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Abstract: In response to the non-linear and underactuated characteristics of quadrotor UAV suspen-
sion transportation system, this paper proposes a novel control strategy aimed at achieving precise
position control, attitude control, and anti-swing capabilities. Firstly, a dynamical model required for
controller design is established through the Newton-Euler method. In the controller design process,
the paper employs the energy method and barrier Lyapunov function to design a double-closed-loop
nonlinear controller. This controller is capable of not only accurately controlling the position and atti-
tude angles of the quadrotor UAV suspension transportation system but also effectively suppressing
the swing of the payload. Building on this, considering the elastic deformation of the lifting cable,
and by analyzing the forces in the Newton-Euler equations, this paper proposes an adaptive control
design for the case where the length of the cable connecting the UAV and the payload is unknown. To
validate the effectiveness of the proposed control scheme, comparative experiments were conducted
in the MATLAB simulation environment, and the results indicate that the method proposed in this
paper exhibits superior control performance compared to traditional controllers.

Keywords: quadrotor UAV; position control; anti-swing control; nonlinear adaptive control; barrier
lyapunov; energy function

1. Introduction

Recently, significant progress has been made in unmanned aerial vehicle (UAV) tech-
nology, demonstrating its unique advantages in various fields [1-3]. Quadrotor UAVs, in
particular, have been widely used in diverse application scenarios due to their excellent
adaptability to environmental changes [4-6]. However, in practical applications, one impor-
tant technical challenge with quadrotor UAVs when performing payload-carrying tasks is
the swing of the payload [7-10]. This swing not only affects the flight stability of the UAV
but also risks damaging the cargo and potentially endangering the UAV’s safety [11,12].
Therefore, researching methods to effectively suppress the payload swing of quadrotor
UAVs and enhance the efficiency and safety of transportation has significant theoretical
and practical value [13,14].

The quadrotor UAV transportation system is particularly suitable for carrying pay-
loads with high uncertainty. However, this system is complex, featuring multiple degrees
of freedom, strong coupling, and underactuation. The quadrotor UAV has six degrees of
freedom but only four control inputs. During the operation of the transportation system,
the suspended payload further increases the system’s underactuated characteristics. Addi-
tionally, the quadrotor UAV, the payload, and the cable connecting them are tightly coupled,
with complex interactions between their relative displacements and attitude angles, which
undoubtedly exacerbates the overall control difficulty of the system. These complexities
pose significant challenges in the design and implementation of control strategies for the
quadrotor UAV transportation system.

To address these issues, various controllers have been developed. Reference [15]
designed a nonlinear model predictive controller for the simplified dynamic model of a
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quadrotor UAV payload. In [16], a control design using the nested saturation method was
proposed. In reference [17], aerodynamic parameters were identified online using a Kalman
filter, followed by rotor speed compensation with an LQR strategy, which significantly
improved the quadrotor’s control performance in heading and altitude. These studies
typically simplify the quadrotor’s nonlinear dynamics into linear models for mathematical
convenience, although this may introduce approximation errors and limit performance.
In [18], a nonlinear control method based on energy analysis is proposed, which achieves
simultaneous localization and elimination of payload oscillation for a quadrotor UAV.
In [19], a virtual control input was designed for the outer-loop subsystem using an energy-
based analysis method. Ultimately, the stability of the closed-loop system was proven based
on the LaSalle’s invariance principle. In [20] a mathematical model and control strategy
suitable for quadrotor UAV transportation systems are proposed, achieving robust control
under parametric uncertainties and unmodeled dynamics, as well as precise delivery and
swing reduction control for the payload.

In the practical application of the quadrotor UAV transportation system, simplifying
the cable connecting the UAV to the payload as a rigid body model is not realistic. During
actual flight, due to the relative motion between the UAV and the payload, the cable will
undergo elastic deformation, leading to uncertainty in the changes of the cable length. This
uncertainty can not only affect the coordinate position of the payload but may also interfere
with the system’s energy function. When controlling the quadrotor UAV transportation
system, this uncertainty can reduce control precision and stability, and may even lead
to system instability. Therefore, in order to ensure the safe and efficient operation of the
UAV transportation system, it is necessary to thoroughly study the issue of unknown cable
lengths and propose corresponding solutions.

An in-depth study of flexible cables in transport systems has been carried out in [21],
where each cable is treated as a system of links connected in series and a geometrically
nonlinear controller has been designed to enable the precise transport of a rigid body to a
predetermined position and to keep all the links aligned in the vertical direction. In [22], a
novel bidirectional fuzzy brain emotional learning controller is proposed, which enables
precise trajectory tracking for quadrotor UAV in the presence of payload uncertainties.In the
referenced documents [23,24], the authors addressed the issue of cable length discrepancies
within the system and engineered an adaptive control mechanism to enhance the fidelity
of the control scheme. References [25,26] incorporate the cable length into their control
strategies. Nevertheless, the swing angles of the payload are not taken into account
during the control design process, which may result in reduced performance in anti-swing
control measures.

