared-frailty
alternatives. Those models modify the joint survival structure, whereas the observation
scheme (Y;, V;) remains unchanged.

2.7. Dependence Modeling: Copulas and Shared Frailty

The Marshall-Olkin model introduces dependence through a common shock and can
therefore assign positive probability to T1) = T(2), Copula and shared-frailty models
represent a different class of dependence mechanisms. They modify the joint survival
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function while keeping the margins continuous; consequently, they do not create a diagonal
atom, and
Pr{V;=(1,1)} =0

under these models. Thus, their sample likelihood uses the same terms for censoring and
cause-specific failures as in Equation (19), but without the singular term go.
For a survival copula model, the joint survival function is written as

Sc(ti,t2;0) = Co{S1(t1),S2(t2)}, (39)

where S and S are the selected marginal survival functions and Cy is a copula with depen-
dence parameter 0. This construction keeps marginal modeling separate from dependence
modeling, which is one of the main reasons copulas are useful in reliability and survival
analysis [6]. In this study, dependence strength is reported through Kendall’s T, because it
provides a common scale for comparing the Gumbel and Clayton families [31].

2.7.1. Gumbel Copula
The Gumbel copula is defined by

P 0 1/6
Co(u,v;0) = expq — {(—logu) + (—logv) } , O<uov<l1l 6>1. (40)

The case 8 = 1 gives independence, whereas 6 > 1 induces positive dependence. On
the copula scale, the Gumbel family emphasizes upper-tail association and is therefore
useful when strong joint survival or reliability behavior is expected in the upper tail [32].

Kendall’s coefficient is 1 1
o 9

Because the margins are continuous, this model can represent strong association but

TG:1—

S (41)

not exact simultaneous failures.

2.7.2. Clayton Copula
The Clayton copula is given by

-1/0
cc(u,v;e):(u*f’w*@—l) . O<uv<l, 6>0. (42)

This family emphasizes lower-tail association on the copula scale and is often used
when dependence is expected to be stronger in one tail of the joint distribution [33].
Kendall’s coefficient satisfies

0 0 — ZTC

Ty i )

As with the Gumbel copula, the Clayton model changes the joint survival structure

but does not introduce a singular diagonal component when the margins are continuous.

2.7.3. Shared Frailty

Shared frailty models induce dependence through an unobserved measurement-level
random effect. Conditional on a positive frailty variable Z = z, both cumulative hazards
are multiplied by the same factor:

Se(t,t2 | Z = z) = exp[—z{Hi(t1) + Ha(t2) }], (44)
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where H;(t) = —log S;(t) is the marginal cumulative hazard for mode i. This construc-
tion is useful when dependence is attributed to unmeasured manufacturing conditions,
environmental exposure, or usage variability rather than to an exact common shock [22,34].
In the gamma frailty specification used here, Z~Gamma(«, «) in the shape-rate pa-
rameterization, so that E(Z) = 1 and Var(Z) = 1/«. Integrating (44) over Z gives

Hy(t) + Ha(t2) 70"

t,t) = |1
Sr(t1, 1) + oc

(45)

Small values of a imply larger frailty variance and stronger positive association be-
tween the failure modes; as « — oo, the model approaches independence. This inter-
pretation follows the standard shared frailty framework for multivariate time-to-event
data [8].

The three dependence mechanisms considered in this section therefore have different
stochastic meanings. Copulas modify the association between the marginal survival func-
tions, shared frailty introduces latent heterogeneity, and Marshall-Olkin models represent
common shocks with a possible diagonal mass. Keeping these mechanisms separate is
important for the simulation study, because the same observed-data scheme (Y}, V;) can
lead to different joint survival estimates depending on how dependence is generated.

3. Methodology

This section describes the estimation, simulation, and evaluation procedures used
to compare the dependence models introduced in Section 2. All models are fitted using
the observed-data structure defined in Section 2.1, so differences in performance can be
attributed to the assumed dependence mechanism rather than to a change in notation,
censoring scheme, or estimation target. The methodology is organized around four steps:
defining the censoring mechanism, constructing the observed-data likelihood, estimating
the model parameters, and evaluating the estimated joint survival function.

3.1. Observation Scheme and Censoring Mechanism
The observation scheme follows Equations (1)—(3). For random censoring, C; is gen-

erated independently of the latent failure process (Tj(l), T].(z)). If 7t denotes the target

censoring proportion, the censoring distribution is calibrated so that

Pr{C; < min(Tj(l),Tj(z))} ~ T,

where the approximation is understood over Monte Carlo replications. For Type I censor-
ing, C; = Cis fixed by design. The vertex (1,1) is generated only under Marshall-Olkin
data-generating mechanisms, where a common shock can produce Tj(l) = T].(z) with posi-
tive probability.

3.2. Likelihood Construction Under Dependence

Let M denote a candidate model and let Sp(t1, t; 0pr) be its joint survival function.
The parameter vector 0y contains the marginal parameters and, when applicable, the
dependence parameter. For each observation type, define the model-specific terms

sim(y;0m),  Sam(v;0Mm),  Som(Y;Om),

where g1)1 and gop are the cause-specific subdensities, and gops is the diagonal term
when the model has a singular common-shock component. For independent, copula, and
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frailty models with continuous margins, the term gop is omitted because V; = (1,1) has
probability zero.
The observed-data likelihood factor is

Livi (005 Y3, Vi) = [gom (Y55 00)] V1= 003 gy (Y55 000) V=10 [@orn (55 000) Y= O[S 01 (Y5, Y 000) 1100, (46)

with the first factor included only for models with a singular diagonal component. The
sample likelihood and log-likelihood are

n n
Ly(00; Dn) = [ [Lim(0M: Y}, V), €m(Opm;Du) = ) logLim(00; Y}, Vj).  (47)
j=1 j=1

This notation keeps the likelihood tied to the observed sample. Copula and frailty
models modify Sps, g1m, and gopr through their dependence structure. Marshall-Olkin
models also retain gpp;, which preserves the common-shock interpretation instead of
treating simultaneous failures as ordinary continuous ties.

