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Abstract: The issue of finite-time stability has garnered significant attention in the control systems of
quadrotor aerial vehicles. However, existing techniques for achieving finite-time control often fail to
consider the system’s state constraint characteristics and rarely address input quantization issues,
thereby limiting their practical applicability. To address these problems, this paper proposes a finite-
time adaptive neural network tracking control scheme based on a novel barrier Lyapunov function for
the quadrotor unmanned aerial vehicle (UAV) system. Firstly, an adjustable boundary for the barrier
Lyapunov function is introduced in the control system of a quadrotor UAV, enabling convergence of
all states within finite-time constraints during trajectory tracking. Subsequently, a filter compensation
signal is incorporated into the recursive design process of the controller to mitigate errors caused
by filtering. Finally, a smoothing intermediate function is employed to alleviate the impact of input
quantization on the quadrotor system. Experimental validation is conducted on the Quanser QDrone
experimental platform to demonstrate the efficacy of the proposed control scheme.

Keywords: quadrotor UAVs; finite-time; hysteretic quantizer; QDrone

1. Introduction

Quadrotor UAVs are widely recognized as one of the classic representatives within
the realm of UAVs. They exhibit exceptional characteristics, such as a simple structure,
diverse sizes, low cost, ease of operation, and robust vertical takeoff and landing capa-
bilities. As a result, quadrotor UAVs have found extensive applications across various
fields, including civil aerial photography and mapping [1–3], emergency detection and
rescue [4–6], air transportation [7], power transmission line inspection [8], and pesticide
spraying missions [9], among others. These diverse applications effectively showcase the
advantages of quadrotor UAVs, thereby highlighting the significance of addressing control
challenges in quadrotor UAV systems within the control field.

Quadrotor UAV is a typical nonlinear underactuated system. It consists of three
position subsystems and three attitude subsystems coupled into a four-input and six-output
system. The position subsystem needs to be controlled by adjusting the attitude subsystem.
Moreover, designing a high-level trajectory tracking controller during flight missions
is a challenging problem in control engineering due to inherent parameter uncertainty,
unknown external interference, and the need for high flight quality and safety.
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As a type of aircraft, the quadrotor UAV imposes stringent requirements on stability, ac-
curacy, and rapidity of its controller. Ensuring the reliability and autonomy of the quadrotor
aircraft during flight tasks in positional environments heavily relies on the adaptability [10]
and robustness [11] of the controller. To this end, numerous researchers have proposed vari-
ous control schemes. For instance, reference [12] presents an adaptive supertorsional sliding
mode controller for target trajectory tracking of a quadrotor UAV, employing an adaptive
supertorsional extended state observer to estimate gusts. Reference [13] mainly addresses
the issue of finite-time tracking control for a quadrotor UAV in the presence of external
disturbances, uncertain parameters, actuator failures, and input saturation. It introduces a
composite controller aiming to achieve outstanding tracking performance, including finite-
time error convergence, robust enhancement, fault tolerance, and saturation mitigation. In
reference [14], a novel model-based predictive control (MPC) design is presented in this
paper for a quadrotor aerial vehicle with a suspended load, achieving fast stabilization
times and minimal swing angles by considering the dynamics of the hanging payload, the
vehicle’s three-dimensional dynamics, and its rotation.

The above methods, despite enhancing robustness and achieving uniformly bounded
tracking or finite-time error stabilization, exhibit a convergence rate that heavily relies on
the presence of initialization errors and controller parameters. In the case of a large initial
state, convergence may be subpar, even for specific finite-time modes, due to extended
stability periods. Additionally, these methods do not take into account the system state
constraints, which could potentially make them impractical. To address this issue, a state
constraint control method called Barrier Lyapunov Function (BLF) has been proposed [15].
Specifically, an adaptive control method based on tan-type BLF is presented in [16] to
achieve asymptotic output tracking of time-varying state-constrained strictly feedback
nonlinear systems. For uncertain nonlinear systems with asymmetric time-varying full-
state constraints, an adaptive neural network finite-time tracking control strategy based
on time-varying asymmetric BLF (TVABLF) is proposed in [17]. Additionally, the author
of [18] integrates the time-varying integral BLF (TVIBLF) into the adaptive control design,
overcoming the conservative limitation of traditional BLF while respecting the full-state
time-varying constraint bounds. In [19], A novel real-time adjustable barrier function is pro-
posed to dynamically adapt the design parameters based on the tracking error. Notably, the
performance of these controllers heavily relies on continuous signal transmission via wire-
less communication bandwidth, which may not be achievable due to the limited computing
power, transmission resources, and onboard energy capacity of small quadrotor platforms.