To ensure the precision and stability of the quadrotor UAV transport system, this paper
has delved into the problem of anti-swing control and the elastic deformation of the cable.
We have developed an adaptive controller that integrates energy functions with barrier
Lyapunov functions. This paper addresses the non-linear and underactuated characteristics
of the quadrotor UAV transportation system, aiming to achieve precise position control
and anti-swing capabilities. Precise position control and effective anti-swing management
of the quadrotor UAV suspension transportation system enhance the overall stability and
safety of the system, which is crucial for the operation of the UAV and the safety of the
payload. Unlike the Lagrange modeling approach used in [23], this paper employs the
Newton-Euler method for force analysis in dynamic modeling, which obviates the need
for subsequent additional force analysis on the cable. Furthermore, in the design of the
controller, this paper introduces an integral barrier Lyapunov function to describe the
nonlinear constraints of the system, thereby further enhancing the stability of the system.

The improved precision in control capabilities enable quadrotor UAVs to perform more
complex and delicate tasks, such as cargo transportation, aerial rescue, and environmental
monitoring in high-altitude or hazardous areas. The adaptive control design ensures
that the system maintains good control performance in the face of uncertainties such as
unknown cable length, enhancing the system’s autonomy and robustness.
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The main innovations and contributions of this research can be summarized as follows:

e The paper employs an energy-based approach to successfully achieve anti-swing
control of the quadrotor UAV transport system while carrying a payload.

¢ By utilizing barrier Lyapunov function to describe the system’s non-linear constraints,
the controller’s performance is further optimized, and a double-closed-loop nonlinear
controller is designed to achieve stable control of displacement and attitude angle.

¢ Through the application of adaptive estimation, the length of the cable can be adjusted
in real-time, thereby significantly improving the control accuracy of the quadrotor
UAV transport system.

*  The control stability of the quadrotor UAV transport system has been comprehensively
verified by the Lyapunov theory and the LaSalle’s invariance theorem.

The structure of this paper is as follows: In Section 2, the dynamical model of the
quadrotor UAV transportation system is introduced in detail. Section 3 delves into the
design of controllers based on the energy method and the obstacle Lyapunov function,
and the asymptotic stability of the control system is proven using the Lyapunov theory
and LaSalle’s invariance theorem. Section 4 presents the results of simulation experiments.
Finally, in Section 5, we summarize the main conclusions of this paper.

2. Dynamic Model of the Quadrotor UAV Transport System

A quadrotor UAV transport system consists of a quadrotor UAV, a cable, and a sus-
pended payload, as shown in Figure 1. In order to describe the attitude and position
information of the quadrotor UAV with the suspended payload more accurately, three coor-
dinate systems are established, namely: the inertial reference frame O, = {x,, Ve, 2.}, the
body reference frame Oy, = {x}, yp, 25 }, and the payload reference frame Oy, = {x;,, yy,, zj, }.

A

Figure 1. Quadrotor UAV transport system configuration.

The rotational matrix from Oy, to O, is indicated by R} as shown below:

CpCop  SpSeCyp — SyCp  CpSeCy + S¢Sy
R} = SpCo  SpSeSy + CeCy  CpSeSy — CySep |, (1)
—Sp CoS¢ CoCo
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where s; and c; are sin(i) and cos(i) abbreviations, respectively. And the rotation matrix
from Oy, to O, is indicated by Rfl as shown below:

Cy 0 Sa
Ry = SaSp —cp —SpCa . (2)
S,XC}_U, Sﬁ —C,XC/;

The motion of the quadrotor UAV transport system can be accurately represented by
two different vectors. Firstly, the vector R = (x,y, Z)T of translational motion represents
the position of the system in the three-axis direction with respect to the inertial reference
frame. The second is the vector of Euler angles A = (¢, 6, 1,L7)T, which describes the three
Euler angles of the system. The positional information of the payload is represented by two
swing angles « and B. The masses of the UAV and the payload are denoted by M and m,
respectively, and the tension and length of the sling are denoted by T and L, respectively.

Unification of forces in different reference frames in the quadrotor UAV transport
system based on the above rotation matrices.

C¢ Sg Clp + S(/; S¢
Fe(t) = Fy(t) |l [ CpSeSy — CySp ] €)
CypCo

where F,(t) = (F.x, Foy, Foz) € R3 and F,(t) = (Fyx, By, F,z) € R3 represent the forces on
the system in O, and Oy, respectively. And || F(t) || is represented as the Euclidean norm
of Fy(t). The specific expression of Fe(t) is:

Fex(t) =|| Fy(t) || (CpSeCy + SpSy),
Foy(t) =l Fy(t) | (CpSeCy — S9Cy), (4)
Fez(t) :H Fb(t) H CtPCG-

And the forces F,(t) = (F,x, Fyy, Fyz) € R®in Oy, can be obtained:

Fu(£) = Rj, () Fe(t). ®)

The specific expression of Fy(f) is:

th(t) = Fex(t)czx + Fez(t)sou
{ th(t) = Fex(t)S,xSﬁ — ng(t)clg — Fez(t)SﬁC,x, (6)
th(t) = Fex(t)SaC,g + Fey(t)Sﬁ — Fez(t)CaC,g.

