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Abstract

The nematic mesogens within dielectric liquid crystal elastomers (DLCEs) rotate in re-
sponse to external electric fields, thereby driving macroscopic active shape morphing. This
work establishes a rigorous theoretical framework to investigate the electro-mechanical
bending mechanics of cantilevered DLCE sheets governed by this actuation mechanism.
By theoretically formulating the electromechanical effect as a localized spontaneous strain
field, we analytically correlate the stress-free deformation with the local nematic director
alignment. We demonstrate that the macroscopic bending morphology of the DLCE sheet
can be deterministically programmed by tailoring the principal bending directions via this
microscopic director design. Our findings reveal that the synergistic interplay between
the tailored spontaneous curvature and cantilever boundary constraints generates a rich
variety of three-dimensional configurations, enabling active regulation of both deflection
and out-of-plane tilting at the free edge. Furthermore, we explicitly highlight the critical,
yet often overlooked, role of spontaneous shear strain, which significantly governs the
bending response even within the thin-plate limit. These theoretical insights establish a
robust foundation for the structural design of DLCE-based directional soft actuators and
flexible devices.

Keywords: dielectric liquid crystal elastomer; electroactive bending; spontaneous strain;
nematic director alignment; programmable bending morphology

1. Introduction

As the most prevalent deformation mode in thin-walled structures, active bending
from a two-dimensional (2D) flat sheet into a complex three-dimensional (3D) configura-
tion under external stimuli can fulfill various engineering requirements. Representative
applications include untethered locomotion [1], soft grasping [2], and the formation of
dynamic surface morphologies [3].

Liquid crystal elastomers (LCEs) are fundamentally crosslinked polymer networks
that inherently incorporate liquid crystal mesogens into their molecular architecture [4]. By
coupling the orientational order of liquid crystals with the mechanical deformability of the
polymer network, LCEs have emerged as a prominent class of smart soft materials. They
are capable of undergoing active shape morphing in response to diverse environmental
stimuli, such as thermal [5], photonic [6], electromagnetic [7,8], and moisture fields [9]. A
hallmark of LCEs is their highly programmable active deformation [10,11]. By judiciously
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engineering the nematic director field during material fabrication to define the local average
alignment of the integrated liquid crystal mesogens [12], a rich variety of macroscopic
bending behaviors can be intricately encoded into the structure [1]. Consequently, LCE
sheets have been extensively explored as soft bending actuators and sensors [1,13]. For
example, photo-responsive LCE bending has been utilized to replicate the biological iris,
allowing for adaptive pupil size adjustment based on ambient light intensity [14]. Addi-
tionally, thermally and optically driven bending is widely applied to construct complex 3D
surface topographies [15] and facilitate diverse locomotive modes, ranging from crawling
and creeping to walking and swimming [16].

While the majority of current research emphasizes heat- or light-driven actuation,
investigations into the direct electro-actuation of LCE sheets remain relatively sparse. This
is surprising given that dielectric liquid crystal elastomers (DLCEs) exhibit outstanding
electromechanical properties, including substantial actuation strain, rapid response times,
and high energy conversion efficiency [7,8,10,17]. The electro-induced deformation in
DLCEs stems primarily from the reorientation of nematic directors, a phenomenon that is
particularly pronounced in swollen samples [8]. We have previously conducted prelimi-
nary explorations into the bending mechanics associated with this mechanism [18-21]. For
instance, it was demonstrated that electro-induced bending can be effectively programmed
via non-uniform director distributions [20], and the shape-morphing from flat plates to
surfaces with zero, negative, or positive Gaussian curvatures was further detailed [19].
However, these previous studies were strictly confined to unconstrained, free-standing
DLCE sheets. Since boundary constraints are almost inevitable in practical soft robotic
applications, the mechanics of constrained DLCE structures remain a critical missing piece.
This research status makes the application of LCEs as electroactive materials lag behind
some other electroactive materials, such as piezoelectric materials [22], ferroelectric poly-
mers, and dielectric elastomers [23]. To advance this field, the present study systematically
investigates the highly programmable bending behaviors of cantilevered DLCE sheets by
manipulating their principal bending directions. Furthermore, recognizing that director
reorientation intrinsically produces a considerable magnitude of spontaneous shear strain,
we place a special emphasis on analyzing the profound impact of this shear effect and
its synergistic coupling with the clamped boundary on the overall bending kinematics,
including the distinct out-of-plane free-edge tilting.

The remainder of this article is structured as follows. Section 2 outlines the electro-
induced deformation mechanism and the formulation of spontaneous strains in DLCEs.
Subsequently, the bending response is theoretically modeled utilizing the Reissner-Mindlin
(RM) plate theory, wherein the electrical actuation is mathematically represented by spon-
taneous curvatures and equivalent spontaneous shear strains. Section 3 illustrates how
tuning the nematic director alignment allows for the active manipulation of principal bend-
ing directions, thereby generating a diverse array of programmable shapes for cantilevered
DLCE sheets. The specific influence of the shear strain is also thoroughly discussed. Finally,
concluding remarks are provided in Section 4.

2. Theory for the Electric-Field-Induced Bending of DLCE Sheets
2.1. Spontaneous Strains

Consider a DLCE sheet of thickness i sandwiched between two perfectly compliant
electrodes with negligible electrical resistance and mechanical stiffness as illustrated in
Figure 1la. Upon application of a voltage V across the thickness, the sheet undergoes
active deformation. This deformation fundamentally comprises a spontaneous term, which
stems from the reorientation of the nematic director and is intrinsically stress-free. The
spontaneous strain tensor can be expressed as [20].
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Figure 1. (a) Schematic of the dielectric liquid crystal elastomer sheet; (b) spontaneous deformation
due to nematic director reorientation.

e8(d, dy) = es(d@d —dy ® dp) 1)

where ¢; is the net spontaneous strain governed by the molecular conformation and the
orientational order parameter of the LCE. dy and d are two unit vectors denoting the
nematic director orientation in initial and current states, respectively. The symbol “®”
denotes the tensor produce of two vectors. Notably, the nematic DLCE possesses uniaxial
quadrupolar symmetry. Consequently, all physical properties, including the spontaneous
strain €° (1), adhere to this nematic symmetry requirement, remaining invariant under the
transformations dy — —dp and d — —d. Physically, this implies that the directors dy and
d are exactly equivalent to —dj and —d, respectively.

The initial director field dy(x,y,z) can be synthetically programmed during mate-
rial fabrication via various alignment techniques [12], whereas the current director d is
dynamically driven by the applied electric field [20]. For a DLCE sheet endowed with a
through-thickness director gradient, i.e., dy = dy(z), the structure behaves analogously to a
functionally graded material. Upon electrical actuation, the induced electric field, the up-
dated director orientation, and the resulting spontaneous strain all exhibit spatial gradients
along the thickness direction [20]. Consequently, the sheet inherently undergoes a macro-
scopic bending deformation. Since even an infinitesimal strain can induce pronounced
bending curvatures in thin-walled structures, we formulate the electromechanical bending
model based on the small-strain assumption, corresponding to an actuation regime with a
relatively low electric field intensity. To rigorously underpin this macroscopic formulation,
the general 3D electromechanical governing equations are derived via the principle of
virtual work in Appendix A.

