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Highlights

What are the main findings?

• The proposed Mamba-2 block utilizes the state-space model that captures long-term
dependencies in innovation sequences, enabling direct and accurate prediction of time-
varying measurement noise variance.

• The proposed MSCDEKF framework uniquely integrates a square-root continuous-
discrete extended Kalman filter with the Mamba-2 model, simultaneously ensuring both
accuracy and robustness in UAV-based bearings-only tracking, maintaining stable and
precise results while countering time-varying measurement noise.

What are the implications of the main finding?

• The MSCDEKF eliminates the need for manual parameter tuning and avoids posterior
approximation errors, offering a more practical and accurate solution for real-world
UAV BOT under unknown and time-varying noise conditions.

• The integration of Mamba-2 with square-root continuous-discrete EKF provides a robust,
numerically stable, and computationally efficient framework that can be extended to
other UAV problems with low observability and complex noise environments.

Abstract

Using UAVs for bearings-only tracking (BOT) of moving targets is a key challenging issue
due to weak observability and time-varying measurement noises. To overcome these
limitations, we introduce a hybrid framework that integrates a square-root continuous-
discrete extended Kalman filter (MSCDEKF) with the Mamba-2 neural network. The
MSCDEKF improves estimation accuracy and numerical stability under weak observability
conditions by adopting continuous-time state update while ensuring numerical stability
through square-root covariance implementation. Meanwhile, the state-space modeling
of the Mamba-2 network provides superior continuous measurement noise prediction
compared to conventional recurrent neural network approaches by explicitly capturing
signal evolution dynamics. Experimental validation in constant velocity (CV) and constant
turn (CT) UAV-based BOT scenarios demonstrates that our framework achieves the follow-
ing: (1) at least a 34.5% improvement in state estimation accuracy (measured by average
root-mean-square error, ARMSE) compared with variational Bayesian filters; (2) significant
improvements in noise variance estimation; and (3) parameter-free operation with minimal
manual tuning. This work establishes a different paradigm for robust UAV-based BOT in
complex environments characterized by unknown and time-varying noise conditions.
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1. Introduction
Unmanned aerial vehicles (UAVs), also called drones, are widely used in the field

of target tracking due to their mobility and flexibility, which allow UAVs to surveil large
areas and ignore the terrain environment, significantly enhancing tracking performance [1].
Bearings-only tracking (BOT) from UAV platforms, which relies solely on passive bearing
observations to track a target, also demonstrates certain advantages in terms of UAV’s anti-
interference capability, stealth, and survivability in hostile or electromagnetically contested
environments [2–4]. However, the BOT problems on UAVs remain a highly challenging
task due to its strong nonlinearity and potentially low observability [5–7]. The Kalman filter
(KF) is commonly used for linear target tracking [8], while the extended Kalman filter (EKF)
has been widely applied to nonlinear cases. However, the conventional EKF struggles with
insufficient observability in UAV-based BOT scenarios. The EKF incorporating continuous-
discrete system models (CD-EKF) improves state prediction accuracy by better aligning
with real-world conditions, where target states evolve continuously while measurements
occur discretely [9,10]. This enhancement significantly improves state estimation accuracy
under the low observability conditions characteristic in BOT tasks from UAV platforms.
Furthermore, square-root implementations of the EKF are widely adopted due to their
numerical stability [11]. Applying a square-root formulation to the CD-EKF enhances
the convergence properties of BOT tracking [12]. Therefore, our study primarily operates
within the framework of square-root-based CD-EKF.

In real-world scenarios, the statistical properties of measurement noise are often
unknown and time-varying, while accurate noise characterization is critical for filter perfor-
mance. Many studies have explored methods to estimate the measurement noise covariance
matrix. M-estimator-based filters, such as those employing the Huber function, correntropy,
and statistical similarity measures, improve robustness by detecting outliers and adjusting
noise covariance weights accordingly. However, these approaches rely on accurate initial
noise covariance assumptions and struggle with time-varying noise. The Sage–Husa adap-
tive Kalman filter (SHAKF) is a real-time maximum a posteriori noise estimator capable
of updating statistical noise characteristics adaptively [13]. However, SHAKF does not
guarantee convergence to the true noise covariance, which may lead to filter divergence.

The variational Bayesian-based adaptive Kalman filter (VBAKF) is a Bayesian ap-
proach that estimates the error covariance matrix by selecting an appropriate conjugate
prior distribution, enabling effective estimation of time-varying noise covariance [14,15].
Huang et al. [16] proposed a novel variational Bayesian adaptive Kalman filter (N-VBAKF)
for linear systems with inaccurate and time-varying process and measurement noise co-
variance matrices, achieving good results. Despite its advantages, N-VBAKF requires
multiple fixed-point iterations, which limits its practical applicability. To overcome this
issue, Qiao et al. [17] introduced a modified strong tracking sliding window variational
adaptive Kalman filter (MST-SWVAKF), which integrates a fading factor with a sliding
window-based VBAKF. This approach eliminates the need for fixed-point iterations and
adaptively adjusts the window length to balance computational efficiency and tracking
performance. While these VBAKFs effectively estimate time-varying noise, they remain
computationally inconvenient and rely on numerous empirically tuned prior parame-
ters, reducing their practicality. Particularly, inappropriate parameter configurations can
severely compromise the estimation performance. In addition, the VB method inherently
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introduces approximation errors in posterior distribution estimation, ultimately degrading
measurement accuracy.

