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Abstract

Quadrotor unmanned aerial vehicles (QUAVs) exhibit strongly coupled nonlinear
dynamics and are highly sensitive to disturbances and measurement noise, which can
significantly degrade trajectory tracking performance and induce chattering in sliding
mode-based controllers. In this work, a fractional-order backstepping sliding mode
control (FO-BSMC) strategy is proposed for QUAV trajectory tracking. In contrast to
existing fractional-order sliding mode approaches, where the fractional operator is
typically introduced into the sliding surface or control law, the proposed methodology
incorporates fractional-order behavior directly into the QUAV dynamic model through
the Caputo definition, while the Griinwald-Letnikov approximation is adopted for
numerical implementation. A conventional integer-order BSMC scheme is also
developed, and Lyapunov-based stability analyses are presented for both the
conventional BSMC and the proposed FO-BSMC formulations. The fractional order is
selected using the PSO algorithm. The performance of both controllers is evaluated under
external disturbances, perturbed initial conditions, and measurement noise. Monte Carlo
simulations are further conducted to assess the sensitivity of the closed-loop system to
initialization uncertainties. The simulation results demonstrate that the proposed FO-
BSMC achieves lower tracking errors, faster convergence, improved robustness against
external disturbances and measurement noise, and smoother control actions with reduced
chattering than the conventional BSMC.

Keywords: quadrotor unmanned aerial vehicle; fractional-order control; backstepping
sliding mode control
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1. Introduction

Quadrotor unmanned aerial vehicles (QUAVs) have attracted considerable attention
from both academia and industry due to their simple mechanical structure, vertical take-
off and landing capability, and high maneuverability [1]. These features have made them
suitable for a wide range of applications, including infrastructure inspection,
environmental monitoring, precision agriculture, surveillance, and search-and-rescue
missions [2]. As the operational scenarios for QUAVs become increasingly complex,
developing reliable control strategies that ensure accurate trajectory tracking and robust
closed-loop performance remains an active and challenging research topic [3].

The control of QUAVSs remains a challenging task due to the strongly nonlinear and
underactuated nature of their dynamics. In particular, the translational and rotational
motions are intrinsically coupled; so, variations in the vehicle attitude directly affect its
position dynamics, increasing the complexity of controller design [4]. Furthermore,
practical implementations are inevitably influenced by modeling inaccuracies, external
disturbances, and measurement noise, which may deteriorate tracking accuracy and
reduce the robustness margins of the closed-loop system [5]. These challenges have
motivated the development of robust nonlinear control methodologies capable of
handling such adverse conditions [5].

Among the nonlinear control methodologies proposed for QUAVs, backstepping
control has received considerable attention because it exploits the cascaded structure of
the vehicle dynamics, allowing for the systematic construction of stabilizing control laws
[6]. Its application to QUAVs has demonstrated satisfactory tracking performance under
nominal conditions. Nevertheless, the performance of backstepping controllers degrades
under model uncertainties and external disturbances, since the design strongly depends
on the knowledge of the system dynamics and the availability of state measurements [7].
To address these limitations, sliding mode control (SMC) has been integrated with
backstepping frameworks, leading to backstepping sliding mode control (BSMC) schemes
that combine the recursive stabilization properties of backstepping with the inherent
disturbance rejection capability of sliding mode techniques [8].

BSMC strategies have demonstrated remarkable capabilities for improving
disturbance rejection and achieving finite-time convergence in QUAV control applications
[9]. However, their practical implementation remains affected by the well-known
chattering phenomenon associated with the discontinuous nature of the switching action
[10]. Excessively large switching gains, commonly adopted to preserve robustness, may
excite unmodeled dynamics, amplify measurement noise, and accelerate actuator
degradation [11]. Several approaches have been proposed to mitigate this issue, including
continuous approximations of the switching function, adaptive gain tuning, and higher-
order sliding mode techniques such as the super-twisting algorithm [12]. Recent
developments have mainly focused on improving the trade-off between robustness and
control smoothness. For instance, in [13], a global fast terminal sliding mode control
(GFTSMC) scheme was proposed to improve convergence speed and disturbance
rejection, achieving faster steady-state response and reducing tracking errors compared
to classical SMC formulations. In [14], an adaptive fast nonsingular terminal sliding mode
strategy, combined with a super-twisting reaching law, was introduced to enhance
tracking accuracy and attenuate chattering under time-varying disturbances. Along the
same direction, the adaptive super-twisting controller introduced in [15] exploited gain
adaptation to preserve robustness while generating smoother control actions. Although
these approaches demonstrate improved performance in terms of convergence speed,
disturbance rejection, and chattering attenuation, they generally require more elaborate
controller architectures, additional tuning parameters, or partial knowledge of the
disturbance characteristics, which may complicate their practical implementation [16].
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The limitations associated with many advanced sliding mode strategies have
motivated the exploration of alternative mathematical frameworks capable of improving
robustness without significantly increasing controller complexity. In this context,
fractional-order calculus (FOC), which generalizes classical differentiation and integration
to non-integer orders, has attracted growing interest in the control community [17]. Unlike
conventional integer-order models, fractional operators inherently capture memory
effects and nonlocal interactions, allowing for a more accurate representation of systems
whose behavior depends not only on their current state but also on their past evolution
[18]. This additional degree of freedom provides a richer dynamic representation and has
been successfully exploited to model and control nonlinear systems affected by
uncertainties, disturbances, and partially known dynamics [19].

Recent research on QUAV control has increasingly considered fractional-order
extensions of conventional control strategies [20]. In [21], a fractional-order sliding mode
control scheme with time-varying state constraints was developed, with the translational
and rotational subsystems treated separately to guarantee asymptotic stability and
constraint satisfaction under wind disturbances. However, the method relies on accurate
constraint definition and does not explicitly address measurement noise or chattering
mitigation. In [22], a fractional-order adaptive fixed-time sliding mode fault-tolerant
controller was proposed to handle actuator faults and external disturbances
simultaneously, ensuring convergence within a predefined time bound. Despite its
robustness, the approach introduces multiple adaptive mechanisms and increases
parameter tuning complexity. A fractional-order sliding mode controller combined with
active disturbance rejection control was presented in [23], achieving improved
disturbance rejection and reduced chattering through a dual-loop structure. Nevertheless,
the multi-layer architecture increases implementation complexity.

Several works have focused on enhancing convergence properties through terminal
sliding mode formulations. In [24], an adaptive fractional-order nonsingular fast terminal
sliding mode controller was designed to ensure finite-time convergence under stochastic
disturbances, achieving high tracking accuracy. Similarly, in [25], a fractional-order fast
terminal backstepping sliding mode control strategy was introduced for QUAV position
and attitude regulation, demonstrating improved robustness and convergence speed
under disturbances. However, these approaches require complex sliding surface design
and adaptive tuning laws, which may limit their practical deployment. Alternative
designs include high-order fractional PID-SMC controllers [26], which improve steady-
state and transient performance but introduce additional controller parameters, and
event-triggered fractional-order sliding mode control strategies [27], which reduce
computational burden at the cost of increased implementation complexity due to
triggering conditions. Furthermore, improved adaptive fractional-order integral terminal
sliding mode controllers [28] have been proposed to enhance robustness against time-
varying disturbances. However, they rely on multiple adaptive loops and increased
structural complexity.