By systematically formulating an asymptotic reduction under a relatively weak electric
field (detailed in Appendix B), the spontaneous strain (1) can be analytically approximated
as [18-20]

£ =Ty 5T 2)
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where the tensor ¢j describes the local plane spontaneous strain in the plane spanned by
the local director and the z-axis (i.e., the x'y’z’ coordinate system depicted in Figure 1b):

—sin®20) 0 3sin46y
0 0 0 ®3)
%sin 46, 0 sin®26,

es(X// = X1) po
2k

gy =

Here, 6y is the out-of-plane tilt angle between the initial director and the x-y plane, and

k (>0) is a phenomenological material parameter reflecting the elastic constraint imposed

by the polymer network on the mesogens. As derived in Appendix C, the local electric
field intensity along the thickness direction E is given by

X
E==Ey (4)
X
where Ey := V/h is the nominal electric field intensity, while x and ¥ denote the local the
normal dielectric coefficient along the thickness and its through-thickness equivalent mean,
respectively:

h/2 -1

X:=x1+ (X7 —x1)sin’ 6y and X := h(/ h//2 X! dz) )
Here, x,, and x are the dielectric constants along and perpendicular to the director,
respectively. For positive dielectric DLCEs (i.e., x,, > x ) incorporating rod-like mesogens
(i.e., es > 0), the directors tend to reorient toward the vertical electric field within the local
plane. This electro-rotation actively increases the out-of-plane tilt angle, thereby shortening
the in-plane projection of the director as illustrated in Figure 1b. Consequently, a contractile
local normal spontaneous strain is generated (i.e., €;; < 0). Furthermore, director reorien-
tation inevitably alters the oblique projection within the local plane, thereby inducing a
coupled local spontaneous shear strain ¢%5. The tensor T, in Equation (2) serves as the

local coordinate transformation matrix between the x'y’z’ and xyz coordinate systems,

cosgg singy 0
Ty = |—singy cosgg O (6)
0 0 1

where ¢y is the azimuthal angle between the x — z and 1’ — 2’ planes. It is worth noting
that when ¢y = 0°, T reduces to the identity tensor, simplifying the spontaneous strain
€° to ¢j. By integrating Equations (2)—(6), the electric-field-induced spontaneous strain ¢°
is analytically formulated as an explicit function of the applied voltage V and the initial
director alignment angles (8p and ¢p). This mathematical directness confirms that the
macroscopic spontaneous strain field is highly programmable and can be deterministically
encoded via microscopic director patterning. It is worth emphasizing that for a DLCE
sheet with a through-thickness director gradient, where 6y = 6y(z) and @9 = @o(z), the
spontaneous strain becomes a highly localized field variable, i.e., €5 = £°(z).

Moreover, according to Equation (3), the spontaneous shear strain and normal strain
share the same order of magnitude. Such a significant shear strain effect can profoundly
influence the global bending deflection and curvature of the sheet, particularly under
clamped boundary conditions [20,24-26]. Therefore, to accurately capture these shear-
dominated kinematics, the classical RM plate theory is employed in the subsequent sections
to model the bending behavior of the constrained DLCE sheets.
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2.2. Governing Equations of Spontaneous Bending Under Reissner-Mindlin Kinematics

The displacement field of the DLCE sheet is mathematically formulated under the RM
kinematics as
u(x,y,2) = —z¢x(x,y)
v(x,y,2) = —z2¢y(x,y) )
w(x,y,2) = wo(x,y)
where w( denotes the transverse deflection of the mid-plane of the sheet, while ¢, and ¢,

represent the rotations of cross sections about the iy and x axes, respectively. Then, the total
Cauchy strain components are expressed as

Exx —z(aqu /ax)
Eyy —z(3¢y/9y)
{et =q 10y ¢ = _Z(a(l)x /oy + a(]by/ax) (8)
Yxz 0wy /0x — ¢y
Yyz Bwo /ay — (Py

where the engineering shear strains yxy,xzyz = 2€xy,xz,yz are adopted.
Based on the variational formulation for the RM plate kinematics, the equilibrium

equations are derived as
My

W 4 T2 +Q: =0
x )
T 4+ T+ Qy =0 9)
20: | 99 _
ox +T;_O

in which external transverse mechanical loads are omitted. The moment and transverse
shear force per unit length are defined through thickness integration as

My n/2 Oxx n/2
My o == [ 280y ¢ dz and el _ g JISRBAERE (10)
M ~h/2 Qy —h/2 | Tyz

xy Txy

where f; represents the shear correction factor. The free and clamped boundary conditions,
which constitute the primary configurations investigated in this study, are expressed as

My = Myxny 2 + 2Myynyny + Myyny2 =0
Mys == (Myy — Myx)ngny + My, (n2 —n,2) =0, (11)
Qn = Qunx + Qyny =0

and
Pn = Pxnix + Pyny =0
¢s == Pyny — Pxny =0, (12)
woy = 0

respectively, where the subscripts n and s denote the directions normal and tangential
to the boundaries, while (nx, ny) represent the direction cosines of the outer normal on
the boundary.

Since the total deformation of the active DLCE incorporates an intrinsic spontaneous
component, the elastic strain is formulated under the small-strain assumption as the
difference between the total strain and the spontaneous strain, yielding

(e} = {e} = {}, (13)
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Combining Equations (2), (3) and (6), the explicit components of the spontaneous
strain field are analytically expressed as

€. —sin*26pcos2 gy
& —sin22905in2(p0
vy e _
(e} ={3, ¢t = %}{XL)EZ —sin®200sin 29y ¢, (14)
Vs, sin4fycos g
V52 sin4fpsingg
where the corresponding spontaneous engineering shear strains 73 1, . = 2631z, are

used, and the electric field intensity E is evaluated by Equation (4). The quantitative
accuracy of these analytical approximations for both the localized electric field and the
resulting non-linear spontaneous strains is rigorously evaluated against the 3D multi-field
coupled finite element results in Appendix D. For the thin DLCE structure, the plane-stress
assumption 03, = 0 is physically reasonable. According to the linear Hooke’s law, the stress
is expressed as

Oxx ﬁ 111}]/,2 Exx — €4y
Oyy 1112 1,YV2 Eyy — ‘C'Syy
{c} = Ty (= [C{e°} = G Yxy — ')’iy ’ (15)
Tyz G Yxz = Viz
Tyz G| {7y~ ')’;z

where [C] is the elastic matrix of the DLCE sheet and assumed to be isotropic in this paper.
Y and v denote Young’s modulus and Poisson’s ratio, respectively. The shear modulus
G=Y/2(1+v)).

Then, substituting Equation (15) into Equation (10), the moment and transverse shear

force read
9px _ oy
M o Ty Q fovn [T g
Myy = D ai;/y - S + v a(—;% - Ks and x = _JS° x (16)
M a<p a9, Quf 2(1+v) — ¢y —
Xy 2 ( X + J _ 2K§Cy>

respectively, where D := Yh3/(12(1 — v?)) is the flexural rigidity, while the parameters

K3xyyxy and 73, are determined by the spontaneous strain field and defined as
Kix €x
12 /2 /2
yy = _ﬁ/ z9 &y dz and { } : h/ {%‘Z} z (17)
—h/2 yS /2 ')/y h/2 ’)/yz
xy XY

Specifically, x evaluate the first moment of the in-plane spontaneous compo-

S
XX, YY,XY
nents across the thidglejss, and are thus identified as the spontaneous curvatures, while
7%,y represent the through-thickness average of the spontaneous transverse shear strains,
and are therefore termed the equivalent spontaneous transverse shear strains.

