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W N e

Abstract: A unique methodology due to the effect of stochastic heating is utilized to study the
Moisture Diffusivity influence of an elastic semiconductor medium under the effect of photo-
thermoelasticity theory. Accurately, random processes are applied at the boundary of the semi-
conductor medium. The governing equations are expressed in the one-dimensional form (1D). The
boundary conditions are considered random; the additional noise is regarded as white noise. The
problem is set up to investigate the interaction between moisture diffusivity, thermo-elastic waves,
and plasma waves. The investigation is carried out during a photothermal transport procedure while
taking moisture diffusivity into consideration. The Laplace transform is used to solve the problem.
The numerical solution for field distribution is obtained using the short-time approximation while per-
forming inverse transformations of Laplace. The Wiener process notion has been used to arrive at the
solutions for the stochastic case. Silicon (Si) material is used along several sample paths in a numerical
study based on stochastic simulation. Additionally, a comparison of the stochastic and deterministic
field variable distributions is provided. The effects of thermoelectric, thermoelastic, and reference
moisture parameters of the applied force on all physical distributions are discussed graphically.

Keywords: stochastic process; white noise; sample path; photo-thermoelasticity theory; semiconduc-
tor; moisture diffusivity

1. Introduction

Since the transistor was created in 1947, semiconductors have become increasingly
dominant in our daily lives, particularly in computers and data storage. As the twenty-first
century gets underway, the semiconductor industry is continuously growing. Due to the
substantial reduction in the size of modern microelectronic devices, they run quickly and
generate high power densities. High-resolution thermal measurements are an effective tool
for evaluating and improving device performance as well as for boosting the dependability
of high-power electronic components. Despite the fact that many methods have already
been developed and put into use for semiconductor product characterization and quality
assessment instrumentation, a lot of effort is still being put into creating high-spatial-
resolution techniques that can probe the semiconductors’ thermal transport properties.
Therefore, it is important to study the properties of physical semiconductors with the
study of averages and predictions for some physical quantities. It is useful to study the
interference between the light (optic) energy absorbed on the surface and the subsequent
thermal effect on the electrons and internal particles of semiconductor materials. Therefore,
the importance of studying the interaction between the theory of thermoelasticity and the
photothermal (PT) theory is given.

Thermoelasticity theories, which accept a limiting speed of propagation for thermal
waves, are receiving a lot of attention. Unlike traditional theories that use a parabolic-type
heat equation, these theories, known as generalized theories, involve a heat equation of
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the hyperbolic sort. The current theories at the time predicted limitless speeds of thermal
wave propagation, which is not physically possible. This knowledge led to the generalized
thermoelasticity theories [1-3]. Apart from theoretical considerations, it was found that
in some situations, these theories give wrong values for the temperature differing from
those found by experimentation. The parabolic heat equation derived from Fourier’s law
of heat conduction fails to describe the transient temperature field in situations involving
short times, high frequencies, and small wavelengths [4]. For example, it was shown that,
by submitting a thin slab to an intense thermal shock, its surface temperature is 300 °C
larger than the value predicted by this theory. During the early works on generalized
thermoelasticity, authors used to make comparisons with the coupled theory [5,6]. They
have found that for large values of time, the solutions obtained from either theory are
almost identical. For short times, though, the generalized theory gives markedly larger
values for the temperature and stresses than the coupled theory [7,8]. The design and
building of nuclear reactors are one of the most common examples of the importance of
using the generalized theory of thermoelasticity, which gives more accurate results for the
resulting stresses during the initial stages of running the reactor. Other examples where
we need the generalized theories are in the design of plane wings because of the steep
heat gradient encountered during their normal operations and in the recently developed
ultra-fast pulsed lasers in which the rapid change of heating due to the heat pulse operates
in an order of pico-seconds or less [9-12].

Previously to this, Todorovic et al. [13,14] conducted theoretical and experimental
analyses of the micromechanical structures of the thermoelasticity and plasma field. Theo-
retical analysis was used in these investigations to represent two processes that provide
details on the characteristics of carrier’s recombination and transportation in semiconductor
materials. When a laser beam hit a semiconductor sample, the photothermal phenomenon
was examined [15]. A sensitive study of photoacoustic spectroscopy was performed to
measure some of the waves propagating inside semiconductors using the photothermal
approach [16]. When laser spectroscopy is applied, the PT transfers on linked materials
have several uses in contemporary science, mechanical engineering, and electrical engineer-
ing [17,18]. In the context of a two-dimensional deformation of semiconductors, Hobiny
and Abbas [19] employed photothermal and thermoelastic interactions. In the context of
thermoelasticity theories, Lotfy et al. [19-22] created the photothermal approach, which
has numerous uses for semiconductors in contemporary physics. The thermoelasticity
theory dual phase-lags models are investigated during the photothermal excitation [23-26].
The interaction of moisture, heat, and deformation can be seen in numerous engineering
issues relevant to real-world applications. Hygrothermoelasticity occurs when heat and
moisture have an impact on solids. The interaction of generalized heat transmission and
moisture was studied by Szekeres [27,28]. According to Gasch et al. [29], temperature and
moisture changes might result in more damage than mechanical loadings. Szekeres and
Engelbrecht [30] developed equations regulating coupled hygrothermoelasticity using a
basic analogy between heat and moisture.

Stochastic processes are commonly utilized as mathematical models of systems and
phenomena that appear to vary in a random manner. Examples include the growth of a
bacterial population, an electrical current fluctuating due to thermal noise, or the movement
of a gas molecule. It has applications in many disciplines, such as biology, chemistry,
ecology, neuroscience, physics, image processing, computer science, cryptography, and
telecommunications. Applications and the study of phenomena have, in turn, inspired the
proposal of new stochastic processes. Examples of such stochastic processes include the
Wiener or Brownian motion process, used by Louis Bachelier to study price changes on
the Paris Bourse [31]. On the other hand, the above stochastic techniques are used to study
the number of phone calls occurring in a certain period of time [31]. These two stochastic
processes are considered the most important and central in the theory of stochastic processes.
They were discovered repeatedly and independently. A stochastic process can be denoted,
among other ways, by {X(f)},cr, {Xt};c7, { Xt} or simply as X(t). The Wiener process
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is a stochastic process with stationary and independent increments normally distributed
based on the size of the increments. The Wiener process is named after Norbert Wiener,
who proved its mathematical existence, but the process is also called the Brownian motion
process or just Brownian motion due to its historical connection as a model for Brownian
movement in liquids [32]. The Wiener process playing a central role in the theory of
probability. The Wiener process is often considered the most important and studied
stochastic process, with connections to other stochastic processes. [33]. Other fields of
probability were developed and used to study stochastic processes, with one main approach
being the theory of large deviations [34]. The theory has many applications in statistical
physics, among other fields, and has core ideas going back to the last century [35,36].

In this paper, a moisture diffusivity model is being used to study wave propagation
in a photo-thermoelasticity semiconductor medium under the influence of moisture. The
problem is analyzed in one-dimensional space, during a photothermal transport process,
under some mechanical force and moisture diffusivity. The problem is solved at the
free surface of the semiconductor medium. The governing equations are transformed
using Laplace transforms in one dimension to solve them mathematically. To obtain the
linear solutions of physical quantities, some conditions are applied to the free surface
of the semiconductor medium. To obtain the deterministic solutions, some numerical
approximations are used for the inverse Laplace transforms. Some statistical operations are
applied to obtain stochastic solutions to study the diffusive electrons in the medium. Many
comparisons have been made graphically between deterministic and stochastic solutions
under the influence of different parameters with theoretical discussion.

