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Abstract

Bond-stretching phonons in hole-doped cuprates exhibit pronounced anomalies in mo-
mentum regions where charge correlations are observed, indicating a strong coupling
between lattice dynamics and the charge sector. Motivated by this phenomenology, we
develop a minimal theoretical framework to clarify how the bond-stretching phonon is
renormalized by the proximity to charge-order instabilities and why short-ranged dynami-
cal charge density fluctuations (CDFs) can provide a dominant contribution even in the
presence of nearly static charge density wave (CDW) correlations. Starting from a correlated
Fermi-liquid description with Coulomb-frustrated charge ordering and electron–phonon
coupling, we formulate a two-mode random-phase-approximation treatment in which a
low-energy phonon channel involved in the charge-order instability is coupled, through
the electronic polarization, to the higher-energy bond-stretching branch. The resulting
off-diagonal phonon self-energy transfers the low-energy charge softening to the bond-
stretching phonon. We then introduce an average self-energy description to account for
the coexistence of CDW and CDF components. The model shows that, although a nearly
static CDW component produces a stronger local softening, a broader CDF component can
dominate the effective phonon self-energy because of its larger reciprocal-space volume.
The analysis identifies two key parameters controlling the bond-stretching anomaly: the
characteristic energy of charge correlations and the effective electron–phonon coupling.

Keywords: cuprate superconductors; charge density fluctuations; charge density waves;
electron–phonon coupling; bond-stretching phonons; phonon softening; resonant inelastic
X-ray scattering; random phase approximation; YBa2Cu3O7−δ

1. Introduction
The microscopic origin of high-temperature superconductivity in cuprates remains

a central problem in condensed matter physics. The phase diagram of cuprates emerges
from a Mott insulating state and hosts antiferromagnetism, pseudogap behavior, strange-
metal transport, charge order, and superconductivity within a narrow range of carrier
densities [1–3]. This complexity has motivated theories based on strong electronic correla-
tions, spin fluctuations, and quantum criticality; see, e.g., [4–9]. At the same time, several
experiments have shown that the lattice degree of freedom cannot be neglected: angle-
resolved photoemission spectroscopy revealed pronounced kinks and isotope-sensitive
anomalies in the single-particle electronic spectrum [10,11], inelastic neutron scattering
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(INS) and resonant inelastic X-ray scattering (RIXS) found strong anomalies in oxygen
bond-stretching (BS) branches [12–19].

The central question is therefore not whether electron–phonon coupling (EPC) exists
in cuprates, but how it is embedded in a strongly correlated electronic background and
whether it plays an active role, e.g., in the physics of unconventional superconductivity.
A useful perspective is provided by charge instabilities. Since the early proposal that
strong correlations, long-range Coulomb repulsion, and EPC can generate incommensurate
charge ordering near a quantum critical point [20–23], charge order has evolved from a
material-specific feature into an ubiquitous property of cuprates [24–28]. It is well accepted
that charge correlations in cuprates can be distinguished between relatively static charge-
density waves (CDWs), which appear in RIXS experiments as narrow quasi-elastic peaks
in momentum space at low temperature and compete with superconductivity, and broad,
short-ranged, dynamical charge-density fluctuations (CDFs), which persist to high tem-
perature and cover a much wider portion of reciprocal space [29–32]. The relationship
between CDWs and CDFs should therefore not be reduced to a simple high-temperature
precursor and low-temperature ordered phase. They may share a common microscopic
tendency toward charge ordering, but they display different responses to temperature,
strain, disorder, and superconductivity [19,33]. In particular, CDFs have been proposed as
a source of anomalous metallic behavior [34] and as a marker of the quantum criticality
possibly associated with the highest superconducting critical temperature in the phase
diagram of cuprates [32].