The rapid advancement of deep learning has inspired new approaches to this prob-
lem. Several neural network architectures designed for sequential data processing, such
as vanilla recurrent neural networks (RNNs) [18], long short-term memory (LSTM)
networks [19,20], gated recurrent units (GRUs) [21], and Transformers [22], have been
explored for discrete observation processing and state estimation in an end-to-end, model-
free manner. However, these approaches require extensive training data and a large number
of model parameters due to the absence of explicit prior knowledge and models [23]. Con-
sequently, numerous studies have investigated the integration of filtering techniques with
deep learning methodologies. For instance, Xu et al. [24] proposed EKFNet, a framework
capable of automatically estimating process and measurement noise covariance pairs from
measurement data. But their approach involves intensive training processes and exhibits
limited generalization capabilities. Xu et al. [25] later introduced a Transformer-based
KF capable of adaptively adjusting measurement noise covariance. This approach lever-
ages a residual denoising autoencoder (RDAE) to process raw ephemeris data, enhancing
generalization ability. However, the RDAE and Transformer models employed in the
method are specifically designed for high-dimensional data, such as ephemeris data, mak-
ing their application to the BOT scenario challenging due to the inherently low-dimensional
and continuously varying nature of measurement noise. Revach et al. [26] developed
KalmanNet, an interpretable, and computationally efficient RNN-based state estimator.
KalmanNet utilizes a deep neural network (DNN) to directly compute the Kalman gain,
eliminating the need for explicit prior models. However, this design prevents it from
leveraging existing noise statistical models, and the low observability inherent to BOT
scenarios makes it difficult for RNNs to extract the necessary informative features. More
recently, Hao et al. [27] introduced RKFNet, which combines robust Kalman filtering with
deep learning techniques. While RKFNet effectively incorporates prior information such as
process noise covariance and dynamical models, it is primarily tailored for non-Gaussian
heavy-tailed noise rather than time-varying noise, limiting its suitability for BOT tracking.

In this work, we propose a novel square-root CD-EKF framework to address the UAV
BOT problem under time-varying measurement noise. By integrating the square-root CD-
EKF with the Mamba-2 model [28,29], our approach achieves robust and highly accurate
tracking performance. The Transformer scales quadratically along the input length, and it is
incapable of inference out of the input window. As a sub-quadratic model, Mamba-2 offers
higher computational efficiency compared to Transformer and enables sequential input
processing similar to RNNs without finite input windows. Inspired by control methods such
as the KF, Mamba-2 employs structured state-space model (SSM) to efficiently capture long-
range dependencies with linear-time complexity. Prior SSMs models are input-invariant
so they cannot perform as well as Transformer. Mamba-2 constructs SSM parameters
based on inputs, achieving an effect analogous to the attention mechanism of Transformer.
Consequently, Mamba-2 outperforms traditional RNNs and prior SSM models in modeling
continuous signal processes, facilitating more precise measurement noise estimation.

Furthermore, the square-root CD-EKF framework mitigates the challenges posed by
low observability in UAV BOT scenarios. Our proposed hybrid approach leverages the
strengths of both the Mamba-2 model and the square-root CD-EKF framework, offering
significant advantages over existing methods. Compared with VB-based approaches, our
method eliminates the need for extensive parameter tuning, making it more practical.
Moreover, it avoids the estimation errors associated with posterior approximations in VB
methods, resulting in improved accuracy. Compared with end-to-end DNN approaches,
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our method features lower model complexity, reduced computational and training costs,
and greater interpretability.

The main contributions of this work are summarized as follows:

1. We developed a systematic approach for generating training datasets specifically
designed for diverse BOT application involving drone adoption, ensuring robust
performance across varying conditions.

2. We propose a dual-execution strategy for Mamba-2: during training, it utilizes batched
processing with parallel observation sequences, similar to Transformer, to enhance training
efficiency. During UAV tracking, it adopts an RNN-like recurrent processing scheme with
single-step observations, ensuring computational efficiency in real-time filtering.

3. We designed a square-root CD-EKF framework integrated with Mamba-2 (MSCDEKF).
The MSCDEKF achieves stable and accurate performance when applied to UAV BOT
tasks under low observability and time-varying measurement noise.

To evaluate the effectiveness of the proposed method, we conduct experiments on
BOT tasks from an UAV platform using constant velocity (CV) and constant turn (CT)
models with time-varying measurement noise. The performance of the proposed approach
is compared against various benchmark filtering methods.

The remainder of this paper is structured as follows: Section 2 introduces the system
model and CD-EKF framework. Section 3 details the architecture of the Mamba-2 network
and the dataset generation process. Section 4 presents the proposed algorithm. Section 5
provides experimental results and analysis. Finally, Section 6 concludes the study.