As introduced in the above section, for a DLCE sheet featuring an initial through-
thickness director orientation gradient, the spontaneous strain components (14) vary strictly
as functions of the thickness coordinate. Consequently, the resulting spontaneous curva-

tures «3 and equivalent spontaneous transverse shear strains 73 , remain uniform

XX, yy,xy
constants that are entirely independent of the in-plane coordinates. Then, substituting
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Equation (16) into the equilibrium Equation (9), one can obtain the following dimensionless
governing equations:

V2¢y + LR L qog (Ao _ g _98) —0

v 14v 9K oW _

Vo, + E G+ 126 (5 9y - 73) =0 (18)
Vg —K =0

5 X y . wo o dPx a‘Py
— — = = = — = ]-9
ti=o.9:=7, 0=~ and Ki= =% 3 (19)
and V2 := 02/9%2 + 9%/99* denotes the dimensionless Laplace operator. Compared

with the classical RM plate model, the equivalent spontaneous shear strains ’ch,y (17) are
uniquely introduced into the governing equations to represent the electric-field-induced
strain effect within the plate kinematics. Furthermore, this effect also manifests in the
boundary conditions. Specifically, by Equation (11), the dimensionless free boundary
condition is formulated as

a‘Pn + I/ag;s = &S, + VRS,
a(Pn + (PAS _ sz (20)
awo (P" - ’)/n

where 71 := n/h and $ := s/h denote the normalized normal and tangential coordinates,
respectively. The corresponding dimensionless spontaneous curvatures are given by

gS = k;xnxz + 2RS4 RS,y
RS = RSy 1x? — 2R3, nytty + RS2 (21)

RS = ( oy k§x> Nyny + kiy(”f _ nyZ)

and
kfcx K?cx 2 .1/2 =\ 2 COSZ(PO
es UL ey —xOEV Y2 (XN L 2 y X
sz =h sz = T [ s 62 P sin“26y sin“go dz (22
RSy Ky Singocosgo

where 2 := z/h. x and ) are given by Equation (5). The equivalent spontaneous transverse
shear strain on the boundary is

Yo = Tinx + '7;";1 (23)

s _ 2 1/2 2
Ty k “1722\x szn(po

It should be noted that Equations (4), (14) and (17) have been substituted into
Equations (22) and (24). Similarly, by Equation (12), the dimensionless clamped bound-

where

ary condition is formulated as
¢n =0,¢s =0, and By = 0 (25)

Having fully derived the governing equations and corresponding boundary condi-
tions, i.e., Equations (18)—(25), we proceed to solve these boundary-value problem nu-
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merically using finite element method (FEM) implemented in the COMSOL Multiphysics
6.2 software.

2.3. Finite Element Simulation and Spontaneous Curvatures

For the numerical simulations, a square DLCE sheet featuring a slenderness ration of
S; := L/h = 101is established as the representative computational model, as illustrated in
Figure 2.

Y

L 3

L
2

0 > X

L

2

Figure 2. Square sheet with square meshes. The slenderness ratio S, := L/h = 10.

The boundary-value problem formulated by Equations (18)—(25), is implemented via
the Plate Interface of the Structural Mechanics Module in the software. From a continuum
mechanics perspective, the electric-field-induced spontaneous strain essentially acts as
a stress-free eigenstrain. Therefore, to rigorously incorporate this physical mechanism
into the numerical framework, the analytical spontaneous curvatures 3, ,, v, (22) and
equivalent spontaneous transverse shear strains 3, (24) are directly mapped onto the

Initial Bending Strain [go] and the Initial Transverse Shear Strain {{o} in the software as

Rix kiy [RE
o lkiy @y] and 1o 2 {7; 20

This mapping procedure effectively introduces the electric-field-induced spontaneous
strain effect into the numerical model. For a plate with a given initial geometry and
boundary constraints, once the specific values of the components in Equation (26) are
prescribed, the corresponding bending deformation can be uniquely determined. As
revealed by Equations (22) and (24), the magnitudes of &3, ,, ., and 7% , are proportionally
scaled by the square of the applied nominal electric field intensity Ey2. However, Ey?
does not alter the relative proportions among the individual spontaneous curvature and
equivalent spontaneous transverse shear strain components, and consequently has no
influence on the specific bending morphology. The relative proportional relationships and
the final spatial shape are exclusively dictated by the through-thickness distribution of the
initial director orientations, i.e., 0y(Z) and ¢o(Z2).
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Since the present work primarily investigates the shape morphing encoded by
the initial director alignment, we set the applied nominal electric field intensity to
Ey = \/k/(es(x;;, — x1)) for all ensuing examples. This normalization strategy simplifies
the theoretical expressions by successfully eliminating redundant material parameters.
Following the literature [7], the material parameters adopted in the calculations are defined
as: Y = 6000 Pa, v = 0.5, x,;; = 18.5x0, and x, = 7xo, where xo = 8.85 x 10712 F/m is
the vacuum permittivity. To ensure numerical accuracy and convergence, the geometric
domain is uniformly discretized by a 100 x 100 square mesh as shown in Figure 2.

To systematically analyze the intrinsic spontaneous curvatures, we first investigate the
benchmark case of free-standing DLCE sheets under unconstrained boundary conditions.
The capability of the dimensionally reduced plate equations to capture these bending
morphologies is thoroughly validated against the full 3D multi-field deformations detailed
in Appendix D. As shown in Figure 3, flat sheets encoded with different initial director
alignments can smoothly morph into distinct surfaces featuring zero (Figure 3a), negative
(Figure 3b), or positive (Figure 3c) Gaussian curvatures. Analytically, by substituting the
free boundary conditions (20) into the governing Equation (18), the bending curvature
tensor [R] of a free-standing sheet is found to identically equal its spontaneous curvature
tensor (i.e., the Initial Bending Strain [g¢] defined in Equation (26)):

Rwy 9y s s
Al 0£2 0xdy | _ Kyx Ky
BRI 992 Xy Yy

(a) °
6, =45°,6, =90° i
2
-3
-4
b 15
(b) 1
0, =45°,0,=0° 5
0
@, =120° 5
L -10
15
(c) E)0.5
0, =45°,0, =90° 1
@, =1200° 2
) ) 4 . 2.5
¥Ex 3 yEx 3 vEx -3

Figure 3. Electric-field-induced bending of free-standing sheets. (a) Unidirectional bending with
zero Gaussian curvature encoded by splay-bend (SB) director orientation alignments. (b) Bending
with negative Gaussian curvature encoded by TB alignments. (c) Bending with positive Gaussian
curvature encoded by STB alignments.

This exact analytical correspondence, which aligns with the solutions derived from
the classical Kirchhoff-Love (KL) plate theory in our previous work [19], serves as a direct
baseline to verify our numerical simulations. Given the small thickness of the sheet, the
through-thickness director profile is reasonably considered to be linearly distributed:

where 0y, and ¢, denote the director orientations at the middle plane (£ = 0), while Hg and
¢g represent their respective spatial gradients through the thickness. Once the dielectric
constants x,, | are specified, the individual components of the spontaneous curvature
tensor [go] (27) become explicit functions of the four design parameters (6, g, Pm, Pg),
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allowing for deterministic control over the morphing modes. Based on the gradient param-
eters 0y and ¢g in Equation (28), the typical through-thickness director alignments utilized
for shape programming can be logically classified into three fundamental configurations.
Specifically, the splay-bend (SB) alignment is characterized by a pure out-of-plane tilt
gradient (i.e., 05 # 0 and @z = 0), the twist-bend (TB) alignment features a pure azimuthal
twist gradient (i.e.,, 0 = 0 and ¢g # 0), and the more complex splay-twist-bend (STB)
alignment combines both gradients (i.e., g # 0 and ¢z # 0). From an experimental per-
spective, realizing these deterministic alignments is highly feasible. The SB alignment can
be readily produced using hybrid surface-anchoring templates [27], while the TB and STB
alignments can be successfully fabricated via advanced photo-alignment techniques [11,12]
or multi-layer 3D printing technologies [9].

