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Abstract: Using molecular dynamics simulations, we studied the structural properties of orthorhombic,
monoclinic, and body-centered tetragonal (bct) phases of U–Mo alloys. A sequence of shear
transformations between metastable phases takes place upon doping of uranium with molybdenum
from pure α-U: orthorhombic α0 → monoclinic α00 → bct γ0 → body-centered cubic (bcc) with doubled
lattice constant γs → bcc γ. The effects of alloy content on the structure of these phases have been
investigated. It has been shown that increase in molybdenum concentration leads to an increase in the
monoclinic angle and is more similar to the γ0 -phase. In turn, tetragonal distortion of the γ0 -phase
lattice with displacement of a central atom in the basic cell along the <001> direction makes it more
like the α00 -phase. Both of these effects reduce the necessary shift in atomic positions for the α00 →
γ0 -phase transition.
Keywords: uranium alloy; phase transition; molecular dynamics; metastable phases

1. Introduction
Uranium has received a lot of attention due to its unique nuclear properties and its various
applications in nuclear industry. Pure uranium has three different allotropes: a low-temperature
orthorhombic α-U, a high-temperature body-centered cubic (bcc) γ-U, and an intermediate tetragonal
β-U observed in a very small interval of pressures and temperatures. A high-temperature γ-phase
has the best technical properties for nuclear engineering because of its cubic symmetry. However,
the γ-phase is extremely unstable at low temperature. Therefore, uranium is alloyed with other metals
that have a bcc structure. Mo is highly soluble in γ-U. Compared with other high-density uranium
alloys and compounds, the low-enriched uranium alloys with 6–12 wt.% of Mo have attracted a great
deal of attention and are recognized as the most prominent candidates in advanced research and test
reactors. Mo is a strong γ-stabilizer, which provides a stable swelling behavior in U–Pu–Mo fuels,
and it has high thermal conductivity, low thermal expansion, and high melting points [1–5].
Despite the large number of experimental and theoretical studies on the phase diagram, structure,
and kinetics of phase transitions in the uranium–molybdenum system performed in the 1950s to
1970s, there is a lot of interest in studying the properties of metal fuels and optimizing the design
of fuel structures (for example, dispersed fuel). Although Mo stabilizes the γ-phase of U–Mo alloys,
it is still metastable and may decompose into a lamellar two-phase mixture of the orthorhombic α-U
0
and the tetragonal γ -phase U2 Mo [6–9]. The microstructure of U–Mo alloy is an inhomogeneous
dendrite structure with Mo-rich and Mo-lean regions [6,7,10–13]. Mo segregation may affect γ-phase
stability [6,9]. Thus, discussions about the possibilities of stabilizing the homogeneous cubic γ-phase
of U–Mo alloys at low temperatures (near room temperature) and under reactor irradiation conditions
still continue.
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It should be noted that the structure of uranium alloys at low temperatures does not exactly match
the structure of γ-U. A sequence of shear transformations between metastable phases takes place
upon doping of uranium with molybdenum from pure α-U [14–18]: orthorhombic α0 → monoclinic
α00 → bct γ0 → body-centered cubic (bcc) with doubled lattice constant γs → bcc γ. All of these
metastable structures exhibit areas of stability in the temperature–concentration phase diagram.
Thus, the maximum Mo concentration for the monoclinic phase observation in the experiments is about
11–12 at.% at room temperature [14,19]. The microstructure and properties of the final state depending
on the concentration of Mo and cooling rate have been studied for several decades [13,14,20–22].
The main tool for study of these structures is X-ray Diffraction (XRD); however, it does not allow us to
determine structural features in full.
Atomistic simulation can be used to shed some light on the nature of the high-temperature
γ-phase of U and γ-like phases of U–Mo alloys. However, static instability of the bcc lattice does
not allow application of ab initio simulations; thus, many properties usually extracted from static
calculations become unavailable. At the same time, the correct interatomic potential is needed for
molecular dynamics (MD) simulations. In previous work [23], a new version of Angular-Dependent
Potential (ADP) was proposed, which may be used to correctly describe cubic and tetragonal phases in
U–Mo alloys. In this work, special attention to the features and structure of α-like phases is given.
2. Computational Method
Molecular dynamics (MD) simulation is a powerful tool to study physical properties of
matter at the atomistic level [24–26]. In this work, we studied the structure of U–Mo alloys
using molecular dynamics simulations with a novel interatomic potential [23]. This potential
contains an angular-dependent term and was parameterized using the force-matching method [27,28].
All calculations were performed with the LAMMPS code [29]. Numerical integration of motion
equations is done using 0.5 fs timesteps. The time of the whole MD simulation was up to 10 ns. Atom
dynamics were visualized by the OVITO program [30] where necessary.
The monoclinic phase of the U–Mo alloy has been designed α00 since its microstructure shows
banding while its atomic structure is similar to that of alpha uranium [31]. The atomic positions in the
unit cell of the α00 -phase are slightly different from those of α-U, and one angle is greater than 90 degrees.
Therefore, the angle between sides a and b is called a monoclinic angle (γ). Here, two different
approaches were used: monoclinic and orthogonal simulation cells. The monoclinic simulation cell
had the following size: 20a × 20b × 20c (where a, b, and c are the U–Mo alloy lattice parameters) with
periodic boundary conditions in all directions.
However, simulation of the α00 -phase in the orthogonal simulation cell is a non-trivial task.
The simulation cell had the following size: L x × Ly × Lz , also with periodic boundary conditions in all
directions. x and z axes correspond to the a and c directions of the monoclinic basic cell, respectively
(L x = Nx · a, Lz = Nz · c). Since the angle between sides a and b does not equal 90 degrees, the y axis
does not match the b direction of the monoclinic basic cell (Ly = Ny · b · sin(180 − γ)). This leads to the
displacement of atoms at the upper boundary fo the simulation cell along the x axis from positions
of atoms at the lower cell boundary by δx = Ny · b · cos(180 − γ) over Ny lattice periods. This shift
must be divisible by lattice parameter a: δx ≈ M · a in order to prevent the lattice distortion at the
simulation cell boundary. For example, an orthogonal simulation cell with size 87a × 50b × 30c was
used to perform calculations of uranium alloy with 10 at. % molybdenum.
Random distribution of atoms (U and Mo) in the α00 lattice (or in the γ0 -phase at some
simulations) was used to produce the Mo concentration equal to 0–15 at.%. A Langevin thermostat
and Nose–Hoover barostat were used to control the temperature (T) and pressure (P), respectively.
Nevertheless, a large fraction of the calculations was performed in the NVE ensemble in order to obtain
statistics in the equilibrium state. All simulations were carried out at room temperature T = 300 K.
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3. Results
3.1. α-Like Phases in U–Mo Alloy
We studied the α00 -phase that is metastable in U–Mo alloy at low temperature [14–18,21].
Both methods (monoclinic and orthogonal simulation cells) were accompanied by a variation of the
simulation cell size in order to achieve zero pressure in all directions (Pxx = Pyy = Pzz = 0). Mo atoms
were placed randomly according to the given concentration in the alloy. The structure of the α00 -phase
is shown in Figure 1. As it is discussed above, the α00 -lattice is similar to the monoclinic lattice with an
angle between sides a and b greater than 90 degrees and displacement of atoms along the a axis from
their positions in alpha uranium.

