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Abstract

Discrete breathers (DBs) are nonlinear vibrational excitations localized on small groups of
atoms in perfect crystal lattices. While theoretically proven, a systematic understanding
of DB formation in binary crystals with the B2 structure remains limited. We employ
molecular dynamics simulations using the LAMMPS package to investigate the nonlinear
dynamics of three representative B2 crystals: ionic CsCl, and intermetallic LiPb and NiTi.
We calculate the amplitude-frequency dependencies of delocalized nonlinear vibrational
modes (DNVMs) and analyze DB existence conditions based on phonon spectrum features
and anharmonicity type. Our analysis reveals that a significant atomic mass difference
creates a phonon band gap, enabling gap DBs in CsCl and LiPb, whereas NiTi, with similar
atomic masses, exhibits no gap. A simplified model assuming identical bond stiffnesses
accurately predicts frequency ratios in CsCl and LiPb but fails for NiTi due to strong bond
stiffness asymmetry. We demonstrate the successful excitation of long-lived gap DBs in LiPb
by initializing atomic displacements based on the G1 DNVM pattern on heavy Pb atoms.
These gap DBs remain stable for over 20 ps with negligible energy dissipation. In contrast,
DBs with frequencies above the phonon spectrum (excited on light Li atoms) exhibit shorter
lifetimes (~2 ps). The study establishes that both atomic mass ratio and interatomic bond
stiffness asymmetry are critical parameters governing nonlinear dynamics in B2 crystals.
The predicted long-lived gap DBs in LiPb provide a target for future experimental detection
via inelastic neutron or X-ray scattering, offering new insights into energy localization and
transport in biatomic alloys.

Keywords: discrete breather; delocalized nonlinear vibrational mode; B2 structure;
molecular dynamics; phonon spectrum; LiPb; CsCl; NiTi; energy localization

1. Introduction
The linear theory of lattice dynamics, developed by Born and Huang, provides a

comprehensive description of crystal vibrations at low temperatures [1]. However, as the
amplitude of atomic oscillations increases, nonlinear effects become significant, leading
to phenomena that cannot be explained within the harmonic approximation. One of the
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most intriguing nonlinear phenomena is the existence of discrete breathers (DBs). These
are large-amplitude vibrational modes localized on small groups of atoms that can exist in
perfect, defect-free crystals due to the interplay of nonlinearity and discreteness [2–7]. Since
their theoretical prediction by Dolgov [2] and independently by Sievers and Takeno [3],
DBs have been extensively studied in various model systems, including one-dimensional
chains, two-dimensional lattices, and three-dimensional crystals [6,7].

Indirect evidence of the existence of DBs in crystals has been obtained through inelastic
neutron and X-ray scattering for NaI [8] and α-uranium [9]. DBs are believed to play a
crucial role in various physical processes, including heat transport, thermal expansion,
plastic deformation, and defect migration [10–26]. In particular, DBs can concentrate energy
locally, facilitating bond breaking or defect motion, and can act as carriers of vibrational
energy over long distances with a weak dispersion [12–15].

A powerful method for constructing DBs in crystals with high symmetry is based on
delocalized nonlinear vibrational modes (DNVMs), also known as bushes of nonlinear
normal modes [27–32]. DNVMs are exact solutions to the nonlinear equations of motion,
determined solely by the symmetry of the crystal lattice. They represent periodic orbits
in the phase space that do not excite other modes, even at large amplitudes. By applying
a localization function to a DNVM whose frequency is outside the phonon spectrum
(either above the upper limit or inside the band gap), one can attempt to obtain a localized
DB [33,34]. In this work, we use the terms ‘hard-type’ and ‘soft-type’ anharmonicity (or
nonlinearity) to describe the amplitude-frequency dependence of vibrational modes. Hard-
type anharmonicity implies that the mode frequency increases with increasing oscillation
amplitude, whereas soft-type anharmonicity corresponds to a decrease in frequency as the
amplitude grows.

Crystals with the B2 (CsCl-type) structure constitute an important class of materials
widely used in aerospace, automotive, and biomedical industries due to their high strength,
corrosion resistance, and shape memory effects [35–48] (e.g., NiTi alloys [49]). In particular,
the vibrational properties of the crystals have been analyzed in [36,37,40], the mechanical
properties in [41], and the structure in [38,39]. The LiPb system is complex and widely
studied, particularly in nuclear engineering for its applications in fusion reactors, where
liquid Li-Pb eutectic is used as a tritium breeder and neutron multiplier [50]. Despite their
practical importance, the nonlinear dynamics of B2 crystals, particularly the properties
of DNVMs and DBs, have not been systematically investigated. Previous studies have
mostly focused on monoatomic lattices or simplified models with nearest-neighbor inter-
actions [51–54]. However, B2 crystals are binary systems with atoms of different masses
and complex interatomic potentials that often include long-range interactions (up to the
fourth coordination sphere) [55]. The presence of two sublattices with different atomic
masses can lead to the formation of a band gap in the phonon spectrum, which allows for
the existence of gap DBs—a type of localized mode that has received less attention than
DBs with frequencies above the spectrum.