To reduce the data transmission burden on digital platforms and improve the ac-
tuator’s execution rate, the use of quantitative control technology is prevalent in digital
control systems with limited transmission bandwidth. Reference [20] employed the adap-
tive inversion method to investigate the stabilization problem of a nonlinear uncertain
input quantization system. They introduced a hysteretic quantizer to avoid chattering and
derived the criterion for selecting quantizer parameters. In [21], in order to synergistically
integrate quantization output feedback control and state feedback quantization control,
a compound adaptive fuzzy quantization control scheme, based on a fuzzy approximator,
was employed. The authors of [22] introduced a novel quantization decomposition method
to integrate the attitude quantization controller into assurance tracking. This integration
reduces communication bandwidth requirements while maintaining attitude response
within a given time. In reference [23], for a class of nonlinear systems with triangular struc-
tures, an improved backstepping method is proposed. This method employs a smoothing
function and intermediate control law to eliminate the influence of quantization.

Inspired by the above discussion, in this paper, a finite-time adaptive state-constrained
quantization control scheme is proposed to realize trajectory tracking for quadrotor UAVs.
Compared with the previous studies, the novelties of this paper are summarized as follows:

• Introducing an adaptive neural network quantization controller to ensure convergence
of all states within a constrained range in a finite time, maintaining them within this
region and exhibiting reliable tracking performance.
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• Incorporating a BLF boundary capable of online parameter adjustment in response to
changing tracking errors facilitates achieving full state constraints for the quadrotor
UAV and mitigates overshooting of tracking errors during transient processes.

• During recursive design of the controller, incorporating a filter compensation signal
addresses filter-induced errors. Additionally, employing a smoothing function with
an intermediate control law mitigates the effects of input quantization in the quadrotor
UAV system.

• A finite-time adaptive neural network tracking control scheme based on a novel barrier
Lyapunov function is proposed in this paper and successfully validated on a physical
experimental platform.

The remainder of this paper is structured as follows: Section 2 presents the prob-
lem formulation, Section 3 provides the principal findings for the control design scheme,
Section 4 delineates the experimental validation conducted to illustrate the efficacy of the
proposed controller, and Section 5 culminates in the conclusion of this paper.

2. Problem Formulation and Preliminaries
2.1. System Model of Quadrotor

The structure of the quadrotor UAV is shown as Figure 1, where OxByBzB refers to
the body frame, Oxeyeze refers to the Earth-fixed frame, and its general dynamic model is
shown in Formula (1), the derivation of which is described in reference [21].

ẍ = (CϕSθCψ + SϕSψ)U1 − a1 ẋ + d1
ÿ = (CϕSθSψ − SϕCψ)U1 − a2ẏ + d2
z̈ = (CϕCθ)U1 − g − a3ż + d3
ϕ̈ = a4θ̇ψ̇ + a5θ̇Ω − a6ϕ̇ + d4 + U2
θ̈ = a7ϕ̇ψ̇ + a8ϕ̇Ω − a9θ̇ + d5 + U3
ψ̈ = a10ϕ̇θ̇ − a11ψ̇ + d6 + U4

, (1)

where x, y, z represent the displacement of quadrotor UAV in the xe, ye, ze directions respec-
tively, and ϕ, θ, ψ represent the roll angle, pitch angle, and yaw angle, respectively. S• on
behalf of sin(•), C• on behalf of cos(•), g is the gravity acceleration, aj, j = 1, . . . , 11 are un-
known, Ω denotes the relative speed of the cross-coupled rotor and satisfies
Ω = Ω1 − Ω2 + Ω3 − Ω4 with Ωk, k = 1, · · · , 4 being the rotating speed of the propeller.
di, i = 1, . . . , 6 denote the bounded external disturbances, Uk, k = 1, . . . , 4 represent the
aforementioned control inputs and are defined as follows:

U1 = ( f1 + f2 + f3 + f4)/m
U2 = l( f1 + f2 − f3 − f4)/Jxx
U3 = l( f1 − f2 − f3 + f4)/Jyy
U4 = τ( f1 − f2 + f3 − f4)/Jzz

, (2)

where l is the distance from the rotor to the shaft, fk, k = 1, · · · , 4 represents the lift force
by the rotation of the four rotors, Jxx, Jyy, Jzz are the moment of inertia in each of the
three directions.

To facilitate controller design, the above quadrotor model with input quantization
characteristics is simplified, as described in (3).

Ξ̈i = Q(ui) + fi + di, i = 1, . . . , 6 , (3)

where (Ξ1, Ξ2, Ξ3, Ξ4, Ξ5, Ξ6) = (x, y, z, ϕ, θ, ψ), (u1, u2, u3, u4, u5, u6) = ((CϕSθCψ +SϕSψ)U1,
(CϕSθSψ − SϕSψ)U1, (CϕCθ)U1, U2, U3, U4), ( f1, f2, f3, f4, f5, f6) = (−a1ẋ,−a2ẏ,−g − a3ż,
a4θ̇ψ̇ + a5θ̇Ω − a6ϕ̇, a7ϕ̇ψ̇ + a8ϕ̇Ω − a9θ̇, a10ϕ̇θ̇ − a11ψ̇).
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Figure 1. The experimental environment for simulation verification.