3.3. Parameter Estimation Procedure

Maximum likelihood estimates are computed numerically. Closed-form estimators
are available only for a few benchmark cases, and the likelihood can become nearly flat,
multimodal, or boundary constrained when censoring is heavy. To reduce sensitivity
to local optima, each model is fitted from several starting values. Positive parameters
are optimized on the logarithmic scale, and copula parameters are constrained to their
natural domains. The reported estimate is the converged solution with the largest finite
log-likelihood across the multi-start runs. This strategy follows standard practice for
nonlinear likelihood optimization [35]. The complete estimation workflow is summarized
in Algorithm 1.

Algorithm 1 Maximum Likelihood Estimation under Dependence

Require: Observed data D, = {(Y},V}) j—1, candidate model M, parameter domain ©y,
and tolerance e.
Ensure: Estimate 8, maximized log-likelihood, convergence diagnostics, and variance—
covariance matrix when regularity conditions are plausible.
1: Specify the marginal distributions and the dependence mechanism: independence,
Archimedean copula, shared gamma frailty, MOE, or MOW.
2: Construct Syy(t1, tp; 0)1) and the corresponding cause-specific, censoring, and, when
needed, diagonal terms.
3: Build £p1(00; D) = 27:1 log Lim(0m; Y, V;) using the vertex V; € V.
4: Generate starting values from marginal Weibull fits, moment-based approximations,
profile likelihood values, and dispersed random perturbations.
5. Maximize £;(0y1; Dy ) using bounded quasi-Newton optimization, or derivative-free
optimization when derivatives are unstable.
6: Repeat the optimization over all starting values and retain the converged solution with
the largest finite log-likelihood.
7: Check convergence codes, gradients, boundary solutions, Hessian eigenvalues, and
profile likelihoods for key parameters.
8: Compute standard errors from the inverse observed information when it is positive
definite; otherwise report profile likelihood or bootstrap intervals.

For reproducibility, the implementation records the software environment, package
versions, starting values, convergence codes, number of iterations, and elapsed time for
each fitted model. The analyses were implemented in R, using base optimization routines
together with survival-analysis and copula utilities [36]. In the replication scripts, opti-
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mization was stopped when the change in the log-likelihood was below 108 or when the
change in the parameter vector was below 10~°.

Computational cost was also recorded. Independence and marginal Weibull models
are fast because they involve low-dimensional likelihoods. Copula and frailty models
require repeated evaluation of the joint survival function or numerical integration. MOW
models are more demanding because their likelihood combines continuous off-diagonal
terms with the singular diagonal term. Reporting elapsed time by scenario makes the
comparison more reproducible and allows the reader to assess the computational cost of
each dependence mechanism.

Stability was assessed in three ways. First, each model was estimated from multiple
starting points. Second, one-dimensional profile likelihoods were inspected for influential
parameters, especially the Weibull shape and dependence parameters. Third, bootstrap
resampling was used when the observed information matrix was ill conditioned or when
profile likelihoods indicated noticeable asymmetry.

Under standard regularity conditions, maximum likelihood estimators are consistent
and asymptotically normal [19]. These properties are used only when the fitted model
is identifiable, the estimate lies in the interior of the parameter space, and the observed
information matrix is nonsingular. When these conditions are doubtful, for example under
heavy censoring, zero failures in one cause, or boundary dependence estimates, the results
are reported as likelihood-based numerical estimates and uncertainty is summarized using
profile likelihood or bootstrap intervals. Moment-based, probability-plot, and profile
estimators are used as starting values and sensitivity checks. The sample likelihood
remains the main estimation criterion because it incorporates censoring, event vertices, and
simultaneous failures in a single observed-data formulation.

3.4. Simulation Design

A Monte Carlo simulation study was conducted to compare estimation accuracy
under correct and misspecified dependence models. Let G denote the set of data-generating
mechanisms and let M denote the set of candidate fitted models. The data-generating
mechanisms include independent risks, Archimedean copulas, shared gamma frailty, and
Marshall-Olkin common shocks. The candidate models are fitted to the same simulated
datasets so that differences in performance reflect the fitted dependence structure.

Each simulation scenario is defined by

(7’1, T/ 7-[C/ G)/

where 7 is the sample size, T is the target dependence strength when Kendall’s coefficient
is applicable, 7. is the target censoring proportion, and G € G is the data-generating
mechanism. For Marshall-Olkin models, the common-shock rate is selected to produce
the desired simultaneous failure probability or its closest feasible counterpart under the
chosen parameterization. For copula and frailty mechanisms with continuous margins,
simultaneous failures are not generated.