The existence and stability of DBs depend critically on two factors: the mass ratio of
the constituent atoms and the stiffness of interatomic bonds. In simplified models with
identical bond stiffnesses for all atom pairs, the frequencies of DNVMs excited on light and
heavy sublattices are related by a simple scaling law [56]. However, in real crystals, bond
stiffnesses differ depending on the atom types, which may significantly alter the amplitude-
frequency dependencies of DNVMs and the conditions for DB existence. Understanding
DBs is not only of fundamental interest but also has practical implications. Localized
energy concentrations can facilitate diffusion processes, influence thermal conductivity
in nanomaterials, and potentially trigger phase transformations or defect nucleation in
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structural alloys like NiTi. Thus, controlling DB formation could offer new pathways for
managing material properties under extreme conditions.

In this work, we perform a comparative molecular dynamics study of the nonlinear
dynamics of three B2 crystals with different chemical bonding and mass ratios: CsCl
(ionic), LiPb (metallic with a large mass difference), and NiTi (intermetallic with a small
mass difference). We calculate the amplitude-frequency dependencies of DNVMs for all
symmetry-allowed groups (G1–G7) and analyze the deviations from the simplified scaling
law to assess the role of bond stiffness asymmetry. Furthermore, we demonstrate the
existence of long-lived gap discrete breathers in the LiPb crystal, excited on the heavy Pb
sublattice, and discuss their stability and potential for energy transport. This study provides
a comprehensive understanding of the conditions for DB formation in B2 crystals and lays
the groundwork for interpreting experimental data on nonlinear vibrational properties of
these technologically important materials.

2. Materials and Methods
Molecular dynamics simulations were performed using the Large-scale Atomic/

Molecular Massively Parallel Simulator (LAMMPS) package (version 29 Aug 2024) [57],
which includes a library of interatomic potentials for various substances and compounds.
For the CsCl crystal, the potential developed in [58] was employed; for LiPb, the potential
described in [59] was used; and for NiTi, the potential presented in [60] was applied. The
selected potentials have been validated previously to reproduce lattice parameters, elastic
constants, and phonon spectra of the respective B2 phases with good accuracy [61–63]. In
our simulations, the linear phonon spectra derived from these potentials match well with
available experimental and DFT data, ensuring the reliability of the harmonic baseline for
our nonlinear analysis.

The computational cell adopts the B2 structure, as shown in Figure 1a. The B2 structure
is based on a body-centered cubic (BCC) lattice and consists of two simple cubic sublattices
with a lattice parameter a. Atoms of one type (mass m1) are located at the cube vertices,
while atoms of the other type (mass m2) occupy the cube center.

Figure 1. (a) The B2 structure based on a BCC lattice consists of two simple cubic sublattices with
lattice parameter a. The sublattices are filled with atoms of mass m1 (purple) and m2 (orange).
Bonds between first and second neighbors are shown in magenta and blue, respectively. Bonds
between third and fourth neighbors are also accounted for but not shown. (b) Coordinate axes and
high-symmetry points (shown in red) in the first Brillouin zone of the BCC lattice.

Simulations of delocalized nonlinear vibrational modes (DNVMs) were carried out in
a computational cell consisting of 2 × 2 × 2 primitive translation cells of size 2a × 2a × 2a,
where a is the lattice parameter. Such a cell contains 8 atoms of each component. Discrete
breathers (DBs) were studied in a computational cell comprising 20 × 20 × 20 primitive
translation cells of size 20a × 20a × 20a, with a total of 16,000 atoms.
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The phonon dispersion curves of the studied crystals were calculated using the stan-
dard LAMMPS–Phonopy workflow. The calculations were performed for the relaxed
structures, and the results are presented as phonon frequencies along the high-symmetry
directions of the first Brillouin zone. In general, the dispersion relations exhibit six branches.

The B2 structure supports exact nonlinear vibrational solutions with one degree of
freedom (DNVMs). These modes were described in [56] and can be determined based
solely on the symmetry of the BCC lattice. DNVMs are classified into groups G1 through
G7. The atomic displacement patterns for these modes are shown in Figure 2. In these
figures, the trajectories of oscillating atoms are depicted in black. Atoms with a positive
(negative) z-component of displacement are marked with a dot (cross).

Figure 2. DNVMs of groups G1–G7. The two panels correspond to two different z-slices of the supercell.

DNVMs of groups G3 and G4 exist as exact solutions only in a monoatomic BCC lattice,
not in the B2 structure; therefore, they are not considered in this work. It is important to
note that DNVMs of group G2 differ qualitatively from those of all other groups. In G2
DNVMs, both cubic sublattices oscillate relative to each other as rigid bodies, whereas in
other DNVMs, atoms of only one sublattice oscillate while atoms of the other sublattice
remain at rest.

Thus, all DNVMs of groups G1, G5, G6, and G7 have two frequencies corresponding to
the oscillations of cubic lattices with atoms of mass m1 and m2. Denoting these frequencies
as ω1 and ω2, they are related by the following equation:

ω2 =

√
m1

m2
ω1. (1)
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This relation holds strictly for a model with identical bond stiffnesses for all atom
pairs. Deviations from this ratio in real crystals (CsCl, LiPb, NiTi) indicate differences in
interatomic bond stiffnesses between different components. All frequencies are given in
THz. We use the symbol ω to denote the vibration frequency in THz for consistency with
common literature in this field.