The positional relationship between the quadrotor UAV and the payload can be
represented as:

Ry, (£)=Ry(£) + L(t)7(t), )
where Ry, (f) = [xh,yh,zh]T € R3 is the position of the payload, R, (t) = [xb,yb,zb]T € R3is

the position of the UAV, and #(t) = [SaCg, Sg, —CuCp| T
The forces on the UAV can be described as:

MRy (t) = Fo(t) + T(t)(t) = Gy, ®)

where G, = [0,0, Mg]” € R3, and g is the acceleration of gravity. And the force analysis for
the suspended payload is as follows:

mRy(t) = =T(t)y(t) — Gy, €)
According to Equations (7)—(9), a specific expression for the tension T'(t) can be obtained:

m

T =~ 35m

(ROt~ Lm0 Ti(t)), (10)
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where Fy(t) = [—Fex, —Fey, Fez] T and o(t) = [sacp,5p, —CaCp] T
Through the Newton-Euler method, the UAV transport system is analysed in terms of
forces, and then after unifying the reference frame, the dynamic equations of the system in
the inertial reference frame O, can be obtained as follows:
MRy (£) = Fo(t) + T(8)n(t) = Gy,

W= 24BSp Fox(t)CatFez()Sa

=G ML(Cs (11)
s FEMT .
B= M(L)(t)l — i*84Cp,

where ¢ = [S4Sg,Cp, CiSp] Tis an auxiliary vector.

In the quadrotor UAV system, in order to adjust its attitude angles, the speeds of the
individual rotors are typically adjusted to generate an unbalanced torque. This torque
enables the UAV to rotate around an axis perpendicular to its body, thereby changing
its orientation.

Based on this, the dynamic model of the quadrotor UAV’s attitude can be described as:

A(t) = x(8) +u(b), 12
where
u(t)=1[ ua(t) us(t) wua(t) |, ]
x(t) = [ 91;‘:(1;;12) ‘M’(IIzy*Ix) 459(1;;11/) ] . (13)

3. Control Scheme Design

In this section, an in-depth analysis of the energy characteristics of the quadrotor
UAV transportation system has been conducted, and a design scheme for a nonlinear
anti-sway controller based on the energy method has been proposed. In addition, the
control scheme also meticulously considers the issue of cable length changes due to elastic
deformation, thus incorporating this key factor into the control strategy of the quadrotor
UAV transportation system. The design of the system is based on assumptions, which are
presented in the Appendix A. Through this design, it is possible to control the swing of
the UAV during payload transportation more accurately, ensuring system stability and
transportation efficiency.

3.1. Construction of Energy Functions

This section is dedicated to the design of an anti-swing reduction control scheme
for the quadrotor UAV transport system. Addressing the issue of underactuation in the
suspended payload, an energy function is constructed to describe the relative motion state
between the UAV and the payload, ensuring stable control of both the UAV’s movement
and the suppression of the payload’s swing angle. Furthermore, considering the unknown
elastic deformation length of the cable, an adaptive control design is proposed.

Considering the mechanical energy E;(t) of the quadrotor UAV transport system,
which comprises both the system’s kinetic energy and potential energy. The kinetic energy
of the quadrotor UAV can be defined as:

Ea(t) = 5 Ro(t) MRy (). (14)

Taking the derivative of Equation (14) with respect to time results in.

Ea(t) = 2 Ro(t) MRy (). (15)
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The kinetic and potential energy functions of the payload can be defined as:

1. .
En(t) = ERh(t)TmRh(t) + L(t)mg (1 — CaCp). (16)
Taking the derivative of Equation (16) with respect to time results in.

m
M+m

B(t) = m(cb - n() (L) - n(t)TPea)))Rb(t). (17)
To describe the subsequent control design and stability analysis more clearly, the
following auxiliary signals p,(t), py(t) are defined as:

pa(t) = (keRy (1)) (1),
{ py(t) = (kpeb(t))ﬂﬂt)' (18)

where e;(t) = Ry (t) — R, is the displacement error of the UAV, and Ry = [Ra,, Ry, Ri.] T ¢ RS
is the target position coordinate of the UAV, and its derivative with respect to time is zero.
In Equation (18), k, and k; € R3*3 are two diagonal positive definite gain matrices.

To achieve more precise control over the UAV’s flight performance, the total thrust
generated by the UAV must be skillfully decomposed into two components: a force f, ()
parallel to the cable, and a force fg(t) perpendicular to the cable. The primary role of fu(t)
is to counteract the weight of the payload and correct positional deviations in the flight
path, while fg(t) is dedicated to minimizing the swinging motion of the payload, ensuring
overall stability and operational accuracy. The specific expression for f, () is:

) = s e |~ (M -+ kg S BOR (1268 4 210 + ) + )| (19)

In Equation (19), L(t) is used as an estimate for the unknown length of the cable.
Meanwhile, the estimation error of the cable length can be defined as L(t) = L — L(t), and
an adaptive update law can be designed as follows:

L(t) = ASEPC(% (a2C§ + /32) (be,xCﬁ + ]/bsﬁ — ZbC5Ca)>, (20)

where A is a positive constant, and the function spec(e) is defined as:

. 0,if L(t) =0andi <0

=< 21
specti) = { o o1
The controller for the quadrotor UAV transport system is designed with non-linear
constraints arising from the UAV's state equations and dynamic characteristics. To improve
the controller’s performance and ensure the UAV’s stable operation under these non-linear

constraints, barrier Lyapunov functions are utilized in the controller design process.