2. Basic Equations

Consider a thermo-elastic semiconductor material, which has a linear property and is
transversely an isotropic homogeneous. The medium is studied throughout the photother-
mal transport phase, taking into consideration the overlap between plasma-thermal and
moisture diffusion. In this problem, the fundamental four distributions are the temperature
distribution T(r;, t), the carrier density (intensity) N(r;, t), the displacement vector u(r;, t),
and the moisture concentration m(r;, t), (r; represents the position vector in the general
case and t represents the time). The interaction between plasma-thermal-elastic wave and
moisture diffusion equations can be expressed in tensor form as follows [37-39]:

ON(r;, t N(r;, t
% = DgNi(ri, t) — Newh) KT (ri t) @
T
oT(r;,t) E ou; i(ri,t)
pCe(DrTi(ri t) + DTmi(ri 1)) = PQ% - N t) + nTo—5 "= ()
om(r,t) E ou; i(ri,t)
K (Dmm,ii(ri/ t) + Dy Ti(ri, t)) = km% - fN(Vi/ t) + meoDm%— 3)
The motion equation can be expressed generally as follow [40]:
%u;(r;, t)
o = i @)
The equation for the displacement and strain tensor can be written as [39]:
1
Sij = E (Lli,]‘ -+ u]-,l-) (5)

The stress-displacement-plasma-temperature in tensor form with moisture concentra-
tion is [39]:
Oij = Cl‘]‘klekl — ‘BZ‘]'(OQT +d,N) — ;BZI m,i,j,k1=1,2,3 (6)

where D1 expresses the temperature diffusivity, D;, is diffusion coefficient of moisture,
D? and D,1T1 are coupled diffusivities, D is the carrier diffusion coefficient, my is the
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reference moisture, ky, is the moisture diffusivity, C;jy; represents the isothermal parameter
tensors of an elastic medium, ¢ is the strain tensor, §;; and ‘BZ‘ are the isothermal thermo-
elastic coupling tensor and the material coefficient of moisture concentration respectively.
The parameter of the non-zero thermal activation coupling is ¥ = aa% %, Np represents the
equilibrium carrier concentration. The constants, Eq, T, p, (1 =, ), and Ty are known as
the energy gap of the semiconductor, the lifetime, the density, Lame’s elastic constants, and
the absolute temperature, respectively. On the other hand, v; = (3A + 2p)ar is the volume
thermal expansion, where art is the linear thermal expansion coefficient, C, is the specific
heat, J, is the difference between conductive deformation potential and valence band.
Semiconductor elastic surfaces can be represented by x = £1 (taken a rod), which are
governed by electrical short (closed circuit), isothermal, and stress loads are freed when the
boundary conditions on the surface are thermally insulated. All quantities are taken in the
x-axis direction. The physical Equations (1)—(3) can be defined in 1D as follows [40]:

ON N N
o~ Dega 7 T @
2T  _,,0°m oT Eg 9 (ou
pCE(DTagcz+DTE)9c2> —PCeatTNJF’YtToat(aJJ ®)
9’m 7 90*T om Eg 9 (ou
The equation of motion (4), takes the following form:
0%u 0%u oT oN om
Pﬁ—(zﬂ"‘)‘)ﬁ_’)’tg—fsna_’)’mg (10)
where v, = Bay, T and 6, = Pdy, p = 3+ 2A.
The constitutive relation takes the following form in 1D:
ou
Oxx = (2.“"‘)‘)% — B(a:T +dyN) — ymm =0 (11)

3. Mathematical Formulation of the Problem

For more simplicity, we introduce the following non-dimensional variables:

—~

M, o =2 ¢ =candm’ =m (12)
2u+A H

(x',u') = X u) f = t—i/ (T',N') =

CTt*/

The dashed is removed for brevity in Equations (7)-(11), using Equation (12), we have:

02 d
02 0 0’m 0%u
(axz —ﬂlat>T+azax2+ﬂ3N—€]atax =0 (14:)
02 d 9*T %u
(ax2 —a4at>m+058x2+ﬂ6N—a7atax =0 (15)

ox2 ot

The normal stress component takes the following form:

? 9 oT oN om
( ) ox  ox aggzo (16)

9
Ter = a9 (az —(T+ N)) R R— 17)
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where
_ kt* __k _ G _ D;"Z'Yt _arEgt”
q1 = DrpiCe’ 92 = Dppc,” M1 = D 02 = Dr(2u+A)’ €2 = Tdpc,s 93 = €201,

Y Tot* _ Gy _ DI (u+r) Eg(2u+A)t ay YmmmoCat*

&= kp s Dy, 7 5k_* Dm'}’t 2’ ﬂf,\ kimdnT 4 72 A ki 4

_ _TYm __dykxkt _ 2u+ 'Ym 2 H+
a8 = 3,41/€3 = aT;l)CeDE’ 9= " /40 = , Cr = o’
_ * k
Oon = 2u+3A)d,, t* = pcgc%

The parameters €1, €3 and e3 refer to the thermoelastic coupling parameters, the
thermo-energy coupling parameter, and the thermoelectric coupling parameter, respec-
tively.

To solve the problem, we consider the following initial conditions:

T (x,1)]

ou(x,t ,
u(x, o= 252|  =0, T(x 1), = 2G| =0,
m(x,t)],_g = am(x t)’ =0,0(x,t)|,_o = ayg’;’t) =0 (18)
_ aN(x t) ’ _
N(x, b)), =0
4. The Solution of the Problem
Laplace transform for I'(x, t) can be defined as:
L(T(x,1)) = T(x,s) = / e~ (x, b)dt (19)
0
Using Equation (19) for the fundamental Equations (13)—(17), yields:
() -
a1 )N + 3T = 0 (20)
(D2 —az)%+a2Dzr;1 +a3N — a3Du = 0 1)
(DZ - w4)ﬁ1 + asDT + agN — asDu = 0 22)
(DZ - sz)ﬁ — DT — DN — agDm = 0 (23)
Tyx = ag(Da - (T+N)) —agm = (24)

where

dx/ X1 =M +QQS Ny = 1S, X3 = S&€1, g = A4S, K5 = aAyS.

Eliminating 7:, u, N and m between Equations (20)—(23) yields

<D8—]‘[D6+1‘[D4—]‘[D2—]’[>{m,N,T,ﬁ}(x,s):o (25)
1 2 3 4

where
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{ sa2u5 apasn| —a5agu3+s —a2a5+a81x5+a1+a2+1x3+a4}

I_I =

1 (a2a5—1)

s2ayasnq + asaguq s — s2aq — S2ay — s2ay — Axayes + Araq a5 + Aris5Es

I — —ag1iks — AgXo X5 + A3E3 — K1y — K13 — X1K4 — NplKg — K34 — K3E3

2 = (llzﬂg,fl) 4

s2ayaze3 — s2azes + sty + sy oy + S2apny — A3A3K5E3 (26)
Il +ayaguzes + agxynons — A3X4€3 + N XpXg + X1A3K4 + K3N4E3
o (a2a5—1) ’

I {s a304€3—S a1a2a4}

4= (a2a5—1)

The distinctive equation of Equation (25) is:
(D2 - m{) (D2 - m%) (D2 —m ) (D2 - m4){T N, 7} (x,s5) =0 (27)

where, ml2 (i=1,2,3,4) represent the roots that they may be taken in the positive real part
when x — co. The solution of Equation (ODE) (27) takes the following linear form:

4
=) Di(s)e™* (28)

i=1

In a similar way, the solutions of the other physical quantities is expressed as:

4
N(x,s) =) D'i(s)e”"* Z Hy;Dj(s) e ™% (29)
i=1
4
u(x,s) = Z D;" (s) exp(— ZHZz i(s) exp(—m;x) (30)
i=1
4
7i(x,s) = ) D" (s) exp(— ZH?’l i(s) exp(—m;x) (31)
i=1

D (s) exp(— ZH4, i(s) exp(—m;x) (32)

e

I
=

T (x,8) =

where D;, sz, D;’, and D;” (i =1,...,4) are unknown parameters depending on s and the
other coefficients are:

H o €3 H 7112(ﬂ6h1,k2+ﬂ5k4)+ﬂ3hh(k 7064)4’(](%70{2)(}(1270(4)
1 — I S 2i — & k3

f—ay 0304 +k; (a3 —az05) (33)
a(,hl,-a3+a5k,-2a3f(a3h1i+ki27a2)a5

azay+ki*(—az+azas)

Hj; =

+Hyi = —ag — aghy; — axohs;i + aghyik;.
We can obtain those parameters D; using some boundary conditions at the free surface.

5. Boundary Conditions

Assume that certain mechanical, plasma and thermal loads are exposed to the elastic
semiconductor medium. These loads are applied to the free medium (external surface). For
all conditions, the Laplace transforms are taken into account.

(I) The isothermal boundary condition (thermally isolated system) subjected to thermal
shock is taken at the free surface when x = 0 as [41]:

T(0,s) = Ty (34)
Therefore A
Y Di(s) = To (35)
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(II) The mechanical normal stress components condition at the free surface x = 0 with
Laplace transform is:
Exx (O, S) = 0 (36)

Therefore,
4
Y {ag(miHyi — (1+ Hy;)) — a1oH3;} (D) =0 (37)
i=1
(IIT) The plasma boundary condition at the free surface x = 0, with Laplace transform,
yields:

_ % -
N(0,s)=—R(s)
D, (38)

Therefore:

. A
ZHUD,.(x,s) =—
i=1 sD, (39)

(IV) The displacement boundary condition at the free surface x = 0 is;
u(0,s) =0 (40)

Therefore:

4
Y HyDi(x,s) =0 (41)
i=1

The symbols i(t) and R(s) represent the unit Heaviside function and the symbol &
is a constant. From the above system of boundary conditions, the parameters D; can be
determined. In this case, the temperature distribution in the linear form can be rewritten as:

T(x,s) = Dyexp(—kix) + Dyexp(—kpx) + Dz exp(—ksx) + Dyexp(—ksx)  (42)

6. Inversion of the Fourier-Laplace Transforms

The dimensionless physical fields in 1D can be obtained by using the inverse of Laplace
transform. The numerical Riemann-sum approximation method can be used [42]. In this

case, the inverse of the function {(x,s) can be obtained as:

_ n+ioo -
() = L0 9} = 5 [ explst)E(, s)ds @)
2711 Jn—ico
where; s = n +iM (n, M € R), then the inverted Equation (43) can be rewritten as:
n exp(nt') [ U ,
oG, ) = SB[ explipt)T(x, n+ ip)ap (44)

Using the Fourier series, expand for the function {(x,t') in the closed interval [0, 2¢']
to get the next relationship:

ot 1o N ik ;

Glx, 1) = - 1 50(x, n)—f—ReZg(x,n—i—T)(—l) (45)
k=1

where i and Re represent the imaginary and the real part, respectively, N can be chosen to

be free as a large integer, and the notation nt’ ~ 4.7 [42].