2. CD-EKF Framework for UAV Passive BOT
Consider a nonlinear continuous-time stochastic state model represented by an Itô-

type stochastic differential equation (SDE):

dx(t) = F(x(t), t)dt + G(t)dωt (1)

where x(t) ∈ Rn denotes an n-dimensional state vector, F(x(t), t) = f ′(x(t), t) : Rn → Rn

denotes the drift function governing the dynamic behavior of the target, G(t) is a diffusion
matrix of size n, and ω(t) is a Wiener process (Brownian motion) with zero mean and
covariance matrix Q.

The CD-EKF framework relies on the predicted values of the state mean and error
covariance matrix, which satisfy the moment differential equations (MDEs) [30]:

x̂′(t) = F(x̂(t), t) (2)

P′(t) = J(x̂(t))P(t) + P′(t)JT(x̂(t)) + G(t)Q(t)GT(t) (3)

J(x̂(t)) :=
∂F(x̂(t), t)

∂x̂
(4)

where P denotes the a priori error covariance and J(x̂(t)) denotes the Jacobian of F(x̂(t), t).
The measurement zk collected by the sensor and the state x(tk) follow the discrete

measurement model:
zk = hms(x(tk)) + vk (5)

where k represents the discrete-time index, hms : Rn → Rmz represents the measurement
function, and vk represents the measurement noise, which follows a Gaussian distribution
vk ∼ N(0, R). Here, R is a diagonal covariance matrix.
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To obtain an accurate numerical solution to the MDE (2) at the next sampling time tk+1,
the CD-EKF employs the fourth-order Runge–Kutta (RK) method, given by the following:

x̂(tk+1|k) = x̂(tk|k) +
h
6
(k1 + k2 + k3 + k4)

k1 = F(x̂(tk|k), tk)

k2 = F(x̂(tk|k) +
h
2

k1, tk +
h
2
)

k3 = F(x̂(tk|k) +
h
2

k2, tk +
h
2
)

k4 = F(x̂(tk|k) + hk3, tk + h)

(6)

where h := tk+1 − tk denotes the time step size. x̂(tk+1|k) denotes the predicted state.
For the normal EKF, the error covariance can be calculated as follows:

P(tk+1|k) = F(x̂(tk|k))P(tk|k)FT(x̂(tk|k)) + Q (7)

In the CD-EKF framework, predicting the error covariance requires computing the
intermediate state x̂(tk+1/2). This is achieved using Mazzoni’s interpolation rule, expressed
as follows [31]:

x̂(tk+1/2) =
1
2

[
x̂(tk|k) + x̂(tk+1|k)−

h2

4
J(x̂(tk|k))F(x̂(tk|k))

]
(8)

where tk+1/2 := tk + h/2 represents the midpoint of a time step.
Subsequently, the intermediate variable matrices L(tk+1/2) and M(tk+1/2) are com-

puted as follows:

L(tk+1/2) :=
[

In −
h
2

J(x̂(tk+1/2))

]−1
(9)

M(tk+1/2) := L(tk+1/2)

[
In +

h
2

J(x̂(tk+1/2))

]
(10)

where In denotes an n-dimensional identity matrix.
The square-root CD-EKF propagates only the square root of the error covariance,

S(tk|k), over time, ensuring numerical stability and preserving the positive definiteness of
the covariance matrix. The relationship between S(tk|k) and the error covariance P(tk|k) is
given by the following:

P(tk|k) = S(tk|k)S
T(tk|k) (11)

By maintaining a positive definite error covariance matrix, the square-root CD-EKF
enhances numerical robustness and ensures reliable state estimation.

During the time update step, S(tk+1|k) is predicted using the following formulation [11]:

Qr

[
S(tk|k)MT(tk+1/2)

Q
T
2 (tk+1/2)GT(tk+1/2)LT(tk+1/2)

√
h

]
=

[
S(tk+1|k)

0

]
(12)

where 0 represents the zero block, while Qr denotes the QR decomposition of the left-hand
matrix, with only the upper triangular matrix retained.

During the measurement update step, the observation matrix H(tk+1) is computed
as follows:

H(tk+1) :=
dhms(x̂(tk+1|k))

dx̂(tk+1|k)
(13)
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For a conventional EKF, the Kalman gain K(tk+1) is determined as follows:

Re,k+1 = R + H(tk+1)P(tk+1)HT(tk+1) (14)

K(tk+1) = P(tk+1|k)HT(tk+1)R−1
e,k+1 (15)

where Re,k+1 denotes the innovation covariance.
The state estimate x̂(tk+1|k+1) is then updated as follows:

x̂(tk+1|k+1) = x̂(tk+1|k) + K(tk+1)ek+1 (16)

where ek+1 := zk+1 − hms(x̂(tk+1|k)) represents innovation.
P(tk+1|k+1) can be calculated as follows:

P(tk+1|k+1) = P(tk+1|k)− K(tk+1)H(tk+1)P(tk+1|k) (17)

In the square-root formulation of the CD-EKF, the notation K(tk+1) is defined
as follows:

K(tk+1) := P(tk+1|k)HT(tk+1)R−
1
2

e,k+1 (18)

K(tk+1), Re,k+1, and S(tk+1|k+1) are obtained using the following equations:

Qr

[
R

1
2 0

S(tk+1|k)HT(tk+1) S(tk+1|k)

]
=

[
R

1
2
e,k+1 KT

(tk+1)