Figure 1. (a) The monoclinic angle of the α00 -phase at room temperature (for various Mo concentrations):
1—values measured in work [32]; 2—calculated data from this work. The inset shows the monoclinic
angle of equivalent cell of the γ0 -phase at room temperature dependent on the Mo concentration.
(b) Projection of atomic positions in the α00 -phase unit cell onto its [001] plane. Red atoms correspond
to the z = 0 plane and pink atoms to the z = 0.5c plane.

Since the deviation of the monoclinic angle from 90 degrees is negligible, it is necessary
to determine it with good accuracy from simulations. Thus, in order to study the structure of
alloys we applied “radial-angle” distribution functions. These functions were constructed in the
following way. First, the simulation cell was divided into pairs of layers z ≈ zup ( N ) = N · c
and z ≈ zdown ( N ) = zup ( N ) − 0.5 c (where N assumes values from 1 to Nz ). Then, for each pair
−→
i , yi ) and j (x j , y j ) in layer z ≈ z ( N ), a set of vectors Rij with the beginning in
of atoms i (xup
up
up up
up
up
j

j

ij

ij

i , yi ) and the end in (x , y ) was calculated, provided that the distance between atom i and
(xup
up
up
up
atom j is less than the cutoff radius (12Å). Such vector can be considered as a pair of parameters
−→
ij
ij
ij
ij
ij
(rup , φup ), where rup is vector length and φup is the angle between Rup and the x axis (<100> lattice