Crystals 2023, 13, 42

8 of 25

7. Stochastic Main Physical Fields
7.1. Stochastic of Temperature (Thermal Wave)

Considering a stochastic distribution that can be specified as [43,44] for the temperature
at the boundary:

To(t) = T(t) + ¢o(t) (46)
where T(t) = %, Tx is a temperature constant and ¢((t) is the stochastic process that
satisfies:

Elgo(t)] =0 (47)

White noise is the most common form of stochastic process ¢y (t), and the stochastic
process for the function x(t) satisfies the following relation:

E[L{x(#)}] = L[E{x(t)}] (48)

The physical fields, on the other hand, entail a boundary condition during a stochastic
process in this case, the stochastic process in the physical fields is primarily caused by the
random function ¢o(t). As a result, Equations (42) and (46) produce [43]:

E F’(x,s)} = LIE{T(x,t)}]= T(x,s) (49)

The solution for the deterministic case is similar to the mean of all the sample paths of
the temperature field E[T(x, t)]. If the temperature distribution were to be displayed on the
next form:

(x,3) = 0(x,8) + O(x,5)To(s), or
(x,5) = (A1 + A1nTo(s)) exp(—kix) + (A1s + A14To(s)) exp(—kax)+ } (50)
(A15+ A16To(s)) exp(—ksx) + (A7 + A1sTo(s)) exp(—kax)

Where the main coefficients of Equation (50) can be obtained in the Appendix A. On
the other hand, we have

Q(X,S) = Ay exp(fklx) + A1z exp(szx) + A1s exp(fkgx) + A7 exp(fk4x) (61)

@(X, S) = Ay exp(—klx) + Ay exp(—kzx) + A1g exp(—kgx) + A1g exp(—k4x) (52)
Using Equations (46) and (50), the temperature can be represented as [27,28]:

T(x,s) = 0(x,s) + ©(x,s) F’(s) + (po(s)] (53)
Equation (53) can be expressed as: Using the inverse of the Laplace transform approach

of Equation (53):

T(x,s) = {e(x,s) + @(x,s)T(s)} +0(x,5)g(s) (54)

T(x,s5) = T (x,5) + B(x,5)g,(s) (55)

where
Tl(x,s) =B(x,s) + O(x,s)T(s)

The inverse of the Laplace transform is applied of (55), yields:

T(x,t) = T!(x,t) + /(;t®(x,t— u)p(u)du (56)
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In this case, T!(x,s) represents the deterministic of thermal distribution. However,
O(x, t) expresses the Laplace inverse of @(x, s). On the other hand, Equation (56) is reduced
as:

t
T(x,t) = T (x, 1) + / Ox, t — u)dW (u) (57)
0
where W (u) represents the Wiener process.

The variance of the temperature field must be calculated in order to complete the
stochastic characteristics; in this example, solving Equation (56), yields:

[T(x,1)]* = [Tl(x,i‘)]2 + gt Oft @(u1) @(un)duydus®(x, t — up)O(x, t — up)+

t (58)
2 T (x,t)p(u)®(x, t — u)du
0
The expectation process is applied to both sides of Equation (58), results in:
tt
E[T(x,t)]* = E [TY(x,t) ] + [ [ Elp(u1)@(u2)|durdus®(x, t — u1)O(x, t — up)+
%0 (59)
2 E[e(u)]T (x,t)O(x,t — u)du
0
Taking into account the following properties:
Elp(u)] =0, Elp(u1)p(u2)] = 6(u1 — ua). (60)
The following format can be used to express the variance:
ot
Var[T //G) X, b —u1)O(x, f — up)d(up — uq)durdus. (61)
00
The following relation is used:
/f (x — x0)dx = f(x0),a < xo < b. 62)
However, the variance of the thermal field can be rewritten as:
t
Var[T /@ X, t—u)O(x, t — up)duq (63)
0
According to the path u; = uy, yields:
t
Var|T(x,1)] = / ©(x,t — uy)]Pdus. (64)
0

Substituting by t — 11 = ¢, the variance of the thermal field can be constructed as:

Var[T(x, 1)] = — / ©(x, 9)]2d0 = / ©(x, 9)]249. (65)
t 0
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7.2. Deterministic Stress Distribution

The deterministic stress field solution, which can be characterized as [42,43], can be
obtained by using the same method as stated in the preceding section to the deterministic
boundary condition Equations (32) and (36). However:

0xx(x,8) = Hy Dy exp(—kix) + Hyp Do exp(—kpx) + HyzD3 exp(—k3x) + HygDy exp(—kyx) (66)

7.3. Stochastic Stress Distribution

The stochastic stress distribution can be produced by using the same form of Equation
(46) and following the same steps as in Section 7.1, where:

E {(_rxx(x,s)} = L[E{ow(x,s)}] = (_rxx(x,s). (67)

The stress field distribution mean across all sample paths is E[oxx(x, s)], which may
be derived similarly to Equation (46) for the deterministic case and written as follows:

Txx(x, s) = Q(x,s) +S(x,s)To, or

oxx(x,8) (E 11 + E12To(s)) exp(—kyx) —0;(E13 + E1sTo(s)) exp(—kox)+ (68)
(E1s + E16To(s)) exp(—ksx) + (E17 + E1gTo(s)) exp(—ksx)

where Q)(x, s) can be expressed as:
Q(x,s) = Eyg exp(—k1x) + Er3exp(—kax) + E15 exp(—ksx) + Eyy exp(—kgx) (69)
and S(x, s) can be represented as:
S(x,s) = Eppexp(—kix) + Eygexp(—kyx) + E1g exp(—ksx) + E1g exp(—kgx) (70)
Using Equation (46), we have:
Txx(x,8) = Q(x,8) + S(x,8) [T+ @, (t)] (71)

When the inversion property of the Laplace inverse is applied to the Laplace transform
inverse of the above Equation (71), the following results follow:

e (x, ) = o (x, 1) + /OtS(x,t —u)p(u)du (72)

where, o' (x, t) is the deterministic stress distribution and S(x, t) is the inverse of the Laplace
transform of S(x, s). Using the same technique, the variance of stress distribution can be
taken the following form:

t
Var(oyy (x,1)] = / S (x, 9)d9 73)
0

7.4. Deterministic Displacement Distribution
Given the deterministic of the displacement field Equation (30), where
u(x,s) = Hp1 D1 exp(—kix) + Hyp Dy exp(—kax) + Hyp3 D3 exp(—kzx) + Hpa Dy exp(—kax) (74)

7.5. Stochastic Displacement Distribution

Using the same above technique, the stochastic of displacement can be derived. How-
ever, the mean displacement field distribution can be expressed as [40,43]:

Elu(x,s)] = L[E{u(x,s)}] =u(x,s) (75)
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The displacement field sample paths can be written as:

(x,5) =T(x,5) + U(x,s)To, }
(76)

=

7(x,s) = (D11 + D12To(s)) exp(—kix) + (D13 + D14To(s)) exp(—kax)+
(D15 + D16To(s)) exp(—ksx) + (D17 + D1gTo(s)) exp(—ksx)

where I'(x,s) and U(x, s) can be written in the following form:

I'(x,s) = D1 exp(—kix) + D1z exp(—kox) + Dz exp(—kzx) + Dya exp(—kyx) (77)

U(x,s) = Dipexp(—kix) + Digexp(—kax) + Dy exp(—ksx) + Digexp(—ksx)  (78)

According to Equation (60), the displacement field can be rewritten in stochastic form
as:
ti(x,s) =T(x,s) + U(x,s)[T(s) +@y(s)] (79)

The inverse of the Laplace transform is utilized for Equation (79), yields:
t
u(x, t) = ul(x,t) —l—/ U(x,t —u)p(u)du (80)
0

where u!(x, t) is the deterministic value of the displacement distribution and U(x, t) is the
inverse of the Laplace transform of the function U(x, s).

