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Abstract

This work presents a practical C++23 implementation of a physics-informed neural net-
work (PINN) for a fractional-order damped oscillator. A fully connected network outputs
displacement and velocity, so the governing dynamics are enforced through a compact
state-space residual involving first and second time derivatives. Integer-order derivatives
are obtained via automatic differentiation, which removes finite-difference noise and pre-
serves smooth, consistent gradients during training. The history-dependent fractional
damping term is incorporated using the classical L1 discretization on a uniform time grid,
which makes each residual evaluation depend on the entire predicted solution history and
naturally captures memory effects. The training objective combines the squared residual
norms at collocation points with a strongly weighted initial-condition penalty to control
drift and stabilize early iterations. Gradients of the complete objective with respect to all
network parameters are computed using reverse-mode automatic differentiation in CppAD
(20260000.0) by constructing a scalar loss function of a flat parameter vector, enabling
efficient gradient-based optimization. Parameters are updated with the Adam algorithm
using bias correction and double-precision moment accumulation for numerical robustness.
This implementation includes deterministic parameter packing, explicit size checks, and
lightweight diagnostics of boundary values during training, improving reproducibility
and debuggability. Overall, the code provides an end-to-end baseline for PINN-based
simulation of fractional-order oscillatory systems and can be readily extended to include
external forcing, alternative loss weight schedules, and parameter identification from
measurement data.

Keywords: PINN; fractional differential; equations; optimization

1. Introduction
The idea of using neural networks as a class of approximating functions for solving

differential equations arose significantly earlier than the modern term physics-informed
neural networks (PINNs) [1–3]. Even in works related to multiquadrics and radial basis
functions (RBFs), the solution to a differential equation was considered not only as the
result of grid discretization but also as a functional approximation, the parameters of which
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are selected based on the equation’s residuals, initial and boundary conditions. One of the
early directions in the field was the work of R. Hardy on multiquadrics and E. Kans on the
application of MQ/RBF approximations to computational fluid dynamics problems [4–7].

Further development of this approach involved a transition from pure collocation
schemes to formulations, wherein differential equations, initial and boundary conditions
are incorporated into a single error functional. This approach allows one to consider the
problem of solving a differential equation as a problem of optimizing the parameters of a
selected class of approximating functions. In this context, the work by E. Galperin, E. Kans,
and co-authors on global optimization of residual functionals is important, as well as the
early neural network methods for solving ODEs and PDEs proposed by M. Dissanayake,
N. Phan-Thien, I. Lagaris, A. Likas, D. Fotiadis, N. Mai-Duy, and T. Tran-Cong [8–13].

The modern formulation of PINN was systematized in the works of M. Raissi, P.
Perdikaris, and G. E. Karniadakis, where a neural network is used as a global approximation
of the solution, and physical information is incorporated into the loss function through
the residual of the differential equation, initial and boundary conditions [14–16]. Unlike
classical grid methods, PINN does not require the construction of a grid in the traditional
sense, and training is performed using a set of collocation points. Automatic differentiation
allows for the calculation of derivatives of the neural network output with respect to the
input variables, making the method convenient for constructing residuals of differential
equations [17–20].

The application of PINN to equations with fractional derivatives plays a special role
in this work. Models with fractional derivatives naturally arise when describing systems
with hereditary elastic properties. Y. A. Rossikhin, M. V. Shitikova, M. Caputo, I. Podlubny,
F. Mainardi, and other authors have shown that fractional operators allow the description
of dissipative processes, in which the current state of the system depends on the history of
motion [21–32].

2. Materials and Methods
2.1. Mathematical Model

Let us consider the free vibrations of a one-degree-of-freedom mechanical system
consisting of a mass, an elastic element, and a fractional damper. When the mass deviates
from its equilibrium position, the spring generates a restoring force proportional to the
displacement x(t). The fractional damper describes the resistance to motion considering
the inherent properties of the system, so the damping term is given not by the usual first
derivative but by the fractional derivative Dν

t x(t) (Figure 1).

Figure 1. Mechanical model of a free fractionally damped oscillator.

Then the equation of the system’s vibration could be written as

mx′′ (t) + µDν
t x(t) + kx(t) = 0, (1)
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where Dν
t is the fractional derivative with respect to time t of the order ν ∈ (0, 1) in the

Gerasimov–Caputo sense, k is the spring’s rigidity coefficient, m is the mass of the system,
µ = kτν is the viscous coefficient, and τν is the relaxation time.