2.2. Hysteretic Quantizer

It is important to mention that using the quantized signal, which contains high-
frequency components, directly for the actuator will result in a decline in control per-
formance. Therefore, the implementation of a signal quantizer is necessary in order to
compromise the communication rate. In this paper, a hysteresis quantizer (see [24,25]) is
employed to minimize the occurrence of chattering phenomena. The key characteristics of
the hysteresis quantizer are outlined below:

Q(ui) =


ui,nsgn(ui),

ui,n
1+κ < |ui| ≤ ui,n, u̇i < 0 or ui,n < |ui| <

ui,n
1−κ , u̇i > 0

ui,n(1 + κ)sgn(ui), ui,n < |ui| ≤
ui,n
1−κ , u̇i < 0 or ui

1−κ < |u| ≤ ui(1+κ)
1−κ , u̇i > 0

0, 0 < |u| ≤ umin
1+κ , u̇i < 0 or umin

1+κ < u ≤ umin, u̇i > 0
Q(u(t−)), u̇i = 0

, (4)

where ui,n = λ1−numin, n = 1, 2, . . . , κ = 1−λ
1+λ , parameters satisfy umin > 0, 0 < λ < 1. The

magnitude of the dead zone for Q(u) is influenced by umin.
The hysteretic quantizer can be decomposed into one consisting of a nonlinear part

and a linear part, i.e., Q(ui(t)) = ωi(t) + ui(t). The nonlinear part ωi(t) satisfies

ωi
2(t) ≤ κ2ui

2, ∀|ui| ≥ umin
ωi

2(t) ≤ u2
min, ∀|ui| ≤ umin

(5)

2.3. Novel Barrier Lyapunov Function

The following BLF is used throughout this paper:

V =
1
2

log
Φ2

Φ2 − z2 . (6)

To enhance the performance of BLF, a novel boundary function Φi is introduced, refer-
ring to the method introduced in reference [19]; a detailed description is given as follows:
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Φi(t) =



(
µi,0(0)− t

Tc

)
e(1− Tc

Tc−t ) + µi,e(0), 0 ≤ t < t1

...
c0(k) + c1(k)t + · · ·+ c2n+1(k)t2n+1, tk ≤ t < tk + ∆tk(

µi,0(k)− t
Tc

)
e(1− Tc

Tc−t ) + µi,e(k), tk + ∆tk ≤ t < tk+1 < Tc

...(
µi,0(m)− t

Tc

)
e(1− Tc

Tc−t ) + µi,e(m), tm+1 ≤ t < Tc

µi,e(m), Tc ≤ t < +∞

(7)

where cj(k), j = 0, 1, . . . , 2n + 1, k = 1, 2, . . . , m is a constant, m is the number of adjustments.
Tc denoted as the settling time, tk > 0 and ∆tk > 0 denote, respectively, the starting time and
temporal interval of the kth adjustment. µi,0(k) > 0 and µi,e(k) > 0 are the configurational
parameters of the boundary function, which can be adaptively tuned online based on the
variation in the tracking error. The specific descriptions are as follows:

µi,0(k + 1) =
{

lµi,0 µi,0(k) if li|zi| < Φi(t), tk + a∆tk < Tc, and µi,0(k + 1) > µi,e(k + 1) > µ∗

µi,0(k) else

µi,e(k + 1) =
{

lµi,e µi,e(k) if li|zi| < Φi(t), tk + a∆tk < Tc, and µi,0(k + 1) > µi,e(k + 1) > µ∗

µi,e(k) else

(8)

where zi represents the tracking error, µ∗ denotes the minimum permissible value of µi,e(k),
li, lµi,0 , lµi,e and a are the adjustment parameters, and li > 1, 0 < lµi,0 < 1, 0 < lµi,e < 1, a > 1.

Figure 2 shows the schematic diagram of the boundary of the novel adjustable BLF
function and the boundary of the traditional exponential and constant BLF function, where

Fi(t) = (µi,0(0) + µi,e(0)− µi,e(m))e−αt + µi,e(m) (9)

It can be seen that the adjustable boundary used in this paper converges faster, and by
introducing two adjustable parameters, the problem of excessive control signal caused by
the existence of initial error can be avoided.

Figure 2. The experimental environment for simulation verification.



Drones 2024, 8, 264 6 of 20

Remark 1. The format of Φi(t) within the interval tk ≤ t < tk + ∆tk in Equation (7) is carefully
designed to maintain its continuity. It can be proved that Φi is a continuous function and satisfies
|zi| < Φi. The detailed derivation process is described in reference [19].