In the same manner as in Section 7.1, the variance for the displacement distribution
may be calculated. In this instance, the variance for the displacement distribution can be

expressed as:
t

Var[ow (x, 1)] = /Uz(x,z?)dl‘} (81)
0

7.6. Deterministic Carrier Density Distribution

The deterministic linear value of the carrier density (plasma) filed is obtained as:

N(x,s) = Hy1 Dy exp(—kix) + HipDs exp(—kax) + Hi3D3 exp(—ksx) + HiaDg exp(—kax) (82)

7.7. Stochastic Carrier Density Distribution

Using the same technique of the stochastic properties, the sample paths mean E[N(x, s)]
of plasma distribution field can be expressed as [16,17]:

E[N(x,s)] = L[E{N(x,s)}] = N(x,s) (83)

Considering the stochastic carrier density distribution can be written as:

(x,5) = (B11 + B11To(s)) exp(—kix) + (B13 + B14To(s)) exp(—kox)+

N(x,s) = @(x,s) + Z(x,s)To, }
N (84)
(Bis + Bi6To(s)) exp(—ksx) + (Bi7 + BigTo(s)) exp(—ksx)

The values of W(x,s) and Z(x, s) can be expressed as:

w(x,s) = By exp(—kix) + Bys exp(—kax) + Bisexp(—ksx) + Byyexp(—kax) (85)

Z(X,S) = Byp exp(fklx) + By exp(szx) + Big exp(fkgx) + B1g exp(fk4x) (86)

The stochastic carrier density distribution can be reformulated as follows when the
stochastic term that is specified by Equation (46) is in effect:

N(x,s) = @(x,s) + Z(x,s) [T + ¢y(s)] (87)



Crystals 2023, 13, 42 12 of 25

According to the inverse of the Laplace transform of plasma field, yields:
t
N(x, ) = N'(x, ) + / Z(x, t — u)(u)du (88)
0

The deterministic plasma (electronic density) is N!(x,t) and Z(x, t) is the Laplace
transform inverse of the function Z(x, s).
In this case, the variance for the electronic field can be represented as:

Var[N / 72(x, 8)d (89)

7.8. Deterministic Moisture Concentration Distribution

The deterministic moisture concentration distribution linear solution is obtained from
Equation (31) as:
M(x,s) = Hz1 Dy exp(—kqix) + HaxDp exp(—kpx) + Hzz3 D3 exp(—ksx) + Hza Dy exp(—ksx) (90)

7.9. Stochastic Moisture Concentration Distribution

According to the stochastic properties, the mean moisture concentration distribution
can be taken the following form [42,44]:

E[M(x,s)] = L[E{M(x,s)}] = M(x,s) (91)

E[M(x,s)] is the sample paths mean of the moisture concentration distribution. In this
case, the stochastic moisture concentration distribution can be rewritten as:

M(x, ) ¢(x,5) + (x,5)T, }
(92)

M(x,s) = (C11 + C12To(s)) exp(—kix) + (Ci3 + C14To(s)) exp(—kox)+
(Cis + C16T (s)) exp(—ksx) + (C17 4 Ci8To(s)) exp(—kgx)

where

¢(x,5) = C11 exp(—kyx) + Ci3exp(—kax) + Ci5exp(—kzx) + Ci7 exp(—kgx) (93)

D(x,s) = Cppexp(—k1x) + Cigexp(—kax) + Cigexp(—ksx) + Cig exp(—kyx) (94)

The stochastic moisture concentration distribution can be reformulated as follows
under the influence of the stochastic term indicated by Equation (46):

M(x,s) = g(x,5) + B(x,5) [T + Py s)] (95)

The inverse of the Laplace transform is used:
t
M(x,t) = MY (x,t) —i—/ D(x, t —u)e(u)du (96)
0

where M!(x, t) is the deterministic moisture concentration distribution and ®(x, t) is the
Laplace inverse of the function M(x,s).
The variance for the moisture concentration distribution field can be represented as:

Var[M / 2 (x, 0)d 97)

8. Numerical Results and Discussions

Physical quantities numerical values are computed during a small period of dimen-
sionless time. Utilizing the physical parameters of the silicon (5i) semiconductor material,
numerical simulation is carried out. The physical constants of silicon have been employed
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in SI units, and the physical quantities, which are listed in Table 1 as follows [40-42], were
plotted using the Mathematica program:

Table 1. Physical constants of Si material.

Units Symbol Si
N/ A 6.4 x 1019,
m i 6.5 1010
kg/m? 0 2330
K To 800
s T 5x 1075
m?/s Dg 25x1073
m?3 dn —9x 10731
eV Eq 1.11
K~! o 414 x 107°
Wm~IK! k 150
]/ (kgK) Ce 695
m/s S 2
- Dr %
m?(%H,0)/s(K) D 21 %1077
m?s(K) / (%H,0) DT 0.648 x 1076
- my 10%
m?s~! Dy 0.35 x 102
cm/cm(%H,0) - 2,68 x 1073
(kg/msM) ki 22x1078

The computations were carried out numerically for various values of dimensionless
times, specifically, at t = 0.02, t = 0.04 and ¢ = 0.06, in order to demonstrate the theoretical
results obtained from earlier parts. The calculation shows the wave propagations of thermal,
normal stress, carrier (electronic) density, displacement, and moisture. The stochastic
process is simulated, which displays the varying stochastic field distributions within the
medium and contrast the outcomes with deterministic cases. The idea of Brownian motion
or traditional Wiener processes is taken from Desmond and Hingham [18], and it is utilized
to calculate the stochastic integrals necessary for the solution of physical field variables.
Three sample paths of the stochastic process are taken into consideration to compare the
outcomes with deterministic cases for all the physical field distributions. The solutions
of the field distributions in the physical domain for both stochastic and deterministic
cases are obtained in Figures 1-3. Results for deterministic distributions are shown in
Figure 1a—e. The results for the comparison of the deterministic case with the stochastic
case are shown in Figure 2a—e. Finally, the results for the variance are shown in Figure 3a—e.
Figure 1a shows the deterministic distribution of thermal wave propagation. The thermal
wave distribution starts from the highest maximum point and then decreases continuously
without any jumps until reaching the minimum value; then, it coincides with the zero line
until it reaches the equilibrium case inside the semiconductor medium. In Figure 1b, the
deterministic stress distribution begins at zero (surface), satisfying the boundary condition.
When ¢t = 0.04 and t = 0.06, the distributions increase to maximum values, then decrease
gradually to coincide with the zero minimum line. On the other hand, at t = 0.02, the stress
(mechanical) distribution decreases to the negative values with the opposite behavior of
t = 0.04 and t = 0.06, then, increases to coincide with x-axis. In Figure 1c, the deterministic
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case of carrier density (electronic or plasma wave) starts from a maximum value and then
begins to decrease continuously in a smooth way without jumps till it disappears with
increasing distance to reach the equilibrium state. In Figure 1d, at t = 0.04 and ¢ = 0.06 the
deterministic (elastic wave) displacement distribution gets started from a minimum point
at zero, then increases sharply to reach the maximum value at the surface due to the thermal
effect of light (the vibrations of inner particles increase), then begins to decrease gradually
with exponential behavior before coinciding with the zero line. On the other side, when
t = 0.02, the wave propagation has the opposite behavior. In Figure 1d, the deterministic
cases of moisture distributions, at t = 0.04 and ¢ = 0.06 that begin from the minimum zero
value at the free surface, then increase sharply to reach the maximum peak value, then
decrease in exponential behavior until they coincide with the zero line (equilibrium case).
Nevertheless, when t = 0.02, it decreases sharply to the negative minimum value, then
increases smoothly to coincide with the zero line [45-50].
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Figure 1. (a—e) The deterministic temperature, normal stress, carrier density, displacement, and

moisture distributions along the distance for various values of times in relation to generalized

photo-thermoelasticity theory.
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Figure 2. (a—e) The deterministic and stochastic distributions of temperature, normal stress, carrier
density, displacement, and moisture distributions along the distance at ¢ = 0.04 in relation to

generalized photo-thermoelasticity theory.
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Figure 3. (a—e) The variance of temperature, normal stress, carrier density, displacement, and moisture
distributions around its mean at different values of times ¢ = 0.02, = 0.04 and t = 0.06.