In parallel, fractional-order backstepping-based approaches have also been
investigated. In [29], a neural-network-based fractional-order backstepping controller was
proposed to address unknown nonlinear dynamics, achieving improved tracking
performance through online approximation. However, the reliance on neural networks
increases computational cost and requires training and tuning procedures. From an
estimation perspective, fractional-order observer designs have demonstrated notable
robustness improvements. In [30], a fractional-order sliding mode observer based on the
Caputo definition was developed for actuator fault estimation in QUAVs, demonstrating
enhanced robustness to noise, chattering, and initial-condition variations compared to
classical observers.
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Despite the considerable progress achieved in fractional-order sliding mode control,
most existing approaches share a common characteristic: the fractional operator is
incorporated into the controller, either through the sliding manifold, the reaching law, or
the control algorithm itself, whereas the mathematical model of the plant remains
unchanged. As a result, the performance improvements reported in previous studies arise
from the combined effect of the modified controller and the fractional formulation,
making it difficult to distinguish the contribution of the system dynamics from that of the
control strategy.

The present work follows a different perspective. Rather than introducing the
fractional operator into the control law, the proposed formulation incorporates fractional
dynamics directly into the QUAV model while preserving the original structure of the
BSMC. Consequently, the controller synthesis remains unchanged, whereas the state
variables used for feedback evolve according to fractional-order dynamics. This
separation makes it possible to evaluate the influence of the fractional dynamic model
independently of additional modifications to the controller.

Based on this formulation, a fractional-order backstepping sliding mode controller
(FO-BSMC) is developed for QUAV trajectory tracking. The fractional dynamics are
represented through the Caputo derivative and numerically implemented using the
Griinwald-Letnikov approximation. The resulting controller preserves the recursive
design of the conventional BSMC while operating with the fractional-order state
trajectories generated by the proposed dynamic model. This formulation provides a direct
framework for assessing the influence of fractional dynamics on the closed-loop
performance without introducing additional modifications into the controller
architecture.

The main contributions of this work are summarized as follows:

e A fractional-order dynamic formulation of the QUAV based on the Caputo
derivative definition.

¢ A novel FO-BSMC architecture in which the fractional-order behavior is introduced
directly into the QUAV dynamics rather than through fractional sliding manifolds or
fractional reaching laws.

e A comparative robustness analysis between the proposed FO-BSMC and the classical
integer-order BSMC.

e A theoretical analysis including the Lyapunov stability proof of the conventional
BSMC and a fractional Lyapunov-Mittag-Leffler stability proof for the proposed FO-
BSMC

The effectiveness of the proposed FO-BSMC strategy is evaluated through a
comparative study against the conventional integer-order BSMC. The fractional
differentiation order is selected using the Particle Swarm Optimization (PSO) algorithm
based on trajectory-tracking performance. Both controllers are assessed under identical
operating conditions, considering trajectory tracking in the presence of external
disturbances, perturbed initial conditions, and noisy measurements. Furthermore, Monte
Carlo simulations are performed to evaluate the robustness of the closed-loop system
under variations in the initial conditions. The control performance is quantitatively
assessed using the integral absolute error (IAE) and the integral squared error (ISE), while
the smoothness of the control signals and the chattering attenuation capability are
analyzed qualitatively.

The remainder of this paper is organized as follows: Section 2 presents the
fundamental concepts of fractional-order calculus. Section 3 introduces the QUAV
mathematical model, the design of the classical BSMC and its Lyapunov-based stability
analysis, followed by the proposed FO-SMC formulation together with its corresponding
fractional-order stability analysis. Section 4 presents the simulation scenarios and
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discusses the obtained results. Finally, Section 5 summarizes the main conclusions of this
study.

2. Fractional Calculus Preliminaries

Fractional calculus generalizes classical differential and integral operators by
extending their order from integers to real (or even complex) numbers. This generalization
provides a flexible mathematical framework capable of capturing memory effects and
hereditary properties that naturally arise in a wide class of physical and engineering
systems [31]. As a result, fractional-order operators have proven particularly well-suited
for modeling and analyzing dynamical systems exhibiting nonlocal or history-dependent
behavior [17].

Several equivalent formulations of fractional-order operators have been reported in
the literature. Among them, the Riemann-Liouville (RL), Griinwald-Letnikov (GL), and
Caputo definitions are the most widely adopted in control-oriented applications [32]. For
completeness, the main definitions employed in this work are summarized below [31].

Let f: [0,0) » R be a sufficiently smooth function. The RLfractional integral of
order B € R* is defined as follows:

RL] B — f —n)B-1
t t dn, t >0, 1
IEf(t) = X0 f@)(@—n)Ftdn M
where I'(-) denotes Euler’s Gamma function, given by:
r(z) = f t?~exp(—t) dt. (2)
0

It is worth noting that RL integral in Equation (1) reduces to the classical integral
operator when § = 1.

Based on the same framework, the RLfractional derivative of order a > 0 is defined
as follows:

DL = o | FE— e3>, ©)

wherem = [a] 4+ 1, and [a] denote the integer part of a. As expected, when « is 1, the
RL derivative is just like the classical derivative. In control applications, the Caputo
definition is often preferred due to its compatibility with physically meaningful initial
conditions [18]. The Caputo fractional derivative of order a is defined as follows:

DEF(t) = f FMaE - mmeidy, >0, @)

for a = 1, this expression co1nc1des with the standard first-order derivative.

Numerical approximation of fractional-order operators

Analytical solutions of fractional-order differential equations are available only for a
limited class of problems. Consequently, numerical approximation techniques play a
central role in their practical implementation. In this work, the Griinwald-Letnikov (GL)
approach is adopted due to its conceptual simplicity and direct suitability for time-
domain simulations [30].

The GL fractional derivative of order 6 € R is defined as follows:

[t/h]
1 .
W@ = mas > 0 (§) re—jm, ©
j=0

where h denotes the discretization step and (f) represents the generalized binomial
coefficient. This coefficient can be expressed using the Gamma function as follows:
(9) _ re+1

J) O TG+Dr@e—-j+1°

(6)
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For 8 € [-1,0), definition in Equation (5) corresponds to a fractional integral,
whereas for 6 € (0,1], it represents a fractional derivative.
Consider the fractional-order dynamical system:

GDef(®) = g(f®). @)

Its numerical implementation using the GL approximation leads to the recursive

expression:
k
F6) = g(Fte))h = > P f (&) ®)
j=1
where the coefficients st are computed recursively as follows:
1+6
c]-a = (1 - 7 )cje_l, C]_e =0. 9)

The summation term in Equation (8) accounts explicitly for the memory effect
inherent to fractional-order systems and is commonly referred to as the intrinsic memory
contribution.

3. QUAV Modeling and Control Design

This section introduces the nonlinear mathematical model of the quadrotor
unmanned aerial vehicle (QUAYV) together with the proposed control framework. The
conventional backstepping sliding mode controller is first derived, and its closed-loop
stability is established using Lyapunov theory. The fractional-order formulation is then
developed by incorporating fractional-order dynamics into the QUAV model, followed
by the corresponding stability analysis.

3.1. Mathematical Model of the QUAV

This section presents the mathematical model of QUAV employed for control design.
The QUAYV is modeled as a rigid body operating in three-dimensional space and subject
to six degrees of freedom, comprising three rotational and three translational motions.
The vehicle dynamics are derived from the Euler-Lagrange formalism under the standard
assumptions of rigid-body motion, symmetric mass distribution, and small-angle
operation [30].