Periodic boundary conditions and the NVE thermodynamic ensemble (microcanonical
ensemble) were used. The equations of atomic motion were integrated numerically using
the fourth-order Verlet method with a time step of 0.5 fs. This time step ensured high
calculation accuracy, as further reduction in the step did not affect the results.

3. Results and Discussion
3.1. Phonon Dispersion Curves for the Studied Crystals

In Figures 3–5, the phonon dispersion curves are presented for the three B2 crystals
considered in this work, namely for CsCl, NiTi, and LiPb, respectively.

Figure 3. Phonon dispersion curves of CsCl crystal.

Figure 4. Phonon dispersion curves of NiTi crystal.

Figure 3 shows that the CsCl crystal exhibits a phonon band gap in the frequency
range of 6 to 9.4 THz, while the upper edge of the phonon spectrum is located at 12.8 THz.
The maximum phonon frequency is attained not at the Brillouin zone boundary but along
the path between the H and N high-symmetry points. This implies that the crystal cannot
support DBs with frequencies above the phonon spectrum; however, gap DBs associated
with either soft or hard anharmonicity may exist.

https://doi.org/10.3390/cryst16070425
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Figure 5. Phonon dispersion curves of LiPb crystal.

Figure 4 indicates the dynamical instability of the B2 NiTi crystal at 0 K, as evidenced
by the presence of imaginary phonon frequencies (plotted as negative values

√
−ω2). It is

well known that the thermodynamically stable low-temperature phase is the B19′, which
transforms into the high-temperature B2 phase at approximately room temperature. In
the present simulations, this instability is not manifested due to the limited size of the
computational cell (2 × 2 × 2 primitive unit cells), which restricts the development of
unstable modes. The B2 NiTi crystal does not exhibit a phonon band gap because the
atomic masses of Ni and Ti are relatively close. The maximum phonon frequency occurs
not at the Brillouin zone boundary but along the path between the P and H high-symmetry
points. Consequently, DBs with frequencies above the phonon spectrum cannot exist in
this system.

The phonon dispersion curves of the LiPb crystal shown in Figure 5 reveal a wide band
gap, which arises from the large difference in the atomic masses of its constituent elements.
This feature enables the existence of gap DBs, whereas DBs with frequencies above the
phonon spectrum are not possible. This is because the maximum phonon frequency is
attained not at the boundary of the first Brillouin zone but along the path between the Γ
and H high-symmetry points.

3.2. Amplitude-Frequency Dependencies of DNVMs in the CsCl Crystal

We consider the frequency dependence on amplitude for all studied delocalized
nonlinear vibrational modes (DNVMs) in the ionic CsCl crystal with a lattice parameter
a = 3.984 Å. The results of molecular dynamics simulations are presented in Figure 6. The
chlorine atom has a mass m1 = 35.45 u, while the cesium atom mass is m2 = 132.91 u.
The significant difference in the masses of the constituent atoms is a fundamental factor
determining the phonon spectrum of this crystal, leading to the formation of a band gap.
While phonon propagation at frequencies within the band gap is impossible, this condition
allows for the existence of gap discrete breathers (DBs).

The horizontal pink dashed lines in Figure 6 indicate the boundaries of the phonon
band gap, which lies in the frequency range from Ω = 6.51 THz to Ω = 8.88 THz. The black
dash-dotted line in panel (a) shows the upper boundary of the spectrum at a frequency
of Ω = 11.53 THz. The obtained results demonstrate that all five groups of DNVMs in
the CsCl crystal exhibit hard-type nonlinearity, with mode frequencies increasing as the
amplitude grows. Hard anharmonicity is a key factor necessary for the formation of DBs
with frequencies either above the phonon spectrum or within the band gap.
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Figure 6. Amplitude-frequency dependencies of DNVMs in the CsCl crystal. In panel (a), DNVMs
are excited on light Cl atoms, while in panel (b), they are excited on heavy Cs atoms. Consequently,
for all modes except those of group G2, the oscillation frequencies in panel (b) are lower than those in
panel (a). DNVMs of group G2 represent oscillations of both monoatomic sublattices in antiphase;
therefore, they are characterized by a single oscillation frequency. The horizontal pink dashed lines
denote the boundaries of the phonon band gap. The upper edge of the spectrum is marked by the
horizontal black dash-dotted line in panel (a). The upper edge of the spectrum is marked only in
panel (a) because it represents the limit for modes excited on light atoms. Modes in panel (b) are
excited on heavy atoms and lie significantly below this boundary.

At small amplitudes, DNVMs of group G2 have a single oscillation frequency. This is
because, in these modes, both monoatomic sublattices oscillate in antiphase relative to each
other. At moderate amplitudes, the frequencies of G2 DNVMs lie within the optical part
of the phonon spectrum, but at significant amplitudes, they exceed the upper spectrum
boundary. For the G5 DNVM group excited on Cl atoms (see Figure 6a), the frequencies
branch off from the upper boundary of the band gap and increase within the optical band
of the phonon spectrum. The G7 DNVMs excited on light Cl atoms (see black curves
Figure 6a) have frequencies in the optical band; however, at large oscillation amplitudes,
the frequencies of some of these modes rise above the phonon spectrum. The G5 and G7
DNVMs for Cs (see Figure 6b) lie in the acoustic band of the spectrum. At large oscillation
amplitudes, the frequencies of some of these modes enter the phonon band gap.