The same (CDF/CDW) charge mode appears to be intimately connected to lattice
anomalies. The longitudinal Cu–O bond-stretching (BS) mode softens near the in-plane
wave vector qc ∼ 0.3 r.l.u., close to the characteristic charge-order wave vector in several
cuprates [12–14,35,36]. In a conventional Peierls scenario, the softening of a phonon at
the ordering wave vector is interpreted as the precursor of a static lattice distortion [37].
In cuprates, however, the softening is partial, remains visible over a broad momentum
range, and is observed even in regimes in which static CDWs are weak, suppressed,
or absent [16–19]. These features suggest that the relevant collective modes are not only
the low-temperature CDWs, but also the CDFs. Recent systematic RIXS measurements on
YBa2Cu3O7−δ (YBCO) provide important constraints for such a description [18]. The BS
phonon softening persists over a broad temperature range, including temperatures above
the onset of CDWs, and evolves smoothly when the momentum transfer is rotated from
the (H, 0) direction toward the zone diagonal [(H, H) direction]. As a function of doping,
both the magnitude of the softening and the RIXS spectral intensity of the BS phonon
are maximized near the hole doping p ≃ 0.19. This is a doping regime where the charge
response is dominated by CDFs, with no sizable nearly static CDW contribution, and where
several superconducting properties reach their largest values [18,32,38–40]. Since the RIXS
intensity of a phonon peak is sensitive to the corresponding EPC matrix element [41–46], the
strong BS phonon signal observed in YBCO indicates that this mode is efficiently coupled
to the electronic degrees of freedom probed at the Cu L3 edge. Other phonon branches,
such as the buckling mode, may also couple to charge-order dynamics; however, their
weaker RIXS visibility [32] makes the BS branch the natural starting point for identifying
the dominant mechanism behind the observed phonon anomaly. This does not imply that
the connection between phonons and charge order is limited to the BS branch. Sizable
anomalies have been reported for the buckling mode in YBCO, which shows a pronounced
anomaly close to the CDW vector and a strong Fano-like Raman response [47], as well
as for several low-energy phonons in YBCO and other cuprates, which soften or broaden
near the charge-order wave vector [48–53]. These effects have recently been interpreted
in terms of symmetry-allowed coupling between phonons and CDW-related collective
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excitations [54]. Thus, the model discussed in this work may be more general than the
specific BS case and can be extended to additional phonon branches in a straightforward
manner. Altogether, these observations suggest that the BS phonon anomaly should be
understood as the result of a strong coupling between this phonon mode and a low-energy
charge-fluctuation spectrum. This motivates the development of a theoretical framework
focused on the BS branch, in which CDF and EPC cooperate in producing the observed
phonon renormalization, while providing a mechanism that may be generalized to other
phonon modes, with possible implications for the role of lattice degrees of freedom in
high-temperature superconductivity.

This paper is organized as follows: In Section 2 we present the microscopic model
underlying our investigations and give the main formal ingredients in order to calculate the
phonon renormalization. Section 3 is devoted to the specific application of the formalism
to evaluate the self-energy of the BS phonon propagator, while in Section 4 we introduce
an average self-energy description to account for the simultaneous influence of CDW and
CDF components on the BS phonon. Examples for the renormalized BS phonon dispersion
are then presented in Section 5 and we conclude our discussion in Section 6.

2. Effective Model
2.1. Electronic Mode and Residual Interaction

The theory can be formulated by mapping the electron dynamics onto an effective
low-energy hamiltonian [20–23,55]. In this description, the main effect of the strong local
Hubbard repulsion is assumed to be already included in a renormalized quasiparticle pic-
ture, where the remaining interaction between quasiparticles contains a residual repulsion
U(q) that is largest at large wave vectors. Together with a long-range Coulomb interaction
Vc(q), which frustrates the phase separation instability induced by an attractive interaction
−λ from, e.g., low-energy phonons, the total interaction

Vq = Vc(q) + U(q)− λ, (1)

has a minimum at finite and in general incommensurate values q = qc. In a random
phase approximation (RPA) the induced CDW instability at qc is then independent of the
nesting instability, i.e., the wave vector at which the bare charge correlations Π0(q, ω = 0)
are enhanced.

Convenient two-dimensional lattice-periodic forms used for numerical calculations are

Vc(q) =
α√

s2
x + s2

y

, (2a)

U(q) = β

[
1 − γs2

x
s2

x + s2
y

]√
s2

x + s2
y, (2b)

where sx,y ≡ sin
(

1
2 qx,y

)
, qx and qy are the x and y components of q, α and β are dimen-

sional parameters, and γ is a dimensionless parameter. Equation (2a) reproduces the
two-dimensional Coulomb behavior Vc(q) ∝ 1/|q| at small momentum. Equation (2b) pa-
rameterizes the residual short-range interaction and allows for a weak in-plane anisotropy
through γ. This anisotropy is useful phenomenologically because BS phonon anomalies
are most pronounced along the Cu–O bond directions, although the CDF response itself is
considerably broader than the static CDW peak.

For the fermion quasiparticle dispersion, we consider

ϵk = −2t
(
cos kx + cos ky

)
− 4t′ cos kx cos ky − µ, (3)
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where t and t′ are the nearest- and next-nearest-neighbor hopping amplitudes, kx and ky

are the x and y components of the lattice momentum k, and the chemical potential µ fixes
the hole concentration p.