Let ¢, 8, and ¥ denote the roll, pitch, and yaw angles, respectively, expressed in
the body-fixed reference frame, while x, y, and z represent the translational position of
the QUAV in the inertia frame. The following second-order nonlinear equations govern
the rotational dynamics of the vehicle:

b = pipp + dy PO + Y0,

0 = Ptz + do¥pp — b, (10)

W = psps + ds 96 + 0,
where u,, p3, and p, denote the control torques acting along the roll, pitch, and yaw
axes, respectively. The nonlinear coupling terms involving the products of the angular
velocities arise from the rigid-body rotational dynamics of the adopted QUAV model and
describe the inertial coupling between the rotational axes. The coefficients d;, d,, and d;
represent inertial coupling terms arising from asymmetries in the vehicle’s moments of
inertia and account for gyroscopic and cross-axis effects in the rotational dynamics. They
are defined as follows:

dl = (Iyy - Izz)/lxxr
d2 = (Izz - Ixx)/lyy; (11)
d; = (Ixx - Iyy)/lzz'
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where I, I,,, and I,, denote the moments of inertia of the QUAV about the body-fixed
x-, y-, and z-axes, respectively. The scaling coefficients p;, p,, and p; relate the applied
control torques to the resulting angular accelerations and are defined as follows:

P1 = 1/Ixx’
p. = 1/1,, (12)
1% 1/Izz-

The translational dynamics of the QUAV are governed by the total thrust force
generated by the four rotors and are expressed as follows:

i = (SPSp + CYSOCH) %
§ = (—CySg + Spsoce) -, (13)
;o o
z=(CoCP) "~ g,
where u; denotes the collective thrust generated by the four rotors, m is the mass of the
vehicle, and g represents the gravitational acceleration. For compactness, sin(-) and
cos(-) are denoted by S(-) and C(:), respectively.

To facilitate the design of control strategies, the QUAV dynamics are reformulated in
state-space form. The state vector is defined as X=

[x1, X2, X3, X4, X5, X6, X7, Xg, Xo, X10, X11, X12]" = [qb, $,0,0,,,x,x,v,7,2, Z] . Using this defi-
nition, the nonlinear state-space model of the QUAV can be expressed as follows:

- x2 -
d1x4x6 + X4_X6 + plluz + 6¢
X4
daX2Xe — X2Xe + D2lz + O
X6
. d3x,X4 + XpX4 + D3pls + Gy
X = Xg , (14)
Px /M + 8y
X10
Hy 1/ m + 8y
X12
L (Cx3Cxy)py/m—g + 6,

where p; denotes the total thrust input, while p,, u3, and p, correspond to the roll,

pitch, and yaw control torques, respectively. The terms &;, for i € {¢,0,9,x,y,2},

represent unknown but bounded external disturbances acting on the acceleration

dynamics. These disturbances are assumed to be matched and account for unmodeled
aerodynamic effects, wind gusts, actuator imperfections, and parametric uncertainties.

The auxiliary variables u, and u, represent virtual control inputs defined as

follows:

Uy = (Sx55x; + Cx5Sx3Cxy),

ty = (—Cx5Sx; + Sx5Sx3Cx).

The resulting nonlinear state-space model explicitly reveals the underactuated and

(15)

strongly coupled nature of the QUAYV, as well as the matched structure of the
disturbances. This formulation provides a suitable foundation for the development of the
backstepping-sliding mode control strategy presented in the following section.

3.2. Backstepping Sliding Mode Control

In this section, a backstepping sliding mode control (BSMC) is developed for the
QUAV trajectory tracking problem. The control objective is to achieve accurate attitude
and position trajectory tracking despite the presence of matched disturbances and
nonlinear dynamic couplings. The controller is constructed by exploiting the cascaded
structure of the QUAV dynamics through the combination of backstepping design and
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sliding mode control principles. Since the derivation procedure is systematic and follows
standard BSMC formulations commonly reported for nonlinear aerial systems, only the
main design steps and resulting control laws are presented herein for completeness. A
more detailed derivation of the classical BSMC methodology can be found in [8,11].
Rotational control design
The rotational control subsystem is designed to achieve accurate tracking of the
quadrotor’s attitude by regulating the roll, pitch, and yaw dynamics. Let x;4, x34, and
xsq denote smooth desired reference trajectories associated with the roll (¢), pitch (),
and yaw (i) angles, respectively. The corresponding tracking errors and their time
derivatives are defined as follows:
ey = X1q4 — X1, é¢ = X1q — X3,
g = X3q — X3, €g = X3q — Xa (16)
ey = Xsq — Xs, élp = Xgq — X¢,
where x;, x3, and x5 denote the attitude states corresponding to the roll, pitch, and yaw
motions of the QUAV, whereas x,, x4, and x4 represent the associated angular velocity
states.
The sliding variables for the rotational dynamics are defined as follows:
S¢ = €y t+V1€4,
Sp = € +V1€p, 17)
Sy = éy + Y16y,
where y; € R* is a positive design parameter that determines the convergence rate of the
tracking errors toward the sliding manifolds.
To ensure finite-time convergence and robustness against matched disturbances, the
following reaching laws are defined as follows:
Sp = —P1S¢ — klsign(s¢),
Sg = —p1Se — kysign(sy), (18)
Sy = —p1Sy — klsign(sll,),

where p; > 0,and k; > 0 are positive control gains. Substituting the rotational dynamics
of the QUAYV into the reaching laws and solving for the control inputs yields:

Uz = p_ll [— pisp—kisign(se) — diXaXg — XaXe + %14 + V161],

Uz = i [— p15e — kysign(sg) — daxyXe + X2X6 + X34 + V1€5], (19)

g = p_ls[_P15¢ - k15ign(5¢) — d3XxpX4 — XpX4 + X5q + V1é5],
where pu,, uz, and p, denote the control torques associated with the roll, pitch, and yaw
dynamics, respectively. sy, Sg, and sy, represent the sliding variables corresponding to
the roll, pitch, and yaw tracking errors. The positive constants p,, p,, and p; are scaling
coefficients relating the applied torques to the angular accelerations, whereas d;, d,, and
d; are inertial coupling coefficients. x,, x4, and x4 correspond to the angular velocity
states associated with the roll, pitch, and yaw motions, respectively. The signals ¥4, %34,
and %54 denote the desired angular accelerations associated with the roll, pitch, and yaw
reference trajectories, respectively. The parameter y; > 0 is a positive design constant,
while é4, €9, and €, denote the derivatives of the roll, pitch, and yaw tracking errors,
respectively.

Translational control design
The translational subsystem is controlled through the virtual inputs associated with

the inertial-frame motions along the x-, y-, and z-axes. Let x,4, X9q, and x;,4 denote
smooth desired reference trajectories for the horizontal positions x, y, and the altitude z,
respectively. The corresponding tracking errors and their time derivatives are defined as
follows:

https://doi.org/10.3390/computation14070159
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ex = X7q = X7, €y = X7q — Xg,
€y = Xgq — Xo, éy = Xoq — X10, (20)
€; = Xi11a — X11, €z = X114 — X125
where x;, x9, and x;; denote the position state variables of the QUAYV in the inertial
frame along the x-, y-, and z-axes, respectively, whereas xg, x19, and x;, represent the
corresponding linear velocity state variables.
The sliding variables associated with the translational dynamics are defined as
follows:
Sx = €x tV1€x,
Sy =&, + V716, (21)
S; = €, t 7€,
where y; € R* is a positive design parameter.
To guarantee finite-time convergence toward the sliding surfaces, the following
reaching laws are imposed:

Sx = —p1Sx — kysign(s,),
Sy = —p1Sy — klsign(sy), (22)
S'Z = —pP1Sz — leing(SZ),

where p; >0, and k; > 0 are positive control gains.

By substituting the translational dynamics of the QUAV into the previous
expressions, the virtual control inputs p, and u,, together with the collective thrust input
Uy, are obtained as follows:

m . . .
Uy = — [—p1Sy — kysign(s,) + X74 +v167],

Hy = 1 [=p1sy — kusign(sy) + %oa + v16], @3
m . . .
= Cx5Cxy [—p1S; — kysign(s,) + g + X114 + V1611,

where m denotes the mass of the QUAYV, g is the gravitational acceleration constant, and
py represents the collective thrust generated by the four rotors. The auxiliary variables u,
and p, correspond to the virtual translational control actions. sy, s,, and s, represent
the sliding variables along the x-, y-, and z-axes. The signals ¥4, ¥94, and %;,4 denote
the desired translational accelerations along the x-, y-, and z-axes, respectively, while x;
and x; represent the roll and pitch attitude state variables of the QUAV.