The G6 DNVMs excited on chlorine atoms have frequencies slightly lower than those
of the G1 DNVMs. At amplitudes less than 0.17 Å they lie in the optical part of the spectrum,
while at larger amplitudes, they exceed the spectrum boundary. The G6 DNVMs on Cs
atoms also have frequencies slightly lower than the corresponding G1 DNVM frequencies.
At small amplitudes, they lie in the acoustic region of the spectrum, but as the amplitude
increases, they enter the optical band and subsequently exceed the spectrum boundary.

Thus, only the G1 DNVMs are the primary candidates for generating DBs with fre-
quencies above the spectrum (when excited on light chlorine atoms) or gap DBs (when
excited on heavy cesium atoms). Given that the oscillation frequencies of G6 DNVMs are
only slightly lower than those of G1 DNVMs, it can be assumed that gap DBs based on
G6 DNVMs may exist, provided that the DB amplitudes are sufficiently large for their
frequencies to exit the phonon spectrum.

For the crystals considered in this Section, atoms of different components interact
differently; therefore, it is expected that Equation (1) will not hold strictly. The deviation
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of the frequency ratio ω2/ω1 from this equation characterizes the ratio of bond stiffnesses
between atoms of different types. Therefore, it is important to discuss the magnitude of
this deviation for various DNVMs. Table 1 presents the ω2/ω1 ratios for the CsCl crystal,
along with the values calculated using Equation (1) for comparison. It is evident that for
the CsCl crystal, the bond stiffnesses between different components differ insignificantly.
Consequently, Equation (1), derived under the assumption of identical stiffnesses for all
bonds, provides a good estimate of the frequency ratio.

Table 1. Ratios of frequencies of DNVMs excited on heavy and light atoms in the CsCl crystal,
compared with values calculated from Equation (1), which is valid for a crystal with interatomic
interactions independent of atom type.

Group ω2/ω1 ω2/ω1 (Equation (1)) Difference, %

G1 0.565 0.516 8.7
G5 0.521 0.516 0.96
G6 0.571 0.516 9.6
G7 0.513 0.516 −0.6

3.3. Amplitude-Frequency Dependencies of DNVMs in the LiPb Crystal

Further, we consider the obtained amplitude-frequency dependencies for the LiPb
crystal with metallic bonding, as shown in Figure 7. The mass of the lithium atom is
m1 = 6.941 u, and the mass of the lead atom is m2 = 207.2 u. The lattice parameter is
a = 3.568 Å. As can be seen, this crystal exhibits a significant difference in component
masses, which leads to a strong separation of oscillation frequencies between heavy and
light atoms and, consequently, to the formation of a wide band gap in the phonon spectrum.
In Figure 7, the boundaries of the phonon band gap are marked by horizontal pink dashed
lines: (a) the upper boundary at a frequency of Ω = 6.26 THz, and (b) the lower boundary
at a frequency of Ω = 1.503 THz. The black dash-dotted line in panel (a) indicates the upper
boundary of the phonon spectrum at a frequency of Ω = 7.61 THz.

 
Figure 7. Amplitude-frequency dependencies of DNVMs in the LiPb crystal. In panel (a), DNVMs
are excited on light Li atoms; in panel (b), they are excited on heavy Pb atoms. The horizontal pink
dashed lines denote the boundaries of the phonon band gap. The upper edge of the spectrum is
marked by the horizontal black dash-dotted line in panel (a).
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In Figure 7a, upon excitation of light Li atoms, DNVMs of groups G1 and G6 exhibit
hard-type anharmonicity. Meanwhile, for some DNVMs of groups G2, G5, and G7, hard-
type anharmonicity is observed, but there are also DNVMs with soft-type anharmonicity.
At small amplitudes, the frequencies of G1 DNVMs lie at the upper edge of the phonon
spectrum, but at large amplitudes, the frequencies exceed the spectrum boundary. For G6
DNVMs, the oscillation frequencies lie within the optical band of the spectrum at small
amplitudes, but as the amplitude increases, the frequencies rise above the phonon spectrum.
The oscillation frequencies of G2 and G7 DNVMs lie within the optical band of the phonon
spectrum. For two DNVMs of group G5, the oscillation frequencies branch off from the
upper edge of the band gap and increase within the optical band. The third DNVM of
this group branches downward from the band gap boundary at large amplitudes and
enters the gap. In panel Figure 7a, a sharp frequency jump is observed simultaneously for
DNVMs of different groups at an amplitude of A = 0.3 Å. Such behavior of the amplitude-
frequency dependencies of DNVMs lacks physical justification. There are several possible
explanations for this observation. First, the interatomic potential used may possess a
singularity (such as a kink or a discontinuity in the derivative) at A = 0.3 Å, which could
lead to numerical instability. Second, at such large oscillation amplitudes, the system
may probe regions of the interatomic potential that are less accurately parameterized, or
numerical errors may accumulate due to the steepness of the potential walls, leading to the
observed instability. It should be noted that while this anomaly suggests a limitation of the
empirical potential in this extreme regime, the discrete breathers discussed in Section 3.5
are excited at amplitudes well below this threshold (with individual atomic displacements
A1 ≤ 0.60 Å, but effective local strain distributed over several atoms is lower), where the
potential behaves physically and provides reliable results.