0 S(tk+1|k+1)

]
(19)

where R
1
2 denotes a lower triangular matrix produced from the Cholesky decomposition

of the R. x̂(tk+1|k+1) can be calculated as follows:

x̂(tk+1|k+1) = x̂(tk+1|k) + K(tk+1)R−
T
2

e,k+1ek+1 (20)

3. The Neural Network of Mamba-2 for BOT
3.1. Mamba-2 Network Architecture

The Mamba architecture introduces the SSM as the backbone [32], which represent
a one-dimensional function u(t) ∈ R → y(t) ∈ R at time t, utilizing the hidden states
hst(t) ∈ RN to model the temporal dynamics of the process. These hidden states evolve
over time according to the matrix parameters A, B, C and are governed by the following
ordinary differential equations (ODEs):

h′st(t) = Ahst(t) + Bu(t)

y(t) = Ch(t)
(21)

where A is the transition matrix, the B is the control matrix, and the C is the output matrix.
To achieve forward propagation of SSM within neural networks, discretization of SSM

is required. The time step parameter ∆ is introduced to convert the continuous parameters
A, B into the discrete counterparts Ā, B̄ using the zero-order hold (ZOH) model:

Ā = exp(∆A)

B̄ = (∆A)−1(exp(∆A)− I) • ∆B
(22)

Subsequently, Equation (21) can be reformulated using (22) as follows:

hst,k = Āhst,k−1 + B̄uk

yk = Chk
(23)
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When calculating input sequences u in parallel, the following formulation applies:

K̄ = (CB̄, CĀB̄, · · · , CĀkB̄, · · · )
y = u ∗ K̄

(24)

where k = 0, 1, · · · , L represents the index and L represents the input sequence length.
Additionally, y = (y1, · · · , yL) is the output sequence and u = (u1, · · · , uL) is the input
sequence, while K ∈ RL serves as the convolution kernel.

The original SSM operates as a linear time-invariant (LTI) system, which inherently
restricts its capacity to effectively compress diverse textual contextual information. To
address this limitation, the Mamba architecture introduces an innovative parameterization
approach for SSM that incorporates an input-dependent selection mechanism, termed S6.
This advancement enables dynamic adaptation of the SSM to varying input characteristics,
thereby significantly enhancing its capability to perceive and compress essential contextual
information. By replacing the SSM layers with state space dual (SSD) layers, the Mamba-2
architecture achieves significant improvements in computational efficiency through utiliza-
tion of matrix multiplication units (e.g., tensor cores in GPUs or systolic arrays in TPUs) in
modern hardware accelerators. This structural innovation enables the network to better
align with the parallel computation paradigms of contemporary deep learning frameworks,
thereby substantially enhancing training throughput and scalability.

The fundamental structure of the Mamba-2 block is illustrated in Figure 1. The core
component of the Mamba-2 block is the SSM. The block begins by expanding the feature
dimension through a linear projection layer, followed by a one-dimensional convolution
layer that extracts local features. A normalization layer enhances stability after updating
the hidden state via the SSM. Finally, a linear layer contracts the dimension to ensure
consistency between input and output dimensions. The activation function, denoted by σ,
is chosen as SiLU.

N 

σ σ 

Conv 

Linear Linear

Linear

SSM

A U B C

Figure 1. The architecture of the Mamba-2 block.

The compressed Mamba-2-based network for measurement noise estimation consists
of dual linear layers at the input/output stages and only four basic Mamba-2 blocks in
the intermediate processing sequence. This design significantly reduces computational
overhead while preserving noise prediction capabilities. Since it is not designed for natural
language processing, an embedding layer is not required for vocabulary processing. Instead,
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linear layers expand the input to the dimensional requirements of the Mamba-2 block and
later contract it accordingly. The model has a dimension of 64, with a state dimension of 16
and a head dimension of 64. During training, the chunk size is set to 50.

3.2. Theoretical Basis for Innovation-Based Noise Estimation

The Mamba-2 module’s input is the square of the innovation:

Inputk = e2
k = (zk − hms(x̂(tk)))

2 (25)

The choice of the squared innovation e2
k as the input to the Mamba-2 network is theo-

retically motivated by its statistical relationship with the measurement noise variance R(tk).
Under the standard EKF measurement model, the innovation ek satisfies the following:

E[ekeT
k ] ≈ HkPk|k−1HT

k + Rk (26)

where Hk and Pk|k−1 are the observation matrix and the error covariance under the standard
EKF. For scalar bearing measurements (dim(zk) = 1), the squared innovation simplifies to
the following:

E[e2
k ] ≈ HkPk|k−1HT

k + Rk (27)

Equation (27) reveals that e2
k ’s temporal dynamics encode the variation of Rk. Specifi-

cally, HkPk|k−1HT
k represents the projection of state prediction uncertainty onto the mea-

surement space, which varies slowly as the filter converges. The residual variation in e2
k

is therefore predominantly driven by changes in Rk, making the innovation sequence an
effective input for measurement noise estimation. This relationship has been exploited
in classical adaptive filtering. The Sage–Husa adaptive Kalman filter [13] estimates Rk via
exponential smoothing:

R̂k = (1− dk)R̂k−1 + dk

(
e2

k − HkPk|k−1HT
k

)
(28)

where dk = (1− b)/(1− bk) and b ∈ (0.95, 0.99) is a fixed forgetting factor. While effective
for slowly varying noise, this linear moving-average estimator cannot capture rapid or
nonlinear dynamics in Rk, and its fixed forgetting factor represents a compromise between
responsiveness and smoothness. Furthermore, under nonlinear filtering, nonlinear errors
in H will accumulate and lead to filter divergence.