For the case where the director is aligned as the SB type, i.e., g = 0° and @9 = ¢m,
the sheet generally bends in only one direction like a beam as shown in Figure 3a, because
the internal spontaneous strain reduces to a plane strain state as given in Equation (3). The
spontaneous curvature tensor (27) in this scenario specializes to

cos? @ sin ¢ cos g
= Qs 2
[50] = s Lin (o COS @g sin? @ @)

where the scalar curvature intensity £3; depends only on the SB alignment 6 (£) through
the following integral:
12 rx\? .,
kg =6 2() sin” 26ydz (30)
-1/2 \X
From Equation (29), the two spontaneous principal curvatures &y, and Gaussian
curvature Gy are analytically derived as

& =kS, &5 =0, and Ggs =0 (31)
Meanwhile, the corresponding principal directions form angles of
x; = @o and ay = @o + 90° (32)

with respect to the x-axis. As clarified by Equations (31) and (32), it is obvious that the
bending magnitude of SB sheets is explicitly regulated by the out-of-plane SB parameters
Om,g, whereas the direction of the bending axis is strictly controlled by the azimuthal
angle ¢o.

In contrast, for the case of the TB configuration characterized by 65 = 0° and 6y = 6,
the sheet generally bends into a saddle surface possessing a negative Gaussian curvature
as shown in Figure 3b. In this scenario, the spontaneous curvature tensor (27) specializes to

lgo] = 3Tgsin?26, | 2¢m  —COS2¢m (33)
—COS2¢m —sin2¢m
where T’y is given by
Iy = PgCos Pg — sin @ 34)

2¢52
Accordingly, the spontaneous principal curvatures and the resulting negative Gaussian
curvature are obtained as

#71| = +3®gsin?26) and Gys = —9T,sin* 26y < 0 (35)

https://doi.org/10.3390/ cryst16080488
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And the corresponding principal directions form angles of
& = ¢m —45° and ay = ¢@m +45° (36)

with respect to the x-axis, respectively. It follows from (34)—(36) that the mean curvature
of the saddle surface vanishes identically, i.e., (k? + kfl) /2 = 0. Furthermore, the bending
magnitude is modulated by the out-of-plane angle 6y and the through-thickness azimuthal
gradient ¢g, whereas the spatial orientation of the saddle is determined by the mid-plane
azimuthal angle ¢p,.

Beyond bending configurations yielding zero or negative Gaussian curvatures, positive
Gaussian curvatures can be achieved via the general STB director alignment where 9m,g #0
and ¢mg # 0 simultaneously, as shown in Figure 3c. A more comprehensive analytical
treatment of these free-standing morphing modes is detailed in our previous work [19].

The consistent agreement between the analytical baselines and numerical results
verifies the predictive capability of the implemented plate model. The above results show
that the free-standing DLCE sheet can present abundant programmable bending shapes
under the domination of the spontaneous curvature. We will next study the bending
behavior of cantilevered DLCE sheets, in which the boundary constraints make the bending
shapes more complex but more interesting. And the effects of spontaneous shear strain on
bending additionally emerge.

3. Bending Behaviors of Cantilevered DLCE Sheets
3.1. Deflection of Cantilever Sheets Caused by Spontaneous Shear Strains

We consider the cantilever sheet whose left edge (£ = 0) is clamped. When the
director is uniformly distributed throughout the sheet, i.e., 05 = @5 = 0, 6y = 0m, and
®0 = ¢m, the spontaneous strain (14) is perfectly uniform, meaning the free-standing sheet
would not undergo any bending deformation. However, as dictated by Equations (5), (22),

(24) and (28), although this uniform director alignment leads to vanishing spontaneous

S
XX, yy,xXy
Consequently, a noticeable deflection (and even a slight bending curvature) is induced in

curvatures, i.e., K = 0, the equivalent spontaneous shear strains 'yfc/y remain non-zero.

the cantilever sheet as shown Figure 4.

(b) 2.5

@, = 60° 15

@, =90°

o o
(=]

(8]

.

~ S
w

‘1.5
-0.05 "

¥« -0.1 ¥ 2.5

Figure 4. Bending of cantilever sheets with uniform director orientations. The orientation is fy = 22.5°.
(a) Deformation contour with ¢,=0°; (b) Deformation contour with ¢y=60°; (c) Deformation contour
with g = 90°; (d) Deformation contour with ¢y = 120°. The color bar represents the dimensionless
transverse deflection wy.

For a sheet where the directors are aligned and rotated uniformly within planes parallel
to the x-z plane, i.e., the orientations ¢g = 0°,180°, ..., a homogeneous spontaneous plane
strain state (3) is generated within the x-z plane. Because the x-z plane is perpendicular to
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the clamped edge of the sheet and the cross section at the clamped boundary cannot rotate,
the spontaneous shear strain <5, forces the sheet to undergo a rigid-body rotation around
the clamped edge as shown in Figure 4a. In this case, the deflection is a linear function of £
and can be accurately fitted by (see the solid lines in Figure 5a,b).

Wo = 7y % (37)
where the spontaneous shear strain 75, (14) reads

| 1sin46y for ¢y = 0°,360°, ...

S = 38
xz { — Jsin46, for gy = 180°,540°, . .. (38)

by using Equations (4) and (5), and Ey = \/k/(es(x,; — x))- Mechanically, the periodicity
and symmetry of the spontaneous shear strain v}, with respect to the orientation 6y and ¢
are due to the nematic symmetry of material and objective geometric symmetry. Specifically,
75, reaches its extreme values at orientations 6y = 22.5°,67.5°, ... and vanishes identically
at 8y = 0°,45°,90°, ....

Ry ;e
Y 4
5 % Vs
[ 7
0 0 ||---
5 g
&
San =i R
oo ,j .

"0 9.0

1 o0 135 180 225 270 315 360

) 20 (%)

90

Figure 5. Deflection of cantilever sheets with uniform director orientations. The solution obtained by
analytical method (AM) is given by Equations (37)—(39). (a) Curves of deflection wy along the plate
length under different orientation parameters; (b) Variation curves of deflection wq with tilt angle 6y
at x = S;; (¢) Variation curves of deflection wy with azimuthal angle ¢y at x = S;.

For sheets featuring other ¢q orientations, the directors are no longer aligned and
rotated within planes perpendicular to the clamped edge. Thus, the deflection @y is no
longer a simple single-variable function of £ like Equation (37) as shown in Figure 4b—d.
However, because the variation of @y along the § direction is small enough to be neglected
(see Figure 5), Equation (37) can still be safely adopted to evaluate the primary deflection
profile, where the spontaneous shear strain component <5, (14) is expressed as

Yoy = %sin 460cos ¢ (39)

This expression successfully generalizes Equation (38) and remains applicable to any
arbitrary ¢g. As a function of ¢p, 75, reaches its peak magnitudes at g = 0° and 180°,
which corresponds to the case analyzed above. Conversely, 75, = 0 at g9 = 90° and
270°, where the directors are aligned within planes parallel to the clamped boundary and
perpendicular to the x-z plan.

According to the linear deflection function (37), the bending curvature of the cantilever
sheet @, (£) remains zero. This confirms that the deflection is entirely driven by the rigid-
body rotation induced by the homogeneous spontaneous shear strain. If a non-uniform
spontaneous curvature is encoded into the cantilever sheet via SB or TB director alignments,
true bending curvatures will be activated, thereby giving rise to much more diverse and
interesting morphing shapes, as discussed below.
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3.2. Multi-Directional Bending and Free Side Tilting of Cantilever Sheets by Rotating the Principal
Direction of Spontaneous Curvature

We first consider the cantilever sheet featuring a single non-zero spontaneous principal
curvature but a vanishing spontaneous Gaussian curvature, encoded by the SB director
alignment. As shown in Figure 6, due to the addition of the spontaneous curvature
effect, the resulting bending deflection is generally larger than pure-shear case analyzed in
Section 3.1.