3.3. Stability Analysis

In this section, the closed-loop stability of the proposed BSMC scheme for the QUAV
is established using Lyapunov stability theory. The following assumptions are adopted
throughout the stability analysis.

Assumption 1. The desired reference trajectories belong to the class C%. Moreover, the reference
trajectories and their first- and second-order time derivatives are uniformly bounded for all Vt >
0.

Assumption 2. All system state variables are available for measurement.

Assumption 3. The disturbance terms associated with the acceleration dynamics are assumed to
be bounded. Specifically, for each controlled degree of freedom:

where &, > 0 is a known positive constant.

https://doi.org/10.3390/computation14070159
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Assumption 4. The roll and pitch state variables satisfy:
A A
Xl <32 |l <2 ve=0. (25)

Theorem 1. Consider the QUAV nonlinear system described by Equation (14) under the control
laws uy, s, s, My by, 1y defined in Equations (19) and (23). Under Assumptions 1-4, all sliding
variables converge to zero in finite time, and all tracking errors converge asymptotically to zero.
Therefore, the closed-loop system is locally stable in the sense of Lyapunov.

Proof. Consider the Lyapunov function:

1
V=5(5é+s§+si+s£+s§+szz). (26)

The function V is positive definite and radially unbounded with respect to the
sliding variables. Hence, it is a valid Lyapunov candidate.
The time derivative of the Lyapunov candidate function along the closed-loop
trajectories is given by:
V =545p + SaSa + SypSy + SxSx + 5,8, + 5,8, (27)
From the QUAV dynamics presented in Equation (14) and the definition of the
sliding variables, the dynamics of each sliding variable can be written as follows:

Si =& +rné, i €{,0,¢,x,y,7}. (28)

Substituting the system dynamics together with the proposed control laws into
Equation (28) leads to:

‘éi = _plsi - kISign(Si) + 51'! S {(p! 9! l/)’ X, y! Z}' (29)

where p; >0 and k; > 0 are control gains, while §; denotes the external disturbance
associated with the corresponding acceleration dynamics introduced in the system model.
Substituting Equation (29) into Equation (27) yields:

V=_plzsi2_klzlsil+zsi6i' ie{fp:e;lp;x;y,z}- (30)
i i i
Using Assumption 3 together with the inequality |s;8;| < [s;]8,,, it follows that:
VS_plZSLZ_E(kl_gm)lsll' Le{d)'e'lp;x;y'z} (31)
i i

By selecting k; > &p,. Then, V is negative definite and satisfies:
V<—pV¥2,  p>0, (32)

which guarantees finite-time convergence of all sliding variables to zero.
Once s; = 0, the reduced error dynamics satisfy:

éi + Y€ = 01 (33)
whose solution is:
e; = e;(0)e™", (34)

ensuring exponential convergence of all tracking errors to zero.

Thus, the closed-loop QUAV system is locally stable and achieves asymptotic
tracking.

This completes the proof. o
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3.4. Fractional-Order Backstepping Sliding Mode Control (FO-BSMC)

This subsection extends the conventional backstepping sliding mode controller
presented in Section 3.2 by reformulating the QUAV dynamics within the framework of
fractional-order calculus. The objective is to investigate the effect of incorporating
fractional-order dynamics into the system model while preserving the original structure
of the control law.

Unlike conventional fractional-order sliding mode approaches, where the sliding
manifold or the reaching law is directly fractionalized, the proposed methodology
incorporates the fractional-order framework into the QUAV dynamic model itself [32].
Consequently, the controller is constructed using the fractional-order states obtained from
the numerical solution of the fractional differential equations.

The proposed formulation exploits the memory-dependent behavior inherent to
fractional-order dynamics, allowing the closed-loop system to retain information from its
past evolution. This characteristic has been shown to improve robustness against
uncertainties, measurement noise, and variations in the initial conditions while
contributing to smoother closed-loop responses [30].

Among the various definitions of fractional derivatives, the Caputo formulation is
adopted in this study due to its suitability for physical systems and control applications.
Unlike other formulations, the Caputo derivative allows for the use of classical integer-
order initial conditions, facilitating both stability analysis and numerical implementation
[30].

The integer-order nonlinear QUAV model presented in Section 3.1 is reformulated
using the Caputo fractional derivative definition presented in Section 2. Applying the
Caputo derivative definition of Equation (4) to the QUAV model given in Equation (14)
results in:

i Xof -
AiXafXer + XapXer + D1lof
Xaf
dyXopXer — XopXer + Dallar
Xof
d3x2fx4f + XopXap + D3llay
Xgf
Mg bap/m
X10f
Hyr 1 f/ m
X12f
| (Cx3fo1f),u1f/m -9 |

where D*(%) denotes the Caputo fractional derivative, X =

SDEX:(t) = (35)

[xlf,xzf,x3f,x4f,x5f, Xef) X75) Xgfr Xofs X105 X115 xlzf] € R'? denotes the fractional-order
state vector obtained from the fractional dynamic model, u,r, usr, and u,p are the
fractional-order version of the roll, pitch and yaw control inputs. u;f is the thrust
fractional order control input. u,; and u,; are the fractional-order virtual control inputs.
The parameters m, d;, and p; with i = 1,2,3, are the same as the integer-order model of
the QUAYV, defined in Section 3.1. The superscript a identifies variables associated with
the fractional-order formulation and does not denote exponentiation.

It should be emphasized that only the QUAV dynamic model is formulated in the
fractional-order sense. Consequently, the subscript f is exclusively used to denote states
obtained from the fractional-order system representation. The reference trajectories,
tracking errors, and sliding surfaces, remain defined in the conventional integer-order
sense.

Numerical solution of the FO-BSMC
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For numerical implementation, the Grunwald-Letnikov (GL) algorithm presented in
Section 2 is employed to solve the fractional differential equations and obtain the
corresponding fractional-order states:

R} Xy .
AiXafXer + XagXer + D1lof
Xaf
dyXopXer — XopXer + Dallsr
Xg .
Xf(tk) _ d3x2fx4—f + ;Z;X4f + D3lar he — Z C]qu(tk—]') (36)
Moy Bap/m =t
X10f
Hyr .U1f/m
X12f
| (CxspCxyf)pas/m—g |

where X((t,) denotes the fractional-order state vector evaluated at the discrete time
instant t, h is the integration step, and 0 < a <1 is the fractional-order. The recursive
structure of the GL approximation naturally incorporates the memory property of
fractional-order systems, since the current state depends on the complete history of the
previous states through the weighting coefficients ¢j* = (1 - 1?—“) L.

Fractional-order rotational control

Consider the fractional-order rotational subsystem of the QUAV. The attitude
tracking errors associated with roll, pitch, and yaw motions are defined as follows:

€p,1 = X1a — X1f,
€9,1 = X3q — X3f, (37)
€y1 = Xsqa — Xsf,
where x5, x3r, and x5y denote the fractional-order attitude state variables
corresponding to roll, pitch, and yaw, respectively, while x4, X34, and x34 correspond
to the desired attitude trajectories.

Since the reference signals are generated by conventional integer-order dynamics,
their first- and second-time derivatives are assumed to exist and remain bounded. Thus,
the auxiliary velocity-tracking errors are introduced as follows:

€p2 = X1q — Xafr
€92 = X3q — Xaf, (38)
€y2 = Xs5q — Xefr
where x,, x4r, and xsr denote the fractional-order angular velocity state variables,
while X4, X34, and x5, are the classical derivatives of the desired attitude trajectories.