VBAKFs [14,15] address this by placing an inverse-Wishart prior on Rk and estimating
its posterior distribution through fixed-point iterations. However, these methods introduce
two limitations: (1) the prior parameters (α0, β0, u0, U0) must be carefully tuned, with
inappropriate configurations severely degrading performance, and (2) the inverse-Wishart
assumption introduces posterior approximation errors.

The Mamba-2 network overcomes both limitations by learning a nonlinear temporal
mapping Rk = fθ(e2

1, . . . , e2
k) directly from data. Its structured SSM maintains a hidden

state hst,k that serves as a learned, input-dependent memory. The S6 selection mecha-
nism [28] adaptively determines which information to retain or discard based on the
current input, enabling the following:

1. Adaptive memory length: High sensitivity to rapid Rk changes (the model learns to
shorten its effective memory) and strong smoothing during stationary periods (the
model learns to lengthen its effective memory).

2. No prior parameter dependence: Unlike VB methods, Mamba-2 requires no manually
tuned prior parameters.

3. No distributional assumptions: The network learns the Rk dynamics empirically,
avoiding the posterior approximation errors inherent in VB approaches.
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In summary, using the innovation as input for Mamba-2 achieves generalization perfor-
mance and is sufficient as an indicator to characterize the uncertainty of measurement noise.

3.3. Dataset Construction

This subsection presents a database construction method for training Mamba-2 to
estimate measurement noise variance. The output represents the variance of the generated
measurement noise.

By employing SSD as the SSM blocks, Mamba-2 retains the parallel processing capa-
bilities of transformers. Consequently, the squared innovations of the entire trajectory can
be directly fed into the Mamba-2 network for training.

Since obtaining ground-truth trajectories for BOT is challenging, the dataset is con-
structed based on generated noise, target trajectories, and filter tracking results. To mini-
mize the computational cost of dataset generation, the transition equations of the trajectory
generator and the filter must be linearized and discretized [33]. The standard DD-EKF is
used for target tracking during dataset construction.

The linear transition equation is given by the following:

xk = Fxk−1 + ωk (29)

where F denotes the transition matrix. xk denotes the discrete state. ωk denotes the discrete
process noise.

In the BOT scenario setting, the target’s state can be expressed as xk = [px,k, py,k, vx,k, vy,k]
T,

where the four components of the state vector xk correspond to the position along the
x-axis, position along the y-axis, velocity along the x-axis, and velocity along the y-axis,
respectively. In the CV model, the target follows constant velocity. The CV model is
defined as follows:

FCV =


1 0 h 0
0 1 0 h
0 0 1 0
0 0 0 1

 (30)

where h denotes the time step.
In the CT model, the target follows a coordinated turn with a constant turn rate. The

CT model is defined as follows:

FCT =


1 0 sin(αh)

α
cos(αh)−1

α

0 1 1−cos(αh)
α

sin(αh)
α

0 0 cos(αh) − sin(αh)
0 0 sin(αh) cos(αh)

 (31)

where α denotes the turn rate.
In BOT, observations provide only bearing information. Therefore, the measurement

equation is described as follows:

zk = arctan(
py,k − po

y,k

px,k − po
x,k

) + vk (32)

where zk denotes the measured angle, and vk ∼ N(0, ωk) represents the measurement
noise. ωk varies continuously, so within a trajectory, we typically represent ωk using a cubic
polynomial or a sine function that is greater than zero. [po

x,k, po
y,k]

T represents the position
coordinates of the observing drone.

To enhance the generalization capability of the Mamba-2 network, we need to ensure
the dataset has diversity. When the motion mode is fixed to the CV or CT model, the
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trajectory generation is determined by its initial state, velocity and turn rate. Therefore,
both the initial state, velocity and turn rate are randomized.

Refer to the generation method of the LAST dataset [34], assuming the detec-
tion range of the drone’s radar is [Lmin, Lmax]; to prevent the target from exceeding
this range, the initial distance between the target and the drone must fall within
[Lmin + vmax × T, Lmax − vmax × T], where T represents the total tracking duration, and
vmax denotes the theoretical maximum speed of the target. Given the drone’s position at
[0, 0], the initial position state of the target is defined as follows:{

px,0 = Lrandom cos(θp)

py,0 = Lrandom sin(θp)
(33)

where θp denotes the angle between the direction from the drone to the target and
the due east direction, which is uniformly sampled from −180◦ to 180◦. Lrandom de-
notes the distance from the target to the drone, uniformly sampled from the interval
[Lmin + vmax × T, Lmax − vmax × T].

Likewise, the initial velocity state of the target is defined as follows:{
vx,0 = Vrandom cos(θv)

vy,0 = Vrandom sin(θv)
(34)

where θv denotes the angle between the direction of the target velocity and the due east
direction, which is uniformly sampled from −180◦ to 180◦. Vrandom denotes the initial
velocity of the target, uniformly sampled from the interval (0, vmax].