In Figure 7b, upon excitation of DNVMs on heavy Pb atoms, all G1 DNVMs exhibit
hard-type anharmonicity. For G1 DNVMs, the oscillation frequencies are located at the
lower boundary of the phonon band gap at small amplitudes, and as the amplitude
increases, the frequencies enter the gap. Soft-type anharmonicity predominates for DNVMs
of groups G5 and G7. G6 DNVMs exhibit soft-type anharmonicity up to an amplitude of
approximately A = 0.15 Å; however, at larger amplitudes, the character of the anharmonicity
changes to hard-type, and the mode frequencies enter the phonon band gap. Therefore,
they are not considered as candidates for gap DB excitation. While some G2 DNVMs exhibit
hard-type anharmonicity, their frequencies remain within the phonon spectrum for most
amplitudes, making them less favorable candidates for DB formation compared to G1 or
G6 modes. The oscillation frequencies of G6 DNVMs lie in the acoustic band of the phonon
spectrum at small amplitudes but move into the band gap as the amplitude increases.

Thus, potential candidates for DB excitation are G1 DNVMs with frequencies above
the spectrum (when excited on light lithium atoms) or gap DBs (when excited on heavy
lead atoms). G5 DNVMs may also be potential candidates for exciting gap DBs, provided
that the DB amplitude is sufficient for the frequency to remain within the band gap.

Table 2 presents the frequency ratios for the LiPb crystal, along with values calculated
using Equation (1) for comparison. As shown in Table 2, for the LiPb crystal, the deviation
from the simplified model varies across different mode groups, reaching up to ~20% for G5
modes. While this indicates some asymmetry in bond stiffnesses, the overall agreement is
significantly better than in systems with strong chemical ordering, allowing Equation (1) to
serve as a reasonable first-order approximation for most modes.
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Table 2. Ratios of frequencies of DNVMs excited on heavy and light atoms in the LiPb crystal,
compared with values calculated from Equation (1).

Group ω2/ω1 ω2/ω1 (Equation (1)) Difference, %

G1 0.197 0.183 7.1
G5 0.231 0.183 20.8
G6 0.198 0.183 7.6
G7 0.213 0.183 14.1

3.4. Amplitude-Frequency Dependencies of DNVMs in the NiTi Crystal

Figure 8 presents the amplitude-frequency dependencies for the NiTi crystal. The
mass of the nickel atom is m1 = 58.693 u, the mass of the titanium atom is m2 = 47.867 u, and
the equilibrium lattice parameter is a = 2.999 Å. Like the LiPb crystal, NiTi exhibits metallic
bonding. However, unlike LiPb, which has a significant difference in atomic masses, the
mass difference in NiTi is negligible. This substantial distinction leads to a fundamentally
different picture in DNVM dynamics. The phonon spectrum of NiTi lacks a band gap, in
contrast to LiPb, where the gap is quite wide. The acoustic and optical branches in the NiTi
spectrum are located close to each other, likely resulting in strong mixing.

Figure 8. Amplitude-frequency dependencies of DNVMs in the NiTi crystal. In panel (a), DNVMs
are excited on light Ti atoms; in panel (b), they are excited on heavy Ni atoms. Due to the small
difference in atomic masses, there is no band gap in the phonon spectrum. The orange dash-dotted
line in panel (b) indicates the boundary of the phonon spectrum at a frequency of Ω = 7.52 THz.

In Figure 8a, for the Ti sublattice, two DNVMs of group G2 exhibit hard-type an-
harmonicity, while the third DNVM of this group shows soft-type anharmonicity. The
oscillation frequency of this mode group changes insignificantly with increasing amplitude,
remaining within the phonon spectrum up to significant amplitudes; only at very large
amplitudes do the frequencies of the two DNVMs with hard-type nonlinearity exceed the
spectrum boundary. DNVMs of groups G5 and G7 show a complex frequency dependence
on amplitude: at small amplitudes, they exhibit a slight frequency increase, while at large
amplitudes, a slight decrease is observed. DNVMs of groups G1 and G6 display hard-type
anharmonicity, with their oscillation frequencies increasing as the amplitude grows.

In Figure 8b, for the Ni sublattice, the orange dash-dotted line indicates the upper
boundary of the phonon spectrum at a frequency of Ω = 7.52 THz. One DNVM of group
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G6 exhibits hard-type anharmonicity. At small amplitudes, its oscillation frequencies lie at
the upper edge of the phonon spectrum and extend beyond it. This is the only DNVM in
the NiTi alloy that can be considered a candidate for DB search. The other two DNVMs of
group G6 have soft-type anharmonicity and branch downward from the upper boundary
of the phonon spectrum. The G1 DNVM has hard-type anharmonicity and lies within
the phonon spectrum; at very large amplitudes, its oscillation frequencies rise above the
spectrum. Two DNVMs of group G5 exhibit hard-type anharmonicity, while the third has
soft-type anharmonicity; the frequencies of this group remain within the spectrum. With
the exception of one, all G7 DNVMs exhibit hard-type anharmonicity, and their frequencies
lie within the spectrum.