The bare electronic polarization is described by the Lindhard function

Π0(q, ω) =
1
N ∑

k,σ

f (ϵk+q)− f (ϵk)

ω + ϵk+q − ϵk + iΓ
, (4)

where N is the number of k points in the first Brillouin zone, f (z) ≡ [ez/(kBT) + 1]−1 is
the Fermi function at temperature T, and Γ is a small imaginary part. In the numerical
calculations we take the limit T → 0; therefore, the value of the Boltzmann constant is
immaterial, and we adopt units such that kB = 1.

The dressed electronic polarization within the RPA is described by the function

Πee(q, ω) =
Π0(q, ω)

1 − VqΠ0(q, ω)
=

1
Π−1

0 (q, ω)− Vq
. (5)

In Section 5 we present results for a fixed hole doping p = 0.12. At T = 0 the chemical
potential coincides with the Fermi energy, which is set to EF/t = −0.95 in order to obtain
this doping level. We set h̄ = 1 and normalize all energies to the nearest-neighbor hopping
t = 350 meV; the next-nearest-neighbor hopping is fixed at t′/t = −0.3. The effective
interaction in Equation (2) is implemented with α/t = 0.25, β/t = 0.5, and γ = 0.05.
The Lindhard function is evaluated along the (qx, 0) direction, where the bond-stretching
anomaly is most pronounced. The high-energy phonon is fixed at Ω2/t = 0.20 and
represents the BS branch at ΩBS ≈ 70 meV, while the low-energy channel is assigned to
both ΩCDW

1 /t = 0.05 and ΩCDF
1 /t = 0.09 (please, refer to Section 3.2 for a discussion on

the characterization of CDW and CDF in terms of different phonon frequencies). The BS
renormalization can be studied as a function of the coupling constants g1 and g2, comparing
the two regimes g1 > g2 and g1 < g2.

2.2. Two-Phonon Hamiltonian

To connect the charge instability to the experimentally observed BS branch, we intro-
duce two optical phonons coupled to the charge density. The Hamiltonian is

H =∑
k,σ

ϵkc†
kσckσ +

1
2 ∑

q
Vqρqρ−q

+
g1√

N
∑
q

(
bq,1 + b†

−q,1

)
ρq +

g2√
N

∑
q

(
bq,2 + b†

−q,2

)
ρq

+ ∑
q

Ω1b†
q,1bq,1 + ∑

q
Ω2b†

q,2bq,2.

(6)

Here, c(†)kσ annihilates (creates) a fermion quasiparticle with lattice momentum k and

spin projection σ =↑, ↓; b(†)q,s annihilates (creates) a phonon with lattice momentum q
in the branch s = 1, 2; ρq = ∑k,σ c†

k+q,σckσ; Ω1 is the characteristic energy of the low-
energy mode that participates directly in the charge instability; and Ω2 > Ω1 is associated
with the BS phonon. The two couplings g1 and g2 are treated as effective parameters.
In a more microscopic theory they would depend on momentum, orbital characteristics,
and doping. The present approximation intentionally keeps them constant in order to
isolate the mechanism by which low-energy charge dynamics renormalize the higher-
energy BS branch.

The bare phonon propagators are
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D(0)
s (ω) =

2Ωs

ω2 − Ω2
s

, s = 1, 2. (7)

The coupled charge-phonon susceptibility matrix χ obeys the RPA equation

χ = χ0 + χ0Wχ, (8)

with

χ0(q, ω) =

Π0(q, ω) 0 0

0 D(0)
1 (ω) 0

0 0 D(0)
2 (ω)

, W(q) =

Vq g1 g2

g1 0 0
g2 0 0

. (9)

This reduction is justified by the fact that, in our approach, there is no direct
phonon–phonon coupling. The lattice modes communicate through their coupling to the
electronic degrees of freedom: a phonon in a given branch can excite a virtual particle–hole
pair, which then annihilates into a phonon of the same or of a different branch (see
Figure 1). To leading order in the electron–phonon vertices, and within an RPA treatment,
this response is fully encoded in the dressed electronic polarization function Πee(q, ω).
The two phonons couple to the same charge-density channel with effective vertices g1

and g2, which are understood as the values of the corresponding electron–phonon matrix
elements in the momentum region relevant to the charge instability (see Figure 1). Possible
microscopic momentum dependencies of the vertices are therefore absorbed into these
effective couplings. This approximation does not aim at deriving the full microscopic
electron–phonon interaction, but rather at retaining the minimal structure required to
describe how a low-energy charge response can renormalize two phonon branches and mix
them through the same electronic polarization bubble.