In the second category (Figure 2a—e), Figure 2a displays a composite plot of the tem-
perature distribution in a deterministic case and a stochastic case for three sample paths.
From this figure, it is clear a great variation between the stochastic temperature distribution
and the deterministic temperature distribution. Around the boundary, there is a noticeable
difference between the deterministic and stochastic distributions over distinct sample paths,
which later corresponds with the deterministic distribution. Figure 2b shows a composite
plot of the stress distribution for three sample paths in both the deterministic and stochastic
cases. It is evident from this graphic that there is a significant difference between the deter-
ministic stress (mechanical) distribution and the stochastic temperature distribution. The
stochastic and deterministic distributions across different sample paths diverge noticeably
around the boundary; this difference later corresponds to the deterministic distribution.
Figure 2c shows the comparison between the deterministic electronic distributions with the
stochastic one. It is evident from the figure that the distributions are not equal. However,
in general, with increased distance, the stochastic plasma distribution corresponds with
the deterministic plasma distribution. Figure 2d shows the elastic wave distribution that is
stochastically compared to a deterministic one. Close to the border surface, there is a large
fluctuation, and as one goes further into the material, the variation decreases and increases
in correlation with distance. Figure 2e shows the comparison between the deterministic
moisture concentration distributions with the stochastic one. It is evident from the figure
that the distributions are not equal. As in Figure 2b, with increased distance, the stochastic
distribution corresponds with the deterministic distribution.

Figure 3a—e shows that the curve of the variance increases about the boundary of the
semiconductor medium beginning from a maximum point, and after some distance, it
begins to decrease and finally coincides with the zero line (equilibrium case). Figure 3b-d
about the boundary begins from zero; then increases to the highest point, then goes to
zero to coincide with x-axis. From this category, all the deterministic fields distribution
first differs greatly from the stochastic temperature distribution over various sample paths
before they eventually coincide entirely. On the other hand, all the deterministic and
stochastic field distribution is continuous overall the distance. Around the boundary,
there is a noticeable difference between the deterministic and stochastic distributions over
distinct sample paths, which later corresponds with the deterministic distribution.

9. Conclusions

A photo-thermoelastic problem was solved for two types of boundary conditions,
namely, the deterministic and stochastic types. The white noise stochastic process was
chosen as the most common type. It was found that the mean of the stochastic solution
coincides with the deterministic solution for all functions considered. It was also found
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that the deviation of the stochastic solution from its mean decreases with the distance
from the bounding plane, which is the source of the noise. The fluctuations in the solution
due to the noise on the boundary travel inside the medium with a finite speed, as is
the case for the deterministic waves which travel inside the medium with a finite speed.
From numerical results, it is clear that all the deterministic field variables are matched
with the corresponding results reported by Sherief [51], and this validates the present
work. This physical-mathematical model may be utilized to raise semiconductor material
manufacturing effectiveness and product quality. The examination and findings in this
paper will be crucial for understanding how semiconductors like diodes and triodes are
used in contemporary electronics.
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Appendix A
The coefficients of Equation (50) are:

—(DeH14H3Hy — D.H13H4Hyp — DeH14Hy Hyz + Do HioHpy Hyz + DeHi3Hyp Hyy — DeHipHozHys) /
(De(—H13HyHyy + HigHooHyy + HipHozHyy — HigHysHyy — HipHpgHyy + HizHogHyg +

Ay = HizHx1Hyp — HiyHy1Hyp — H11HosHy + HigHos Hyp + HiyHogHyp — Hi3Haq Hyp — HipHo1 Hyg+
Hi4Hy1Hyz + Hy1HpHys — HigHop Hys — Hy1HogHyz + HipHog Hys + HipHoy Hyg — HizHoy1 Hyg—
Hy1HyHyy + HizHop Hyy + Hi1HozHas — HipHpoHyy)s)

Ap =

(—HasHyh + HysHyph + Hop Hysh — Hpy Hysh — Hop Hash + HpsHysht) /
(De(—Hi3HyHy + HigHyoHyy + HipHosHyy — HigHypz Hyy — HipHpaHyp +
Hi3HyqHyn + Hi3Hy1 Hyp — HigHp1Hyp — Hiy1HozsHyp + Hi4Hps Hyp + Hiy Hog Hyp—
Hi3HpyHyp — HioHo1Hys + Hi4Hp1 Hys + Hi1Hoo Hys — HigHyo Hyz—

Hy1HyyHys + HioHog Hys + HipHy1 Hyy — Hi3Ho1 Hyy — Hy1Hpo Hyy + HizHop Hyy+
Hy1Hy3Hyy — HipHp3Hyy)s)

((DeH14HosHyy — DeHizHogHyy — DeH14Ho1 Hyz + Do Hy1 HogHyz + D Hy3Hy1 Hyy — D Hy1Hp3Hyy ) To) /

(De(H13H2pHyy — HiaHypHyy — HipHpsHyy + HigHos Hyy + HipHogHyy — Hi3HpyHyy — HyzHyi Hyp+
Az = HisHyp + HinHosHy — HigHps Hyp — HinHogHyp+

Hi3HyyHyp + HipHo1 Hyz — Hi4Hy1 Hyz — HinHoo Hys + Hi4Hop Hyz + Hy1Hpg Hyg — HipHog Hyz —

HipHy 1 Hyy + HizHy  Hyy + Hi1HpHay — HizHop Hyy — Hy1HpsHyg + HipHp3Hay)s)

(—HyHy 'l + HygHynh + Ho1 Hysh — Hpg Hyslt — Hpy Hygh + HozHagh) /
(De(Hy3H21 Hyy — Hi4HypHyy — HipHpsHyy + HigHos Hyy + HipHogHyy —
Ay = HizHosHyy — HizHy1Hyp + Hi4Ho1 Hyp + Hy1Hos Hyp — HigHos Hyp — Hy1 Hog Hyp +
Hi3HyyHyp + HipHo1 Hyz — Hi4Hp1 Hyz — HinHoo Hys + Hi4Hop Hyz + Hy1 Hpa Hys — HipHog Hyz —
HypHy 1 Hyg + HizHyy Hyy + Hi1Hop Hay — Hi3Hop Hyy — Hy1HpsHyg + HipHo3 Hyy)s)
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(—DeH14HypHy — DeHipHpsaHyy — DeHi4Hy1Hyp — DeHy11Hpy Hyp — DeH1oHy1 Hyg + DeHy1Hop Hyy ) /
(De(—Hi3HyHyy — HiaHpHyy — HipHozHyy + HigHys Hyy + HipHpaHyy — HizHogHyy — HizHy Hyp+

Ays = § HigHy Hyp + Hy1HosHyp — HigHosHyp — HyyHogHyp + Hi3HogHyp + HipHp Hyg — HigHp1 Hyz—
Hy1Hx»Hys + Hi4HopHys — Hy1HoyHys — HioHogHys — HipHp1 Hyg + Hi3Ho1 Hyy + Hy1Hpo Hyg —
Hi3HyyHyy — Hi1Hp3Hys + HipHp3Hay)s)

(HxHyh — HysHyth — HyyHyolt + HogHaph + Hoy Hysh — Hyo Hyslt) /
(De(H13H2pHy1 — HiaHyoHyy — HipHpsHyy + HigsHozHyy + HioHogHyy — HizHpsHyp —
Ae = ¢ HizHy1Hyp + Hi4Hy1Hyp + Hi1Has Hyp — HigHos Hyp — Hy1HogHyp+
Hi3HpyHyp + HipHo1Hys — Hi4Hp1 Hys — Hi1Hoo Hys + HigHoo Hys + Hy1 Hog Hys—
HipHpyHys — HipHo1 Hyg + Hi3Hyy Hyy + Hy1 HyoHyy — HizHop Hyy — HyyHpz Hyy + HipHpz Hag)s)

(DeH13H2pHyy — DeHypHo3Hyy — DeHi3Ho1 Hap + DeHy1 HosHap + DeHipHo1 Hys — DeHy1 HyoHyz) /
(De(H13H2pHy1 — HiaHppHyy — HipHpsHyy + HigsHosHyy + HioHogHyy — Hi3HpyHyy — HizHy  Hyp+

Ay = ¢ HigHy Hyp + Hy1HosHyp — HigHosHyp — HyyHogHyp + Hi3HogHyp + HipHp Hys — HigHo1 Hyz—
Hy1Hx» Hys + Hi4Hop Hys + Hy1HogHys — HioHog Hys — HipHp1 Hyg + Hi3Ho1 Hyy + HytHoo Hyg —
Hi3HyyHyy — Hi1Hp3Hyg + HipHp3Hyy)s)

(—HyHph + HysHyh + Ho1 Hyph — HypsHyplt — Hpy Hygh + Hop Hysh) /
(De(H13H2pHy1 — HiaHyoHyy — HipHpsHy + HigsHosHyy + HioHygHyy — HizHpsHyp —
A1g = ¢ HizHy Hyp + HigHo1Hyp + Hi1Has Hyp — HigHos Hyp — Hy1HogHyp+
Hi3HpyHyp + HipHo1Hys — Hi4Ho1 Hys — Hi1Hoo Hys + HigHo Hys + Hi1Hog Hys — HipHpg Hyz—
HioHy1Hyy + Hi3Hy Hay + Hi1HopHay — Hi3Hop Hyy — Hi1HpsHyg + HipHp3Hay)s)