For each scenario, R independent datasets are generated. The same marginal param-
eters and censoring design are used across dependence mechanisms whenever possible.
This keeps the simulation focused on the effect of dependence rather than on changes in
marginal lifetime behavior. All computations were carried out in R [36]. The simulation
and evaluation workflow is summarized in Algorithm 2.
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Algorithm 2 Simulation and Evaluation Framework

Require: Scenario grid for n, dependence strength 7, censoring level 7., data-generating
mechanisms G, fitted models M, and number of replications R.
Ensure: Bias, IMSE, coverage probabilities, convergence summaries, and computational
times.
1: for each data-generating mechanism G € G do
2. for each sample size n do
3 for each dependence level T do
4 for each censoring level 7. do
5: forr=1,...,Rdo
6 Generate latent failure times (T .(1) T(Z) ),j=1,...,n, under mechanism G.
7
8
9

Generate censoring times and construct (Y ) using Equations (1)—(3).
for each fitted model M € M do
Estimate 0 using Algorithm 1.

10: Compute the estimated joint survival function Sim (t1,12) on the evalua-
tion grid.

11: Store convergence diagnostics, uncertainty intervals, and elapsed time.

12: end for

13: end for

14: end for

15: end for

16:  end for

17: end for

18: Aggregate performance metrics across replications.

3.5. Performance Metrics

Performance is evaluated primarily on the joint survival scale, because the main
inferential target is
S(ty, 1) = Pr{TMV) > £, T® > ,}.

Let 7 be the grid of time pairs used to evaluate the joint survival function, and let
S (1, t2) be the true joint survival function under the data-generating mechanism G. For
replication r and fitted model M, denote the estimated joint survival function by Sem(t, t2).
The pointwise bias of the estimated joint survival function is

R
Biasy,g(t, t2) 2{ rm(t1,t2) Sc(fl,tz)}- (48)

The integrated mean squared error is approximated over 7 by

1 1 & . 2
IMSE G = 7 ) — Z{SVM(tlrt2) - SG(flffz)} - (49)

(tlrtZ)ET

When confidence bands or pointwise intervals are computed, empirical coverage is

estimated as
1

R

CovmeG = = 3. 1 Y 1[S(t1, t2) € Crm(ty, t2)], (50)
‘T| (t1.t2)eT R

where C,p(t1, t2) is the interval or band reported by model M in replication r.

Parameter bias is reported only for parameters that are identifiable and meaningfully
comparable under the data-generating mechanism. For example, marginal Weibull param-
eters and Kendall’s T can be compared across some models, whereas the Marshall-Olkin
common-shock rate and the frailty variance represent different stochastic mechanisms. For
this reason, IMSE and coverage of S(t1, t;) are the main criteria for comparing fitted models.
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4. Results

This section reports the Monte Carlo comparison and the Device G application. The
results are interpreted on the joint survival scale,

S(t, t2) = Pr{TW > 1, T®) > 1},

because this quantity is directly affected by the assumed dependence mechanism. The
simulation results first compare the fitted models under controlled censoring levels. The
real-data analysis then illustrates how the same modeling choices change reliability assess-
ment for a device with two competing failure modes. The R workflow used to reproduce
the simulations is summarized in Appendix A.

4.1. Simulation Study for Marshall-Olkin Models and Comparative Approaches

The simulation study was designed to evaluate how well each fitted model recovers
the joint survival function when the underlying dependence mechanism is known. The
same observed-data structure defined in Section 2.1 was used for all fitted models. This
keeps the focus on the dependence specification rather than on changes in the sample
definition, censoring rule, or performance metric.

The fitted model set was

M = {IndepW, GumbelW, ClaytonW, FrailtyW, MOE, MOW }..

Here IndepW denotes the independent Weibull benchmark, GumbelW and ClaytonW
denote Weibull-margin copula models, FrailtyW denotes the shared gamma frailty model
with Weibull margins, and MOE and MOW denote the Marshall-Olkin exponential and
Weibull models, respectively.

For each scenario, R = 1000 Monte Carlo datasets were generated with sample sizes
n € {200,500} and censoring targets ¢ € {0%,10%,30%,50%}. Weibull margins were
generated in rate form,

Si(t) = exp(—Ait"),

with (x1,A1) = (1.2,1.0) for mode 1 and (ap,A;) = (1.5,0.8) for mode 2. Copula de-
pendence was indexed by Kendall’'s T € {0.2,0.5}, using fcumper = (1 — 7)~ ! and
Oclayton = 27/(1 — 7). The shared gamma frailty model used Z~Gamma(2,2), so that
E(Z) =1 and Var(Z) = 0.5. For Marshall-Olkin scenarios, the common-shock component
was chosen to produce a non-negligible diagonal term, so that simultaneous failures could
be generated under MOE and MOW but not under the continuous copula or frailty models.

The data-generating mechanism followed the definitions in Section 2. Under indepen-
dence, Tj(l) and T].(z) were generated separately from their marginal distributions. Under
copula dependence, (Uy;, Uy;) was generated from the selected Archimedean copula and

then transformed through Tj(i) = F;l (Ujj). Under shared frailty, the measurement-specific
frailty Z; was generated first and the conditional hazards were multiplied by Z;. Under
MOE and MOW, individual and common shocks were generated independently and the
latent failure times were set to

1 . 2 i
T]( ) = mln(ulj, qu)/ T]( ) — mln(uijr UO])

Random censoring was then applied through Y; = min(T]-(l), T]-(z), Cj), with C; gen-
erated independently of the latent failure process. Model accuracy was evaluated on
a grid

T = {(tlg/tZg) g:1,,G}
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For replication r and fitted model M, let §(,M) (tig, t2g) denote the estimated joint
survival function, and let So(t1g, f2¢) be the true joint survival function under the data-
generating scenario. The integrated mean squared error was computed as

1 R
IMSE(M) = ? Z

G 2
M
c Z{g\(” )(tlg/ tZg) — So(t1g,f2g)} . (51)
Bias and empirical coverage of the Y, confidence bands were computed on the same
grid. Here, Y, denotes the log-log survival transformation

Yo(ty, t2) = log|—log{S(t1, £2)}],

which was used to construct bands before back-transforming them to the survival scale.