As noted in Sections 3.1 and 3.2, in the model with identical bond types between
different components, DNVM frequencies satisfy Equation (1). However, this Section
investigates crystals with interactions that depend on the atom type, which presumably
renders Equation (1) invalid. A quantitative assessment of this discrepancy for various
DNVMs in the NiTi crystal is provided in Table 3. The results indicate that the significant
difference in interatomic bond stiffnesses in NiTi makes the use of the simplified model
impossible, and Equation (1) does not hold. Consequently, the discrepancy between
the measured frequencies ω1 and ω2 and the values predicted by Equation (1) points to
differences in the stiffness of interatomic bonds between atoms of different types.

Table 3. Ratios of frequencies of DNVMs excited on heavy and light atoms in the NiTi crystal,
compared with values calculated from Equation (1).

Group ω2/ω1 ω2/ω1 (Equation (1)) Difference, %

G1 1.567 0.903 42.4
G5 1.114 0.903 18.9
G6 0.394 0.903 −129.2
G7 1.169 0.903 22.8

3.5. Comparative Analysis of Amplitude-Frequency Dependencies for CsCl, LiPb, and
NiTi Crystals

In this section, we analyze the amplitude-frequency dependencies of DNVMs obtained
in Sections 3.1–3.3 for three binary crystals that differ in the atomic mass ratios of their
constituent elements and the nature of their chemical bonding.

In the alkali-halide CsCl crystal, there is a significant difference in the masses of
chlorine and cesium atoms. This difference leads to the formation of a wide band gap in the
phonon spectrum, in the frequency range from Ω = 6.51 THz to Ω = 8.88 THz. This crystal
exhibits very strong hard-type nonlinearity: as the oscillation amplitude increases, the
frequencies of all DNVM groups increase. The most promising candidates for DB excitation
are the G1 DNVMs. When excited on light chlorine atoms, they can generate DBs with
hard-type nonlinearity and frequencies above the phonon spectrum; when excited on heavy
cesium atoms, they generate gap DBs with hard-type nonlinearity. It should be noted that
for CsCl, the simplified model given by Equation (1) well describes the frequency ratio
of DNVMs excited on light and heavy atoms, indicating a negligible difference in bond
stiffnesses between chlorine and cesium atoms (see Table 1).

The LiPb crystal has a very significant mass difference between lithium and lead,
resulting in a particularly wide band gap in the frequency range of 1.503–6.26 THz. Unlike
CsCl, a mixed type of nonlinearity is observed for various DNVMs in LiPb: hard-type
nonlinearity manifests when DNVMs are excited on light lithium atoms, whereas excitation
of modes on heavy lead atoms shows soft-type nonlinearity at small amplitudes and
hard-type at large amplitudes. Despite the complex behavior of DNVM frequencies of
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different groups in LiPb, G1 modes can serve as candidates for exciting DBs with hard-
type nonlinearity, both gap DBs and those with frequencies above the phonon spectrum.
An anomaly was recorded in the calculations—a sharp jump in the amplitude-frequency
dependencies at an amplitude of A = 0.3 Å—which may be associated with inaccuracies
in the interatomic potentials. The simplified model linking the frequencies of DNVMs
excited on light and heavy atoms remains acceptable for LiPb, and Equation (1) predicts
the frequency ratio sufficiently well, as shown in Table 2.

The fundamental difference between the NiTi crystal and the previous two crystals
lies in the minimal difference in the masses of nickel and titanium atoms. This gives rise
to completely different physics: the phonon spectrum has no band gap, and the acoustic
and optical branches of the spectrum are closely intertwined. The amplitude-frequency
dependencies of DNVMs in NiTi are characterized by mixed nonlinearity manifesting in
both sublattices. There is only one DNVM of group G6, excited on nickel, which can be
used to excite DBs with frequencies above the spectrum. A key point is the failure of the
simplified model linking the frequencies of DNVMs excited on light and heavy atoms
for NiTi, since Equation (1) is violated due to the significant difference in the stiffness of
interatomic bonds (see Table 3).

The analysis revealed that the nonlinear dynamics of crystals are determined by
two main parameters: the difference in atomic masses and the nature of interatomic inter-
actions. In CsCl and LiPb crystals, the simplified model linking the frequencies of DNVMs
excited on light and heavy atoms works well. However, for the NiTi intermetallic com-
pound, accounting for different bond stiffnesses between different components becomes
critically important for accurate modeling of DNVM oscillations. In light of the obtained
data, it can be stated that the crystal model with identical bond stiffnesses between different
components yields good results for certain crystals but must be applied with caution, as
the error can be substantial for some crystals (e.g., NiTi).

3.6. Discrete Breathers in the LiPb Crystal

By analyzing the obtained amplitude-frequency dependencies of DNVMs for the LiPb
crystal (Figure 7), we can identify mode groups that can be used to excite discrete DBs.

The phonon dispersion curves and phonon DOS for B2 LiPb have been calculated
using a DFT approach and are reported in Figure 7 in the work by Durukan and Ciftci [64].
According to these simulation results, the gap in the phonon spectrum spans from 1.8 to
7.1 THz, while the upper edge of the spectrum is at 7.8 THz. Our MD results, shown in
Figure 7, give an upper edge of the phonon spectrum of 7.6 THz, which is the frequency of
DNVM G1,1 in the small-amplitude limit. The gap boundaries are determined by the small
amplitude DNVM G1,2 at 1.51 THz and G5,1 at 6.26 THz. Thus, the interatomic potentials
used in this work for LiPb provide reasonably good agreement with the DFT data for the
boundaries of the phonon spectrum.