(a) § 0 (b) 0 (o) \ 50 () -
=0° \‘\\ . -2 \a\\> ' -2 40 I iy
4 w14 g 30 ° N
-6 6 > |20 y 20
I -8 I & 10 = I 10
Z& -10 z& yEx 0 yEx 0
(c) . 0 @ . 0 (2 P (h)
~ .—1 N l'i 15 y l;g
> - o >
-2 ~
-6 - 10 ()% 20
hng b v i @ ° Q") 10
-4 -
By I By I 0 e o yix Io

Figure 6. Bending of cantilever sheets with SB director orientation alignments. (a-d) corre-
spond to the SB.MC alignment (Gm, Gg) = (45°,90°). (e-h) correspond to the SB.MAX alignment
(6m, 0g) = (65°,—70°).

For a sheet where the clamped edge is exactly perpendicular to the preferred free-
bending direction (e.g., at an orientation ¢y = 0°), the structure exhibits simple unidi-
rectional bending like a beam, meaning @y = @y (x), as shown in Figure 6a,e and the
black lines in Figure 7a,c. Under this unidirectional bending assumption, i.e., Wy = Wy (%),
¢x = ¢x(%), and ¢, = 0, the governing Equation (18) reduces to

a2 A
i 6= nA (- g—m) =0 )
dwg _ dpx 0
dz? E
1(b)°
e e
-4 e " >
«|0:SBMC -
& S
-8 —0— - 0"
Y e
1 - -3 B Ct- - R a
5 4 -3 2 -1 0 1 2 4 5
y
(d) P

Figure 7. Deflection of cantilever SB sheets. The solid and dashed lines are plotted by FEM based
on RM and KL plate theories, respectively. The solution obtained by AM in the condition of
@o = 0° is given by Equation (44). (a) Longitudinal deflection wy along x for SB.MC alignment
(6m, 0g) = (45°,90°); (b) Transverse deflection wy along y for SB.MC alignment (6, fg) = (45°,90°);
(¢) Longitudinal deflection wy along x for SB.MAX alignment (6, 6) = (65°, —70°); (d) Transverse
deflection wy along y for SB.MAX alignment (6, 05) = (65°, —70°).
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The general solutions to these ordinary differential equations are derived as
. 3, Lo oL
@y = (1= v)fo(go +73)%° + SRod* + P12+ @) (41)
and
dlfio S\ a2 A A
¢x =~ + ¢ =3(1—v)fs(go +73)2" +Ro% + P1 + o (42)

where the four integration constants, ¢y, ¢1, X9, and @y, are uniquely determined by the
boundary conditions. The clamped conditions (25) at £ = 0 and free boundary conditions
at £ = S; are defined as

d(ij ~S dlb() (43)

17 = Ry W—%:’Y?} on x=2S5,

{<px:0,w0=o on £=0

Then, combining Equations (41)—(43), the deflection of unidirectional bending of the
cantilever sheet can be obtained as

1
Wy = ik;xﬁ +95% (44)
where &5, = &5 (30), and 73 (24) reads
1172 (7\? .
=3 L ) <X> sindf dz for @y = 0° (45)

Equation (44) explicitly shows that the bending curvature @, (x) depends entirely
on the spontaneous curvature &5,. The SB alignment (6m, 0;) = (45°,90°) (denoted as
SB.MC) represents the most common configuration utilized in experiments and practical
applications [14,27]. Since the resulting value £35(45°,90°) is negative, the SB.MC sheet
bends downward, as illustrated by Figure 6a and the black lines in Figure 7a. However, in
our parameter (), | ) setting,

#$5(45°,90°)| does not represent the global maximum of
the function |#§; (6m, 0 ) | Instead, the maximum curvature magnitude (exceeding that of
the SB.MC case by more than four times) is achieved near (6m,0) = (65°, —70°) (denoted
as SB.MAX). Because kgB(65°, —70°) is positive, the SB.MAX sheet bends upward with a
tighter curvature, as confirmed by Figure 6e and the black lines in Figure 7c. Crucially,
Equation (44) indicates that the spontaneous transverse shear strain 5 has no direct impact
on the bending curvature itself, but instead induces a pure rigid-body rotation that scales
the overall deflection.

For the sheet, of which the clamped side is generally not perpendicular to the direction
which the sheet bends freely in, the sheet no longer exhibits simple unidirectional bending,
but more complex multi-directional bending, as shown in Figure 6b—d,f-h. Nevertheless,
near the free edge opposite to the clamped boundary, the sheet deforms relatively freely,
with its non-zero principal curvature direction aligned with the angle ¢¢. Consequently,
the deflection profile along the free edge, Wy(S;, 7), is non-uniform as shown in Figure 7b,d.
The curvature along this free edge, @, (S;, 7)), closely tracks the spontaneous curvature
component &}, = RSBsin2 @0 (29), as shown in Figure 8a,b. The mean value of this free-edge
curvature matches

vy
due to the nematic symmetry of the material as shown in Figure 8c. Similarly, the curvature

All

evaluated along the center line, @ (£, 0), fluctuates around the spontaneous curvature

which varies periodically with respect to ¢ with a period of 180°

component &5, = k$zc0s>@g (29) as shown in Figure 9a,b, whose mean value also varies
periodically with respect to ¢y with a period of 180° as shown in Figure 9c.

https://doi.org/10.3390/ cryst16080488


https://doi.org/10.3390/cryst16080488

Crystals 2026, 16, 488

15 of 26

e 1 10

0.8+

0.6

0.4 4

’ S s
(b):= 024

0.0 &

Curvature

—0.2 4

0 45 90 135 180 225 270 315 360
A RE R R Rray o
7 ?y (%)

Figure 8. Curvature fbg (Sr, 1) of the free side £ = S, of cantilever SB sheets. The approximate solution

of the curvature obtained by AM is the spontaneous curvature &, = 1%§Bsir12 @o. (a) Transverse

curvature along y for SB.MC alignment; (b) Transverse curvature along y for SB.MAX alignment;
(c) Mean curvature of free edge as a periodic function of ¢y for SB.MC and SB.MAX configurations.
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Figure 9. Curvature @ (%, 0) of the free side § = 0 of cantilever SB sheets. The approximate solution

s
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curvature along x for SB.MC alignment; (b) Longitudinal curvature along x for SB.MAX alignment;

of the curvature obtained by AM is the spontaneous curvature &}, = i%chos2 @o. (a) Longitudinal

(c) Mean curvature at the midline as a periodic function of g for SB.MC and SB.MAX configurations.

Furthermore, as seen in Figures 6 and 7b,d, when the principal curvature direction is
not orthogonal to the clamped edge, i.e., ¢g # 0°,90°, ..., the deflection @ (S;, ) varies
roughly monotonically with respect to 7. This causes the deformed free edge to exhibit
an overall out-of-plane tilt relative to its initial unbent state. This edge tilting shifts the
location of the maximum deflection @, toward one of the corners of the free edge (i.e.,
(Sr,Sr/2) or (S, —S+/2)), which can render @n, even larger than that produced by the
unidirectional bending cases where ¢y = 0°,180°,360, ..., as shown in Figure 10a. To
quantify this out-of-plane tilt, we define the deflection difference between the two free
corners as AWy := Wo(Sr, Sr/2) — Wo(Sr, —Sr/2). As shown in Figure 10b, Ay fluctuates
with respect to ¢ as a periodic trigonometric function with a period of 180°. Notably, Aty
reaches its extreme values at ¢y = 45°,135°,225°,315°, ..., meaning that the free edge tilts
most significantly when the angle between the spontaneous principal curvature direction
aryr (32) and the clamped side is exactly 45°. However, this maximum tilt configuration
does not yield the largest absolute deflection as shown in Figure 10a,b, indicating that
Aty is not positively correlated with the maximum sheet deflection @,. Specifically, Aty
and @y cannot simultaneously reach their maximum values by tuning ¢, alone. Likewise,
comparing Figures 8c and 10b shows that Awj is also not positively correlated with the
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local curvature component fcjy, which peaks at ¢y = 90°,270°, ..., even though they share

the identical operating period.