4. MSCDEKF Architecture
The MSCDEKF architecture is illustrated in Figure 2.
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Figure 2. The architecture of the MSCDEKF.

Block I serves as the core component of the filter, responsible for continuously predict-
ing the state and covariance while incorporating discrete updates based on measurement
information. Block II comprises the neural network module, which sequentially estimates
noise variance using innovations.
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During the actual tracking process, the hidden state from the previous time step and
the current innovation are fed into the Mamba-2 network in a manner similar to an RNN to
estimate noise variance. To maintain the accuracy of state and error covariance predictions
during the time update process, h is subdivided into m smaller time steps ∆t, enabling
continuous updates m times within each h.

The proposed MSCDEKF is formulated as follows (Algorithm 1):

Algorithm 1 MSCDEKF

Input: x̂(t1), S(t1), h, ∆t, G, Q1, R, hst = None, z2:K+1.
Output: The filtered state x(tk+1) and error covariance S(tk+1).
1: Initialize: Q← Q1, m← ∆t/h.
2: procedure TRAINING
3: Train the Mamba-2 with the generated dataset.
4: end procedure
5: for k = 1→ K do
6: procedure TIME UPDATE
7: x̂(t1,k+1)← x̂(tk).
8: S(t1,k+1)← S(tk).
9: for i = 1→ m do

10: Compute x̂(ti+1,k+1) via Equation (6), where h← ∆t;

11: x̂(ti+1/2,k+1)← 1
2

[
x̂(ti,k+1) + x̂(ti+1,k+1)− h2

4 J(x̂(ti,k+1))F(x̂(ti,k+1))
]
;

12: L(ti+1/2,k+1)←
[

In − h
2 J(x̂(ti+1/2,k+1))

]−1
;

13: M(ti+1/2,k+1)← L(ti+1/2,k+1)
[

In +
h
2 J(x̂(ti+1/2,k+1))

]
;

14:

[
ST(ti+1,k+1)

0

]
← Qr

[
ST(ti,k+1)MT(ti+1/2,k+1)

Q
T
2 (ti+1/2,k+1)GT(ti+1/2,k+1)LT(ti+1/2,k+1)

√
h

]
;

15: end for
16: x̂(tk+1|k)← x̂(ti+1,k+1).
17: S(tk+1|k)← S(ti+1,k+1).
18: end procedure
19: procedure MEASUREMENT UPDATE
20: H(tk+1)← dhms(x̂(tk+1|k))/dx̂(tk+1|k).

21:

[
R

T
2
e,k+1 KT

(tk+1)

0 ST(tk+1|k+1)

]
← Qr

[
R

1
2 0

ST(tk+1|k)HT
k+1 S(tk+1|k)

]
.

22: ek+1 ← zk+1 − hms(x̂(tk+1|k)).

23: x̂(tk+1|k+1)← x̂(tk+1|k) + K(tk+1)R−
T
2

e,k+1ek+1.
24: end procedure
25: x(tk+1)← x̂(tk+1|k+1).
26: S(tk+1)← S(tk+1|k+1).
27: Feed e2

k+1 and hk to the Mamba-2 and obtain the estimated R̂ and hidden state hk+1.
28: R← R̂.
29: end for

5. Experiments
This section evaluates the performance of the proposed MSCDEKF in an UAV-based

bearings-only tracking scenario. The objective is to estimate the two-dimensional state
of a moving target, which may be a ground target or another aerial platform projected
onto the horizontal plane. To emulate a typical surveillance mission where a fixed-wing
UAV performs area search, we assume that the drone executes an S-shaped maneuvering
trajectory to provide diverse observation geometries for the target, with its time-varying
position given by the following:
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sx,k = Vxt

sy,k = Ay sin(ωdrt)
(35)

where Vx denotes the constant forward speed along the x-axis, Ay is the amplitude of the
lateral sinusoidal oscillation, and ωdr is the angular velocity governing the maneuver. This
serpentine flight pattern is commonly adopted in aerial surveillance missions, as it enhances
observability by varying the bearing angle to the target over time. Two distinct target
motion models, the CV and CT, are employed to assess the algorithm’s accuracy under
linear and nonlinear dynamics, respectively. Furthermore, to evaluate robustness against
time-varying measurement noise, we deliberately increase the measurement noise variance
in the CV scenario and amplify its temporal variation. This reduces the confounding
influence of nonlinear target motion, enabling a more explicit examination of the noise
effects. The measurement equation follows Equation (32). The time step h is set to 0.1 s,
and ∆t is set to 0.005 s for all experiments.

All computations are performed using Python 3.10 on an Intel(R) Xeon (R) Gold 5218
CPU @ 2.30 GHz and an NVIDIA(R) GeForce(TM) RTX-4090 GPU.