To avoid the computation of fractional derivatives of the desired trajectories, the

following auxiliary variables are defined as follows:
€p3 = H1q — gDraxzjﬂ
€g3 = X3q — ng‘x4f, (39)
eys = Xsq — §D{ Xy,
where %,4, X34, and X545 are the classical second derivative of the desired attitude
trajectories, and the operator §DZ(:) denotes the Caputo fractional derivative with 0 <
a<l.
The attitude sliding manifolds are selected as follows:

Si,f = ei,Z + ]/1ei,1 )] i E {(p: el l/)}r (40)

where y; > 0 is a design parameter.
Using the auxiliary variables introduced in Equations (37)-(39), the following
backstepping stabilization functions are defined as follows:

https://doi.org/10.3390/computation14070159



Computation 2026, 14, 159

13 of 32

n = ei,3 + ylei,Zl S {d)' 0' 1/)}' (41)

It should be emphasized that 7; is an auxiliary variable employed to construct the
control law while preserving consistency with the fractional-order system representation.

To enforce convergence toward the sliding manifolds, the following reaching
conditions are imposed:

ni = —psiy — kisign(sif), i € {¢, 6,9}, (42)

where p; >0 and k; > 0 denote the sliding mode gains.
Substituting the fractional-order QUAYV rotational dynamics into Equation (42), the
following fractional-older control laws are obtained:
Moy = %[_ P15¢,f_k15ign(5¢,f) — diXapXer — XapXer + X1, + V1e¢,2]:
Uzf = i [_ P1Ser — kisign(ss,f) — dyXopXep + XopXep + X3q + Vlee,z]a (43)
Hap = i[—fhslp,f — kysign(sy,r) — dsXzpXay — XapXar + Zsa + V1€yz)-
Fractional-order translational control
The translational subsystem is addressed following the same design philosophy
adopted for the rotational dynamics. The position tracking errors associated with the
Cartesian coordinates are defined as follows:
€x1 = X7q — X7f5,
€y1 = Xoq — Xof, (44)
€z1 = X114 — X11f»
where x77, Xor, and x5 denote the fractional-order translational state variables, while
X74, X9q, and xy,4 represent the desired position trajectories.
Since the desired position trajectories are generated by an integer-order reference
model, the auxiliary velocity-tracking errors are defined as follows:
€x2 = X7q4 — Xgf»
€y = Xoq — X10f» (45)
€2 = X114 — X12f
where xgf, X107, and x;,5 correspond to the fractional-order translational velocity state
variables, while %4, %94, and %;14 represent the classical derivative of desired position
trajectories. In addition, the following auxiliary variables are defined as follows:
€x3 = X7 — ngxBf/
€y3 = Xoq — nglxwf/ (46)
€3 = X114 — ng‘xufr
where %;4, ¥9q, and X;14 are the classical second derivative of the desired position
trajectories, and the operator §DZ(-) denotes the Caputo fractional derivative.
The translational sliding manifolds are selected as follows:

Sif =€z tvie, (€{xyz} (47)

where y; > 0 is a design parameter.
Using the auxiliary variables introduced in Equations (44)-(46), the following
stabilization functions are defined as follows:

ni = ei,3 + ylei,Z ) i€ {X, Y, Z}' (48)

which are employed in the recursive backstepping design.
To guarantee convergence toward the sliding manifolds, the reaching conditions are
imposed as follows:

N = —p1Sif — klsign(si_f), i €{x,y,2}, (49)

where p; > 0 and k; > 0 are sliding-mode gains.
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Substituting the fractional-order translational dynamics into Equation (49) yields the
virtual control inputs:

lhxp = Hﬂlf [_Plsx,f - klsign(sx,f) + ¥7q + V1ex,2],

m . . (50)
Br =, [=pusys = kusign(sy,s) + %oa +v16y2].
For the altitude dynamics, the fractional-order thrust input is computed as follows:
m . .
Hap = m [_P1sz,f - k1519n(sz,f) tg+Xuat )/192,2]- (51)

The resulting control strategy preserves the recursive structure of the conventional
BSMC while exploiting the additional degrees of freedom introduced by the fractional-
order state representation. Consequently, memory-dependent dynamics are incorporated
into the closed-loop system without modifying the original controller architecture,
providing a framework for analyzing the influence of fractional-order state dynamics on
QUAV trajectory tracking and robustness.

3.5. Fractional-Order Stability Analysis

This subsection establishes the Mittag—Leffler stability of the closed-loop fractional-
order QUAYV system under the proposed FO-BSMC. Unlike the integer-order formulation
presented in Theorem 1, the controller is synthesized from the fractional-order QUAV
model introduced in Section 3.4. Consequently, the closed-loop dynamics are governed
by Caputo fractional-order differential equations, and their stability must be analyzed
within the framework of fractional-order Lyapunov theory. The proof follows the direct
Lyapunov approach together with the Mittag—Leffler stability criterion for nonlinear
fractional-order systems. The stability analysis of the proposed FO-BSMC is carried out
under Assumptions 1 and 3 introduced in Section 3.3, together with the additional
assumptions stated below.

Assumption 6. The complete fractional-order state vector is assumed to be measurable.

Assumption 7. The fractional-order state variables for roll and pitch satisfy:
x| <5 |xaf| <5 vezo. (52)

Theorem 2. Consider the fractional-order QUAV dynamics together with the FO-BSMC laws
defined in Equations (43), (50) and (51). Suppose that Assumptions 1, 3, 6, and 7 hold. If the
controller parameters satisfy:

p1 >0,k >6,, y,>0, (53)
then, the closed-loop sliding dynamics are Mittag-Leffler-stable. Consequently, all

rotational and translational tracking errors converge asymptotically to zero.

Proof. For each rotational and translational channel, the sliding manifold is defined as
follows:

Si,f = ei,Z + )/Iei,ly 7 l S {¢, 9! l/)’ X, J’; Z}/ (54)

where e;; and e;, denote the fractional-order tracking errors introduced in Sections 3.4.
Since the proposed controller is derived from the fractional-order QUAV model, the
auxiliary variables:
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n = ei,3 + ylei,2> i€ {¢: 9: w: X, ¥, Z}I (55)

represent the fractional evolution associated with the sliding manifold.
By design, the reaching dynamics are imposed as follows:

ni = —p1Siy — kasign(sis), i €{¢,0,9,x,y,2}. (56)

Substituting the proposed FO-BSMC control laws into the fractional-order QUAV
dynamics yields the closed-loop sliding dynamics:

ODEsip == p1Sir — kysign(sip) + 6, i € {9, 6,9,x,y,2}. (57)

where §; denotes the bounded external disturbances.
Consider the Lyapunov candidate:

V= §Zis?,f, i €{$, 6,9 x 7,2} 58)

The function V is positive definite and radially unbounded with respect to the
sliding variables.