Lemma 1. The function V(x), defined with respect to the system x = f(x) within an open
interval D containing the origin, is considered a barrier Lyapunov function if it meets the following
conditions: 1. V(x) is continuous and differentiable within the interval D. 2. V(x) is positive-
definite within the interval D. 3. As x approaches the boundary of the interval D, V(x) — oo.
4. For all t > 0 and for any initial condition x(0) € D, there exists a positive number b such that
the solution of x = f(x) satisfies V(x) < b for all t.

The design of the integral barrier Lyapunov function is as follows:

ep gkz
Ve, _/ ek e 22
(eb 8) 0 k% _ (Q +€)2 ¢ (22)
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where k. represents the constraint range, and € € R3, & = ¢, (t) + R, represents state constraints.
Based on the constructed energy function of the quadrotor UAV transport system and
the designed integral barrier Lyapunov function, the Lyapunov function is designed as:

& gk
V(t):kbEb+khEh+kf/0 - (23)

C—(g—|—£)2

The derivative of time can be obtained by taking the derivative of time for both sides
of V(t) at the same time.

. ) exk?
V(t) = xp | kpyFox + (kpx — k) TSaCp + ———-F——
( ) h( bxtex ( bx hx) a-p k%x _ (€x+€x)2>

eykgy
+ b | Koy Fey + (Kpy — Ky ) TSp+ ———L (24)
( ( ) k2, — (ey +ey)

ek
+ Zy <kszgZ — (kpy — khz)TC}gC“ + zh¢z 5 — (Mky, + mkhz)g> .

k2, — (ez +¢z)

To ensure that V(t) < 0, it is only necessary to design a controller such that:

k2 .
kpyFex + (kbx - khx)TStXC‘B + k%x,eeerex)Z = —kxyp,
_ eykey —
Ky Fey + (khy khy> e P ki, (25)
2
kpzFez — (kpz — khz)TcﬁCw + % — (Mky, + mkp,)g = —kzp.

By organizing the specific expression of T from Equation (10) and the relationship
between F,(t) and F,(t) from Equation (6), we can obtain:

@, = —kyFyy (£)Cp — kntFiy (1)Sp + 6(£)L(t)Sp, (26)

{ 0, = _kahx(t)Ca — kahy(t)Sth‘B + kMth(t)SaCﬁ; + (S(t)L(t)SaCﬁ,
03 = _kahx(t)Sa + kahy(t)S‘[jCa — kMth(t)CucCﬁ + 5(t)L(t)CaCIB,

The expression for the controller can be obtained by organizing Equation (26):

Fi(t) = = - (©1Cy + @354,
Fiy (1) = — 1 (©1545p + @2C5 — ©355Cs), (27)
Fiz(t) = - (©154Cp — @255 — ©3CuCp + 6(£)L(1)).

where Equation (27) is an implicit equation, as shown in Equation (6), where Fj,x is a
function of # and . And ®;, ®;, and ©3 are auxiliary quantities, and their specific
expressions are:

kykZ ey .
O = m +kxq(h),
kykz, e .
02 = g ol )
cx Yy Yy
kyk2,e, ;

And k,—k; ymM
{ 5(t) = GehmMy ()T (p), (29)

From the design of the energy function, it is evident that k; and kj, respectively
determine the emphasis placed on the UAV’s position and the swing of the suspended
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payload within the controller. This means that as the difference between kj, and k;, increases,
the influence of the “anti-sway action” within the controller becomes more significant,
while if this difference decreases, its impact diminishes accordingly.

Define the attitude angle errors ex (t) = A(t) — Ay, where Ay = [ ¢a 04 g
represents the desired attitude of the quadrotor UAV. Drawing from the dynamic model
of the attitude angles (Equation (12)) and considering the attitude angle errors during the
UAV’s flight, we have designed a nonlinear attitude angle controller.

]T

b4 (1, 1)

up(t) = ———7—= — kpuzep(t) — ko — kru2,

u3(t) = 7%;19() - kpu366(t) - kdu39 - kruBQr (30)
po (L —1I, .

ua() = — P00 e ()~ kauah — ks

where kyy, kg, kry € Ry are all control gains.

As shown in Figure 2, this is the double closed-loop nonlinear control scheme designed
in this paper. The controller integrates energy-based methods and integral barrier Lyapunov
functions, achieving precise closed-loop control of the position and attitude angle for the
quadrotor UAV transportation system.

Quadrotor UAV target V()
yaw attitude angle

U,(0)
X d >
Solving for —
quadrotor quadrotor é,(t) v:0 uadrotor
quadrotor Ya UAV anti- UAV target ¢ > quadrotor d UAV
T et BN EAT S G
p z g 9{{ () Controller system
d and total rotor U, (0)
> lift iy !