(@ 7

604

50

T T

T T T T T T T T T T T
0 45 90 135 180 225 270 315 360 0 45 90 135 180 225 270 315 360

Po ©) Po )

Figure 10. (a) The maximum deflection of the cantilevered SB sheets, which is at one end of the free
side. (b) Deflection difference between two ends of the free side, which can be used to represent the
tilt degree of the free side.

We next consider cantilever sheets with negative spontaneous Gaussian curvature
encoded by TB director alignments. As shown in Figure 11, the sheets exhibit complex
multi-directional bending while maintaining their characteristic saddle morphology.

~

o

=
U.IO

10
> -15
20

-25
¥Ex vEx 20 yzy

Figure 11. Bending of cantilever sheets with TB director orientation alignments. The orientation
o = 45°, and the orientation gradient ¢, = 120°. (a) Deformation contour at mid-plane azimuthal
angle pm = 0°; (b) Deformation contour at mid-plane azimuthal angle ¢, = 30°; (c) Deformation
contour at mid-plane azimuthal angle ¢, = 45°; (d) Deformation contour at mid-plane azimuthal
angle pm = 60°; (e) Deformation contour at mid-plane azimuthal angle ¢m = 90°; (f) Deformation
contour at mid-plane azimuthal angle ¢, = 120°. Color bar denotes dimensionless deflection wy.

Figure 12 plots the deflection at the midpoint and the two corners of the free edge,
namely @(S;,0) and @y(Sy, +£S,/2). The midpoint deflection @y (S;,0) is positively cor-
related with the spontaneous curvature component <3, = 31"gsir12 20psin 2¢m (33), which
scales proportionally with sin2¢m. The variation in the corner deflections @o(S,, £5,/2)
with respect to ¢, differs slightly in phase and amplitude from that of the midpoint de-
flection. Although the maximum deflection |@y|m of the cantilever sheet does not always
occur exactly at the corners, we select the larger value between |@y(S,, £5,/2)| to represent
the peak deflection capability in Figure 13a. The red curve in Figure 13a corresponds to the
optimized TB configuration (with 6y = 45° and a through-thickness azimuthal gradient
¢g ~ 120°), where the spontaneous principal curvatures and Gaussian curvature (35) reach
their mathematical limits, placing it at the highest deflection level in the plot. Moreover,
as shown in Figure 11, the right free edge also develops an overall tilt when the principal
curvature direction (the orientation ¢,, F 45° from Equation (36)) is oblique to the clamped
boundary. We again adopt the corner deflection difference Awy. to characterize this tilt
behavior as shown in Figure 13b. A more negative spontaneous Gaussian curvature directly
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amplifies the out-of-plane tilt magnitude. Similar to the SB case, AW, reaches its extreme
values at ¢g = 0°,90°,180°,270°, ..., showing that the free edge tilts most significantly
when the principal curvature axis forms a 45° angle with the clamped boundary. Compar-
ing the red curves in Figures 10b and 13b shows that the tilt magnitude generated by the
optimized TB alignment (highly negative Gaussian curvature) can exceed that produced
by the optimized SB.MAX alignment (maximum principal curvature with zero Gaussian
curvature), even though the absolute maximum deflection of the former is generally lower
than that of the latter (cf. Figures 10a and 13a).

@ — 1 ®

30 30+

20+ 20+

10 1 10,

0 4'5 ‘;0 I.%S ]éO 2‘25 Z%U SlIS 360 0 4'5 9‘0 ];5 lgﬂ 2&5 2:/0 3{5 360

NQ) Pm ()
Figure 12. Deflection at the end and midpoint of the free side of the cantilever TB sheets. (a) 6y = 45°,
(b) 6g = 22.5°. The solid and dashed lines are plotted by FEM based on RM and KL plate theories,
respectively.

@), L e

0 45 90 135 180 225 270 315 360 0 45 90 135 180 225 270 315 360
o o
P () P )

Figure 13. (a) The larger deflection at both ends of the free edge of cantilevered TB sheets. (b) Deflec-
tion difference between two ends of the free side.

3.3. Effects of Spontaneous Shear Strain on Bending of Cantilever Sheets

As established in Section 2.2, the electric-field-strain effect on bending of DLCE sheets
xx,yyxy and equivalent spontaneous
transverse shear strains 75 ,. Consequently, the spontaneous shear strain inherently in-
fluences the overall bending and deflection profiles, a feature that is also captured by the
analytical solutions given by Equations (37) and (44). According to Equation (37), the

deflection of cantilever sheets with a completely uniform director distribution is driven

collectively driven by the spontaneous curvatures &

solely by the spontaneous shear strain, as detailed in Section 3.1.

Furthermore, for cantilever sheets featuring SB and TB director profiles, we can isolate
the role of the shear effect by comparing our RM results with solutions derived from the KL
plate theory (plotted as the dashed lines in Figures 7 and 12), which systematically ignores
transverse shear strains. The deviation between the KL and RM solutions scales directly
with the magnitude of the spontaneous shear strain 75 (24),

1 172 /3\2
7= 5C08 ¢0[1/2 <X> sin46yd2 (46)
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Specifically, in SB cases, the ratios of the spontaneous shear strain to the sponta-
neous curvatures 5 /3y, v, are generally relatively large for the SB.MC case as shown
in Figure 14a. As a result, the discrepancy between the KL and RM predictions is highly
pronounced as seen in Figure 7a,b. Conversely, for the SB.MAX configuration, the ratios
Y%/ Rz yy,xy are remarkably small as shown in Figure 14b, meaning the shear effect is sup-
pressed and the RM solutions converge closely onto the KL curves as seen in Figure 7c,d.
Due to material nematic symmetry, the minimum positive period of the spontaneous
curvatures &3, ,, ,, (29) with respect to ¢ is 180°, satisfying the symmetry relations
Rexyy (P0) = R3xyy (180° — ¢o) and &3, (o) = —£%, (180° — ¢p). Under ideal geometric
and constraint symmetry, the deflection curves predicted by the shear-free KL theory at ¢
and 180° — ¢ exhibit clear symmetric counterparts. Specifically, the longitudinal deflection
profiles Wy (%) of the KL solution at ¢y = 60° and ¢y = 120° are completely identical as
shown by the dashed lines in Figure 7a,c, while the transverse deflection profile @ (1)
at pg = 60° maps perfectly onto wy(—7) at 99 = 120° as shown by the dashed lines in

Figure 7b,d.
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Figure 14. Comparison of the equivalent spontaneous shear strain and spontaneous curva-
tures encoded by SB director orientation alignments. Quantitative comparison between equiv-
alent spontaneous transverse shear strain y,s and three components of spontaneous curvature
tensor x°ss, x°yy, x°xy under varying azimuthal angle @g. (a) Strain and curvature curves for
SB.MC alignment (Gm, Gg) = (45°,90°); (b) Strain and curvature curves for SB.MAX alignment
(Gm,Bg) = (65°,—70°).

However, Equation (46) shows that the minimum positive period of the sponta-
neous shear strain -} with respect to ¢ is 360°, obeying the anti-symmetric relation
T3(®0) = —75(180° — @p). This mismatch in angular periodicity breaks the symmetry be-
tween the deflection profiles at ¢g and 180° — ¢y when shear is accounted for, which
explains the distinct splitting observed in the solid lines of the RM solutions in Figure 7a,b.
Further, in the SB.MC case, 75 > 0 at ¢9 = 0° and 60° as shown in Figure 14a, meaning the
spontaneous shear strain counteracts a portion of the downward bending, resulting in the
corresponding downward deflections of the RM solutions being less than that of the KL
solutions as shown in Figure 7a,b. Conversely, 75 < 0 at ¢9 = 120°, which amplifies the
downward deformation and drives the RM deflection beyond the KL baseline. At ¢g = 90°,
75 = 0, causing the RM and KL curves to overlap perfectly.