The root-mean-square error (RMSE) and average RMSE (ARMSE) are used to assess
the performance of the MSCDEKF compared to other robust EKF methods for the BOT
problem under time-varying process noise. These metrics are defined as follows:

RMSE(tk) =

√
∑MC

n=1(xn(tk)− x̂n(tk))
2 + (yn(tk)− ŷn(tk))

2

MC

ARMSE =

√
∑K

k=1 ∑MC
n=1(xn(tk)− x̂n(tk))

2 + (yn(tk)− ŷn(tk))
2

MCK

(36)

where [xn(tk), yn(tk)] and [x̂n(tk), ŷn(tk)] denote the true and estimated positions, respec-
tively, in the nth Monte Carlo run. The number of Monte Carlo runs is set to MC = 200.
The number of the time steps is set to K = 4500.

The mean absolute error (MAE) is also used to assess the accuracy of the estimated
measurement noise variance and is computed as follows:

MAE(tk) =
∑MC

n=1

∣∣Rn(tk)− R̂n(tk)
∣∣

MC
(37)

where Rn(tk) denotes the true variance of the measurement noise in the nth Monte Carlo
run, and R̂(tk) represents its estimated value in the nth Monte Carlo run.

To evaluate the stability of the algorithm, we introduce the variance of the RMSE as an
indicator, which is calculated as follows:

variancex =
∑K

k=1[RMSEx(tk)− RMSEx]2

K

variancey =
∑K

k=1[RMSEy(tk)− RMSEy]2

K

(38)

where RMSEx and RMSEy denotes the mean value of the RMSE(tk) on the x- and y-axes.
For training the Mamba model, a dataset comprising 50,000 trajectories was generated,

each containing 4501 sample points. The AdamW optimizer [35] is employed for 100 epochs
with a cosine-decay learning rate scheduler. The batch size is set to 10, with an initial
learning rate of 0.001, decaying to a final learning rate of 0.00001. A weight decay of 0.01
is applied.

The performance of the MSCDEKF is compared against the EKF with the true mea-
surement noise variance R(tk) (EKFTVM), and the EKF with the nominal measurement

https://doi.org/10.3390/drones10070533

https://doi.org/10.3390/drones10070533


Drones 2026, 10, 533 13 of 24

noise variance R̄ = 0.009 (EKFNVM), as well as other various robust EKF methods based
on R̄, including the Sage–Husa EKF (SHEKF), the variational Bayesian-based EKF (VBEKF),
the novel variational Bayesian-based EKF (N-VBEKF), and the modified strong tracking
sliding window variational adaptive EKF (MST-SWVAEKF). Meanwhile, we also introduce
a normal extended Kalman filter with the Mamba-2 measurement-noise-adaptation module
(MDDEKF) for comparison.

The decay parameter for VBEKF, N-VBEKF, and MST-SWVAEKF is set to ρ = 1− exp(−4).
The number of iterations for the VBEKF and N-VBEKF is set to N = 10. The initial values
of α and β for VBEKF are both 1. The initial estimates û0|0 and the Û0|0 for N-VBEKF are
600 and 0.01, respectively. The A window size is N = 10. Additional parameters for the
MST-SWVAEKF are configured as follows: Lmin = 4, Lmax = 9, κlower = 0.9, κupper = 2,
scale factor α = 1, c0 = 0, and δ = 0.95. The initial values û0|0 and Û0|0 for the MST-
SWVAEKF are set to 5 and 3R̄, respectively. All EKF variants utilize the same true process
noise covariance. Theoretically, the EKFTVM achieves the highest estimation accuracy. To
evaluate the performance of the square-root CD-EKF, we compare it with the EKFTVM
under both the square-root CD model (EKFTVM-CD) and the DD model (EKFTVM-DD).

5.1. CV Experiments

In the CV scenario, the system model can be expressed by the following SDEs:

dx(t) = F̆CV x(t)dt + Gdωt (39)

F̆CV =


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 (40)

where G = I4 is constant. The initial state is set to x(t0) = [10, 10, 1, 1.1]T , and the initial
error covariance matrix is P0|0 = I4. The initial state noise is specified as [0.02, 0.02, 0, 0]T .
The true process noise covariance Q is also set to I4, while the true measurement noise
variance RCV(tk) is given by the following:

RCV(tk) = 0.2 + 0.05 cos(
πtk
SCV

) (41)

where SCV = 450 s represents the total duration of the CT numerical experiment for each
Monte Carlo run. The ARMSE results for the CV scenario are summarized in Table 1.

Table 1. ARMSE of the position obtained by various filtering methods in the CV-UAV-BOT experiment.

Filters ARMSE (m)

EKFTVM-CD 18.15
EKFNVM-CD 36.29
EKFTVM-DD 132.64

VBEKF 253.85
N-VBEKF 671.40

MST-SWVAEKF 333.09
MSCDEKF 30.10
MDDEKF 82.16

SHEKF 55.04

Figure 3 presents the per-step RMSE curves of all compared filters on a logarithmic scale.
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Figure 3. RMSE of the position on a log scale obtained by different filtering algorithms in the CV-
UAV-BOT experiment. (a) RMSE of Pos-X on a log scale. (b) RMSE of Pos-Y on a log scale. (c) RMSE
of position on a log scale.

Table 2 reports the variance of the RMSE over the full simulation, quantifying the
temporal stability of each filter.
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Table 2. Variance of the RMSE obtained by various filtering methods in the CV-UAV-BOT experiment.