;A
| $(0) H(I)V/(t)l

xo(1) yo(1) 2, (1) a(t) B(2)

Figure 2. Block diagram of the control system.
3.2. Stability Analysis of Controller

Theorem 1. The quadrotor UAV suspension system described by Equation (11) can effectively
achieve the gradual approach of the UAV’s position to a predetermined target point through the
controller designed in Equation (27). During this process, the swaying angle of the suspended load
is also effectively controlled to ensure that the system stably converges to a balanced state such that

lim [R,, Rya, B, &, B] = [R4,0,0,0,0,0]. (31)
—00

Proof of Theorem 1. The Lyapunov function can be designed as:

5dg + 1)\iz(t). (32)

V() = keEy + By + ks [ 5K
()—bb+hh+f/0 k2 3

c_(€+€)
O

By substituting Equation (27) into Equation (32) and organizing the result, we can obtain:

V(£) = —Ry(8) KRy (1) + (8(5)7 () Ro(t) — spec(8(tyn(®) Ry(1)) ) L(H).  (33)
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According to the previous Equations (20) and (21), the following inequality can

be obtained.
(8B Ry (1) = spec(a(tyn()) Ry (1)) ) L(1) < 0. (34)

Thus, it can be concluded that
V(E) = =Ry (8) KRy (1) + (8(1)1 (1) Ro(t) = spec(a(tyn (1) Ry(1) ) ) L(H) < 0. (39)

From the above results, it can be concluded that V(t) € L, and based on the fact
that Ej (¢ ), fo" - g+€) »dg, L2(t) > 0, it can be inferred that they are bounded. By

utlhzmg the conclus10n that Ej,(t) € Leo, it can be derived that Ry () € Leo. Then, due to
the boundedness of Ej(t) and the unit vector 7(t), it can be concluded that R, () € Le.
Given the boundedness of Ry (t) and Ry, (t), it can be inferred that 7j(#) € L. Based on this
inference, we can conclude that all signals in the quadrotor UAV transportation system
are bounded.

Given the boundedness of all state variables, the Barbalat’s lemma can now be em-
ployed to prove Theorem 1. For this purpose, the set ) is defined as follows:

Q={V() =0}, (36)

Lemma 2. By Barbalat’s theorem, assuming that there exists a function f(t) which is uniformly
t

continuous in [0,00) — R and that there exists tlim J f(T)dt < oo, a limit tlim f(t) = 0 exists.
— 00 — 00

According to Equation (32):

Ea(t) = o Ro() MRy(1) < V(1) < V(0). 37)

Ry (t) is bounded according to Equation (37). Similarly, this also means that the other
state quantities are also bounded.

From Equations (32) and (35), there exists 0 < V(t) < V(0), that is, V(t) is bounded.
Integration of Equation (35) can be obtained:

V(t) — V(0) < — / V(t)dr. (38)
0

From Equation (38), it can be obtained that:

t
/ V(t)dT < V(0) - lim V(t) < oo, (39)
— 00
0
It can be obtained from Equation (39):
t
/V t)dt < co. (40)
0

According to Equations (35), (40) and Lemma 2 the following can be obtained:

tli>n;> Ry(t) =0,
Jim L(t) =0, (41)
lim d(t) = 0.

t—o0
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And Equation (11) can be rewitten as:

0 Fie () S.Cp 0
{ 0 ] = R;[ Fyy (t) —|—5(t)L(t)[ Sg ] - { 0 ] (42)
0 T s (£) —CaCp Mg

Equation (42) can be regarded as an equation system involving Fy(t), Fy, (t), Fyz(t),
and by solving this equation system, the specific mathematical expressions for Fy,(t), Fy, (
F,»(t) can be obtained:

Fue(£) MgSaCp 0
[F,M ] :[ e ” ; ] ”
Fy:(t) —(M+m)gCuCp mL(£)7 (£) 77 ()

The result can be obtained by substituting Equation (43) into the designed controller (27):

~
~—

7

©1 = kymgSuCaCp® + kymSpCaL ()i (t) 71 (1),
©, = kymgSCaCp + kymSpL ()7 (1) 17 (1), (44)
@3 = —k, Mg — kymgCa®Cp* — kymCoCgL(t)i7 (1) 11 (1).

Take the time derivative of both sides of Equation (44), since @1, ®y, @3 = 0, the
following expression can be obtained:

#(S:2CuCh? + CaOCy? + (2Ca2 + ) Gy ) = . (45)

Then we intend to employ the method of proof by contradiction to demonstrate that
& = 0, B = 0. We assume that within some subset of set Q, there exists a point that does
not satisfy the condition of having & # 0, B # 0. Based on Assumption 1, we find that
C,>0,C g > 0. Furthermore, the outcome of Equation (40) clearly leads to the following
conclusion:
Sa*CaCp? =0,
Ca’Cp* =0, (46)
&Cy+ p* = 0.

Based on Equation (46), we can derive the following equation:

{520 @)

d =0,
150 )

The conclusion of Equation (48) conflicts with the assumption that there exists a point
in set Q) such that & # 0, ﬁ # 0. Therefore, it can be inferred that the point in set () does
not actually exist, and thus & = 0, 3 = Oinset Q. Andisalso& =0, =0,a =0, = 0.
Substitute the above result into Equation (36):

0, =0,
0, =0, (49)
O3 = —(Mkb + mkh)g

Based on Equations (26) and (49), it can be obtained that:

0
ey(t) = { 0 ] (50)
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According to the Barbalat’s lemma, prove that e, (t), R, (t), a(t), &(t), B(t), and B(t)
in the quadrotor UAV transportation system all asymptotically converge to the equilib-
rium point.