direction). These values (rup , φup ) can be plotted together in one graph in a 2D polar coordinate
system with the local environment of each atom in the selected layer within the cutoff radius. Wherein,
all points on the graph are divided into groups corresponding to the scatter of atomic positions
relative to the average ones. Further, values are averaged over all points within each group and
are converted back to Cartesian coordinate system. A similar procedure was carried out for the
−−−→
ij
i , yi ) while its end
layer z ≈ zdown ( N ), except that the beginning of Rdown was still selected in (xup
up
j

j

corresponds (xdown , ydown ). Thus, a projection of averaged atomic positions in the pair of layers
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z ≈ zup ( N ) and z ≈ zdown ( N ) onto the [001] lattice plane was obtained. Then, additional averaging
over all pairs of layers was carried out. As a result, this allowed us to make a projection of averaged
atomic positions in the lattice onto its [001] plane with high precision and conduct a detailed study of
the crystal structure.
The dependence of the monoclinic angle on the Mo concentration is shown in Figure 1. This figure
depicts the simulation results together with the data obtained from the experiments [32]. The data are
given for room temperature. The simulation results agreed well with the experiments. It should be
noted that the structure of the α00 -phase was the same in both the monoclinic and orthogonal simulation
cells. The α00 -phase was stable at room temperature in the concentration range from 5 to 11–12 at.%
of Mo. In our atomistic simulation, the monoclinic phase at high Mo concentration existed for a very
limited time (about 1 picosecond). After this time, the martensitic phase transformation from α00 -phase
to γ0 -phase took place. This transition was caused by the energy hierarchy of U–Mo phases (Table 1).
Table 1. Computed energies (in eV/atom) of the α00 -phase and γ0 -phase (for various Mo concentrations)
at T = 0 K. All values are given with respect to the energy of the α-phase.

α00 -phase
γ0 -phase

5 at.% of Mo

7.5 at.% of Mo

10 at.% of Mo

12.5 at.% of Mo

0
0.015

0.001
0.01

0.003
0.009

0.005
0.005

The monoclinic angle smoothly decreased with decreasing Mo concentration in the atomistic
simulations as well as in the experiments [14,19,32]. The minimum Mo concentration for the α00 -phase
was close to 5 at.% in the experiments (also in our calculations). For lower concentrations of
molybdenum, the phase is called α0 , which can be considered as a lower limit of the α00 -phase with
monoclinic angle approaching 90 degrees as in the orthorhombic structure of α00 -U [32]. Wherein,
significant compression of the parameter b during α00 and α0 phase formation is observed [14,19],
while the parameters a and c are changed slightly. The dependence of the parameter b on Mo
concentration is shown in Figure 2. The figure contains the simulation results together with the
experimental data [14,19].

Figure 2. The lattice parameter b of α0 -phase and α00 -phase at room temperature (for various Mo
concentrations): 1—values measured in work [14]; 2—values measured in work [19]; 3—calculated
data from this work.

A decrease in parameter b with increasing doping takes place for uranium alloys with elements
with a small atomic radius, such as Mo and Nb, due to the asymmetry of the α-like uranium
crystal lattice [17]. The same effect is observed during heating of pure α-U—the thermal expansion
coefficient in the <010> direction (along the b axis) is negative [33]. Thus, an increase in molybdenum
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concentration or in temperature facilitates the transition to a crystal structure with a higher level
of symmetry. Moreover, it is considered that the criterion for the possibility of α0 → α00 → γ0
transitions in the alloy is not the value of the parameter b itself but the ratio of the lattice parameters.
A simple combination of parameters b/a may be chosen for the first approach since the main structural
changes, lattice monocularization, occur in the plane ab. Thus, certain values of b/a corresponding to
α0 → α00 → γ0 transitions in U–Mo and U–Nb alloys can be estimated by averaging the experimental
data [14,19,34] in the work [17]. It is noted that a value of 2.03 corresponds to the beginning of
the lattice monoclinic distortion, and a value of 1.99 corresponds to a transition to the tetragonal
γ0 -phase. In our atomistic simulations these values were 2.04 and 2.00, respectively. Additionally,
for the tetragonal γ0 -phase lattice, one can introduce the monoclinic angle sides aeq and beq of the
equivalent cell as follows:
aeq =
beq =

ag q
(c g /a g )2 + 2,
2q

ag
2

γ = 180 − arcsin( q

9(c g /a g )2 + 2,
√
4 2(c g /a g )