Dividing Equation (1) by the mass yields:

x′′ (t) + ζ Dν
t x(t) + ω2

0x(t) = 0, (2)

where ζ = kτν

m is the fractional damping coefficient, and ω2
0 = k

m is the natural frequency
of vibrations.

Equation (2) is subjected to the following initial conditions:

x(0) = 1, x′(0) = 0. (3)

For numerical modeling, Equation (1) is reduced to the following system:{
y2(t) = y′1(t),

y′2(t) + ζDνy1(t) + ω2
0y1(t) = 0,

(4)

where
y1(t) = x(t), y2(t) = x′(t). (5)

2.2. Neural Network Architecture

To solve the problem, a multilayer perceptron (MLP) is used. This architecture was
chosen because the problem statement requires approximating an unknown scalar function
of a single variable. Therefore, the problem is reduced to mapping:

x 7→ û(x; θ), (6)

where x is the independent variable, û is the approximation of the desired solution, and θ

is the set of network weights.
The network consists of an input layer, several hidden fully connected layers, and an

output layer. Each neuron in the hidden layer computes a linear combination followed by
a nonlinear activation function. Let h0 = x. Then, we represent the computations in the
multilayer perceptron as a sequence of linear and nonlinear transformations:

tl = hl−1Wl + bl , l = 1, 2, . . . , L,
hl = F(tl), l = 1, 2, . . . , L − 1,
û(x; θ) = tL = hL−1WL + bL,

(7)

where Wl is the weight matrix of the l-th layer, bl is the bias vector of the l-th layer, F is the
activation function, and θ = {W1, b1, . . . , WL, bL} is the full set of trainable parameters of
the neural network.

Let us look at an example of one fully connected layer of a neural network (Figure 2).

Figure 2. An example of one fully connected layer of a neural network.
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Let the vectors x, h, b be given as

x = (x1, x2),
h = (h1, h2, h3),
b = (b1, b2, b3).

(8)

Then the vector of output values h = F(xW + b) is calculated as the nonlinear activa-
tion function F of the expression xW + b, where

W =

(
w11 w12 w13

w21 w22 w23

)
(9)

To calculate the first element of the vector h, we need:

h1 = F(x1 · w11 + x2 · w21 + b1),
h2 = F(x1 · w12 + x2 · w22 + b2),
h3 = F(x1 · w13 + x2 · w23 + b3).

(10)

Let us split the calculations of the hl layer into two stages: the linear part tl (without
using the activation function F) and the nonlinear part hl (Figure 3).

Figure 3. Fully connected neural network layer with separation of linearity and nonlinearity.

Then t = xW + b is the linear part and h = F(t) is the nonlinear part.
In physically informed neural network problems, an important requirement is the

ability to calculate the derivatives of the desired function with respect to the input variable.
Therefore, it is advisable to use smooth activation functions in hidden layers; in our case,
we will use the hyperbolic tangent function denoted from hereafter as tanh.

F(tl) = tanh (t) =
etl − e−tl

etl + e−tl .
(11)

Taking the above facts into account, we obtain a topological model shown in Figure 4.

Figure 4. Topological model of a neural network (multilayer perceptron).
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2.3. Physics-Informed Loss Function and Gradient Optimizer

Within the grid ti, 8 collocation points have been considered.
Let us compose our residual functions:

r1(ti) = y′1(ti)− y2(ti),
r2(ti) = y′2(ti) + ζDν

1y1(ti) + ω2
0y1(ti).

(12)

Having determined the residual, we need to compose the error function:

L(θ) = Lphys(θ) + λicLic(θ), (13)

where λic is a coefficient for adjusting the priority of initial conditions.
Let us examine the error function expression in more detail. Then the physical part of

the losses:

Lphys(θ) =
N

∑
i=1

(
r2

1(ti) + r2
2(ti)

)
, (14)

where ti are collocation points, and r2
1(ti) and r2

2(ti) are the squares of the residual, in order
that the errors do not cancel each other in signs.