Consider a Lyapunov function candidate for attitude angle control:

/ 1

V() = LA ke ) + Sen () kpuen(t) + 3 A0 k(D) 51)

Taking the derivative of Equation (10) with respect to time results in.

o ([ 0y(I, — I,
Viit)=¢ (4’<ylx) +ua(t) +kpurep(t) + km24>),

+6 ((PIP(I‘;_IX) +uz(t) + kpuseqp(t) + kru39) , (52)
y

1IJ <¢9(Iz) + u4( ) + kpu4elli(t) + kru4lp> .

Replacing Equation (30) in (52), it can be organized as:
V(#) = = A1) kuA(t) < 0. (53)

By Equation (53), it indicates that V'(t ) € Lo, and the state variables of the system
A(), A(t), en(t) € Leo. The case V' (t) = 0 only occurs when all the state variables are all
equal to zero at the same time, so we can prove that the attitude loop subsystem can be
asymptotically stable by (53).

4. Results

In this section, to evaluate the control performance of controller 27 for the quadrotor
UAV transportation system, numerical simulations were carried out for position control
and anti-swing control. A comparison was also made with a nonlinear antiswing control
method in [27] and the LQR control method in [28], highlighting the superiority of this
control strategy.

The desired attitude of the quadrotor UAV is provided by the position loop control
strategy, while the required yaw angle is given by the navigation system.

\/Fex )"+ Fey( t)? +FeZ(t)2

Qd = arctan( FZ E:;) (54)

¢, = arctan ( 1;28 )

The system parameters are as shown in Table 1.

Table 1. Parameters of the quadrotor UAV transport system.

Parameter Value

M 0.68 kg

m 0.08 kg

L 0.9m

8 9.81 m/s?
kaI kbyr kbz 0.7,0.6,0.85
khxr khy/ khy 3,3,2.6

A 1.1

kx, ky, ky 0.3,0.3,0.55




Drones 2024, 8, 420 12 of 22
The designed comparative controller is:
Fox(t) = —kpxex(t) — kix [ epy (£)dT — kgréx(t),
“YPXD‘( )+ kle f (t )dT + kfydx“( ),
+k’YP%B ) +k 'yzy f ;B dT + k’ydy,B( )
Pez(t) == —kpzex(t) IZ febz dT kdzez(t) - (M+m)g.
The gains of the controller are selected as:
ky = diag([ 0.6 0.6 095 D
k,-:diag([OOZ 0.02 003])
kd:diag([OS 0.5 05])
2 07 0 0]
"= |0 06 0 | (56)
L _[oo1 0o 07"
"1 0.01 0
L _[06 0 01"
MT10 0 06 0|

The simulation experiment was divided into three groups, in Case 1 Position Control,
the primary focus is on conducting a comparative analysis of different control strategies in
terms of their dynamic performance in system displacement control. Case 2 Anti-swing
Control emphasized the comparison of the impact of these control strategies on the dynamic
performance of system payload swing angle control. Case 3 Robust Control is centered on
the evaluation of the robustness performance exhibited by various control strategies.

4.1. Case 1: Position Control

In this case, a stable quadrotor UAV transport system is required to be commanded to
reach a specific target point. The initial parameters of the system are as shown in Table 2,
with the elastic deformation of the cables taken into consideration. The simulation results
are presented in Figures 3-8. To more clearly demonstrate the control performance, error
curves for the R (t) and the two swing angles a(t), B(t) are plotted.

Table 2. Initial parameters of the quadrotor UAV transport system in Case 1.

Parameter Value
R, (0) O0m,0m,0m
Ry 4m,3m,2m
«(0) 0
g(0) 0
kex, key, kez 5,5,2

In this case, the quadrotor UAV transportation system is initially in a stable state and
now needs to be moved to the target point. Figures 3 and 4 illustrate the positions control
and anti-swing control of the quadrotor UAV transportation system while carrying a payload.
Figure 5 illustrates the dynamic process of the system’s attitude angle control. The change in
length of the cable due to elastic deformation is depicted in Figure 6. And the errors in the
system’s displacement and payload swing angle are shown in Figures 7 and 8, respectively.

Based on the data analysis from Table 3, the control scheme proposed in this paper
demonstrates a more stable and rapid displacement control performance compared to both
nonlinear antiswing controller and LQOR controller.
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I
LQR Controller

—==Nonlinear Antiswing Controller
— Proposed Controller

10 15 20 25 30
Time (s)
I
""" LQR Controller
—==Nonlinear Antiswing Controller|
—— Proposed Controller H
I I I I
10 15 20 25 30
Time (s)
----- LQR Contro\‘ler
—==Nonlinear Antiswing Controller|
—— Proposed Controller
I I I I
10 15 20 25 30
Time (s)

Figure 3. The positions control of the system in Case 1.

Table 3. Positions result of the position control in Case 1.

Simulation Experiments LQR Control Nonlinear Antiswing Control Proposed Control
Adjusting Time of positions 10.4s 11.1s 9.6s
Overshoot of x(t) 481 m 440 m 423 m
Overshoot of y () 3.86m 3.35m 3.16m
Overshoot of z(t) 2.34m 251 m 2.09 m

I
""" LQR Controller
—==Nonlinear Antiswing Controller|
—— Proposed Controller

10 15 20 25 30
Time (s)
----- LQR Comro\‘ler
—==Nonlinear Antiswing Controller|
— Proposed Controller H
I I I I I
5 10 15 20 25 30
Time (s)

Figure 4. The swing angles control of the system in Case 1.
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According to the data from Table 4, the control scheme designed in this paper exhibits
superior anti-swing performance compared to both the nonlinear antiswing controller and
the LOR controller.