Remark 2. It should be noted that the novelty of this paper lies in the focused addressing of the
input quantization problem specific to quadcopter aircraft, which was not covered in reference [19].
A significant contribution to UAV control design is represented by this, especially considering the
limited resources of small UAV platforms.

Remark 3. It can be obtained by deducing Equation (7) that limt→Tc Φ(t) = µi,e(m) and
Φ(t) = µi,e(m) for t ≥ Tc. Compared with the traditional constant type and exponential type BLF,
the novel BLF function boundary used in this paper has a better constraint ability on the error, and
its two adjustable parameters µi,0 and µi,e will be adjusted according to the size of the error, which
will not cause the problem of a too large control signal caused by too small boundary parameters.

The following lemmas are required for semi-global practical finite-time stable analysis.

Lemma 1 ([26]). If there exist scalars c > 0, Υ > 0 and 0 < β < 1 for the system ζ̇(t) = f (ζ(t)),
then the Lyapunov function candidate inequality is as follows:

V̇(ζ(t)) ≤ −cVβ(ζ(t)) + Υ, t ≥ 0, (10)

then the system ζ̇(t) = f (ζ(t)) is semi-global practical finite-time stable, that is, the solution of the
system is bounded for t ≥ Tr, where 0 < Γ < 1 and

Tr =
1

(1 − β)Γc

[
V1−β(ζ(0))−

(
Υ

(1 − Γ)c

)(1−β)/β
]

. (11)

Lemma 2 ([27]). For |zi| < Φi, the the following inequality holds:

log
Φ2

i
Φ2

i − z2
i
<

Φ2
i

Φ2
i − z2

i
. (12)

Lemma 3 ([28]). The following inequality holds:

|∆1|λ1 |∆2|λ2 ≤ λ1

λ1+λ2
λ3|∆1|λ1+λ2 +

λ2

λ1+λ2
λ3

−λ1
λ2 |∆2|λ1+λ2 . (13)

2.4. Radial Basis Function Neural Networks

In this paper, the radial basis function neural networks (RBFNNs) will be applied to
approximate unknown smooth function, such that:

F(Z) = W∗T φ(Z) + σ, ∀x ∈ Ω ⊂ Rn, (14)

where Z and F(Z) are the input and output of the RBFNNs, respectively, W∗ denotes the
optimal weight vector, φ(Z) represents the basis vector function, σ is an approximation
error with bound. A Gaussian function is chosen for the basis vector function.

φ(Z) = exp[
−(Z − A)T(Z − A)

2B2 ], (15)

where A and B are the center and width of the Gaussian function, respectively.
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Lemma 4. For any given real continuous function F(Z) : Ω → R with Ω ∈ Rn being a compact
set, and an arbitrary σ > 0, there exists an integer W∗T φ(Z), such that

sup
x∈Ω

∣∣∣W∗T φ(Z)− F(Z)
∣∣∣ ≤ σ, (16)

where W∗ represents an optimal weight vector, which can be precisely defined as

W∗ = arg min
W⊂Rn

{
sup
Z∈Ω

∣∣∣W∗T φ(Z)− F(Z)
∣∣∣ ≤ σ

}
. (17)

Remark 4. The connection between the various sections of this chapter lies in their collective
contribution to the theoretical framework and methodology of our study. The system model of
quadrotor provides the foundational description of our research subject, while the hysteresis quantizer
serves as a key component within the system control model. The novel barrier Lyapunov function
and radial basis function neural networks each offer innovative methods and technical means within
control algorithms. These interconnected sections ensure the integrity and internal consistency of
our study in terms of both theory and methodology.

3. Controller Design and Stability Analysis

In this section, an adaptive neural network quantization control scheme that introduces
a filtered error compensation signal is designed. Furthermore, a novel BLF is employed to
enforce finite-time state constraints. The graphical representation in Figure 3 depicts the
block diagram of the control system.

Figure 3. The experimental environment for simulation verification.

For i = 1, . . . , 6, define the tracking errors as

ei,1 = xi,1 − Ξi,d,
ei,2 = xi,2 − ξi,

(18)

where ei,1, ei,2 denote errors, Ξi,d denotes desired signal, and ξi represents the output signals
of the command filter, with αi serving as the input. For i = 1, . . . , 6, define the following
command filter as

τ̇i,1 = ςiτi,2,
τ̇i,2 = −2piςiτi,2 − ςi(τi,1 − αi),

(19)

where αi serves as the input of the filter, ξi(t) = τi,1(t) represents the output signals of each
filter. The initial values are chosen such that τi,1(0) = αi(0) and τi,2(0) = 0.
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A significant limitation of the conventional backstepping recursive design is the well-
known issue of complexity explosion. This drawback arises from the need for repetitive
differentiations of virtual controllers, which can introduce filtering errors when a com-
mand filter is utilized. In the subsequent discussion, compensation signals ξi − αi will be
formulated to effectively eliminate errors ξi − αi, for i = 1, . . . , 6.