[9(c g /a g )2 + 2][(c g /a g )2 + 2]

),

(1)

where a g and c g are γ0 -phase lattice parameters. aeq and beq axes correspond to the < 111 >γ0 and
< 113 >γ0 directions of the γ0 -phase lattice, respectively.
Figure 3 shows the calculated values of monoclinic angles for various Mo concentrations.
Variations of γ0 -phase lattice parameters with composition were calculated in our previous work [23].
Those simulation results agreed well with the experimental data [21,35]. An increase in the c g /a g ratio
leads to a decrease in the monoclinic angle with decreasing doping. Despite that tetragonal distortion
does not decrease the monoclinic angle to the same values as for the α00 -phase, it reduces the necessary
shift in atomic positions to those in the α00 -structure. Thus, for the U–Mo alloy with 11 at.% Mo (near
the boundary of the α00 -phase area of stability), the change in monoclinic angle from 100 to 98 degrees
reduces the angle difference between α00 - and γ0 -phases by 30%. Moreover, density functional theory
yielded a c g /a g of approximately 0.82 for pure uranium [36,37], which is close to the value of 0.815
required for monoclinic angle γ = 90 degrees.

Figure 3. (a) The monoclinic angle of an equivalent cell of γ0 -phase at room temperature (for various
Mo concentrations). (b) Projection of atomic positions in the γ0 -phase equivalent unit cell onto its [110]
plane. Blue atoms correspond to the z = 0 plane and light blue atoms to the z = 0.5ceq plane.
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3.2. Mechanical Properties of U–Mo Alloy
Not only lattice parameters of U–Mo alloys but also hardness strongly depends on its
composition [17,38,39]. The hardness-composition curves show a maximum strength in the area
of α0 -phase existence and maximum ductility near the α00 /γ0 boundary. Moreover, the possibility of α00
↔ γ0 phase transition induced by deformation is discussed by Butcher and Hatt [39]. Additionally,
γ0 ↔ γ phase transition induced by deformation was observed in our previous simulations [40].
Such phase transition is most pronounced for U–xMo alloys with a c g /a g ratio approximately equal
to 0.98 near the γ0 /γ boundary. The deformation leads to atomic reorganization and tetragonal γ0
→ cubic γ-phase transition. A similar phenomenon was observed during deformation of the U–10
at.% Mo alloy with monoclinic angle equal to 92.3 degrees near the α00 /γ0 boundary. We applied
uniaxial deformation to the alloy model in the orthogonal simulation cell along the a axis (Figure 1b).
A summary of the relevant data is presented in Figure 4.

Figure 4. (a) Calculation results for uniaxial deformation of U–10 at.% Mo alloy at room temperature.
Extension takes place along the x direction. The dependencies of pressure components on deformation:
solid lines—initial extension; dashed lines—inverse deformation to initial sizes of the calculation cell.
(b) γ0 -phase fraction in % during deformation.

The deformation led to an increase in lattice parameter a with parameter b remaining unchanged.
Thus, a decrease in the c/a ratio took place. Formation of the γ0 -phase occured under deformation
ex = 1.3 % (Figure 5). One can notice that the c/a ratio was 2.0 in this moment, which corresponds to
transition to the tetragonal γ0 -phase as discussed above. However, the reverse deformation to the
initial state took a different microscopic path. The disappearance of the γ0 -phase happened differently
from the initial value of deformation ex = 0.5 %. The appearance of a new phase layer reduced the
elastic constants for the crystal orientation, such as the one shown in Figure 1b (i.e., the a-axis is
directed along the x-direction). Thus, C11 almost halved from 207 to 108 GPa, and C22 was reduced by
40% from the initial value of 100 GPa after deformation ex = 3 %.
In order to study the structure of alloys, we used pair distribution functions G (r ), which can
be easily calculated from the molecular dynamics simulations. Figure 6 shows the calculated pair
0
distribution functions for different alloy structures: α00 -phase and γde
f ormed -phase appeared under
0
deformation and non-deformed γ0 -phase. GU -U (r ) of the γde
f ormed -phase coincided well with the