Finally, the bending of the cantilever sheets with TB alignments is similarly affected
by the spontaneous shear strain. In TB cases, the equivalent spontaneous shear strain 5
(46) reads

vy = %sin 40, . /_11//22 cos @pdZ = sin 46 Sm(;f/z)cos Pm 47)
where the condition that ¢ is a liner function as (28) has been used in the second equation.
It is evident from Equation (47) that 7} reaches its peak value at §) = 22.5° and vanishes
identically at 6y = 45°. This explicit dependency explains why the KL and RM solutions
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are perfectly identical for the 8y = 45° case but diverge significantly when 0y = 22.5° as
illustrated in Figure 12.

4. Conclusions

This study establishes a rigorous theoretical framework to investigate the electro-
mechanical bending mechanics of cantilevered DLCE sheets. Utilizing the Reissner-Mindlin
plate theory, the active deformation driven by the electric-field-induced rotation of nematic
mesogens is mathematically formulated as macroscopic spontaneous curvatures and equiv-
alent spontaneous transverse shear strains. We demonstrate that the bending morphology
is deterministically governed by the through-thickness gradient of the director alignment.
Specifically, by engineering distinct microstructural layouts, such as splay-bend and twist-
bend alignments, specific spontaneous Gaussian and principal curvatures can be intricately
encoded into the flat sheet, allowing for highly programmable macroscopic shape morphing.

Furthermore, the synergistic interplay between these tailored spontaneous curva-
tures and the asymmetric clamped boundary constraints generates a rich variety of three-
dimensional configurations, featuring targeted free-end deflections and out-of-plane tilting.
Our analysis reveals that while splay-bend alignments excel in maximizing the global bend-
ing deflection, twist-bend configurations are superior for achieving a pronounced free-edge
tilt. By systematically tailoring the principal bending directions via director alignment, the
global deformation kinematics can be actively regulated. Notably, we uncover a universal
geometric rule: the maximum free-edge tilt of the cantilevered sheet is consistently achieved
when the principal axis of spontaneous curvature is oriented at exactly 45 degrees relative
to the clamped boundary.

Beyond this curvature-dominated morphing, we explicitly highlight the critical, yet
often overlooked, role of the spontaneous transverse shear strain, which significantly in-
fluences the overall bending profile even within the thin-plate limit. Due to the inherent
nematic symmetry of the material, the spatial periodicity of the spontaneous shear strain
inherently differs from that of the spontaneous curvature. This periodic mismatch intro-
duces a non-trivial symmetry-breaking effect that fundamentally alters the deflection rules
predicted by classical curvature-only models.

It is worth noting that the present theoretical framework inherently involves dual
applicability boundaries dictated by its foundational assumptions. First, regarding the
localized multi-field coupling, the analytical approximations are derived under the assump-
tion of a relatively weak electrical excitation (see Appendix B). The physical threshold for
a “weak” excitation is not absolute, but fundamentally depends on the intrinsic material
parameters (e.g., the elastic constraint and dielectric anisotropy). Second, from a structural
mechanics perspective, the RM plate model is formulated under the small-strain assump-
tion. We emphasize that this linearized kinematic model primarily serves as an efficient and
physically transparent tool for qualitative analysis and providing morphological design
insights, rather than for highly non-linear quantitative predictions under extreme fields.
Its applicability requires the macroscopic deformation to remain within the geometrically
linear regime. Under exceptionally high electric fields or in extreme actuation regimes
where non-linear geometric effects become dominant, a fully non-linear finite deformation
formulation would be required.

Nevertheless, collectively, these theoretical insights establish a robust mechanical foun-
dation for understanding anisotropic electro-actuation, providing quantitative guidance
for the structural design of DLCE-based directional soft actuators, programmable sensors,
and flexible devices.
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Appendix A. Formulation of the Electro-Mechanical-Director Coupling

This section details the derivation of the governing equations and constitutive relations
for the coupled mechanical-electrical-director system based on the principle of virtual work.
At thermodynamic equilibrium, the variation in the total free energy equals the virtual
mechanical work minus the virtual electrical complementary work, satisfying the following
variational statement:

Ofdv= [ t-duda — o dda (A1)
Jofao= [+-ouda- [q

where f = f(¢,E, d;dy) represents the coupled free energy density, which explicitly de-
pends on the strain tensor ¢, the electric field E, as well as the current and initial director
fields, d and dy, respectively. Here, ¢ denotes the surface traction, u is the mechanical
displacement, q is the surface free charge density, and & is the electric potential such that
E = —V®. Taking the variations in the state variables into account, the variation in the free
energy density is expressed as

) ) )
(5f:a—];:(5s+£-(515+£~5d (A2)

Applying the divergence theorem and integration by parts, the volume integral of
Equation (A2) can be expanded into

[6fdv= [ (—(V~0) Su—(V-D)sd+ % ~5d>dv

(A3)
+[((o-n)-du+ (D-n)s ®)da

where the Cauchy stress tensor o and the electric displacement vector D are thermodynam-
ically defined as

_of __9f
o= 3¢ and D := 5F (A4)

Substituting Equation (A3) into Equation (A1) yields

0= [—(V-0)-éudv+ [(c-n—t)- duda
+[ —(V -D)éddv + [ (D-n+ q)édda (A5)
+[ 3 sddo

To ensure that the above variational equation holds identically for any kinematically
admissible virtual variations du, d®, and éd, the following three independent equilibrium
equations must be satisfied. The mechanical equilibrium equation is as follows:

V-oc=0 (A6)
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with boundary conditions o - n = t or prescribed u = %u. The electrostatic Maxwell’s
equation is as follows:
VD=0 (A7)

with boundary conditions D -n = —q or prescribed ® = ®. Finally, the equilibrium
equations for the director orientation are as follows:

% xd=0 (A8)
Physically, Equation (A8) implies that the generalized thermodynamic force df/dd
acting on the director must be collinear with d. This arises from the constraint that d is
a unit vector, meaning its admissible virtual variation éd must be orthogonal to d, i.e.,
od-d=0.
To proceed, the total free energy density is additively decomposed into an elastic
component and an electrical Gibbs component:

f(&,E, d; dO) = fela(er d; dO) +felec(Er d) (A9)

which are phenomenologically formulated as

{ faale,d;do) = 5C : (£ — £8(d; o)) = (¢ — & (d; o)) + 3k (1~ (d - do)°) (A10)

felec(Erd) = _%X(d) -E-E

Here, C is the fourth-order elasticity tensor, £°(d; dp) is the spontaneous strain de-
fined by Equation (1), and k acts as a penalty parameter governing the reorientation
of the director d deviation from its initial state dy. The anisotropic dielectric tensor is
x(d) = x, 1+ (x;;) —x1)d®d, with x,, and x| representing the permittivities paral-
lel and perpendicular to d. Combining Equations (A9) and (A10), the electromechanical
constitutive relations given by Equation (A4) are derived as

c=C:(e—¢),D=x-E (A11)
Correspondingly, the director equilibrium Equation (A8) takes the explicit form:
(2es0d + (x// — x1L)(E-d)E+k(d - do)dg) x d =0 (A12)

This rigorously establishes the 3D multi-field coupled boundary-value problem, laying
the fundamental groundwork for the subsequent asymptotic analysis.