Define the compensation tracking errors as

zi,1 = ei,1 − qi,1,
zi,2 = ei,2 − qi,2,

(20)

where qi,1, qi,2 denote compensation signals.
Step 1 (for i = 1, . . . , 6): In view of (3), (18), and (20), the derivative of zi,1 can be

expressed as

żi,1 = ėi,1 − q̇i,1

= ei,2 + ξi − Ξ̇i,d − q̇i,1. (21)

In the approach described in this paper, the constraint |ei,1| < σb is substituted with
constraint |zi,1| < Φi,1, where σb represents a positive parameter. And the barrier Lyapunov
function (6) is used in this paper. Referring to the discussion in [29], it is apparent that
the error signal qi,1 is bounded, and there exists a parameter σc > 0 so that |qi,1| < σc. It
should be emphasized that ensuring σb − σc > 0 is necessary to achieve favorable tracking
control performance. By considering zi,1 = ei,1 − qi,1, we can adjust the parameters of Φi,1
appropriately so that σb − σc > Φi,1 > 0 and |zi,1| < Φi,1. Finally, the constraint condition
|ei,1| ≤ σc + Φi,1 < σb can be also guaranteed.

According to Formula (6), the Lyapunov function that constructs the first-order sub-
system as

Vi,1 =
1
2

log
Φ2

i,1

Φ2
i,1 − z2

i,1
. (22)

Substituting (21) into (22) yields

V̇1 =
zi,1

(Φ2
i,1 − z2

i,1)
(żi,1 − zi,1

Φ̇i,1

Φi,1
)

=
zi,1

(Φ2
i,1 − z2

i,1)
(ei,2 + ξi + αi,1 − αi,1 − Ξ̇i,d − q̇i,1 − zi,1

Φ̇i,1

Φi,1
).

(23)

Design the virtual controller αi,1, and the adaptive law for compensating signals q̇i,1 as

αi,1 = −ki,1ei,1 + Ξ̇i,d + zi,1
Φ̇i,1

Φi,1
, (24)

q̇i,1 = −ki,1qi,1 + qi,2 + ξi − αi,1, (25)

where ki,1 is a positive parameter.
Taking (24) and (25) into consideration yields

V̇1 =
zi,1

Φ2
i,1 − z2

i,1
(ei,2 − ki,1ei,1 + ki,1qi,1 − qi,2)

=
−ki,1z2

i,1 + zi,1zi,2

Φ2
i,1 − z2

i,1
. (26)

Remark 5. This paper designs a controller for a quadrotor UAV using a dynamic surface control
method with a filtering compensator function. Step 1 involves designing a virtual control law for
a first-order system, while Step 2 provides the actual control law for a second-order system.
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Step 2 (for i = 1, . . . , 6): In view of (3), (18) and (20), the derivative of zi,2 can be
expressed as

żi,2 = ėi,2 − q̇i,2

= Q(ui) + fi + di − ξ̇i − q̇i,2. (27)

Based on Lemma 4, the unknow item fi + di can be approximated as follows:

fi + di = W∗T
i φ(x) + σi. (28)

The Lyapunov function is chosen as

Vi,2 = Vi,1 +
1
2

log
Φ2

i,2

Φ2
i,2 − z2

i,2
+

1
2χi

W̃T
i W̃i, (29)

where χi is a positive parameter. W̃i = W∗
i − Ŵi, and Ŵi is the estimation of W∗

i .
According to (27) and (29), it follows that

V̇i,2 =−
ki,1z2

i,1 − zi,1zi,2

Φ2
i,1 − z2

i,1
+

zi,2

Φ2
i,2 − z2

i,2
(Q(ui) + W∗T

i φ(x) + W̃T
i φ(x)− W̃T

i φ(x)

− ξ̇i − q̇i,2 − zi,2
Φ̇i,2

Φi,2
+ σi)−

1
χi

W̃T
i

˙̂W.