Figure 1 shows that all fitted models produce monotonically decreasing joint sur-
vival surfaces, but the contour patterns are different. The independent Weibull model
has product-type contours, as expected from S(t1,t) = S1(t1)S2(t2). The Gumbel and
Clayton copulas bend the contours in different parts of the grid, reflecting their upper- and
lower-tail association patterns. The frailty model produces a smoother form of positive
association because dependence is induced by a shared latent multiplier rather than by an
explicit shock.

Independence Gumbel Clayton

Figure 1. Joint survival surfaces and contour lines for the six fitted dependence specifications
considered in the simulation study. The surfaces are compared on the same time grid to show how
the dependence mechanism changes the geometry of S(t1, ).

The Marshall-Olkin surfaces show the clearest structural contrast. Their geometry
reflects the common-shock mechanism, which can place probability mass on the diagonal
t; = t. This feature is especially visible in the middle region of the grid, where models with
similar marginal behavior can still give different estimates of joint reliability. The figure
therefore provides a visual check of the main premise of the comparison: dependence mod-
els that look similar at the marginal level can lead to different joint survival assessments.

Table 1 reports the IMSE values for the six fitted models across the four censoring
levels. The MOW model gives the smallest error under 0%, 10%, and 30% censoring. This
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is consistent with the simulation design, because the Marshall-Olkin Weibull model can
reproduce both the Weibull margins and the common-shock structure. The MOE model is
also competitive at low censoring, but its error increases when the Weibull shape is needed
to capture the time-varying failure behavior.

Table 1. Integrated mean squared error (IMSE) for joint survival estimation across censoring levels.
Smaller values indicate closer agreement with the true joint survival surface on the evaluation grid.

Model 0% 10% 30% 50%

IndepW 0.1668890 0.2104161 0.3494275 0.8715601
GumbelW 1.9851585 2.0473139 2.2272948 3.0657810
ClaytonW 1.4321967 1.5218191 1.5725923 2.2767248
FrailtyW 8.5135595 8.9118002 9.1411798 9.3839502
MOE 0.1603779 0.1835660 0.3789848 1.1472263
MOW 0.1347112 0.1733760 0.3001097 0.9223216

The independent Weibull model is close to the Marshall-Olkin models when the data
are complete or only lightly censored. At 50% censoring, it has the smallest numerical IMSE
in the table, although the difference from MOW is small relative to the deterioration caused
by censoring. This result should not be read as evidence that independence is generally
preferable. Rather, it shows that heavy censoring can reduce the information available
to distinguish dependence mechanisms, especially when the comparison is made only
through an aggregate error measure.

The copula models have intermediate errors in this simulation design. ClaytonW
performs better than GumbelW across all censoring levels, but both are less accurate
than the Marshall-Olkin models when the data-generating process contains a common-
shock component. This is expected: copulas can represent smooth dependence between
continuous margins, but they do not generate exact simultaneous failures. The frailty
model has the largest IMSE values. This does not mean that shared frailty is generally
unsuitable; it means that, in these scenarios, latent heterogeneity alone does not reproduce
the structural common-shock behavior present in the data-generating mechanism.

Across the table, censoring increases the difficulty of joint survival estimation. For
most models, IMSE grows as the censoring proportion rises. The increase is especially
clear for the independent, copula, and MOE fits. This pattern is consistent with the
methodological expectation that censoring affects not only marginal estimation but also the
ability to recover the dependence structure. The practical implication is that model choice
becomes more consequential when the available failure information is incomplete.

4.2. Application with Real Data: Device G Study

The Device G data described by [1] come from a field follow-up study with two failure
modes. The first mode, surge, is associated with random electrical damage; the second
mode, wearout, is associated with use-related degradation. The dataset is used here as an
applied illustration of the proposed workflow. The purpose is not to claim that a single
dependence model is the true data-generating mechanism for Device G, but to show how
different assumptions change the estimated joint reliability when the same observed data
are analyzed.

Weibull margins were fitted separately to the two modes. For the surge mode, the esti-
mated shape parameter was f = 1.490 and the scale was 77 = exp(6.108). For the wearout
mode, the estimated shape parameter was f = 0.231 and the scale was 17 = exp(5.830).
Three joint survival estimators were then compared:

Stma(t1, t2) = S1(t1)S2(t),
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a Gumbel copula estimator, and a Gumbel copula estimator combined with shared gamma
frailty. The Gumbel copula was fitted with § = 2, and the shared gamma frailty was
parameterized with mean 1 and variance 1/, with a fixed according to the simulation
setting used for the sensitivity analysis. To evaluate sensitivity to incomplete follow-up,
random censoring levels of 0%, 10%, 30%, and 50% were imposed.

Figure 2 compares the survival estimates obtained under different censoring levels.
With complete data, the independent and Gumbel-based estimates remain close over much
of the time range. This is reasonable because complete failure information reduces the
ambiguity between dependence specifications. As censoring increases, the curves begin
to separate earlier. Under 30% and 50% censoring, the independent estimate declines
more quickly than the Gumbel-based estimate, indicating greater sensitivity to the loss of
event-time information.