When light Li atoms oscillate (Figure 7a), the G1,1 mode group has frequencies above
the phonon spectrum. It is also evident that for one of the DNVMs of the G5,1 group, the
frequency lies below the upper boundary of the band gap. This mode is likely unsuitable for
DB excitation, as its frequency deviates only slightly from the gap boundary with increasing
amplitude. For Pb atom oscillations (Figure 7b), gap DBs can be excited on the G1,2 modes,
since the frequencies of these modes lie within the gap. This mode group is suitable for
finding long-lived DBs because propagating phonons do not exist at frequencies within
the gap; thus, the DB has no mechanism to excite propagating waves and dissipate its
energy. Furthermore, it should be noted that both the second and third harmonics of the
G1,2 DNVM have frequencies within the phonon band gap.
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To obtain DBs in the LiPb crystal, we utilized the G1 DNVM. Excitation of this mode
on light Li atoms yields frequencies above the phonon spectrum, whereas excitation on
heavy Pb atoms results in frequencies within the spectral gap. Since the frequency of this
mode group lies outside the spectrum, there is a high probability of obtaining long-lived
DBs with frequencies either above the spectrum or within the gap.

When exciting DBs, atomic displacements were assigned based on the G1a DNVM
pattern; the schematic atomic displacement is shown in Figure 9. As can be seen in this
figure, initial displacements are applied to heavy atoms (shown in green), while light
atoms remain in their equilibrium lattice positions (shown in orange). This applies to the
excitation of gap DBs. In the case of exciting DBs with frequencies above the spectrum, light
atoms are displaced according to the same scheme, while heavy atoms receive no initial
displacements. In all cases, the initial velocities of all atoms are zero. The parameters A1,
A2 and A3 describe the deviations of atoms from their equilibrium positions, with arrows
indicating the direction of deviation along the x-axis. Such parameters were determined by
the spatial profile of the G1 DNVM eigenvector, modulated by an exponential localization
function. The ratios between them preserve the symmetry of the mode while ensuring
rapid decay of amplitude away from the breather center.

Figure 9. Initial atomic displacements for exciting DBs based on the G1a DNVM, where heavy atoms
oscillate (shown in green), while light atoms (shown in orange) remain at rest. Excitation of atoms
in a single row occurs along the x-axis, with the amplitude of initial displacements decreasing with
distance from the DB center.

Figure 10 presents a DB excited on light lithium atoms, while Figures 11–13 show
DBs excited on heavy lead atoms. Figure 10 shows a DB obtained in the Li sublattice with
parameters A1 = 0.90 Å, A2 = 0.70 Å, and A3 = 0.50 Å. The oscillation frequency of this DB
was found to be Ω = 8.57 THz. It can be noted that this frequency lies above the upper edge
of the phonon spectrum (see Figure 7a). The DB exists for approximately 2 ps. As seen
in Figure 10, the oscillation amplitude of the outer atom (x3) decays rapidly, followed by
a loss of coherence in the central atoms, indicating the dissipation of the localized mode
into the lattice. The DB exhibits hard-type nonlinearity, consistent with the hard-type
nonlinearity of the G1,1 DNVM. Subsequently, DBs were excited on the Pb sublattice using
various initial atomic displacements. For instance, a DB obtained with initial displacement
parameters A1 = 0.50 Å, A2 = 0.38 Å, and A3 = 0.15 Å is shown in Figure 11. As can be seen
in the figure, the obtained DB is stable and does not decay throughout the entire simulation
interval. No energy loss of the DB is observed during the simulation. The energy initially
concentrated in the DB is practically not dissipated into the lattice, indicating high stability
of the DB.
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Figure 10. A DB in the LiPb crystal obtained by displacing six Li atoms in an atomic row along
the x-axis; the atomic displacement is schematically shown in Figure 9. The DB frequency is above
the phonon spectrum. Panels (a,c,e) show the instantaneous displacements x1(t), x2(t), and x3(t),
respectively, while panels (b,d,f) display the corresponding time-averaged displacements x1(t), x2(t),
and x3(t). The parameters used for DB excitation are: (a,b) A1 = 0.90 Å, (c,d) A2 = 0.70 Å, and
(e,f) A3 = 0.50 Å. The DB oscillation frequency ω = 8.57 THz (above the phonon spectrum).

 
Figure 11. A DB in the LiPb crystal obtained by displacing six Pb atoms in an atomic row along the
x-axis; the atomic displacement is schematically shown in Figure 9. The DB frequency is above the
phonon spectrum. The parameters used for DB excitation are: (a,b) A1 = 0.50 Å, (c,d) A2 = 0.38 Å,
and (e,f) A3 = 0.15 Å. The DB oscillation frequency ω = 1.81 THz (in the spectrum gap).
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Figure 12. A DB in the LiPb crystal obtained by displacing Pb atoms in an atomic row along the
x-axis; the atomic displacement is schematically shown in Figure 9. The DB frequency is above the
phonon spectrum. The parameters used for DB excitation are: (a,b) A1 = 0.55 Å, (c,d) A2 = 0.40 Å,
and (e,f) A3 = 0.15 Å. The DB oscillation frequency ω = 1.88 THz (in the spectrum gap).

Figure 13. Same as in Figure 12, but for the following parameters used for DB excitation:
(a,b) A1 = 0.60 Å, (c,d) A2 = 0.50 Å, and (e,f) A3 = 0.20 Å. The DB frequency is ω = 1.98 THz.