(30)

By analyzing (30), design the intermediate control law ∆i, the adaptive law of RBFNN
weights ˙̂Wi, and the adaptive law of compensation signal q̇i,2 as follows:

∆i =ki,2ei,2 −
(Φ2

i,2 − z2
i,2)zi,1

Φ2
i,1 − z2

i,1
+

ki,dzi,2

Φ2
i,2 − z2

i,2
+ ŴT

i φ(Xi)− zi,2
Φ̇i,2

Φi,2
− ξ̇i, (31)

˙̂Wi =χi
zi,2

Φ2
i,2 − z2

i,2
φ(Xi)− χiγiŴi, (32)

q̇i,2 =− ki,2qi,2 +
ki,dqi,2 − σisgn(zi,2)

Φ2
i,2 − z2

i,2
. (33)

Taking (31)–(33) into consideration yields

V̇i,2 ≤−
ki,1z2

i,1

Φ2
i,1 − z2

i,1
−

ki,2z2
i,2

Φ2
i,2 − z2

i,2
−

ki,dz2
i,2(

Φ2
i,2 − z2

i,2

)2 +
zi,2

Φ2
i,2 − z2

i,2
((ui + ωi) + ∆i) + γiW̃T

i Ŵi, (34)

in which it can be verified that

γiW̃T
i Ŵi ≤ −1

2
γiW̃T

i W̃i +
1
2

γiWT
i Wi. (35)

It follows from (35) that

V̇i,2 ≤−
ki,1z2

i,1

Φ2
i,1 − z2

i,1
−

ki,2z2
i,2

Φ2
i,2 − z2

i,2
−

ki,dz2
i,2(

Φ2
i,2 − z2

i,2

)2 +
zi,2

Φ2
i,2 − z2

i,2
((ui + ωi) + ∆i)

− 1
2

γiW̃T
i W̃i +

1
2

γiWT
i Wi.

(36)
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Eventually, the actual controller ui denoted as

ui = −
ηi∆2

i

(1 − κ)
√

η2
i ∆2

i + δ2
i

, (37)

ηi =
zi,2

Φ2
i,2 − z2

i,2
, (38)

where δi is a positive parameter, and with the form of the actual controller, it is easy to see
that ηiui ≤ 0.

According to (5) into consideration, one has

ηiω ≤ κ|ηnu|+ umin|ηi| ≤ κηiu +
1

4ki,d
u2

min + ki,dη2
i . (39)

Substituting (39) into (36) yields

V̇i,2 ≤ηi∆i + (1 − κ)ηiui +
1

4ki,d
u2

min −
ki,1z2

i,1

Φ2
i,1 − z2

i,1
−

ki,2z2
i,2

Φ2
i,2 − z2

i,2
− 1

2
γiW̃T

i W̃i +
1
2

γiWT
i Wi, (40)

in which it can be verified that

(1 − κ)ηiui = −
η2

i ∆2
i√

η2
i ∆i

2 + δ2
i

< δi − ηi∆i. (41)

Indeed, the above inequality holds since

−
η2

i ∆2
i√

η2
i ∆2

i + δ2
i

≤ −
η2

i ∆2
i − δ2

i
|ηi∆i|+ δi

≤ δi − ηi∆i. (42)

According to Lemma 2, (40) and (41), one has

−
ki,1z2

i,1

Φ2
i,1 − z2

i,1
≤ −ki,1log

z2
i,1

Φ2
i,1 − z2

i,1
, (43)

−
ki,1z2

i,1

Φ2
i,1 − z2

i,1
≤ −ki,1log

z2
i,1

Φ2
i,1 − z2

i,1
, (44)

and

V̇i,2 ≤− ki,1log
z2

i,1

Φ2
i,1 − z2

i,1
− ki,1log

z2
i,1

Φ2
i,1 − z2

i,1
− 1

2
γiW̃T

i W̃i + δ +
1

4ki,d
u2

min +
1
2

γiWT
i Wi. (45)

It should be emphasized that, during the design process of the dual closed-loop
controller, the desired roll and pitch angle trajectories are derived by incorporating the
control inputs from the position subsystem and the designated reference trajectory for
a specified yaw angle. Thus, decoupled control of an underactuated quadrotor system
is realized.

u1 = (CϕSθCψ + SϕSψ)U1, (46)

u2 = (CϕSθSψ − SϕCψ)U1, (47)

u3 = (CϕCθ)U1. (48)
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Following Equations (46)–(48), the desired roll angle and pitch angle are prescribed as
the following

θd = arctan(
u1 cos ψd + u2 sin ψd

u3
), (49)

ϕd = arctan(cos θd
u1 sin ψd − u2 cos ψd

u3
), (50)

and the total lift is calculated as

U1 =
u3

cos ϕd cos θd
. (51)

Remark 6. Input quantization, a common phenomenon in practical systems due to limitations
in sensor resolution or communication constraints, poses challenges for control law design. To
address this, our paper utilizes the BLF method to handle constraints and introduces a smooth
intermediary function to mitigate quantization errors. By combining these methods, we achieve
finite-time control of a quadrotor unmanned aerial vehicle (UAV) system with both state constraints
and input quantization characteristics, ensuring robustness against practical limitations.

Theorem 1. Consider the closed-loop system (1), design virtual controllers (24), adaptive law
for compensating signals (25) and (33), intermediate control function (31), actual controller (37),
and adaptive law of RBFNN weights (32), then the proposed adaptive neural network-based hys-
teretic quantization control scheme guarantees semi-global practical finite-time stability of the
closed-loop system.