0.754

Survival

0.00

Time (Kilocycles)

—— Gumbel_0% == Indep_0% = = Gumbel_10% Indep_10% - - Gumbel_30%

Indep_30% = Gumbel_50% =-- Indep_50% =+ True

Figure 2. Estimated Device G survival curves under independence and Gumbel dependence across
censoring levels, including the complete-data reference.

The 50% censoring case is the most informative for interpretation. In that setting, the
independent estimate drops sharply in the later part of the time range, whereas the Gumbel
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estimate remains closer to the complete-data reference. Both estimates become less stable
under heavy censoring, but the dependent model preserves more of the survival pattern
seen with fuller information. The main message is therefore not that the Gumbel model is
always correct, but that dependence assumptions can become visible once the observed
failure information is reduced.

Figure 3 focuses on the censored scenarios. At 10% censoring, the two model classes
remain relatively close during the early part of follow-up. At 30% and 50% censoring, the
gap widens. The dependent Gumbel estimates generally remain higher than the indepen-
dent estimates at comparable time points. This pattern suggests that the independence

assumption can lead to a more pessimistic estimate of joint reliability for Device G when
the data are strongly censored.

1.004

Survival

Time (Kilocycles)

—— Gumbel_10% == Indep_10% = - Gumbel_30% Indep_30%

+ Gumbel_50% Indep_50% =—— True

Figure 3. Estimated Device G survival curves under positive censoring levels. The plot removes the

complete-data case to make the separation between independence and Gumbel dependence easier
to inspect.

The figure also shows why the real-data analysis should be interpreted as a sensitivity
study. The available Device G observations do not prove a unique dependence mechanism.
They do show, however, that the joint reliability curve can change noticeably when depen-
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dence between failure modes is modeled rather than suppressed. This is the practical issue
that the simulation study was designed to examine under controlled conditions.

Figure 4 presents the Gumbel copula estimate with 95% confidence bands obtained
through the Y, procedure. The point estimate decreases smoothly over the observed time
range, as expected for a survival function. The confidence bands are narrower where more
observations remain informative and become wider in the tail, where fewer measurements
contribute information. This widening is a feature of the data structure rather than a failure
of the method: uncertainty necessarily increases when survival is estimated from a smaller
effective risk set.

(=
- 7 — Joint Survival (Gumbel)
B 95% confidence band
(o 0]
g
© _|
ol [ =
=
c
=
0 o«
3 -
(9]
g
o
S -
I | I |
0 200 400 600
Time

Figure 4. Gumbel copula estimate of the Device G joint survival function. Note: The black solid
line represents the estimated joint survival curve. The purple shaded region represents the 95%
confidence band obtained using the Y, procedure and back-transformed to the survival scale.

The confidence bands also help separate two issues that are often conflated. The point
estimate describes the fitted joint survival curve under the selected dependence model.
The band describes uncertainty around that fitted curve. A narrow band would not prove
that the Gumbel copula is the correct dependence mechanism, and a wider band does not
invalidate the model. Rather, the band shows how much sampling uncertainty remains
after the model has been chosen.

Taken together, the simulation and Device G analyses support the same practical
conclusion. Dependence assumptions matter when estimating joint survival, especially
under moderate or heavy censoring. The effect is not the same for all dependent mod-
els. Copulas provide flexible association between margins [6]; shared frailty captures
unobserved measurement-level heterogeneity [8]; and Marshall-Olkin models represent
common shocks that can generate simultaneous failures [22,37]. The best model is therefore
not simply the most flexible one, but the one whose stochastic mechanism is closest to the
failure process being studied. This point is consistent with reliability applications in which
censoring and dependence misspecification can materially affect risk assessment [38].
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5. Discussion

The simulation study and the Device G application lead to a common message: in-
dependence is useful as a reference model, but it should not be treated as a neutral final
assumption when the failure process is plausibly dependent. The effect of dependence is
not only a matter of parameter estimation. Different dependence mechanisms produce
different shapes for the joint survival function

S(ty, 1) = Pr{TW) > t;, T?® > ,},

and these shapes become more difficult to recover as censoring increases. This is con-
sistent with the competing-risks literature, where the joint distribution of latent failure
times is not identified from observed competing-risk data without additional modeling
assumptions [3,37]. Recent work on dependent censored competing-risk data reaches a sim-
ilar conclusion: censoring and dependence must be considered together when estimating
reliability or survival quantities [39,40].

The numerical results should therefore be read as evidence about mechanisms, not
as a ranking that applies to every reliability problem. In the simulation settings with a
common-shock component, the Marshall-Olkin Weibull model performed well because
its structure matches the data-generating process. The Marshall-Olkin exponential model
was also competitive when the exponential shock assumption was adequate, but it was
less flexible when time-varying hazards were present. The independent Weibull model
remained a useful benchmark, and in some high-censoring summaries it produced a small
aggregate error. This does not imply that independence is preferable under dependence;
rather, it shows that heavy censoring can reduce the information needed to distinguish
between dependence mechanisms.

The distinction between continuous dependence and common-shock dependence is
central. Copula models are useful when the dependence between failure modes is mainly
expressed as association between continuous latent times. They preserve the marginal
survival models and modify the joint structure through the copula, which makes them
attractive in applications where marginal behavior and dependence are best modeled
separately [21,41]. The Gumbel and Clayton families used here represent different tail-
dependence patterns and provide interpretable alternatives to independence. Related
studies on dependent censored and masked competing-risk data also support the use of
copulas when association among failure causes is expected but exact simultaneous failures
are not the main physical mechanism [39,42].