Appendix B. Asymptotic Analysis of Director Reorientation and the
Reduced Spontaneous Strain

We now investigate the regime of small director reorientations induced by a weak
electric field. Assuming that the electrostatic torque dominates the director reorientation
process, the passive mechanical stress term in Equation (A12) can be neglected as a leading-
order approximation. The director equilibrium equation then reduces to the following
dimensionless form:

((ﬁ.d>E+(d-do)do) xd=0 (A13)

where E := ,/ (x/; — x1)/kE is the dimensionless equivalent electric field. Let the current
director be perturbed as d = dy + Ad. Under the assumption of small reorientations,
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the variation ||Ad||< 1, which inherently requires a weak actuating field, E[l<1. To
establish the scaling relation, Equation (A13) is rearranged as

(T—: : d)f xd=—(d-do)dy x Ad (A14)

A scaling analysis reveals that

e~ ([

2> . To obtain an analytical solution

for Ad, terms of O (‘ ’INS

3) and higher are truncated. Consequently, the left-hand side of

Equation (A14) is approximated as | E - dy | E X dy. Given that d remains a unit vector, this

constraint requires dg - Ad ~ 0, leading to d - dy ~ 1. Thus, Equation (A14) is linearized to

((Ts : d0>1§ - Ad) X dy=0 (A15)

Since the cross product vanishes, the term within the parentheses must be collinear
with do!

(E : do) E— Ad = Adp (A16)

Taking the inner product of Equation (A16) with dy and utilizing the orthogonality
2

relation dy - Ad ~ 0 yields the scalar multiplier A = (E . do) . Substituting this back

provides the explicit analytical expression for the director increment:
N o~ /e 2
Ad = <E . d0>E - <E : do) dy (A17)

This indicates that the reoriented director is strictly confined to the plane spanned by
E and d.

Within this small director reorientation framework, the spontaneous strain tensor
given by Equation (1) can be linearized with respect to Ad:

e’ =¢es(dy@Ad+ Ad @ dp) (A18)

Substitution of Equation (A17) into Equation (A18) reveals that the local spontaneous

strain degenerates into a plane strain state within the principal plane formed by Eand
dy. For a sheet subjected to a through-thickness voltage, it is kinematically consistent
to assume an out-of-plane electric field. As illustrated in Figure 1b, the principal plane
aligns with the local x’ — z/(z) plane. Defining the initial director in the local x'y’z’ frame
as dy = (cosy,0,sin6y)7, its global representation is dy = T, do, with T, given by
Equation (6). Since the local and global frames share the z-axis, the local electric field

satisfies E = T, E = T, | E. Applying the tensor transformation yields
£ =Ty, 85T, (A19)

where the spontaneous strain in the local frame is

~ N N N 2
észss(<E-&0>(&o®E+E®&o>—2<E-&0) 310@&0) (A20)

https://doi.org/10.3390/ cryst16080488


https://doi.org/10.3390/cryst16080488

Crystals 2026, 16, 488

23 of 26

N AT
Substituting E = (O, O,E> and dy = (Cos 0, 0, sin BO)T into Equation (A20), the
explicit matrix form is obtained as
. ~2 [ —sin?20) 0 3sin4fy
85 =2 0 0 0 (A21)
Isin46y 0 sin®26,

where the true electric field relates to the dimensionless counterpart via E = \/(x,, — x1 )/kE.
Thus, the analytical expressions for the electroactive spontaneous strain, corresponding
exactly to Equations (2) and (3) in the main text, are rigorously validated.

Appendix C. Analytical Approximate of the Through-Thickness
Electric Field

Under the aforementioned approximations of a weak electric field and small director
reorientation, the constitutive relation for the electric displacement given by Equation (A11)
simplifies to

D =x.1E+(x// —x1)(E-do)dy (A22)

Given that the designed initial director field dy is exclusively a function of the thickness
coordinate z, it is a justified assumption that the electric field E, and consequently D
(A22), are primarily 1D functions of z. Under this condition, the electrostatic Maxwell’s
Equation (A7) simplifies to a one-dimensional differential equation:

dD,
dz

=0 (A23)

where D, = xE is the transverse component of D, and the effective permittivity x is defined
in Equation (5). Expressing the electric field as the negative gradient of the potential, i.e.,
E = —d®/dz, integrating Equation (A23) along the thickness yields

=0 / x1dz+ G (A24)

where C; and C; are integration constants determined by the potentiostatic boundary
conditions at the compliant electrodes:

Enforcing these boundary conditions yields C; = —xEy, where X is thickness-
averaged permittivity given by Equation (5) and Ey := V /h is the nominal applied electric
field. Substituting C; = —xEy back into Equation (A24) and differentiating with respect to
z recovers the exact analytical expression for the local electric field intensity E, identical to
Equation (4) utilized in the main text.

Appendix D. Verification of the Approximate Analytical Solutions via the
3D Finite Element Analysis

To corroborate the theoretical approximations derived in Appendices B and C, a
comprehensive 3D finite element analysis is conducted based on the coupled mechanical-
electrical-director framework derived in Appendix A. Within the COMSOL Multiphysics
environment, the Solid Mechanics, Electrostatics, and Mathematics modules were simulta-
neously solved to fully capture the coupling among Equations (A6)—(AS).
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Free-standing DLCE sheets programmed with representative SB, TB, and splay- STB
initial alighments were simulated under electro-actuation. As depicted in Figure Al,
the simulated bending morphologies perfectly reproduce the macroscopic deformations
predicted by the reduced plate theory (Figure 3 in the main text), validating the macroscopic
emergence of zero, negative, and positive Gaussian curvatures, respectively. The contour

plots of the effective electric potential \/()x,, — x1)/kEy and the vector field of Ein
Figure A1 confirm that the internal electric field acts predominantly along the thickness
direction, which strongly supports the 1D field assumption utilized in Appendices B and C.
Figure A2a quantitatively compares the through-thickness electric field distributions. As
analytically prescribed by Equations (4) and (5), the magnitude of E is solely dictated by the
out-of-plane tilt gradient 6y (z), regardless of the azimuthal twist ¢o(z). This is verified by
the uniform E-field in the TB sample (where 6y(z) is constant) and the identical non-uniform
profiles for the SB and STB samples (which share the same 6y(z) gradient). The finite
element scatter data align flawlessly with the analytical curves. Furthermore, Figure A2b-d
detail the complex, non-linear spontaneous strain profiles across the thickness. Notably, the
high azimuthal gradient in the STB alignment induces rapid oscillatory variations in the
strain components. Across all programmed director alignments, the closed-form analytical
solutions of Equation (14) demonstrate excellent quantitative agreement with the full 3D
finite element numerical results.

@ i 01 (b) L 01 © ! 0.1

3 - Ho.os i H 0.08 0.08
. ; ||0.06 \
My |04 A
{y ~ 0.02 Y,z‘ X H 0.02 yz
h o
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?, =45°%¢, =0° @, =45°% ¢, =120° ®, =45%¢, =1200°

Figure A1. 3D finite element simulations of electric-field-induced deformations of free-standing DLCE
sheets with distinct initial director alignments: (a) SB alignment exhibiting zero Gaussian curvature;
(b) TB alignment exhibiting negative Gaussian curvature; and (c) STB alignment exhibiting positive
Gaussian curvature. The color contours denote the electric potential distribution, and the arrows rep-
resent the local electric field vectors. The applied nominal electric field is Eyy = 0.1\/k/(x,; — x1)-
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Figure A2. Quantitative comparison between the analytical solutions (AS, solid lines) and 3D finite
element solutions (FEM, scatter dots) along the normalized thickness coordinate Z = z/h: (a) through-
thickness distributions of the dimensionless equivalent electric field intensity E for SB, TB, and STB
alignments; and the corresponding through-thickness profiles of the electrocactive spontaneous strain
components for the (b) SB, (c) TB, and (d) STB alignments.
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