Proof for Theorem 1. According to Lemma 3, along with ∆1 = 1,∆2 = W̃T
i W̃i, λ1 = 1 −β,

λ2 = β, λ3 = β
β

1−β , it follows that(
W̃T

i W̃i

)β
≤ λ1λ3+W̃T

i W̃i. (52)

Similarly (
log

z2
i,2

Φ2
i,2 − z2

i,2

)β

≤ λ1λ3+ log
z2

i,2

Φ2
i,2 − z2

i,2
, (53)

(
log

z2
i,1

Φ2
i,1 − z2

i,1

)β

≤ λ1λ3+ log
z2

i,1

Φ2
i,1 − z2

i,1
. (54)

Substituting (52)–(54) into (45) yields

V̇i,2 ≤− ki,1

(
log

z2
i,1

Φ2
i,1 − z2

i,1

)β

− ki,2

(
log

z2
i,2

Φ2
i,2 − z2

i,2

)β

− 1
2

γi

(
W̃T

i W̃i

)β
+ δi +

1
4ki,d

u2
min

+
1
2

γiWT
i Wi +

(
ki,1 + ki,2 +

1
2

γi

)
λ1λ3.

≤− cVβ
2 (ζ) + Υ,

(55)

where ζ = [ei,1, ei,2, zi,1, zi,2, W̃i]
T , and
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c =min{2ki,1, 2ki,2, γi} (56)

Υ =δi +
1

4ki,d
u2

min +
1
2

γiWT
i Wi

+

(
ki,1 + ki,2 +

1
2

γi

)
λ1λ3, (57)

Then according to Lemma 1, the system ζ̇(t) = f (ζ(t)) is is semi-global practical finite-
time stable, that is, the solution of the system is bounded for t ≥ Tr, where 0 < Γ < 1 and

Tr =
1

(1 − β)Γc

[
V1−β(ζ(0))−

(
Υ

(1 − Γ)c

)(1−β)/β
]

. (58)

Hence, this ends the proof.

4. Experimental Verification

In this paper, the Quanser produced QDrone, depicted in Figure 1, serves as the
experimental platform for validating the proposed scheme. The structure of the QDrone
control platform, encompassing the following components, is displayed in Figure 4.

Figure 4. The experimental environment for simulation verification.

QDrone: The UAV has dimensions of 50 cm × 50 cm × 15 cm and weighs 1200 g. It
can carry a maximum load of 300 g. The power supply is a 4S 14.8 V LiPo battery with
an XT60 connector. A full charge allows for a flight time of 7 to 8 min.

QuaRC: The system features real-time control software developed by Quanser (Toronto,
Canada), which is fully compatible with MATLAB’s (2021a) real-time control software. The
system operates in Host–Target mode, with the controller developed on MATLAB/Simulink
in the Host, and then compiled and downloaded directly under Simulink to the embed-
ded controller (target machine) of the unmanned tool, using the wireless communication
protocol for real-time control.
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OptiTrack: Spatial 3D localization is achieved by means of eight infrared cameras Opti-
Track. The infrared positioning camera OptiTrack has a camera range of 20 m, a resolution
of 1280 × 1024, a horizontal field of view of 42◦–56◦, a single-point tracking number of 80,
a maximum of 10 simultaneous object captures, and a millisecond positioning accuracy.

The parameters of the QDrone are shown in Table 1. In the experiments, the desired
trajectories of the positionare chosen as xd(t) = −1.5 sin(2πt/30), yd(t) = 1.5 cos(2πt/30),
zd(t) = 1.5 cos2(2πt/30) + 0.5 and ψd(t) = sin(2πt/30). The disturbances are chosen
as follows: d1 = 0.1 cos(t), d2 = 0.1 sin(t), d3 = 0.1 sin(t) cos(t), d4 = 0.02 sin(0.5t),
d5 = 0.02 cos(0.5t), d6 = 0.02 sin(0.5t) cos(0.5t).

Remark 7. The external disturbances di represent various physical phenomena affecting the quadro-
tor, such as wind speed variations, air resistance changes, gravity variations, pressure changes,
airflow disturbances, gyroscopic effects, and mechanical vibrations. These disturbances are incorpo-
rated into the experimental model through direct assignment to simulate real-world conditions and
assess the robustness of the control strategies employed.

The controller parameters chosen for simulation are are shown in Table 2.

Table 1. Quad-rotor parameters.