Table 4. Swing angles result of the position control in Case 1.

Simulation Experiments LOR Control Nonlinear Antiswing Control Proposed Control
Adjusting Time of anti-swing 14.6 s 16.8s 83s
Overshoot of «(t) 21.07° 11.37° 9.67°
Overshoot of B(t) 17.54° 8.31° 6.43°
20 !
""" LQR Controller

—==Nonlinear Antiswing Controller
— Proposed Controller

0 5 10 15 20 25 30
Time (s)
I
""" LQR Controller
—==Nonlinear Antiswing Controller |
—— Proposed Controller
-10 I I I I I il
0 5 10 15 20 25 30
Time (s)
40 I
----- LQR Controller
—==Nonlinear Antiswing Controller|
— Proposed Controller
_20 Il Il Il Il Il
0 5 10 15 20 25 30
Time (s)

Figure 5. The attitude angles control of the system in Case 1.

In Figure 6, the attitude angles of the quadrotor UAV are maintained within a reason-

able range, demonstrating good stability.

0.96

0.94

Eoo2f
.}

0.9

0.88

10

15
Time (s)

20 25

Figure 6. The cable length of the system in Case 1.

30
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I
----- LQR Controller
—==Nonlinear Antiswing Controller

— Proposed Controller

Error-x(m)

0 5 10 15 20 25 30
Time (s)
I
""" LQR Controller
—==Nonlinear Antiswing Controller|
'\ T . —— Proposed Controller H
et
E
?\ 4
g
i
I I I I
10 15 20 25 30
Time (s)
1 I
----- LQR Controller
—==Nonlinear Antiswing Controller|
—— Proposed Controller
EOf ?
§ |
S H
m-1r i 8
i
F)
) I I I I I
0 5 10 15 20 25 30
Time (s)

Figure 7. The position errors of the system in Case 1.

I
""" LQR Controller
—==Nonlinear Antiswing Controller|
—— Proposed Controller il

10 15 20 25 30
Time (s)

I
----- LQR Controller

—==Nonlinear Antiswing Controller|
—— Proposed Controller H

0 5 10 15 20 25 30
Time (s)

Figure 8. The swing angles error of the system in Case 1.

4.2. Case 2: Anti-Swing Control

In this case, the quadrotor UAV transport system with an unstable initial state is
required to perform control to suppress the swinging of the payload. The initial parameters
of the system are as shown in Table 5, with the elastic deformation of the cables taken into
consideration. The simulation results are presented in Figures 9-14, Tables 6 and 7. To
more clearly demonstrate the control performance, error curves for the Ry (t) axes and the

two swing angles a(t), B(t) are plotted.
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Table 5. Initial parameters of the quadrotor UAV transport system in Case 2.

Parameter Value
Ry(0) Om,0m,0m
R4 0Om,0m,0m
«(0) %
B(0) z
kex, kcy/ kez 0.8,0.8,0.75

In this case, the quadrotor UAV transportation system is initially unstable. The
current task requires the quadrotor UAV to stabilize the payload angles of the swing.
Figures 9 and 10 illustrate the positions control and anti-swing control of the quadrotor
UAV transportation system while carrying a payload. Figure 11 illustrates the dynamic
process of the system’s attitude angle control. The change in length of the cable due to
elastic deformation is depicted in Figure 12. And the errors in the system’s displacement

and payload swing angle are shown in Figures 13 and 14, respectively.

I
----- LQR Controller

—==Nonlinear Antiswing Controller|
— Proposed Controller

10 15 20 25 30
Time (s)

I
""" LQR Controller

—==Nonlinear Antiswing Controller
—— Proposed Controller L

0 5 10 15 20 25 30
Time (s)
I
""" LQR Controller
—==Nonlinear Antiswing Controller|
—— Proposed Controller
E
N
Il Il Il Il
10 15 20 25 30
Time (s)

Figure 9. The positions control of the system in Case 2.

Table 6. Positions result of the position control in Case 2.

Simulation Experiments LOR Control Nonlinear Antiswing Control Proposed Control
Adjusting Time of positions 10.6 s 123s 9.1s
Overshoot of x;(f) 0.17 m 0.12m 0.16 m
Overshoot of y () 0.38 m 0.17m 0.19m
Overshoot of z; () 0.02m 0.15m 0.02m
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I
----- LQR Controller

—==Nonlinear Antiswing Controller
— Proposed Controller H

5 10 15 20 25 30
Time (s)

I
""" LQR Controller
—==Nonlinear Antiswing Controller| |
—— Proposed Controller

-20 1 1 1 1 1
0 5 10 15 20 25 30

Time (s)

Figure 10. The swing angles control of the system in Case 2.

Table 7. Swing angles result of the position control in Case 2.