D(0)
1 D(0)

1
g1 g1

Πee

Σ11 = g2
1Πee

D(0)
2 D(0)

2
g2 g2

Πee

Σ22 = g2
2Πee

D(0)
2

D1
g2 g1

Πee

Σ12 = Σ21 = g1g2Πee

Figure 1. Representative diagrams of the Dyson series for the two-mode phonon model. Only
the elementary self-energy insertions are shown: the diagonal channels Σ11 and Σ22 renormalize
the low-energy and BS phonons, respectively, while the off-diagonal channel Σ12 = Σ21 mixes the
two modes through the electronic polarization bubble Πee.

Equivalently, one can integrate out the electron density fluctuations and work directly
with a phonon self-energy matrix
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Σ(q, ω) =

(
Σ11 Σ12

Σ21 Σ22

)
= Πee(q, ω)

(
g2

1 g1g2

g1g2 g2
2

)
. (10)

This form makes explicit that the two phonons are not independent once they are
coupled to the same electronic charge channel. The diagonal terms soften each phonon
separately, whereas the off-diagonal terms mix the low-energy instability mode with the
BS branch.

3. Bond-Stretching Phonon Renormalization
3.1. Low-Energy Phonon Channel Involved in Charge-Order Phenomena

The dressed propagator of the low-energy phonon channel involved in the charge-
order instability is [20–23]

D1(q, ω) =
D(0)

1 (ω)

1 − g2
1Πee(q, ω)D(0)

1 (ω)
. (11)

Here, D1 denotes the low-energy mode dressed by its direct coupling to the electronic
charge response. In the full two-mode problem, the off-diagonal self-energies also generate
a feedback of the BS branch. This would produce an additional mixed term in D1 that is
purposely neglected in the present approach. The role of the low-energy mode is to host
the incipient charge-order instability that affects the higher-energy BS phonon.

The corresponding renormalized energy is determined approximately by

ω2
1(q) = Ω2

1 + 2Ω1g2
1 Re Πee(q, ω = Ω1). (12)

A useful working picture is that CDFs and CDWs exist in spatially separated domains.
The former represent incomplete or aborted CDWs: they are close enough to a charge
instability to affect both transport and lattice dynamics, but not sufficiently coherent to
establish long-range correlation, possibly because of a locally stronger disorder. In this
regime, the characteristic energy of the CDF, rather than the existence of a resolution-limited
quasi-elastic peak, becomes the relevant scale for the phonon renormalization.

When the charge susceptibility is large and negative in the relevant conven-
tion, Equation (12) drives the low-energy mode toward zero frequency. The limit
ω1 → 0 corresponds to a static CDW instability. A finite but small ω1 corresponds instead
to a dynamical CDF close to criticality.

3.2. Bond-Stretching Phonon and Mixed Self-Energy

The BS phonon is renormalized by both a direct self-energy and an off-diagonal
contribution mediated by the low-energy channel. Projecting the two-mode Dyson equation
onto the BS mode gives

D2(q, ω) =
D(0)

2 (ω)

1 − Σ̃2(q, ω)D(0)
2 (ω)

, (13)

where

Σ̃2(q, ω) = Σ22(q, ω) + Σ21(q, ω)D1(q, ω)Σ12(q, ω). (14)

Using Equation (10), this can be written as

Σ̃2(q, ω) = g2
2Πee(q, ω) + g2

1g2
2[Πee(q, ω)]2D1(q, ω), (15)
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or, equivalently,

Σ̃2(q, ω) = g2
2Πee(q, ω)

[
1 + g2

1Πee(q, ω)D1(q, ω)
]
. (16)

The first term in Equation (15) is the direct renormalization of the BS phonon by the
electronic polarization. The second term is an off-diagonal self-energy contribution gener-
ated by the fact that the two phonon modes couple to the same electronic density response.
This gives the mixed term Σ21D1Σ12, which describes the dynamical hybridization of the
BS branch with the low-energy phonon channel involved in the charge-order instability. Its
magnitude scales as g2

1g2
2, making the BS anomaly highly sensitive to the effective EPC.

The BS phonon energy satisfies

ω2
2(q) = Ω2

2 + 2Ω2 Re Σ̃2(q, ω = Ω2). (17)

Therefore, the softening of the BS mode requires

Re Σ̃2(q, Ω2) < 0. (18)

If all other parameters are fixed, a lower-energy and more coherent charge mode
produces a larger local softening. This is why a nearly static CDW may be expected to
generate a strong phonon anomaly at its ordering vector. However, if CDWs and CDFs
coexist, as experimentally found by RIXS experiments on cuprates [29], the effect on the
measured phonon branch must also depend on the spectral weight in momentum space
occupied by the corresponding charge response. This fact motivates the average self-energy
description introduced below, in Section 4. In our modeling, we describe CDFs as missed
CDWs. There may be various reasons why CDFs remain dynamical and do not display
any tendency for charge ordering. For the sake of simplicity and definiteness, in our
forthcoming calculations, we characterize CDWs by a (locally) smaller value of Ω1 as
compared to CDFs, thereby implementing the experimentally observed fact that CDWs are
closer to becoming static, for fixed values of all the other parameters, due to processes that
are not explicitly considered in our model.