Symbol Values Units

m 1.2 kg
k 2.98 10−6N · s2 · rad−2

l 0.2 m
τ 1.14 10−7N · s2 · rad−2

Jxx, Jyy 0.01 N · s2 · rad−1

Jzz 0.015 N · s2 · rad−1

Table 2. Parameters of proposed control strategy

Section Values

BLF Tc = 3, li = 1.1, lµi,0 = 0.8, lµi,e = 0.8,
µi,0(0) = 0.8, µi,e(0) = 0.7, i = 1, . . . , 6

HQ λ = 0.9, umin = 0.1
RBFNNs Ai = [−10,−6,−2, 0, 2, 6, 10], Bi = 3

χi = 1400, γi = 6, i = 1, . . . , 6

Controller
k1,1 = k2,1 = k3,1 = 3, k1,2 = k2,2 = 2, k3,2 = 2.5,

k4,1 = k4,2 = k5,1 = k5,2 = 2, k6,1 = k6,2 = 1.5
ki,d = 1, ςi = 1, pi = 0.5, δi = 0.1, i = 1, . . . , 6

To comprehensively showcase the effectiveness and superiority of the control scheme
proposed in this paper, a comparison is made between the results obtained from the
proposed scheme and those derived from the FLS-PID method. The selection of controller
parameters for the FLS-PID approach is revealed in [30].

The experimental results are displayed in Figures 5–12. It can be seen from Figure 5
that the quantitative control scheme proposed in this paper can achieve stable trajectory
tracking of the quadrotor with state constraints. Figures 6 and 7 show the tracking effect of
position x, y, z and Angle θ, ϕ, ψ, respectively. Figures 8 and 9 show the curves of position
tracking errors ei,1, i = 1, . . . , 6, respectively. Figures 10 and 11 show the curves of parameter
update laws zi,1, Φi,1, i = 1, . . . , 6, respectively. It can be seen from the figure that the error
is always within the preset range during the whole control process. Figure 12 shows the
four control input signals.
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Figure 5. Space diagram of position.

Figure 6. Tracking performance of states x, y, z, ψ.
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Figure 7. Tracking performance of states ϕ, θ.

Figure 8. Position tracking errors ei,1, i = 1, 2, 3.
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Figure 9. Angle tracking errors ei,1, i = 4, 5, 6.

Figure 10. Parameter update laws zi,1,±Φi,1, i = 1, 2, 3.
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Figure 11. Parameter update laws zi,1,±Φi,1, i = 4, 5, 6.

Figure 12. Control input signals Uk, k = 1, 2, 3, 4.
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By examining these two figures, it is evident that the proposed scheme in this paper
exhibits a smaller error margin and achieves faster convergence. To showcase the effec-
tiveness of the control scheme designed in this study, two metrics will be introduced: the
maximum value of tracking error (MVTE) and the root mean square value of tracking
error (RMSVTE). Comparison results for MVTE and RMSVTE between the present control
scheme and the FLS-PID scheme are outlined in Table 3, which clearly illustrates the validity
of the proposed control scheme. Specifically, the MVYE in the x and y directions is reduced
by about 0.03 m, the z direction is reduced by about 0.05, and the ψ direction is reduced by
about 0.01 rad.

It can be seen from Figures 8 and 9 that the scheme proposed in this paper has a smaller
error range and a faster convergence rate. In order to demonstrate the effectiveness of the
control scheme designed in this study, two indicators will be introduced: maximum tracking
error (MVTE) and root mean square tracking error (RMSVTE). The comparison results of
MVTE and RMSVTE of this control scheme and FLS-PID scheme are shown in Table 1, the
index values of the proposed scheme in the four degrees of freedom are all smaller than
FLS-PID, which clearly shows the effectiveness of the proposed control scheme.

Table 3. Comparison of the proposed method and FLS-PID method.

State Proposed Scheme FLS-PID
MVYE RMSVTE MVYE RMSVTE

x 0.1019 0.0422 0.1335 0.0632
y 0.1514 0.0748 0.1828 0.0996
z 0.1739 0.0945 0.2221 0.1246
ψ 0.0959 0.0408 0.1086 0.0587

5. Conclusions

The present study addresses the issue of achieving finite-time adaptive tracking quan-
tization control for a quadrotor UAV system based on BLF. To enhance the convergence
speed of the error and reduce overshooting, a boundary function that can be adaptively
tuned in real time according to the magnitude of the error is introduced to the BLF. By
incorporating a smoothing function with an intermediate control law, which eliminates the
impact of input quantization, an improved dynamic surface controller utilizing a filtered
compensation signal is derived. Experimental validation on the Quanser Qdrone quadro-
tor platform demonstrates effective state-constrained tracking quantization control with
superior tracking accuracy compared to alternative methods.

The method presented in this paper is applicable only when the state variable is
measurable. Through experimental verification, we have discovered that the communica-
tion bandwidth redundancy can be further enhanced using the event-triggered method.
Consequently, our forthcoming research will delve deeper into the control of quadrotor
UAVs, focusing on output feedback and quantitative event-triggering methodologies.
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