Since the system is described by Caputo fractional derivatives, the classical
Lyapunov derivative is replaced by its fractional counterpart. According to the fractional
Lyapunov inequality established by Aguila-Camacho et al. [33]:

DAV < Z Sif SDESif i €{¢,0,,x,y,2z}. (59)
i
Substituting Equation (57) into Equation (59) gives:

DAV <—p, Z str— ks Z'Si’f| + Z Sif0i, i €{¢,6,9,x,y,z}. (60)
7 7 7

Using Assumption 3:
|sir6i < [siflm. i € {$,60,9,%,,2}, (61)
which leads to:
DV <—py Y st—k ) (i =8a)lsiyl.  ic@OBrYD (e
Since the controller glain satisﬁesl ky > 8,, both terms on the right-hand side of
Equation (62) are strictly negative whenever s; s # 0. Therefore:
GDEV <0, Vs #0, i €{¢,0,9,x,y,2}. (63)

The conditions of the fractional Lyapunov direct method are satisfied, implying that
the equilibrium of the sliding dynamics is Mittag-Leffler-stable. Hence, §D#V < 0. From
the fractional Lyapunov direct method, the equilibrium s; ; = 0 is Mittag-Leffler-stable.
Consequently:

}l_}rglo Si,f = 0, i € {d); 9; l/’, X, y,Z}- (64)

Once the sliding manifold is reached, the condition s;; = 0, implies the reduced-
order error dynamics:

€i2 = _)/1ei,f/ i€ {d)’ 9! l/J, XY, Z}' (65)
Since y; > 0, the reduced-order error system is asymptotically stable, yielding:
tlim e, =0, gim e, =0 1€{¢,0,¢,x,y 2z} (66)

Therefore, the proposed FO-BSMC guarantees asymptotic trajectory tracking while
preserving the Mittag—Leffler stability of the closed-loop fractional-order QUAV system.
This completes the proof. o
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4. Simulations Results

This section presents a comparative evaluation of the conventional backstepping
sliding-mode controller (BSMC) and the proposed fractional-order backstepping sliding-
mode controller (FO-BSMC) for the trajectory-tracking problem of a quadrotor unmanned
aerial vehicle (QUAV). The objective is to assess the influence of the fractional-order
dynamic formulation on closed-loop performance across different operating conditions,
while maintaining the same controller structure and tuning parameters for both
approaches.

The proposed FO-BSMC was implemented using the fractional-order QUAV model
developed in Section 3.4, where the Caputo fractional derivative was numerically
approximated through the Griinwald-Letnikov discretization. Since the fractional
differentiation order significantly influences the system dynamics, its value was
determined through the Particle Swarm Optimization (PSO) algorithm rather than
selected empirically. The optimization process was formulated to minimize the trajectory-
tracking error under identical operating conditions while keeping the controller gains
fixed. The optimization converged to the fractional order a = 0.99, which was
subsequently adopted in all simulation scenarios presented in this section.

Both control strategies were implemented in MATLAB R2025a using a fixed
integration step equal to 0.001 s, and a total simulation time of 15 s. Unless otherwise
stated, identical controller gains were employed for both BSMC and FO-BSMC (y; =
1,p1 = 10, and k; = 20) to ensure a fair comparison. Moreover, the discontinuous sign
function was replaced by a hyperbolic tangent approximation in the control law to obtain
smoother control signals and reduce chattering during numerical simulations.

The QUAV parameters employed throughout this study are listed in Table 1. To
assess the tracking performance under continuously varying operating conditions, the
desired attitude and position references (Pg, 04,y Xq,Va,2q), were defined as
{0.1 sin(0.4t),0.1sin(0.4t), Zsin(0.6t), sin(t), cos(t) 0.1t}.

The comparative study comprises three simulation scenarios. In the first scenario,
trajectory tracking is evaluated in the presence of bounded external disturbances acting
on both the translational and rotational dynamics. The second scenario investigates
robustness against variations in the initial conditions by perturbing the initial state of the
QUAV. To further quantify the influence of the initial conditions on the closed-loop
response, Monte Carlo simulations are performed using randomly generated initial states
within predefined bounds. Finally, the third scenario evaluates the robustness of both
controllers under measurement noise affecting all measurable state variables, with
particular emphasis on tracking performance, control smoothness, and chattering
attenuation.

The performance of both controllers (BSMC and FO-BSMC) is quantified using
standard evaluation metrics, including the integral squared error (ISE) and the integral
absolute error (IAE), defined as follows:

To
ISE =f Ezdt,
(67)
IAE = f |E|dt,
0

where E = X; — X is the tracking error vector, X, € R'? is the desired state vector, X €
R'? represents the actual state vector, and T is the total simulation time.

Table 1. Nominal parameters of the QUAV model [11].

Parameter Symbol Value
Mass m 14 kg
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Arm length l 0.28 m
Moment of inertia along the x-axis Ly 0.0116 kg m?
Moment of inertia along the y-axis Ly, 0.0116 kg m?
Moment of inertia along the z-axis 1, 0.0232 kg m?

4.1. Case 1—Robustness to External Disturbances

In the first simulation scenario, the disturbance-rejection capability of the
conventional BSMC and the proposed FO-BSMC is evaluated by introducing bounded
external disturbances to the translational and rotational dynamics of the QUAV. Both
controllers are implemented using identical system parameters, controller gains, and
reference trajectories to ensure a fair comparison. The simulations start from zero initial
conditions. For the proposed FO-BSMC, the optimized fractional order obtained using the
PSO algorithm is employed throughout the simulation.

The disturbance applied to each controlled channel is defined as follows:

8; = 5sin(t), i €{¢,0,¢,x,y,2}, (68)

where §; denotes an additive disturbance acting on the corresponding acceleration
equation. This disturbance is continuously applied over the entire simulation interval to
evaluate the capability of both controllers to maintain accurate trajectory tracking under
sustained external perturbations.

Figure 1 compares the attitude and position-tracking responses obtained using the
conventional BSMC and the proposed FO-BSMC under Case 1. Both controllers are able
to follow the prescribed reference trajectories while maintaining stable closed-loop
behavior throughout the simulation. However, the proposed FO-BSMC exhibits smaller
tracking deviations, particularly in the translational state variables, resulting in a closer
agreement with the reference signals. The rotational responses also present slight
improvements with respect to the conventional BSMC, although the differences are less

pronounced.
Roll angle ¢ Pitch angle 0
BSMC L BSMC
— = FO-BSMC — = FO-BSMC

0.05
== == Reference

-0.05 /
o= -0.1 B W

== == Reference
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Figure 1. Attitude and position tracking of the QUAV under Case 1.

https://doi.org/10.3390/computation14070159



Computation 2026, 14, 159

18 of 32

Figure 2 shows the three-dimensional trajectories generated by the conventional
BSMC and the proposed FO-BSMC under Case 1. Both controllers closely follow the
desired reference path, a smooth helical trajectory with increasing altitude. However, the
proposed FO-BSMC reaches the reference path more quickly, with a shorter transient
phase before converging. Once converged, both controllers maintain accurate trajectory
tracking with only minor deviations despite continuous external disturbances.

— BSMC
FO-BSMC
— == Reference

Figure 2. Three-dimensional trajectory of the QUAV under Case 1.

Figure 3 presents the attitude and position tracking errors obtained under Case 1. As
observer, the roll error converges more rapidly with the proposed FO-BSMC during the
initial transient, whereas both controllers exhibit comparable periodic error profiles once
the transient response has vanished. Similar behavior is observed for the pitch and yaw
motions, where only slight differences in the error amplitude are noticeable. The most
evident improvement is obtained in the translational dynamics. In particular, the error
along the x-axis remains confined to a substantially narrower band around zero under
the proposed controller, while the conventional BSMC exhibits persistent oscillations
throughout the simulation. For the y-axis, the FO-BSMC shortens the transient stage
before reaching the periodic tracking regime, whereas, along the z-axis, both controllers
produce comparable responses, with the proposed approach exhibiting a slight reduction
in the oscillation amplitude.

Figure 4 presents the control inputs generated by the conventional BSMC and the
proposed FO-BSMC under Case 1, where the discontinuous switching term is
approximated by the hyperbolic tangent function. The thrust and torque commands
produced by both controllers exhibit nearly identical time responses, with comparable
amplitudes, transient characteristics, and periodic behavior. All control inputs remain
continuous and bounded throughout the simulation, and no high-frequency oscillations
are observed. As expected, the hyperbolic tangent approximation yields smooth control
signals for both controllers while preserving their overall dynamic response.
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Figure 3. Position and attitude tracking errors of the QUAV under Case 1.