3.3. Role of the Effective EPC Parameters

The effective couplings g1 and g2 are central parameters of the model. They represent
the electron–phonon vertices projected onto the two phonon modes retained in the effective
theory. The coupling g1 connects the electronic charge susceptibility to the low-energy
phonon mode involved in the charge-order instability [20–23], while g2 connects the same
charge response to the BS phonon. In a microscopic description, both vertices would depend
on momentum, orbital characteristics, screening, doping, and phonon eigenvectors. Here,
they are treated as effective constants, in order to isolate how the incipient charge-order
instability can renormalize the higher-energy BS branch.

The sign and magnitude of the renormalization constrain the allowed values of the cou-
plings. With the convention used here, the BS phonon softens when Re Σ̃2(q, ω ≃ Ω2) < 0.
In the momentum region where the charge susceptibility contributes to the anomaly, Re Πee

is negative. For frequencies close to the bare BS energy, the real part of the low-energy prop-
agator is positive, Re D1(q, Ω2) > 0. Neglecting subleading imaginary-part contributions,
the factor in square brackets in Equation (16) must therefore remain positive in order to
preserve the softening contribution,

−1 < g2
1 Re Πee(q, Ω2)Re D1(q, Ω2) < 0. (19)
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This condition illustrates why the numerical value of g1 is not a secondary detail.
For fixed Πee, increasing g1 pushes the low-energy mode closer to the charge-order instabil-
ity, but it also enhances the mixed correction in the BS phonon self-energy. If g1 is too small,
the low-energy propagator remains weakly renormalized and the indirect contribution to
the BS anomaly is negligible. If g1 is too large, the system is driven too close to a complete
static instability, and the effective description does not describe a regime dominated by
CDFs that are broad in momentum space.

Equation (19) also clarifies the different roles of CDW and CDF components. A CDW
mode, being closer to the limit Ω1 → 0, gives a smaller value of Re D1(Ω2) when the
propagator is evaluated at the high-energy phonon frequency. It therefore more easily
satisfies Equation (19) and can produce a strong local softening. CDFs have a finite charac-
teristic energy, closer to the BS phonon energy Ω2, and can therefore give a larger value
of Re D1(Ω2). For the same g1, this makes the CDF contribution locally less singular.
However, if the coupling is such that even the CDF propagator satisfies the softening
condition, the corresponding CDW component would produce an even stronger local
anomaly. This observation motivates the introduction of relative CDW/CDF weights in the
phonon self-energy.

The second coupling, g2, controls how efficiently the low-energy charge-order dy-
namics affects the BS phonon. Even when D1 is strongly renormalized, the high-energy
branch shows only a small anomaly if g2 is weak. Conversely, a sizable g2 allows the BS
phonon to act as a sensitive high-energy probe of the low-energy charge mode. The BS
softening therefore depends on three ingredients: the enhancement of the charge suscepti-
bility, the proximity of the low-energy phonon mode to the charge-order instability, and the
effective EPC vertices that connect this mode to the BS branch.

Varying the ratio between the two couplings, for instance through g2
2/g2

1, separates the
role of the charge-instability scale from the role of the EPC matrix elements. A broad CDF
contribution is not sufficient by itself to generate a sizable BS anomaly unless the mixed
phonon–charge channel is appreciable. Conversely, a sizable EPC can make a finite-energy
CDF component relevant for the high-energy phonon self-energy, especially when this
component carries a large reciprocal-space volume (see Figures 2 and 3 in Section 4). This
provides a theoretical basis for connecting the phonon anomaly to the strength of the
effective EPC.

4. Average Self-Energy Description of CDW–CDF Coexistence
4.1. Average Self-Energy

The average self-energy construction is applied at fixed hole doping, chosen close to
p ≃ 0.12. This doping lies in the underdoped region where CDW and CDF components
coexist, making it a suitable regime in which to test a two-component description of charge
order. In this work, CDW and CDF are treated as two local realizations of the same
underlying charge-order tendency. The CDW component is taken to be more coherent and
closer to a static instability, whereas the CDF component remains dynamical and broader
in momentum space.