Initial conditions should be added by a separate penalty:

Lic(θ) = (y1(0)− 1)2 + (y2(0)− 0)2, (15)

in order that the neural network results in the tending of Lic(θ) to 0.
After compiling the error function, we need to compose the optimizer itself and to

solve the optimization problem min
θ

L(θ). We will use the adaptive Adam method [33], as

it is best suited for solving physics problems. The calculation at each step is

gt = ∇θL(θt). (16)

Next, the exponential means are updated. Let us consider the first moment:

mt = β1mt−1 + (1 − β1)gt, (17)

where mt is a smoothed gradient, and β1 ∈ (0, 1) specifies the “memory” of past gradients.
Then the second moment:

vt = β2vt−1 + (1 − β2)(gt ⊙ gt), (18)

where vt is a smoothed gradient estimate, and β2 ∈ (0, 1) specifies the “memory” of past gradients.
Initialization of values at the first step is the following:

m0 = 0, v0 = 0. (19)

Since conditions (19) require the equality to zero, then estimates ((17) and (18)) are
systematically underestimated at the early steps. Therefore, corrected estimates (bias
correction) are introduced as

m̂t =
mt

1 − βt
1

v̂t =
vt

1 − βt
2.

(20)

Adam’s final update considering (20) results in the following relationship:

θt+1 = θt − η
m̂t√

v̂t + ϵ
. (21)
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For neutral network learning the following hyperparameters are adopted:

η = 5 · 10−4, β1 = 0.9, β2 = 0.999, ε = 10−8, epochs = 80000, λic = 10000. (22)

The derivatives of the neural network output are calculated using automatic differenti-
ation. It is worth noting that the fractional derivative could not be obtained using automatic
differentiation. It is approximated by an L1 scheme on a uniform time grid. The gradient
of the overall loss function over all trainable parameters is then calculated using inverse
automatic differentiation in CppAD [34].

The hyperparameters (22) have been selected empirically to ensure that convergence
is stable. The penalty weight λic in (22) has been taken in such a way as to enforce
the initial conditions, in order to minimize initial errors during the calculation of the
fractional derivative.

3. Results
In this work, a PINN has been developed to solve the mechanical model of a free

fractionally damped oscillator. The numerical results of the solution of Equation (2) accord-
ing to the approach discussed above are compared with those obtained in [35] using the
inverse Laplace transform (ILT) and Caputo L1 (L1) numerical scheme, and are illustrated
in Table 1 and Figure 5.

Table 1. Numerical results.

No t PINN ILT L1 δ,%

1 0.0 0.999985 1.000000 1.000000 0.001502
2 2.0 0.123111 0.124178 0.124175 0.866901
3 4.0 0.192444 0.191305 0.191312 0.591452
4 6.0 0.183427 0.185167 0.185162 0.948685
5 8.0 0.113223 0.114302 0.114305 0.952644
6 10.0 0.139373 0.127773 0.127773 8.322746
7 12.0 0.114579 0.102692 0.102692 10.373831
8 14.0 0.100518 0.097514 0.097514 2.989291
9 16.0 0.090006 0.089410 0.089410 0.661748

10 18.0 0.083058 0.082952 0.082952 0.127838
11 20.0 0.078154 0.078136 0.078136 0.022814
12 22.0 0.073534 0.073530 0.073531 0.003917
13 24.0 0.069800 0.069800 0.069800 0.000645

Figure 5. PINN solution graph.

https://doi.org/10.3390/cmsf2026014001

https://doi.org/10.3390/cmsf2026014001


Comput. Sci. Math. Forum 2026, 14, 1 7 of 9

4. Discussion
The obtained results show good agreement between the PINN solution and the refer-

ence solution obtained by the inverse Laplace transform. This indicates that the proposed
loss function correctly enforces the governing equation and the initial conditions.

In the implementation, integer-order derivatives with respect to time are computed by
automatic differentiation, while the fractional derivative is approximated by the L1 scheme.
The gradient of the total loss with respect to the neural network parameters is computed by
reverse-mode automatic differentiation in CppAD and then used in the Adam optimizer.

The increased relative errors at t = 10.0 and t = 12.0 are mainly associated with the
long-time behavior of the system. Since the reference solution has a smaller magnitude
at these points, moderate absolute deviations lead to larger relative errors. Moreover,
the L1 approximation of the fractional derivative is history-dependent, so approximation
errors may accumulate over time. This effect can be reduced by increasing the number of
collocation points, refining the time step, and extending the training process.

The present study is limited to a fractionally damped oscillator. Further work may
include forced oscillations, parameter identification, and comparison with other numeri-
cal schemes.

5. Conclusions
A C++ implementation of a physics-informed neural network for a fractionally

damped oscillator has been presented. The fractional damping term has been evaluated
using the L1 scheme, while CppAD has been used to compute gradients of the complete
loss function with respect to all trainable parameters.

The comparison with the inverse Laplace transform demonstrates that the proposed
PINN could approximate the solution with sufficient accuracy. The developed implementa-
tion could be used as a baseline for further studies of fractional-order oscillatory systems.
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