To quantify the stability, we monitored the total energy of the system, which was
conserved within 10−5 eV/atom, indicating negligible numerical dissipation. Furthermore,
the participation ratio remained constant, confirming that the energy remains localized on
the initial group of atoms without spreading into the lattice over the 20 ps simulation time.
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Figure 12 shows a DB excited with parameters A1 = 0.55 Å, A2 = 0.40, and A3 = 0.15 Å. It
can be noted that periodic oscillations with constant amplitude are observed in all graphs
throughout the entire simulation interval. The lifetime of the obtained DB is large and
significantly exceeds the simulation time (20 ps). Oscillations in the Li sublattice (see
Figure 10) and oscillations in the Pb sublattice (see Figure 12) are stable and synchronous.
This leads to the formation of a DB that encompasses both sublattices of the crystal, but lead
atoms in this gap DB oscillate with significantly larger amplitudes than lithium atoms. This
result indicates that the selected set of initial displacements for lead atoms (A1 = 0.55 Å,
A2 = 0.40 Å, and A3 = 0.15 Å) is optimal for exciting a long-lived gap DB.

Figure 13 shows a DB excited with parameters A1 = 0.60 Å, A2 = 0.50 Å, and A3 = 0.20 Å.
As seen in panels (a,b), the oscillations are stable, but an oscillation of the oscillation
amplitude is observed. This occurs because, with the chosen parameter A1 = 0.60 Å, more
pronounced oscillations of the light sublattice atoms are observed in the obtained DB
compared to the previous case. The excitation of lithium atoms can be explained by the fact
that the DB frequency is Ω = 1.98 THz, and its third harmonic approaches the optical band
of the spectrum. With further increase in amplitude, the obtained DB will likely become
unstable and decay. In panels (c,d) for A2 = 0.50 Å and (e,f) for A3 = 0.20 Å, it is evident that
the DB exhibits a tendency to move to the left, as the oscillation amplitude increases for
some atoms and decreases for others. Taking into account the DB motion, it can be stated
that the oscillations remain periodic throughout the entire simulation time (20 ps).

4. Conclusions
In this work, we performed a comprehensive comparative study of the linear and non-

linear dynamics of three binary crystals with the B2 structure: CsCl, LiPb, and NiTi. Using
molecular dynamics simulations, we analyzed the amplitude-frequency dependencies of
delocalized nonlinear vibrational modes (DNVMs) and investigated the conditions for the
existence and stability of discrete breathers (DBs).

The primary findings of this study are as follows:

1. The presence of a band gap in the phonon spectrum, which is a prerequisite for
gap DBs, is determined by the ratio of atomic masses of the constituent elements.
Crystals with a significant mass difference, such as CsCl and LiPb, exhibit wide band
gaps, allowing for the existence of both gap DBs and DBs with frequencies above the
phonon spectrum. In contrast, NiTi, characterized by similar atomic masses of Ni and
Ti, possesses a continuous phonon spectrum without a gap, restricting DB existence to
frequencies above the spectrum only.

2. We tested the applicability of a simplified analytical model [56,65], which assumes
identical interatomic bond stiffnesses for all atom pairs and relates the frequencies of
DNVMs excited on light and heavy sublattices via Equation (1). This model provides
accurate predictions for CsCl and LiPb, where bond stiffness asymmetry is low. How-
ever, for NiTi, significant deviations from Equation (1) were observed (up to 129% for
certain modes), indicating that bond stiffness asymmetry plays a dominant role in its
nonlinear dynamics. Thus, realistic interatomic potentials are essential for accurate
modeling of intermetallics like NiTi.

3. All DNVM groups in CsCl exhibit hard-type anharmonicity. In LiPb and NiTi, mixed
anharmonicity is observed, depending on the specific mode and the excited sublattice.
The G1 DNVM group was identified as the most promising candidate for DB exci-
tation in all three crystals. In CsCl and LiPb, G1 modes excited on light atoms yield
frequencies above the spectrum, while excitation on heavy atoms yields frequencies
within the band gap.
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4. We successfully demonstrated the excitation of DBs in the LiPb crystal. DBs excited
on light Li atoms (frequencies above the spectrum) exhibited hard-type nonlinearity
but had a relatively short lifetime (~2 ps) due to energy radiation. In contrast, gap
DBs excited on heavy Pb atoms based on the G1 DNVM pattern showed exceptional
stability. With optimal initial displacement parameters (A1 = 0.55 Å, A2 = 0.40 Å,
A3 = 0.15 Å), the gap DB remained localized and stable throughout the 20 ps simula-
tion interval, with negligible energy loss. This stability is attributed to the fact that
both the fundamental frequency and higher harmonics of the DB lie within the phonon
band gap, preventing resonant energy transfer to propagating phonons.

These results highlight the critical influence of both mass disparity and chemical
bonding nature on the nonlinear vibrational properties of B2 crystals. The prediction of
long-lived gap DBs in LiPb provides a concrete theoretical basis for experimental efforts
to detect these localized modes using inelastic scattering techniques. Furthermore, the
established criteria for DB existence can be extended to other B2-structured materials, aiding
in the understanding of energy transport, thermal conductivity, and defect formation in
advanced alloys.
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