The coefficients of Equation (68) are:

Hy1 (DpHi4H23Hyy — DgHi3HosHyyp — DHiaHpHyz + DpHipHpyHys + DpHizHop Hay — DEHipHozHyg) /
(De(—Hi3HypHyy + HigHyoHyy + HipHosHyy — HigHozHyy — HioHpgHyy + HizHpsHyy + HizHoy Hyp —

Eyy = § HigHx1Hyp — Hy1HopsHyp + Hi4Ho3sHyp + Hy1HpyHyp — Hi3HogHyp — HipHp1 Hysz + HigHo1 Hyg +
Hy1HapHyz — Hi4H2pHysz — Hy1Hpg Hys + HipHogHyz + HipHp1 Hyy — HizHo1Hyy — Hi1Hop Hyg+
Hy3HyyHyy + Hy1 Hy3Hys — HipH3Hyy)s)

(Ha1 (—HosHaph + HogHyplt + Hop Hyslh — Hog Hysh — Hyo Hygh 4 Hpz Hygh) /
(De(—H13HyHyy + HigHpoHyy + HipHos Hyy — HigHozHyy — HioHpg Hyp +
Eip = { HisHzqHy + Hiz3Hy1Hyp — Hi4Ho1Hyp — Hy1Hos Hyp + HigHozHyp + Hy1 HogHyp —
Hi3Hy4Hyp — HipHy1 Hys + Hi4Hp1 Hys + Hi1HooHyz — HiaHyo Hyz — Hiy Hog Hyz+
HipHygHys + HioHyHyy — HizHp1 Hyy — HyyHop Hay + Hi3Hop Hyy + Hy1Hps Hyy — HipHp3 Hyy)s)

Hy(DpHi4Ho3Hy — DgHi3HogHyy — DeHiaHp1 Hyg + DpHy1HpsHys + DpHizHy1 Hyy — DeHy1HozHyg) /
(De(Hi3HyHy — HigHopHyy — HipHozHyy + HigHps Hyy + HipHpaHyy — HizHogHyy — HizHyy Hyp +

Eiz = § HigHy1Hyp + Hy1HysHyy — Hi4Ho3sHyp — Hy1Hpy Hyp + Hi3HogHyp + HipHyy Hyz — HigHo1 Hyg—
Hi1HapHys + Hi4H2oHys + Hi1Hog Hys — HipHog Hyz — HipHpy1 Hag + Hi3Ho1 Hyy + HinHoo Hyg—
Hy3HyyHyy — Hy1Hp3Hys + HipH3Hyy)s)
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Eys =

Ei7 =

(Hap(—HazHyih + HpgHyolt + Hoy Hysh — HygHysh — HyyHysh + HozHash) /

(Dg(Hi3HpHy — HiaHopHyy — HipHpzHyy + HigHps Hyy + HipHogHyp —

Hy3HyyHyy — Hi3Ho1Hyp + HigHy1Hyp + Hi1HosHyp — HigHps Hyp — HinHogHyp +

Hy3Hy4Hyp + Hi1oHo1 Hys — HigHy1 Hys — Hi1Hoo Hys + HigHpo Hyz + Hiy HogHys —

HioHyyHyz — HipHyHys + Hi3Hy1 Hay + Hi1Hop Hay — Hi3Hop Hyy — Hi1HpsHyg + HipHp3Hay)s)

Hy(—DgHi4HxHy + DpHpHpgHyy + D Hi4Ho1 Hyp — DpHyi HpgHyp — DpHioHa1 Hay + DpHy1 HyoHyy )/
(De(Hi3HoHyy — HigHyoHyy — HipHosHyy + HiaHysHyy + HipHogHyy — Hi3HpsHy — HizHoi Hyp +
Hi4Hy1Hyp + Hy1HosHyp — Hi4Ho3Hyp — Hi1HogHyp + Hi3Hag Hyp + HipHo1Hys — HigHo1 Hys—

Hy1HxyHys + Hi4Hop Hys + HinHogHys — H1oHpy Hys — HipHo1 Hyy + Hi3Ho1 Hyy + Hin Hoo Hyg—
Hy3HyHay — HiyHosHyy + HipHp3 Hayy)s)

(Hyz(HyoHy it — HogHynh — Ho1 Hyph + Hoy Hyplt + Hpy Hygh — Hop Hysh)) /

(De(Hi3HypHy — HisHopHyy — HioHp3Hyy + HiaHpsHyy + HipHogHy —

Hi3HyyHyy — Hi3Ho1Hyp + Hi4Hy1Hyp + Hi1HosHyp — HigHos Hyp — HinHogHyp+

Hi3HayHyp + HipHo1 Hys — HigHp1 Hys — Hi1Hoo Hys + HigHyo Hys + Hy1 Hog Hys—

HioHyyHyz — HipHyHay + HizHoi Hag + Hi1Hop Hys — Hi3HpoHyy — Hyi HysHay + HipHozHag)s)

((DgH13H22Hyy — DeHypHps Hyy — DpHy3Hp1 Hyp + DeHiyHos Hyp + DpHyp HyyHys — DEHi1Hop Haz ) Hyy ) /
(De(Hi3HypHyy — HigHyoHyy — HipHozHyy + HigHpsHyy + HioHogHyy — HizHpsHy — Hi3Hoi Hyp
Hy4Hy1Hyp + Hy1HazsHyp — Hi14HosHyp — H11HogHyp + HizHag Hyp + HioHo1 Hyg — HigHo1 Hyg—

Hy1HypHys + Hi4HooHys + Hi1HogHys — H1oHog Hyz — HipHpy Hyg + HisHa1 Hyy + Hi1Hop Hyy—

Hy3HyHyy — HyyHp3Hyy + HipHp3Hyy)s)

(Haa(—HppHyh + HosHy 't + Hy Hyph — HosHuplt — Hy Hysh + HypyHysht)) /

(De(Hi3HpHy — HisHopHyy — HioHp3Hyy + HiaHpsHyy + HipHogHyy —

Hi3HyyHyy — HizHo1 Hyp + H14Hy1 Hyp + Hi1HasHyp — Hi4HosHyp — Hi1Hog Hyp+

Hi3HyyHyp + HipHo1Hys — HigHp1 Hys — Hi1Hoo Hys + HigHyo Hyz + Hy1 Hog Hys—

HioHyyHyz — HipHy Hay + HizHoi Hag + Hy1Hop Hyy — Hi3Hpp Hyy — Hyi HysHay + HipHozHag)s)

The coefficients of Equation (76) are:

Hy1(DgH14Ho3Hyp — DpHi3HogHyy — DpHiaHyHyz + DpHioHpy Hys + DpHizHop Hyy — DEHipHozHag) /
(De(—Hi3HyHyy + HisHyoHyy + HioHozHyy — HiaHp3sHyy — HipHpgHyy + Hi3HoaHyy + HizHy Hyp —

Dy = § HiuyHo1Hyp — Hy1HysHyp + Hi4HosHyp + Hy1HyyHyp — Hi3HogHyp — HioHo1 Hys + HigHo1 Hyg+
Hy1HyHys — Hi4HopHys — Hy1Hoy Hyz + HioHogHys + HipHpy Hyg — Hi3Ho1 Hyy — Hy1Hoo Hyg+
Hi3HypHys + Hi1Hyp3Hyy — HipHp3Hyy)s)

Dyp =

(Ha1(—HasHayph + HpyHyolt + Hyo Hygh — HoyHygh — Hyp Hyslt + HysHysht))/

(De(—Hi3HyoHyy + HigsHyoHyy + HioHozHyy — HigHpzHyy — HipHpaHyy + HizHogHyp +
Hy3Hy1Hyp — Hi4Ho1Hyp — Hy1Hos Hyp + Hi4HosHyp + Hy1Hpg Hyp—

Hy3HyyHyp — HioHo1Hyg + Hi4Hy1Hyz + HinHop Hys — HigHop Hyz — Hi1 HogHys + Hio Hog Hyz+
HiyHy Hyy — Hi3Hy Hyy — Hy1HyoHyy + HizHop Hyy + Hi1HyzsHyy — HipHp3Hyy)s)
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Hy(DgHi4Hy3Hyy — DpHizHoaHyy — DpHi4Hy 1 Hys + DpHy1 HogHys + DpHi3Hy 1 Hay — DpHy1HosHas) /
(De(Hi3HpHy — HigHooHyy — HioHpzHyy + HiaHypsHyy + HipHoaHyy — HizHogHyy — Hi3Hy Hyp +