This description should be understood as a phenomenological average over CDW-like
and CDF-like regions. We do not attempt to describe the microscopic origin of such regions,
nor their possible spatial correlations. The weights assigned to the two components are
instead guided by the relative spectral weights observed experimentally. In this sense,
the average self-energy provides the simplest approximation to describe the BS phonon
when both charge components are present, while neglecting correlations and multiple
scattering between domains.
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For the BS phonon, the averaged self-energy is written as

Σ̃2,av = xΣ̃CDW
2 + (1 − x)Σ̃CDF

2 , (20)

where x is the effective CDW weight and 1 − x is the CDF weight. The two components are
defined by

Σ̃a
2(q, ω) = Σ22(q, ω) + Σ21(q, ω)Da

1(q, ω)Σ12(q, ω), a ∈ {CDW, CDF}. (21)

Equivalently,
Σ̃2,av = Σ22 + Σ21

[
xDCDW

1 + (1 − x)DCDF
1

]
Σ12. (22)

Within this framework, DCDW
1 and DCDF

1 represent two limits of the same charge-order
tendency. The CDW propagator is closer to a zero-energy pole and is narrower in reciprocal
space, while the CDF propagator remains dynamical but occupies a wider momentum region.
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er
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g1>g2 

G1 = 0.1
G2 = 0.02
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0.5 1.0 1.5 2.0 2.5
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0.05
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Figure 2. Representative two-phonon RPA spectral intensity maps along the (qx, 0) direction.
The spectra show the low-energy phonon channel associated with the charge-order instability and
the higher-energy bond-stretching (BS) phonon. The two branches are coupled through the electronic
polarization, so the softening of the low-energy mode can affect the BS branch through the mixed
self-energy contribution. The effective CDW/CDF weight is fixed to x = 0.9, corresponding to the
condition in which 90% of the contribution is associated with the CDW propagator. Here, G1 ≡ g2

1
and G2 ≡ g2

2. For G1 > G2, the low-energy branch is strongly renormalized near the model charge-
order wave vector, while the BS branch remains nearly unchanged. When the hierarchy is inverted,
G1 < G2, spectral weight and softening are transferred more efficiently to the high-energy branch
through the mixed self-energy channel. Increasing G2 at fixed small G1 further enhances the coupling
between the two branches and drives the low-energy channel toward an instability. The comparison
shows that a soft charge-order channel alone is not sufficient to produce a sizable BS anomaly: the
effective coupling of the BS phonon to the electronic density response is essential.
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4.2. Spectral Volume and Interpretation of the Effective Weights

A CDW component can produce a larger local softening because it is closer to criti-
cality. However, a CDF component can make the dominant contribution to the effective
phonon self-energy if its broader momentum distribution compensates for its weaker
local singularity.
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Figure 3. Renormalized bond-stretching phonon dispersion for different effective CDW/CDF weights
and electron–phonon coupling regimes. Panel (a) summarizes the evolution of the phonon energy
along the (qx, 0) direction for representative choices of the coupling constants. The colored shaded
regions identify the energy windows magnified in the surrounding panels. Panels (b,c) show
the dependence on the CDW-like weight x for two moderate coupling hierarchies: g1 > g2,
with G1 ≡ g2

1 = 0.1 and G2 ≡ g2
2 = 0.02, and g1 < g2, with G1 = 0.02 and G2 = 0.1. In both

cases, varying x changes the depth of the minimum only weakly, while the inversion of the coupling
hierarchy produces a much larger softening of the bond-stretching branch. Panels (d,e) show the
effect of increasing G2 at fixed small G1 = 0.0025. For moderate values of G2, the phonon anomaly is
progressively enhanced, while for very large G2 the mode is driven close to an instability. The com-
parison shows that the bond-stretching anomaly is controlled primarily by the effective coupling
of the high-energy phonon to the electronic density response, whereas the CDW/CDF weight x
provides a secondary modulation of the softening amplitude.

This point can be implemented phenomenologically through the reciprocal-space
volume of the quasi-elastic charge response. Following the analysis of Ref. [29], an experi-
mental estimate of the volume associated with each charge component is

Vα ∝ AαΓ2
α, α = CDF, CDW, (23)

where Aα is the peak amplitude and Γα is its momentum width. The corresponding effective
weights can be written as

wCDF =
VCDF

VCDF + VCDW
, wCDW =

VCDW

VCDF + VCDW
, (24)

For fixed CDW/CDF weights, the magnitude of the BS renormalization is controlled
by the mixed self-energy channel, whose strength scales as g2

1g2
2. For fixed couplings,

increasing the CDF weight enhances the contribution of the broad dynamical component.

https://doi.org/10.3390/condmat11030030

https://doi.org/10.3390/condmat11030030


Condens. Matter 2026, 11, 30 11 of 16

The average self-energy description therefore identifies three ingredients that control the
phonon anomaly: the proximity of the low-energy channel to a charge-order instability,
the reciprocal-space volume of the charge response, and the effective EPC vertices that
connect the charge mode to the lattice.