Simulation Experiments LQR Control Nonlinear Antiswing Control Proposed Control
Adjusting Time of anti-swing 8.26s 6.80s 490s
Overshoot of «(t) 10.47° 8.41° 8.03°
Overshoot of B(t) 12.78° 8.36° 7.72°

I
----- LQR Controller H
—==Nonlinear Antiswing Controller
— Proposed Controller

10 15 20 25 30
Time (s)

I
""" LQR Controller

—==Nonlinear Antiswing Controller|
—— Proposed Controller L

10 15 20 25 30
Time (s)

I
""" LQR Controller
—==Nonlinear Antiswing Controller|

—— Proposed Controller I

10 15 20 25 30
Time (s)

Figure 11. The attitude angles control of the system in Case 2.
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1.05

Eo9s5]]
-

085 Il Il Il Il Il
0 5 10 15 20 25 30

Time (s)

Figure 12. The cable length of the system in Case 2.

0.2

I
----- LQR Controller

—==Nonlinear Antiswing Controller
—— Proposed Controller

Error-x(m)

10 15 20 25 30
Time (s)

I
""" LQR Controller

—==Nonlinear Antiswing Controller|
— Proposed Controller L

Error-y(m)

0.4 I I I I I
0 5 10 15 20 25 30
Time (s)
----- LQR Contro\‘ler
—==Nonlinear Antiswing Controller|
—— Proposed Controller
I I I I
10 15 20 25 30
Time (s)

Figure 13. The position errors of the system in Case 2.

30

I
----- LQR Controller

—==Nonlinear Antiswing Controller|
— Proposed Controller H

5 10 15 20 25 30
Time (s)

Figure 14. Cont.
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I
----- LQR Controller
—==Nonlinear Antiswing Controller| |
— Proposed Controller

-20 1 1 1 1 1
0 5 10 15 20 25 30

Time (s)

Figure 14. The swing angles error of the system in Case 2.

4.3. Case 3

In this case, once the quadrotor UAV transport system has achieved a state of stability,
a disturbance is intentionally injected at the 10.5 s mark to evaluate the robustness of
the controller.

The simulation results are presented in Figures 15 and 16. From the simulation results,
it can be seen that when the system reaches a steady state, the system as a whole suddenly
encounters the same disturbance, and the feedback and suppression of the perturbation
are different for different controllers. The outcomes clearly show that the control scheme
proposed in this paper exhibits greater robustness compared to both the LQOR controller
and the nonlinear antiswing controller.

I
----- LQR Controller
—==Nonlinear Antiswing Controller

......... — Proposed Controller

10 15 20 25 30
Time (s)
I
""" LQR Controller
—==Nonlinear Antiswing Controller|
T —Proposed Controller H
Il Il Il Il
10 15 20 25 30
Time (s)
I
""" LQR Controller
—==Nonlinear Antiswing Controller|
—— Proposed Controller
TS
o
Il Il Il Il
0 5 10 15 20 25 30
Time (s)

Figure 15. The positions control of the system in Case 3.
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I
----- LQR Controller
—==Nonlinear Antiswing Controller
— Proposed Controller

0 5 10 15 20 25 30
Time (s)

I
""" LQR Controller

—==Nonlinear Antiswing Controller|
— Proposed Controller L

-20 1 1 1 1 1
0 5 10 15 20 25 30

Time (s)

Figure 16. The swing angles control of the system in Case 3.

5. Conclusions

This paper derives the dynamical model of the quadrotor UAV transportation system
using Newton-Euler equations and proposes a control strategy based on the energy method
and an barrier Lyapunov function. Building on position control and anti-swing control,
combined with the force analysis in Newton-Euler equations, this paper introduces an
adaptive control design for the unknown cable length connecting the UAV and the payload.
The asymptotic stability of the control system is verified using Lyapunov’s theory and the
LaSalle’s invariance principle. Ultimately, compared to traditional controllers, the control
scheme proposed in this paper exhibits superior performance in terms of displacement
control and anti-swing control.

This paper employs the Newton-Euler modeling method, which clearly reveals the
interactions between forces. We conducted independent force analyses on the UAYV, cable,
and payload, providing convenience for future research, especially in dealing with special
cases of specific system components and stable control studies under external disturbances.
Additionally, due to elastic deformation, the length of the cable may change, and updating
the cable’s length in real-time can effectively reduce positioning errors of the payload,
ensuring the accuracy and stability of system control. By applying barrier Lyapunov
functions, Lyapunov stability theorems, and LaSalle’s invariance theorem, we ensured that
the designed controller exhibits good precision and stability during the dynamic regulation
of system displacement, attitude angle, and payload swing angle.

6. Future Work

Future research will focus on addressing the uncertainty of model parameters in
the quadrotor UAV transportation system and the potential external disturbances that the
system may encounter during operation. Given the underactuated nature of quadrotor UAV
transportation systems, in-depth exploration of controller design with strong robustness
against disturbances is a research direction of significant practical application value.
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Appendix A
Assumptions

¢  The suspended payload can be considered as a particle, with its attachment point
aligning with the center of mass of the quadrotor UAV. Additionally, the payload
remains beneath the UAV at all times, indicating that the swing angles a € (—900, 90°),
B € (—90°,90°).

*  The quadrotor UAV and its propellers are structurally identical and rigid, with each
propeller generating thrust that is mutually aligned.
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