GU -U (r ) of the “stable” γ0 -phase with the same Mo content. Moreover, the G (r ) first peak was split
into two peaks (r ≈ 2.7 Å and r ≈ 3.3 Å). For an ideal bct lattice, the first G (r ) maximum corresponds
to the distance r ≈ 3.0 Å (the distance from the central atom to the atoms located at the vertices
of the basic cell). This splitting was associated with a displacement of central atoms in the basic
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cell to the [001] direction [23,40] and exactly matched peak positions in the α00 -phase. Thereby, not
only did the tetragonal distortion of the γ0 -phase simplify the α00 → γ0 phase transition, but it also
displaced the central atom in the basic cell to the [001] direction. Conversely, the local arrangement of
molybdenum atoms both in α00 - and γ0 -phases was closer to a cubic lattice. Thus, molybdenum atoms
can be considered as the stabilization centers of the bcc lattice.

Figure 5. Fragment of the calculation cell for the deformation ex = 1.3 %, final state ex = 3 %, and
deformation ex = 0.5 % during reverse compression (two atomic planes are shown): red atoms
correspond to the α00 -phase and blue atoms to the γ0 -phase.

Figure 6. Calculated pair distribution functions for different U–10 at.% Mo alloy structures: (a) Three
0
dependencies of GU -U (r ) at room temperature: α00 -phase and γde
f ormed -phase appeared under
deformation and non-deformed γ0 -phase. (b) Two dependencies of G Mo- Mo (r ) at room temperature:
0
α00 -phase and γde
f ormed -phase appeared under deformation.

The formed boundary between the α00 -phase and γ0 -phase is shown in Figure 7.
During deformation, the following relationship between the α00 -phase and γ0 -phase orientations exists:

< 010 >α00 →< 113 >γ0 ,
< 100 >α00 →< 111 >γ0 ,
< 001 >α00 →< 110 >γ0 .

(2)

Crystals 2020, 10, 515

8 of 10

where the < 010 >α00 direction is situated between < 113 >γ0 and < 112 >γ0 directions. Nevertheless,
monoclinic cell distortion alone is not enough. Inhomogeneous deformation—a shift of type z = 0.5cα00
layers with fixed z = 0 type—is necessary. It should be noted that there was movement of the atoms
in the plane z = 0.5cα00 in the basic cell of α00 -phase along the < 100 >α00 axis from their positions in
the α-phase, as reported in [32]. Herewith, this movement increased with increasing doping. In our
atomistic simulation, the displacement along the < 100 >α00 axis had a magnitude of approximately
0.03aα00 for U–10 at.% Mo alloy at the room temperature, which is less than the value 0.07aα00 obtained
from XRD analysis [32]. Despite small order of magnitude, it may play a role in reducing the necessary
atomic rearrangements during α00 → γ0 phase transition.

Figure 7. The formed boundary between two phases for the deformation ex = 1.3 % (atoms in the z = 0
plane are shown in dark color and atoms in the z = 0.5cα00 plane in light color): red atoms correspond to
the α00 -phase and blue atoms to the γ0 -phase.

4. Discussion
The structural properties of orthorhombic, monoclinic, and body-centered tetragonal phases of
U–Mo alloys were examined using molecular dynamics simulations. The influence of Mo concentration
on the structure of these phases have been investigated. Our simulations showed that doping of
uranium with molybdenum leads to changes in the monoclinic angle and lattice parameters and makes
structure more like the γ0 -phase. The calculation results are in good agreement with experimental
data. Moreover, molybdenum atoms can be considered as the stabilization centers of the bcc lattice
not only in the γ0 -phase but also in the α00 -phase. In turn, tetragonal distortion of the γ0 -phase lattice
with displacement of a central atom in the basic cell along <001> direction makes it more like the
α00 -phase. Both of these effects reduce the necessary shift in atomic positions for α00 → γ0 -phase
transition. Additionally, it is shown that α00 ↔ γ0 phase transition induced by deformation took place
in U–10 at.% Mo alloy. The relationship between the atomic position of the monoclinic and tetragonal
phases during such transition is discussed. In the experiments, the U–Mo alloy had an inhomogeneous
dendrite structure with Mo-rich and Mo-lean regions. Thus, the influence of Mo concentration on the
U–Mo phase stability is important in understanding homogenization of lamellar two-phase mixtures
0
of the orthorhombic α-U and the tetragonal γ -phase U2 Mo.
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