Marshall-Olkin models have a different interpretation. Their purpose is not only to
increase the strength of dependence, but to represent a physical common-shock mecha-
nism. In these models, a shared event can cause both failure modes to occur at the same
time, producing a singular component on the diagonal t; = t,. This feature cannot be
reproduced by an absolutely continuous copula with continuous margins. Thus, MOE and
MOW specifications are most appropriate when engineering knowledge, failure records, or
inspection data suggest that external shocks, cascading effects, or shared stress events can
affect both modes simultaneously [43,44]. In such cases, treating simultaneous failures as
ordinary ties may hide a meaningful part of the failure process.

Shared frailty models address another source of dependence: unobserved hetero-
geneity among measurements. A frailty term is useful when the association between
failure modes may arise from differences in manufacturing quality, operating environment,
maintenance history, or usage intensity. In that setting, a measurement with a large frailty
value is more vulnerable to both modes, whereas a measurement with a small frailty value
is less vulnerable to both. This interpretation follows the standard view of frailty as a

https:/ /doi.org/10.3390/computation14070152


https://doi.org/10.3390/computation14070152

Computation 2026, 14, 152

23 of 31

latent multiplicative effect on the hazard scale [8,9]. The results also show, however, that
frailty should not be used as a generic correction for any form of dependence. If the true
mechanism is a common shock, a frailty model may improve over independence but still
fail to reproduce the diagonal structure generated by Marshall-Olkin dependence [45].

Censoring has two consequences for model interpretation. First, it reduces the amount
of information available for estimating the marginal hazards. Second, it makes the de-
pendence mechanism harder to identify, especially when few failures are observed in one
mode or when simultaneous failures are rare. These effects were visible in the simulation
results and in the Device G sensitivity analysis. Under moderate and high censoring, the
estimated joint survival curves separated more clearly across model classes. This supports
the use of dependence models as sensitivity tools: when several plausible mechanisms
lead to materially different reliability estimates, model choice should be guided by both
statistical diagnostics and knowledge of the failure process.

The likelihood-based estimates must also be interpreted with care. The models con-
sidered in this article involve nonlinear likelihoods, constrained parameters, and in the
Marshall-Olkin case, singular components. Heavy censoring, boundary estimates, weakly
identified dependence parameters, or zero failures in one mode can make the observed
information matrix unstable. Computational issues of this type are common in censored
competing-risk models and often require numerical likelihood maximization together with
simulation checks [46,47]. For this reason, transformed parameters, bounded optimization,
multiple starting values, Hessian checks, profile likelihoods, and bootstrap intervals are
not merely computational conveniences. They are part of the inferential procedure needed
to assess whether the reported estimates are stable and interpretable [19,35].

The marginal model remains equally important. Weibull margins were used because
they provide a parsimonious way to represent decreasing, constant, and increasing hazards,
which are common in reliability applications [17]. Nevertheless, dependence estimates can
be affected by marginal misspecification. For example, if a strongly increasing hazard is
forced into an exponential margin, part of the marginal lack of fit may be absorbed by the
dependence parameter. The dependence mechanism should therefore be interpreted only
after the marginal behavior has been checked. Although this article focuses on exponen-
tial and Weibull margins to keep the comparison controlled, finite-support alternatives
such as Kies-type distributions and more flexible Weibull extensions may be useful when
the physical operating window is bounded or when the marginal hazard shape is more
complex [18,48].

The real-data analysis should be viewed in the same spirit. The Device G data do not
prove that one dependence model is uniquely correct. Instead, they show that the estimated
joint reliability can change when dependence between failure modes is modeled rather than
suppressed. This is especially relevant in engineering applications, where the fitted model
may influence maintenance planning, warranty decisions, or risk assessment. A model that
fits the marginal survival curves well may still give misleading joint reliability estimates if
the dependence structure is inconsistent with the underlying failure mechanism.

Several limitations should be acknowledged. The comparison was restricted to two
failure modes, parametric margins, selected Archimedean copulas, gamma frailty, and
Marshall-Olkin exponential and Weibull specifications. More complex systems may involve
more than two modes, covariates, time-dependent stressors, masked causes, or nonpara-
metric marginal components. The simulation grid was designed to compare mechanisms
under controlled conditions, not to exhaust all possible reliability settings. These limitations
do not weaken the main conclusion; rather, they indicate where the framework can be
extended. Future work may incorporate covariates, alternative censoring mechanisms,
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Bayesian estimation, finite-support margins, or higher-dimensional Marshall-Olkin and
copula structures.

Practical Recommendations by Scenario

The practical workflow should begin with the margins. Before choosing a dependence
model, the analyst should fit and diagnose the marginal lifetime models for each failure
mode. Residual plots, probability plots, profile likelihoods, and sensitivity to alternative
margins are useful at this stage. Only after the marginal behavior is reasonably described
should the dependence structure be interpreted.

Independence should then be fitted as a baseline, not as a default conclusion. It
provides a transparent reference for likelihood values, joint survival curves, and uncertainty
estimates. If the independent model gives results close to the dependent alternatives and
there is no engineering evidence of dependence, it may be adequate for routine prediction. If
the dependent models produce noticeably different joint survival estimates, independence
should be treated as a sensitivity case rather than as the final model.

When failures are not expected to occur exactly at the same time, but the failure
times are associated, copulas are a natural first choice. The Gumbel family is useful when
upper-tail association is plausible, whereas the Clayton family is useful when lower-tail
association is more relevant [32,33]. In this setting, Kendall’s T provides an interpretable
scale for comparing dependence strength across copula families.