Dy3 = HigsHx1Hy + Hi1HosHyp — HigHosHyp — Hi1HogHyp + Hi3HogHyp + HioHo1 Hys — HigHy1 Hyz—
Hy1HxHys + Hi4Hoo Hys + Hi1 Hog Hys — HioHog Hys — HipHy1 Hyg +
Hi3Hy 1 Hyy + Hi1HyoHys — HizHpoHyy — Hi1HozHys + HioHp3 Hyy)s)

Dy =

(Hop(—HpsHyih + HogHyi + Ho Hyslh — Hog Hyslh — Hyy Hygh + Hyzs Hysht)) /
(De(H13H2pHyy — HisHypHyy — HipHpsHyy + HigsHosHyy + HioHoyHyy — HizHps Hy —
Hi3Hy1Hyp + Hi4Ho1Hyp + Hy1Hos Hyp — Hi4HosHyp — Hy1HpgHyp + Hi3HogHyp+
H1pHy1Hyz — H14Hp1 Hys — Hi1Hop Hys + Hi4Hop Hys + Hy1Hpg Hys — HipHog Hyz—
HipHyy Hyy + Hi3Hy1 Hay + Hy1 HyoHyy — HizHpoHyy — HiyHozHay + HipHp3Hyy)s)

Hys(—DgHi4HxHy + DpHpHpgHyy + DHi4Ha1 Hyp — DpHyi HpgHyp — DpHioHa1 Hyy + DpHy1 HyoHyy )/
(De(H13H22Hyy — HigHyoHy — HipHozHyy + HigHpsHyy + HipHogHyy — HizHpy Hyy —
Dys = § HizHx1Hyp + Hi4Ho1 Hyp + H11Hos Hyp — HigHosHyp — Hy1HogHyp + Hi3HogHyp+
H1yHy1Hys — HiaHo1Hys — Hi1Hop Hys + Hi4Hoo Hyz + Hi1 Hag Hys — HipHog Hys—
HiyHy1Hyy + Hi3Hy Hyy + Hi1Hop Hyy — HisHyoHyy — Hi1HozHyy + HipHp3Hyy)s)

(Ho3(HyoHah — HyaHynh — Ho1 Hyph 4 Hoy Hyplt + Hyy Hysh — Hop Hysh)) /
(De(H13H2pHyy — HisHypHyy — HipHpsHyy + HigsHosHyy + HioHoyHyy — HizHpg Hy —
Hi3Hy1Hyp + Hi4Ho1 Hyp + Hy1Hos Hyp — Hi4Ho3sHyp — Hy1HpgHyp + HisHogHyp+
HipHy Hyz — Hi4Hp1 Hys — Hi1Hpo Hys + Hi4Hoo Hyz + Hi1HogHys — Hip Hog Hyz —
HipHpy Hyy + Hi3Hp1 Hay + Hy1 HyoHyy — HizHpoHyy — HiyHozHyy + HioHp3Hyy)s)

Hy4(DgH13HypHyy — DpHipHosHyy — DpHi3Hy 1 Hyy + DpHy1HosHyp + D HioHy1 Hys — DpHy1HooHys) /
(De(Hi3HpHy — HisHopHyy — HioHpzHyy + HiaHpsHyy + HipHoaHyy — HizHogHyy — Hi3Hy Hyp +
D17 = ¢ HigHoHyp + Hy1HosHyy — Hi4Hys Hyp — Hi1HogHyp + HizHogHyp +
HipHy1Hys — HigHo1Hys — Hi1Hoo Hys + Hi4Hoo Hys + Hy1 Hog Hys — Hio Hog Hys—
HioHy1Hyy + Hi3Hy1Hyy + Hi1Hop Hay — Hi3Hop Hyy — Hi1HpsHyg + HipHp3Hay)s)

D1g =

(Hoa(—HopHy1h + HyzsHyit + Hyy Hyph — HosHyph — Hy Hysh + Hy Hysht))/
(De(H13H2Hyy — HigHyp Hyy — HipHp3Hyy + HigsHosHyy + HioHogHyy — HizHpg Hy —
Hi3Hy1Hyp + Hi4Ho1Hyp + Hy1Hys Hyp — Hi4Ho3sHyp — Hy1HpgHyp + HisHogHyp+
HipHyHyz — Hi4Hp1 Hys — Hi1Hyo Hys + Hi4Hoo Hyz + Hi1HogHys — HipHog Hyz—
HioHyHyy + Hi3Hy Hay + Hi1HopHyy — Hi3Hyp Hyy — Hi1HpsHyy + HipHpsHyy)s)

The coefficients of Equation (84) are:

Hy1(DgHi4H23Hyy — DpHi3HpaHyy — DeHi4Hop Hyz + DpHip HpaHyz + DEHi3Hyp Hyy — DpHipHp3Hay) /
(De(—Hy3HyHyy + HigHyoHyy + HipHosHyy — HigHozHyy — HipHpgHyy + HizHogHyy + HizHa1 Hyp —

B11 = { HigHx1Hyp — Hy1HosHyp + Hi4HosHap + Hy1HoyHyp — Hi3HogHyp — HipHy1 Hys + Hi4Ho1 Hys+
Hy1HypHys — Hi4HopHys — Hy1Hog Hys + HioHogHys + HipHyy Hyy — HizHo1 Hyy — Hy1HooHyy
+Hi3HyHyy + Hi1HosHyy — HioHyzHyy)s)

(H11(—HasHaoh + HygHyph + Hyo Hysl — HogHysh — Hop Hysh 4 HpzHysht))/
(De(—Hi3HapHyy + HigHyoHyy + HipHos Hyy — HigHozHyy — HioHpg Hyp +
Bi» = { HisHzqHy + Hi3Hy1Hyp — Hi4Ho1Hyp — Hi1Hos Hyp + Hi4HozHyp + Hy1Hog Hyp—
Hi3HpyHyp — HioHo1Hys + Hi4Hp1 Hy + Hi1Hoo Hys — HigHyo Hyz — Hi1 Hog Hyz +
HiyHyyHys + HipHy Hyy — HizHy1 Hyy — Hi1Hop Hys + Hi3Hpp Hyy + Hi1HysHyy — HipHp3Hay)s)
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Hip(DpHy4H23Hyy — DpHi3HpsHyy — DHy4Ho1 Hys + DpHy1 HpaHys + DpHi3Hy1 Hyy — DpHy1Hp3Hay) /
(De(Hi3HxHy — HigHopHyy — HioHp3Hyy + HiaHpsHyy + HipHoaHyy — HizHoyHyy — Hi3Hy Hyp +

B3 = § HigHxHyp + Hi1HosHyp — Hi4Ho3Hyp — Hy1HoyHyp + Hi3HogHyp + HipHp1 Hys — HigHo1 Hys—
Hy1Hx»Hys + Hi4HooHys + Hy1Hyy Hys — HioHogHys — HipHp1 Hyg + Hi3Ho1 Hyy + Hy1 Hoo Hyy—
Hi3HyyHyy — Hi1Hyp3Hyg + HipHp3Hyy)s)

(Hi2(—HasHaih + HogHyg it + Hoy Hygh — Hpy Hysh — Hyy Hygh 4 HpsHysht))/
(De(Hi3HpHyy — HigHop Hyy — HioHpzHyy + HigHps Hyy + HipHogHyy — HizHogHyy —
By = { HizHy 1 Hyp + Hi4Hy1Hyp + Hi1HosHyp — HigHps Hyp — HiyHogHyp + HizHpg Hyp+
HipHy1Hyz — Hi4Hy1 Hys — Hi1Hoo Hys + Hi4Hoo Hys + Hy1 Hpg Hys — HipHog Hyz —
HypHy1Hys + Hi3Hp1 Hyy + HyyHyp Hyy — HizHpoHyy — Hi1HosHag + HioHo3Hag)s)

Hy3(—DgpHi4HnHy + DpHioHpgHyy + DeHygHp1 Hyp — DpHy1 HpgHyp — DgHipHoi Hyy + DpHyi HyoHyy)/
(De(H13HopHyy — HiyHyoHyy — HipHozHyy + HigHypsHyy + HioHogHyy — HizHpyHy — HizHoi Hyp+
Bis = § HisHy Hyp + Hi1HasHy — Hi4HozHyp — HiyHogHyp + Hiz3Hag Hyp + HipHo1 Hyz—
Hy4Hy1Hys — Hy1HooHys + Hi4Hop Hys + Hi1Hog Hyz — HipHoq Hys — Hio Ho1 Hyy+
Hy3Hy1Hyy + HyyHypHyy — HizHyoHyy — HiiHpzHyy 4+ HipHpsHay)s)