The average in Equation (20) neglects correlations between CDW and CDF domains,
as well as multiple scattering between them. It should therefore be regarded as the simplest
phenomenological way to include the simultaneous presence of the two charge components
in the BS phonon self-energy. The calculation addresses whether a broad CDF component,
once weighted by its available phase space and coupled to the BS branch through a finite
EPC, can generate a sizable high-energy phonon renormalization. The answer depends
sensitively on both the CDF/CDW weights and the values of g1 and g2, which is why the
model treats the EPC as an active parameter rather than as a passive background interaction.

5. Results, Limitations, and Outlook
The model developed here addresses a general theoretical question raised by several

experimental observations in cuprates: how the BS phonon couples to charge-order insta-
bilities, and why the short-ranged fluctuating component of the charge response may play
a decisive role in the observed phonon anomaly. In this perspective, the relevant issue is
not only the proximity to a static charge-order transition, but also how dynamical charge
correlations with finite correlation length enter the phonon self-energy and renormalize the
BS branch.

The first result of the model is the identification of the mixed self-energy channel as
the key mechanism transferring the low-energy charge instability to the high-energy BS
phonon. The representative diagrams in Figure 1 illustrate the three elementary self-energy
insertions generated by the electronic polarization bubble: the diagonal channels Σ11 and
Σ22, and the off-diagonal channel Σ12 = Σ21. Thus, the anomaly of the high-energy phonon
is not controlled only by its direct coupling to the electronic polarization, but also by its
dynamical hybridization with the low-energy phonon channel involved in charge ordering.

The second result concerns the role of the effective EPC parameters. The spectral maps
shown in Figure 2 compare representative two-phonon RPA spectra for different coupling
hierarchies. When g1 > g2, the low-energy branch is strongly affected by the charge-order
instability, while the BS branch remains only weakly renormalized. When g2 becomes
larger than g1, the high-energy branch acquires a much stronger anomaly, demonstrating
that a soft charge sector alone is not sufficient to produce a sizable BS softening. A strong
coupling of the BS mode to the same electronic density response is also required.

The dispersion calculations in Figure 3 make this point more explicit. Varying the
effective CDW/CDF weight x changes the depth of the phonon minimum, but the effect
is modest compared with the change produced by modifying the ratio between g1 and g2.
In particular, the comparison between moderate and large values of g2

2/g2
1 shows that the

BS anomaly is strongly amplified when the high-energy branch is efficiently coupled to the
low-energy mode, directly connected to the charge instability.

Several approximations are involved. First, the two phonons are treated as effective
dispersionless modes. Real BS branches have a nontrivial bare dispersion, anisotropic
eigenvectors, and possible hybridization with other oxygen modes. Future quantitative
calculations should include realistic phonon dispersions and eigenvectors, either from
lattice-dynamical models or from first-principle calculations.

Moreover, the couplings g1 and g2 are taken as constants. This approximation is
useful for exposing the mechanism, but it neglects the momentum, orbital, and screening
dependence of the EPC matrix elements. Since the mixed contribution to the BS self-energy
scales as g2

1g2
2, this is a relevant limitation for any quantitative comparison. Nonlocal and
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dynamically screened EPC approaches provide a natural route for going beyond the present
parametrization [56–59].

A further quantitative limitation concerns the position of the critical wave vector.
Experimentally, in YBCO the relevant charge-order momentum is close to qc ≃ (0.3, 0)
r.l.u., whereas in the present simplified calculation the minimum of the BS softening
occurs at a different momentum, approximately qc ≃ (0.13, 0) r.l.u. The value quoted in
r.l.u. is obtained from the dimensionless momentum used in the numerical code through
qrlu = qcode/(2π); thus, the maximum at qcode ≃ 0.8 corresponds to qrlu ≃ 0.8/(2π) ≃ 0.13.
This mismatch prevents a direct quantitative comparison on an absolute momentum scale.
It likely reflects the simplified electronic dispersion, the approximate effective interaction,
and the neglect of momentum-dependent electron–phonon vertices.