Table 2 presents the tracking performance of both controllers under nominal
operation in the presence of external disturbances by means of the ISE and IAE
performance indices. Overall, the proposed FO-BSMC consistently achieves lower error
values than the conventional BSMC for all attitude and position variables, indicating an
improved trajectory-tracking performance under persistent perturbations. The most

significant improvement is observed in the translational motion along the x-axis, where
both the ISE and IAE are substantially reduced. Noticeable reductions are also obtained
for the y-axis position, which represents the most demanding translational channel in this
scenario. For the rotational variables, the improvements are more moderate but remain

consistent for the roll, pitch, and yaw motions.

Table 2. Tracking error indices (ISE and IAE) under Case 1.

] L. BSMC FO-BSMC
State Variable Description ISE IAE ISE IAE
X =¢ Roll angle 0.004998 0.144913 0.003449 0.111396
X3 =10 Pitch angle 0.000577 0.082702 0.000348 0.064442
Xs =1 Yaw angle 0.000565 0.081873 0.000439 0.070297
X; =X Position (x-axis) 0.000685 0.089292 0.000075 0.019954
Xg =Y Position (y-axis) 0.513582 1.058898 0.355186 0.746028
X114 =2 Position (z-axis) 0.000575 0.082540 0.000379 0.065791
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Figure 4. Control inputs using a smooth tanh-based sliding function under Case 1.

4.2. Case 2—Robustness to Initial Condition

The second simulation scenario evaluates the sensitivity of the conventional BSMC
and the proposed FO-BSMC to variations in the initial conditions. The initial state vector
is selected as X, = [0.75,0,0.6,0,0.45,0,3,0,—3,0,1.5,0]" representing a large initial tracking
error in both the attitude and position variables. All remaining simulation settings are
identical to those considered in Case 1, including the controller gains, reference
trajectories, and the hyperbolic tangent approximation employed in the sliding-mode
term. For the proposed FO-BSMC, the optimized fractional order obtained using the PSO
algorithm is employed throughout the simulation.

To complement the deterministic analysis, a Monte Carlo study consisting of 100
independent simulations is performed. In each realization, the initial attitude and position
state variables are randomly sampled within predefined operating ranges, while both
controllers are evaluated under the same initial conditions. The corresponding ISE and
IAE performance indices are computed for every simulation, providing a statistical
assessment of the sensitivity of both control strategies to variations in the initial state.

Figure 5 presents the attitude and position responses obtained under Case 2, where
both controllers are subjected to large initial tracking errors. The proposed FO-BSMC
reaches the reference trajectories more rapidly than the conventional BSMC in both the
rotational and translational motions. This difference is particularly evident during the
initial transient, where the fractional-order formulation exhibits a faster reduction in the
initial tracking error and a shorter settling stage. After the transient response, both
controllers accurately follow the prescribed trajectories.
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Figure 5. Attitude and position tracking of the QUAV under Case 2.

Figure 6 illustrates the three-dimensional trajectory of the QUAV under Case 2. Due
to the large initial tracking error, both controllers start from positions considerably
displaced from the reference trajectory. The proposed FO-BSMC approaches the reference
path more rapidly, reducing the distance to the desired trajectory during the initial stage
of motion. In contrast, the conventional BSMC requires a longer transient before reaching
the same trajectory. Once the transient has elapsed, both controllers follow the prescribed
three-dimensional path with comparable accuracy, although the proposed FO-BSMC
reaches the tracking regime earlier.

Figure 7 presents the attitude and position tracking errors obtained under Case 2. For
all state variables, the proposed FO-BSMC exhibits a faster decay of the initial tracking
errors than the conventional BSMC, resulting in a shorter transient response. This
behavior is consistently observed in both the rotational and translational dynamics, where
the proposed controller approaches the reference more rapidly during the first seconds of
the simulation. As the transient response vanishes, the tracking errors of both controllers
converge to values close to zero and remain bounded throughout the remainder of the
simulation.

Figure 8 compares the control inputs produced by the BSMC and the proposed FO-
BSMC under the conditions of Case 2. The thrust and attitude torque commands remain
smooth, continuous, and well-bounded throughout the simulation. Both controllers
exhibit nearly identical control amplitudes and similar transient behavior, with only
minor differences during the initial response. No oscillatory or chattering phenomena are
observed, confirming the effectiveness of the tanh-based sliding function in generating
continuous control actions. These results indicate that the superior tracking performance
achieved by the FO-BSMC is not accompanied by an increase in control effort, but rather
results from a more effective exploitation of the system dynamics through the fractional-

order formulation.
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Figure 6. Three-dimensional trajectory of the QUAV under Case 2.
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Figure 7. Position and attitude tracking errors of the QUAV under Case 2.
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Figure 8. Control inputs using a smooth tanh-based sliding function under Case 2.

Table 3 summarizes the tracking error indices obtained under Case 2. The proposed
FO-BSMC consistently produces lower ISE and IAE values than the conventional BSMC
for all attitude and position variables. For the rotational dynamics, the reductions
observed in the roll, pitch, and yaw responses indicate a more effective attenuation of the
initial tracking errors during the transient stage. The same trend is observed in the
translational dynamics, where the proposed controller yields lower error indices along all
three position axes. The most pronounced improvements are obtained in the x- and y-
axis motions, reflecting a faster recovery from large initial state deviations.

Table 3. Tracking error indices (ISE and IAE) under Case 2.

) .. BSMC FO-BSMC
State Variable Description ISE IAE ISE IAE
X =¢ Roll angle 0.216405 0.657766 0.126065 0.410548
X3 =10 Pitch angle 0.183716 0.606095 0.109141 0.381188
X5 =P Yaw angle 0.101567 0.450927 0.059997 0.296865

X; =X Position (x-axis) 4.638866 3.047446 2.791481 1.971956
X9 =Y Position (y-axis) 8.480882 4.121407 5.291136 2.693664
X11 =2 Position (z-axis) 1.165475 1.526731 0.69861 0.973737

Figure 9 presents the statistical distribution of the ISE obtained from the Monte Carlo
analysis under varying initial conditions. Each boxplot summarizes the dispersion of the
performance index across multiple simulations for the six evaluated state variables. As
observed, the FO-BSMC consistently exhibits lower ISE values than the classical BSMC
across all state variables, as evidenced by the downward shift in the corresponding
boxplots. In addition to the reduction in median values, the interquartile ranges associated
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with the FO-BSMC are generally narrower, indicating a more concentrated distribution

and reduced variability in performance.
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Figure 9. Monte Carlo distribution of ISE for BSMC and FO-BSMC under Case 2.

Figure 10 shows the distribution of the IAE obtained from the Monte Carlo
simulations for all evaluated state variables. A consistent trend can be observed across the

six variables. The FO-BSMC yields lower accumulated absolute error than the classical

BSMC. This is reflected in the position of the boxplots, where the central tendency of the

FO-BSMC results is systematically shifted toward smaller values. Moreover, the spread of

the distributions is generally reduced, indicating a more uniform behavior across different

initial conditions. This behavior suggests that the fractional-order controller not only

improves overall tracking accuracy, as measured by accumulated squared error, but also

yields a more consistent response across different initial conditions.
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4.3. Case 3— Robustness to Noise

The third simulation scenario evaluates the robustness of the conventional BSMC and
the proposed FO-BSMC when the available state measurements are affected by sensor
noise. Unlike the previous cases, measurement uncertainty is introduced into all
measurable state variables to emulate realistic operating conditions. Since the control
actions are computed directly from the measured states, the injected noise propagates to
the control inputs and directly influences the closed-loop response.

Measurement uncertainty is modeled as additive zero-mean Gaussian white noise
independently applied to each measurable state variable. The generated noise has a
standard deviation of ¢ = 0.002, corresponding to a variance of 4 x 10, and remains
statistically identical for all measurement channels. To ensure a fair comparison, the same
realization of the noise sequence is applied to both the conventional BSMC and the
proposed FO-BSMC throughout the simulations.