When the engineering mechanism suggests shared external shocks, cascading events,
or simultaneous component failures, Marshall-Olkin models should be considered. The
MOE model is appropriate when exponential shock times are reasonable, whereas MOW
allows a common Weibull shape and therefore more flexible time-varying hazard behavior.
These models are especially relevant when the event vertex V; = (1,1) has a direct physical
interpretation as a common-shock failure [44,49].

When the main concern is unobserved variability across measurements, shared gamma
frailty is more interpretable than a common-shock model. Frailty is appropriate when
measurements differ in hidden vulnerability because of manufacturing conditions, environ-
mental exposure, maintenance history, or usage intensity. It is also useful under moderate
or high censoring, where unobserved heterogeneity can affect both point estimates and
uncertainty quantification [45,50].

Finally, model selection should not be based on a single numerical criterion. This
point is particularly relevant for copula-based reliability models, where different validation
criteria may lead to different model choices [51]. Likelihood values, IMSE, confidence-band
coverage, convergence behavior, boundary estimates, Hessian conditioning, and profile
likelihoods should be reviewed together. The preferred model is the one that provides an
adequate statistical fit and has a plausible reliability interpretation. This approach links the
statistical evidence with the physical failure mechanism and reduces the risk of selecting a
model only because it improves an isolated numerical score.

6. Conclusions

This study compared independence, Archimedean copulas, shared gamma frailty,
and Marshall-Olkin specifications for estimating the joint survival function in two-mode
competing-risks data under censoring. The comparison was carried out under the common
observed-data structure defined in Section 2.1, so that differences among models could
be interpreted in terms of the assumed dependence mechanism rather than changes in
notation, censoring treatment, or estimation target.

The main finding is that the dependence mechanism can materially change the esti-
mated joint survival surface. The independent Weibull model remains useful as a trans-
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parent benchmark, but it should not be treated as a neutral final model when the failure
process is plausibly dependent. In the simulation study, models whose stochastic mech-
anism matched the data-generating structure gave more reliable joint survival estimates.
In particular, Marshall-Olkin models were effective when common shocks were present
because they explicitly include a singular diagonal term for simultaneous failures. Copula
models were more appropriate for continuous association between failure times, while
shared frailty provided a natural representation of latent measurement-level heterogeneity.

The results also show that censoring affects more than marginal lifetime estimation.
As the censoring proportion increases, the available information for distinguishing among
dependence mechanisms decreases. This makes model choice more consequential and also
more uncertain. For that reason, the reported estimates should be interpreted together
with convergence diagnostics, boundary checks, Hessian behavior, profile likelihoods, and
bootstrap or profile-based uncertainty intervals when standard asymptotic approximations
are questionable.

The Device G analysis illustrates the practical relevance of the framework. Using
the same marginal fitting strategy and observed-data structure, different dependence
assumptions led to different joint reliability assessments under incomplete follow-up. The
application should not be read as proof that one dependence model is universally correct for
the device. Rather, it shows how the proposed workflow can be used to examine whether
independence, continuous association, latent heterogeneity, or common shocks provide the
most plausible description of the observed failure process.

From a reliability perspective, the findings support a sequential modeling strategy.
Marginal lifetime models should be diagnosed first. Independence can then be fitted as
a baseline. Candidate dependence models should be selected according to the physical
failure mechanism: copulas when association is continuous, frailty when unobserved
measurement-level variability is plausible, and Marshall-Olkin models when simultaneous
failures or common shocks have a meaningful engineering interpretation. The final model
should be chosen from both statistical evidence and substantive knowledge of the system,
rather than from a single numerical criterion.

Several limitations remain. The study focused on two failure modes, parametric
exponential and Weibull margins, selected Archimedean copulas, shared gamma frailty,
and Marshall-Olkin exponential and Weibull models. More complex applications may
require covariates, time-varying operating conditions, masked causes of failure, semi-
parametric margins, bounded-support lifetime distributions, or higher-dimensional de-
pendence structures. Future work should extend the framework in those directions and
evaluate it on additional field datasets where the physical source of dependence can be
independently assessed.

Opverall, the study shows that joint survival estimation under competing risks requires
explicit attention to the mechanism generating dependence. Treating dependence as a
generic association parameter is often insufficient. Models that reflect the underlying failure
process provide more interpretable joint reliability estimates and offer stronger support for
maintenance planning, inspection priorities, and risk assessment under censoring.
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Appendix A. Simulation Workflow in R

The following R code outlines the simulation workflow used in the Monte Carlo study.
The code follows the notation used throughout the article: for each measurement, the latent

failure times are (T].(l) , Tj(z) ), the censoring time is Cj, the recorded time is
. 1 2
Y; =min{T\", T%,C;},

and the event vertex is V; € V. The vertex (1,1) is generated only by Marshall-Olkin
models, where a common shock can produce exact simultaneous failure. The workflow
documents the data-generation and censoring steps used in the simulations; model-specific
likelihood maximization follows Algorithm 1. The analyses were implemented in R [36].

Listing Al. R simulation workflow for the dependence models considered in the study.