Within the present RPA treatment, the characteristic momentum is determined by
the combined momentum dependence of the effective interaction Vq and of the Lindhard
polarization bubble Π0(q, ω). The simplified tight-binding dispersion, the phenomeno-
logical form of Vq, and the use of momentum-independent EPC vertices all contribute
to shifting the maximum of the calculated susceptibility away from the experimental
value. This is the main reason why the present model should be regarded as qualitative
rather than quantitative: it is intended to identify the mechanism by which low-energy
charge dynamics renormalize the BS phonon, rather than to reproduce the absolute value
of the ordering wave vector or to fit the experimental dispersion. The same limitations
also affect the treatment of temperature. In the numerical implementation we use a zero-
temperature Lindhard function, which allows us to isolate the dependence of the BS
renormalization on the CDW/CDF weight and on the effective couplings g1 and g2. A first
finite-temperature extension could be obtained by replacing the zero-temperature Lindhard
function with its finite-temperature counterpart. However, a quantitative description of the
temperature dependence would require going beyond the present fixed-parameter RPA
implementation, including thermal fluctuations [23], higher-order corrections, and the tem-
perature evolution of the characteristic energy, damping, and spectral weight of the charge
modes. More realistic electronic dispersions, momentum-dependent phonon frequencies,
and momentum-dependent EPC matrix elements will therefore be needed to describe both
the absolute value of qc and the phonon anomaly over an extended temperature range.

Another effect not included here is superconductivity. In the present model, the elec-
tronic polarization is evaluated in the normal state, so possible changes of the phonon
self-energy below Tc are not described. In the superconducting state, the opening of the
gap and the momentum dependence of the order parameter can modify both the phonon
energy and linewidth. Beyond the experimental observations discussed above, which
highlight the relevance of EPC for unconventional superconductivity, several theoretical
works have addressed how the onset of superconductivity can affect phonon energies
and lineshapes [60–63]. Including these effects in the present framework would require
replacing the normal-state polarization bubble by its superconducting counterpart and
studying its interplay with the CDW/CDF charge channel. This extension is beyond the
scope of the present work, but it would be important for a quantitative description of the
temperature dependence across Tc.

Despite these limitations, the present model identifies a robust mechanism. The BS
phonon receives a direct self-energy from the electronic polarization and an indirect contri-
bution mediated by the low-energy charge-order channel. A CDW component is locally
more singular, but a CDF component can dominate the effective self-energy if it carries a
larger reciprocal-space volume. The magnitude of the resulting anomaly is then governed
by the effective EPC vertices. This provides a theoretical basis for treating dynamical charge
fluctuations and EPC as intertwined ingredients in the lattice response of cuprates. Future
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work should therefore aim at fitting phonon energy shifts and phonon spectral weights
within the same framework, using the latter as an additional constraint on the effective
EPC matrix elements.

6. Conclusions
We have developed a minimal theoretical framework for the renormalization of BS

phonons in cuprate superconductors by low-energy charge-order dynamics. The model
combines a charge susceptibility enhanced near an instability, two phonon modes coupled
to the same electronic density response, and an average self-energy description of CDW
and CDF components. As illustrated diagrammatically in Figure 1, the central ingredient is
the off-diagonal self-energy channel, which mixes the high-energy BS branch with the low-
energy phonon channel involved in charge ordering. The spectral maps in Figure 2 show
that the softening of the low-energy channel produces a sizable BS anomaly only when the
BS phonon is sufficiently coupled to the electronic density response. The dispersions in
Figure 3 further show that changing the EPC hierarchy has a stronger effect on the anomaly
than changing the CDW/CDF weight alone.

The analysis highlights the two important ingredients. The first is local criticality: a
nearly static CDW lies closer to a complete soft-mode instability and can therefore generate
a strong local renormalization. The second is spectral volume: a finite-energy CDF is
less singular, but can occupy a much broader region of reciprocal space. When the latter
contribution is weighted by its available phase space, it can dominate the effective phonon
self-energy even without becoming a static ordered state.

The model also highlights the importance of the effective EPC parameters. The mixed
contribution to the BS self-energy scales as g2

1g2
2, so the phonon anomaly depends not only

on the presence of charge fluctuations, but also on how efficiently those fluctuations couple
to the relevant lattice modes. This mechanism is consistent with the broader experimental
landscape established by INS, IXS, and RIXS studies of cuprate phonons and charge order,
and it motivates future work in which realistic phonon dispersions, momentum-dependent
EPC, and self-consistent charge-fluctuation propagators are treated on the same footing.
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Abbreviations
The following abbreviations are used in this manuscript:

BS bond-stretching
CDF charge-density fluctuation
CDW charge-density wave
EPC electron–phonon coupling
INS inelastic neutron scattering
RIXS resonant inelastic X-ray scattering
RPA random phase approximation
YBCO YBa2Cu3O7−δ
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