(Hi3(HopHalt — Hyg Hynl — Hyy Hyph + HpaHaph + Hoy Hyslt — Hop Hyslt))/
(De(H13H22Hyy — HisHyppHyy — HipHpsHyy + HigHosHyy + HipHogHyy — HizHpsHyy —
Big = { HizHa1Hyp + Hi4Hy1Hyp + Hi1HosHyp — HigHos Hyp — HiyHogHyp + HisHog Hyp+
HipHy Hyz — Hi4Hy1 Hys — Hi1Hop Hys + Hi4Hoo Hys + Hy1Hpg Hys — HipHog Hyz —
HypHy1Hys + Hi3Hp1 Hyy + HyyHypHyy — HizHpoHyy — Hi1HosHyg + HioHo3Hag)s)

Hy4(DpHy3H22 Hyy — DpHipHpsHyy — DpHi3Ha 1 Hyy + DpHy1 HysHyp + DeHipHy1 Hys — DpHy1HyoHyz) /
(De(Hi3HxHy — HisHopHyy — HioHp3Hyy + HiaHpsHyy + HipHoaHyy — HizHogHyy — Hi3Hy Hyp +
Bi7 = HisHy1Hy + Hi1HosHyp — Hi4HosHyp — Hy1HpgaHyp + Hi3Hog Hyp + HipHpy1 Hyz—
Hy4Hy1Hys — Hi1HooHys + HigHyo Hys + Hi1 HogHys — HipHpg Hys — Hio Hoy Hyy +
Hi3Hy 1 Hyy + Hi1HyoHyy — HizHpoHyy — Hi1HozHyg + HioHp3Hyg)s)

(Hi4(—HapHqh + HysHyh + Hyy Hyph — HysHuplt — Hy1 Hygh + HypHyslt)) /
(De(Hi3HypHy — HisHoHyy — HioHozHyy + HiaHpzHyy + HipHpaHy — HizHogHyy —
Big = § HizHy1Hy + HigHo1Hyp + Hy1HosHyp — HiaHps Hyp — HinHog Hyp +
Hy3HyyHyp + HioHo1 Hys — HigHy1 Hys — Hi1Hoo Hys + HigHo Hyz + Hi1 HogHys — HipHpg Hyz—
HioHy Hyy + Hi3Hy Hys + Hy1HpHay — HizHop Hyy — Hi1Hpz Hyy + HipHp3Hay)s)

The coefficients of Equation (92) are:

H31(DgH14Ho3Hyp — DpHi3HogHyy — DpHiaHyHys + DpHipHpy Hys + DpHizHop Hyy — DEHipHozHag) /
(De(—Hi3HyHyy + HisHyoHyy + HipHo3Hyy — HiaHp3sHyy — HipHpsHyy + Hi3HoaHyy + HizHy Hyp —

Ci1 = HisHx1Hy — Hi1HosHy + HigHys Hyp + Hi1HogHyp — HisHpy Hyp — HipHo1 Hyg + HigHp  Hyz+
Hy11HpHyz — Hi4Hxp Hys — Hi1Hog Hyg + HipHog Hyz + HipHp1 Hyy — HigHo Hyq — Hy1HopHyg+
Hi3HypHys + Hi1Hy3sHyy — HipHp3Hyy)s)

(H31(—HasHayph + Hyy Hyolt + HyoHysh — HoyHygh — Hyp Hyslt + HpsHysht))/
(De(—Hi3HyHyy + HisHyoHyy + HipHysHyy — HigHozHyy — HipHpy Hyy +
Ci2 = § HizHyyHy + Hi3Ho1Hyp — Hi4Hy1Hyp — Hi1HosHyp + HigHps Hyp + Hiy HogHyp —
Hi3H4Hyp — H12Hp1Hys + HigHp1Hy + Hiy1HooHys — HigHyo Hys — HinHog Hyz+
HiyHyyHyz + HioHy Hyy — HizHy1Hay — Hi1HopHyg + Hi3Hop Hys + Hi1HysHyy — HipHp3Hay)s)
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Hzy(DpHy4Hy3Hy — DpHizHoyHyy — DEHi4Hp1 Hyz + DpHy1HpyHys + DeHisHy 1 Hyy — DpHy1HozHyy) /
(Dg(Hi13HpHy — HisHopHyy — HipHosHyy + HisHysHyy + HipHosHyy — HizHogHyy — HisHy Hyp+

= HisHy1Hy + Hi1Ho3Hyy — Hi4HosHyy — Hy1HogHyp + HizHogHyy + HioHp1 Hyg — HigHo1 Hyz —

Hy1Hy Hys + HigHop Hys + Hi1HpaHys — HioHog Hyz — HipHp1 Hag + Hi3Hp1 Hag + HinHop Hyg —
Hi3HyHyy — Hi1HosHyy + HipHp3Hyy )s)

(H3p(—HpsHyih + HogHyih + Hoy Hyslh — Hog Hyslh — Hyy Hygh + Hyps Hysht)) /
(De(H13HpHy — HisHypHyy — HipHp3Hyy + HigsHosHyy + HipHogHyy —
Hi3HpyHyy — Hi3Ho1 Hyp + Hi4Hp1 Hyp + Hi1HazsHyp — HigHos Hyp
—H11HogHyp + Hi3HpaHyp + HipHoy Hys — Hi4Hy1 Hyz — Hi1 Hpo Hyz+
Hi4Hx» Hys + Hi1Haq Hys — HioHoyHys — HioHo1 Hyy + HizHp1 Hyy
+Hy1HyHyy — HizHopHay — Hi1HozHyg + HioHp3Hyy)s)

Cuu=

Hz3(—DgHi4HopHyt + DpHipHogHyy + DEHi4Hy1 Hyp — DgHi1HpsHyy — DEHi1oHy1Hys + DeHi1HopHyy )/
(De(Hi3HoHyt — HisHyHy — HipHosHyy + HisHpHyy + HipHogHyy — Hi3HpsHy — HizHo1 Hyp +

Cis = § HigHyHyp + Hi1HasHyp — Hi4HosHyp — HinHagHyp + HizHogHyp + HioHy1 Hes — HigHo1 Hys—

Hy1HypHyz + HigHopHyz + HinHogHyz — HipHogHys — HipHo1 Hys + HizHp1 Hyg + HitHop Hys —
Hi3HyHyy — Hi1HozHyy + HipHp3Hay)s)

(H3s(HaoHy it — HogHynh — Ho1 Hyph + Hpg Hyplt + Hpy Hygh — Hop Hygh)) /
(De(Hi3HypHyy — HisHop Hyy — HioHpzHyy + HiaHpsHyy + HipHoaHyy — HizHogHyy —
Ci6 = § HizHa1Hyp + Hi4Ho1Hyp + Hy1Hos Hyp — HigHozsHyp — Hy1HpgHyp + HizHogHyp+
H12Hy1Hys — Hi4Ho1Hys — Hi1Hop Hys + Hi4Hoo Hys + Hy1Hog Hys — Hio Hog Hys—
HioHy Hyy + Hi3Hyy Hyy + Hi1Hop Hay — Hi3Hop Hyy — Hi1HpsHyg + HipHp3Hyy)s)

H3zy(DpHi3H2pHy — DgH1pHosHyy — DHi3Hp1Hyy + DpHy1HysHyy + DeHipHy1 Hys — DEHy1HopHys) /
(Dg(Hi13HpHy1 — HiaHopHyy — HipHosHyy + HisHypsHyy + HipHosHyy — HizHoaHay — HisHy Hap+

Ci7 = § HisHy1Hy + Hi1HozsHyy — HigHys Hyy — HinHogHy + HisHpaHyp + HipHp1 Hys — HiaHy  Hyz—

Hy1Hy Hys + Hi4HopHyz + Hi1Hpa Hys — HioHog Hys — HipHp1 Hag + Hi3Hy1 Hag + HinHop Hyg —
Hi3HyHyy — Hi1HosHyy + HipHp3Hyy )s)

(H34(—HopHyih + HysHy i + Hyy Hyph — HosHyph — Hyy Hysh + Hy Hysht)) /
(De(Hi3HxHyt — HigHooHyy — HioHp3Hyy + HigHpsHyy + HipHogHyy —
Cis = § HizHa4Hg1 — Hi3Hp1 Hyp + HigHo1Hyp + Hi1Has Hyp — HigHosHyp — HypHogHyp+
Hy3HyyHyp + HioHo1Hyg — HigHy1 Hyz — Hi1Hoo Hyg + HigHpo Hyz + Hiy HogHys —
HiyHyyHys — HioHyHay + Hi3Hy1Hay + Hi1HopHay — Hi3Hop Hys — Hi1HypzHyy + HipHp3Hay)s)
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