# Weibull rate parameterization:
# S(t) = exp(-lambda * t~beta), so scale = lambda~(-1 / beta)

rweibull_rate <- function(n, beta, lambda) {
stats::rweibull(n, shape = beta, scale = lambda~(-1 / beta))
}

make_observed_data <- function(T1, T2, C) {
Y <- pmin(T1, T2, C)

V1 <- ifelse(
C<T1&C<T2, OL,
ifelse(
TL < T2 & T1 <= C, 1L,
ifelse(
T2 < T1 & T2 <= C, OL,
ifelse(T1 == T2 & T1 <= C, 1L, NA_integer_)

V2 <- ifelse(
C<TL&C< T2, OL,

ifelse(
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T1 < T2 & T1 <= C, OL,
ifelse(
T2 < Tt & T2 <= C, 1L,
ifelse(T1 == T2 & T1 <= C, 1L, NA_integer_)

data.frame(Y = Y, V1 = V1, V2 = V2)

calibrate_censoring_rate <- function(Tmin, target) {
if (target <= 0) return(0)
if (target >= 1) stop("The target censoring proportion must be less than 1.")

objective <- function(rate) {
mean(l - exp(-rate * Tmin)) - target

}

stats::uniroot(objective, interval = c(le-8, 1e3))$root

apply_random_censoring <- function(T1, T2, target_censoring) {
n <- length(T1)
Tmin <- pmin(T1, T2)

if (target_censoring <= 0) {
C <- rep(Inf, n)

} else {
rate_c <- calibrate_censoring_rate(Tmin, target_censoring)
C <- stats::rexp(n, rate = rate_c)

}

make_observed_data(T1, T2, C)

# Independent Weibull risks

generate_independent_weibull <- function(n, betal, lambdal, beta2, lambda2) {
T1 <- rweibull_rate(n, beta = betal, lambda = lambdal)
T2 <- rweibull_rate(n, beta = beta2, lambda = lambda2)
list(T1 = T1, T2 = T2)

# Gumbel or Clayton copula with Weibull margins
generate_copula_weibull <- function(n, family, tau,
betal, lambdal,
beta2, lambda2) {
if (!requireNamespace('"copula", quietly = TRUE)) {
stop("The ’copula’ package is required for this generator.")

}
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if

U

T1

T2

1i

(family == "gumbel") {
theta <- 1 / (1 - tauw)
cop <- copula::gumbelCopula(param = theta, dim = 2)
else if (family == "clayton") {
theta <- 2 * tau / (1 - tauw)
cop <- copula::claytonCopula(param = theta, dim = 2)
else {
stop("family must be either ’gumbel’ or ’clayton’.")

<- copula::rCopula(n, cop)

<- stats::qweibull(U[, 1],

shape = betal,

scale = lambdal~(-1 / betal))
<- stats::qweibull(U[, 2],

shape = beta2,

scale = lambda2~(-1 / beta2))

st(T1 = T1, T2 = T2, theta = theta)

# Shared gamma frailty with Weibull margins

gene

#

Z

T1
T2

1i

rate_gamma_frailty_weibull <- function(n, betal, lambdal,
beta2, lambda2,
alpha) {

Shape-rate parameterization: E[Z] = 1, Var[Z] = 1 / alpha

<- stats::rgamma(n, shape = alpha, rate = alpha)

<- rweibull_rate(n, beta = betal, lambda = lambdal * Z)
<- rweibull_rate(n, beta = beta2, lambda = lambda2 * Z)

st(T1 =T1, T2 = T2, Z = Z)

# Marshall-Olkin exponential shocks

gene
Uo
U1
U2

T1
T2

1i

# Ma
gene
Uo
U1
U2

T1
T2

rate_moe <- function(n, lambdaO, lambdal, lambda2) {

<- stats::rexp(n, rate = lambdaO) # common shock

<- stats::rexp(n, rate = lambdal) # mode-specific shock 1
<- stats::rexp(n, rate = lambda2) # mode-specific shock 2

<- pmin(U1l, UO)
<- pmin(U2, UO)

st(T1 = T1, T2 = T2, UO = UO, Ul = U1, U2 = U2)

rshall-0lkin Weibull shocks with common shape beta
rate_mow <- function(n, beta, lambdaO, lambdal, lambda2) {
<- rweibull_rate(n, beta = beta, lambda = lambdaO)
<- rweibull_rate(n, beta = beta, lambda = lambdal)
<- rweibull_rate(n, beta = beta, lambda = lambda2)

<- pmin(U1, UO)
<- pmin(U2, UO)
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list(T1 = T1, T2 = T2, UO = U0, Ul = U1, U2 = U2)

run_one_replication <- function(n,
generator,
generator_args,
target_censoring) {

latent <- do.call(generator, c(list(n = n), generator_args))

observed <- apply_random_censoring(
T1 = latent$T1,
T2 = latent$T2,
target_censoring = target_censoring

)
observed
}
# Example:
# dat <- run_one_replication(
# n = 200,
# generator = generate_mow,
#  generator_args = list(beta = 1.3,
# lambdaO = 0.5,
# lambdal = 0.8,
# lambda2 = 0.7),
#  target_censoring = 0.30
#)
B oo o
# Model fitting and confidence bands
B oo __
# The following steps are performed for each fitted model M:
#
# 1. Construct the model-specific likelihood L_M(theta; D_n).
# 2. Maximize the log-likelihood using the multi-start procedure
# described in Algorithm 1.
# 3. Evaluate S_hat_M(tl1, t2) on the grid T.
# 4. Construct Y_e bands by measurement-level bootstrap:
# a. resample measurements with replacement;
# b. refit the model in each bootstrap sample;
# c. compute log{-log S_hat_M(tl, t2)} on the grid;
# d. obtain simultaneous percentiles over the grid;
# e. back-transform the bands to the survival scale.
# The functions for likelihood maximization are model-specific and use
# the likelihood terms defined in Section 2 and Algorithm 1.
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