The QUAV parameters, controller gains, reference trajectories, and optimized
fractional order are identical to those adopted in the previous simulation scenarios. Unlike
Case 1, no external disturbances are introduced in this case. Consistent with Case 1, all
state variables are initialized at zero, allowing the influence of measurement noise on the
closed-loop performance to be assessed independently.

Figure 11 illustrates the trajectory-tracking performance of the QUAV under the
measurement-noise scenario. As expected, the presence of measurement noise introduces
fluctuations in both the attitude and position responses. For the attitude dynamics, the
proposed FO-BSMC maintains the roll and pitch responses closer to their corresponding
reference trajectories, exhibiting smaller deviations than the conventional BSMC. In the
yaw response, both controllers provide comparable tracking performance, although the
FO-BSMC preserves a slightly smoother response throughout the simulation. For the
translational dynamics, both controllers successfully follow the prescribed reference
trajectories despite the measurement disturbances. The differences are more evident in
the vertical motion, where the proposed FO-BSMC exhibits smaller tracking deviations
than the conventional BSMC, whereas the responses along the x- and y-axes remain
similar, with a slight improvement achieved by the fractional-order controller.
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Figure 11. Attitude and position tracking of the QUAV under Case 3.
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Figure 12 presents the three-dimensional trajectory-tracking results obtained under
Case 3. Both controllers are able to follow the prescribed helical reference trajectory
throughout the simulation, preserving its overall geometry despite the presence of
measurement noise. Nevertheless, differences can be observed in the deviation from the
reference trajectory. The path generated by the conventional BSMC exhibits larger
deviations from the desired helix over most of the maneuver, whereas the trajectory
produced by the proposed FO-BSMC remains closer to the reference. This difference is
particularly noticeable in the upper turns of the helix, where the conventional BSMC
departs further from the reference trajectory, while the FO-BSMC follows the desired path
more closely.

—BSMC
FO-BSMC

— = Reference

Figure 12. Three-dimensional trajectory of the QUAYV under Case 3.

Figure 13 presents the tracking error signals under measurement noise. As expected,
all errors fluctuate randomly around zero due to the stochastic perturbations in the
feedback signals. Across the attitude variables, the FO-BSMC exhibits a clear reduction in
error amplitude, with smoother and more confined variations compared to the classical
BSMC, indicating an improved attenuation of noise-induced effects. A similar trend is
observed in the z position. However, for the x and y positions, both controllers show
comparable error amplitudes, suggesting that the benefit of the fractional-order
formulation is less pronounced in these variables. Despite this, the overall error profiles
generated by the FO-BSMC remain less oscillatory and more regular. These observations
confirm that, in the presence of measurement noise, the fractional-order controller
provides a more robust and stable error response.
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Figure 13. Position and attitude tracking errors of the QUAV under Case 3.

Figure 14 depicts the control inputs generated by both controllers in the presence of
measurement noise. Although the use of the smooth hyperbolic tangent function already
mitigates high-frequency switching, noticeable differences can still be observed between
the two control strategies. The control signals associated with the classical BSMC exhibit
more pronounced oscillations. In contrast, the FO-BSMC produces visibly smoother
control inputs, with a significant reduction in the amplitude of the fluctuations, which
appears to be on the order of roughly half when compared to the classical approach.

The smoother control profiles observed for the FO-BSMC indicate that the fractional-
order structure naturally mitigates the influence of measurement noise, likely due to its
inherent memory effect. As a result, the control action exhibits fewer high-frequency
oscillations while preserving the desired closed-loop behavior. From a practical
perspective, the smoother control profiles produced by the FO-BSMC are expected to
reduce actuator wear and unnecessary energy expenditure, making the proposed
approach more suitable for real-world implementations where measurement noise and
actuator limitations are unavoidable.

Figure 15 compares the control inputs generated by the conventional BSMC and the
proposed FO-BSMC using the discontinuous sign function under Case 3. The
discontinuous implementation makes the inherent switching behavior of sliding-mode
control directly observable. Because measurement noise continuously perturbs the sliding
variable, the switching activity is significantly intensified, allowing the chattering
characteristics of both controllers to be clearly distinguished. The proposed FO-BSMC
produces consistently smaller oscillation amplitudes in all four control channels than the
conventional BSMC. It is important to note that this reduction in chattering is only
observed in the noisy scenario; under the conditions considered in Cases 1 and 2, both
controllers exhibit similar high-frequency switching, making a meaningful visual
comparison impractical.
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Figure 15. Control inputs using the discontinuous sign-based sliding function under Case 3
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Table 4 summarizes the tracking error indices obtained under Case 3. The proposed
FO-BSMC consistently produces lower ISE and IAE values than the conventional BSMC
for all attitude and position errors in the presence of measurement noise. For the rotational
dynamics, the reductions observed in the roll, pitch, and yaw responses indicate that the
proposed controller is less affected by measurement disturbances, resulting in smaller
accumulated tracking errors throughout the simulation. A similar trend is observed in the
translational dynamics, where the proposed controller also yields lower error indices
along the three position axes. The largest improvements are obtained for the x- and z-axis
motions, whereas the reductions along the y-axis are comparatively smaller. These results
indicate that the proposed fractional-order formulation preserves more accurate trajectory
tracking under noisy operating conditions.

Table 4. Tracking error indices (ISE and IAE) under Case 3.

} . BSMC FO-BSMC
State Variable Description ISE IAE ISE IAE
X, =¢ Roll angle 0.286669 1.773887 0.018587 0.432239
x3 =10 Pitch angle 0.197396 1.312820 0.010623 0.305442
X5 =P Yaw angle 0.111458 1.104432 0.006371 0.259266

Xy =X Position (x-axis) 0.209387 1.401083 0.013507 0.357956
Xg =Yy Position (y-axis) 0.717402 1.961954 0.377345 0.943215
X141 =2 Position (z-axis) 0.169467 1.245493 0.010892 0.323898

5. Conclusions

This paper presented an FO-BSMC strategy for trajectory tracking of a QUAV. Unlike
conventional fractional-order sliding mode approaches, the proposed methodology
incorporates the fractional-order behavior directly into the QUAV dynamic model while
preserving the original BSMC structure. The fractional order was selected using the PSO
algorithm and employed throughout the comparative evaluation.

The comparative study demonstrated that the proposed FO-BSMC provides
improved robustness under external disturbances, large initial-condition variations, and
measurement noise while maintaining accurate trajectory-tracking performance. Across
the evaluated scenarios, the proposed controller consistently reduced the tracking errors
and improved the overall closed-loop performance compared with the conventional
BSMC. The most significant improvements were observed in the presence of external
disturbances and perturbed initial conditions, where the FO-BSMC exhibited faster
convergence, lower ISE and IAE values, and a more consistent closed-loop response, as
further confirmed by the Monte Carlo analysis. Under measurement noise, the proposed
controller also reduced the effect of noise on the tracking errors while producing smoother
control actions with reduced chattering.

The obtained results indicate that introducing fractional-order dynamics into the
QUAYV model constitutes an effective alternative for enhancing the robustness of the
conventional BSMC without modifying its original control structure. The observed
performance improvements are therefore attributed to the fractional-order dynamic
representation rather than to changes in the tracking-error formulation, sliding surfaces,
or reaching laws.

Although the proposed formulation has been validated through extensive numerical
simulations, experimental verification remains an important step toward assessing its
practical applicability. Future work will focus on real-time implementation, adaptive
online selection of the fractional order, and the evaluation of the proposed approach
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under additional sources of uncertainty, including parameter variations and actuator
faults.
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