Filters variancex variancey

EKFTVM-CD 0.60 2.63
EKFNVM-CD 0.73 3.42
EKFTVM-DD 1665.38 1665.91

VBEKF 4224.99 5247.50
N-VBEKF 23,380.31 69,959.99

MST-SWVAEKF 14,895.45 16,035.84
MSCDEKF 0.42 6.52
MDDEKF 189.48 208.35

SHEKF 176.38 104.29

Figure 3 and Table 1 show the RMSE and ARMSE of the CV experiment result. The
RMSE quantifies the average filtering error along the simulation time, and ARMSE reflects
the overall error level of the entire simulation. Figure 3 is on a log scale. A clear three-tier
performance emerges. The top tier consists of the CD-based methods: the EKFTVM-CD
achieves the theoretical optimum (18.15 m) using the true RCV(t), while the MSCDEKF
(30.10 m) attains the best accuracy among all methods without access to the true noise
variance, outperforming EKFNVM-CD (36.29 m) by 17.1%. This confirms that Mamba-2’s
noise adaptation improves accuracy beyond the fixed covariance choice. The second tier
comprises the DD-based adaptive methods, led by the SHEKF (55.04 m), whose direct
moving-average estimation avoids VB parameter sensitivity. The third tier consists of
the VB-based methods: VBEKF (253.85 m), MST-SWVAEKF (333.09 m), and N-VBEKF
(671.40 m), whose large errors stem from inappropriate prior parameter configurations
combined with posterior approximation errors. As shown in Figure 3, except the EKFTVM-
CD, EKFNVM-CD, MSCDEKF, and MDDEKF, the RMSE curves of the remaining filters
ultimately exhibit a divergent trend. In addition, the filters employing the square-root CD
framework maintain relatively small fluctuations, shown in Table 2 where the EKFTVM-CD
and MSCDEKF display smaller RMSE variances compared to the other filters. Because
the square-root CD-EKF implementations offer superior accuracy and numerical stability.
Figure 4 shows the MAE of the estimated measurement noise variance R on a log scale.
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Figure 4. The MAE of the estimation of the measurement noise variance R on a log scale in the
CV-UAV-BOT experiment.

In Figure 4, the MSCDEKF achieves the highest estimation accuracy of the measure-
ment noise covariance. Because unlike VB-based methods, it is immune to the influence
of initial parameter settings, and it is more capable of capturing the underlying dynamic
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variation of the measurement noise compared to the SHEKF . Among the DD filters, the
MDDEKF and SHEKF achieve the best RMSE performance, with much lower errors than
other DD filters. This is because the SHEKF’s estimation of the measurement noise variance
is directly based on a moving average of the innovation sequence. When the nonlinearity
error is small, this estimation is accurate, which can be observed from Figure 4. Further-
more, as indicated in Table 2, the SHEKF exhibits greater stability than the EKFTVM-DD,
which ensures its superior overall accuracy. For the MST-SWVAEKF and the N-VBEKF,
the estimation of the measurement noise variance includes two components: one from the
prior parameters and the other from the posterior distribution estimation. However, due
to inappropriate parameter configurations, the two filters introduce an inherent bias in
the initial estimation of the measurement noise variance. This initial prior error persists
throughout subsequent estimation, ultimately influencing both accuracy and robustness.
In comparison, VBEKF benefits from a more suitable parameter design, resulting in better
accuracy and robustness than the MST-SWVAEKF and N-VBEKF. To assess statistical relia-
bility, Table 3 reports the 95% confidence intervals computed from n = 200 independent
Monte Carlo runs for the CV scenario.

Table 3. ARMSE with 95% confidence intervals, CV scenario (n = 200 Monte Carlo runs).

Method 95% CI (m)

EKFTVM-CD [18.12, 18.18]
EKFNVM-CD [36.22, 36.36]
EKFTVM-DD [131.23, 134.05]

VBEKF [250.74, 256.95]
N-VBEKF [664.40, 678.40]

MST-SWVAEKF [320.67, 345.51]
MSCDEKF [30.04, 30.16]
MDDEKF [77.32, 87.00]

SHEKF [49.22, 60.86]

To assess statistical reliability, we computed 95% confidence intervals (CIs) from
n = 200 independent Monte Carlo runs for each method (show in Table 3). The proposed
MSCDEKF achieves the narrowest CI among all non-oracle methods (width 0.12 m), demon-
strating highly consistent tracking performance across independent runs with negligible
sensitivity to random seed variation. By contrast, the SHEKF—the best DD-based adaptive
method—exhibits a CI width of 11.64 m, nearly two orders of magnitude wider, indicat-
ing substantial run-to-run variability. The CD-formulation methods (EKFTVM-CD and
EKFNVM-CD) yield CI widths below 0.15 m, 20–50× narrower than their DD counterparts,
attributable to the superior numerical stability of the square-root CD formulation. The
VB-based methods exhibit correspondingly wider intervals (VBEKF 6.21 m, N-VBEKF
14.00 m, MST-SWVAEKF 24.84 m), reflecting their sensitivity to prior parameter settings.

5.2. CT Experiments

In the CT scenario, the system model is described by the following SDEs:

dx(t) = FCT(x(t), t)dt + Gdωt (42)

FCT(x(t), t) = [ẋ(t),−Ψẏ(t), ẏ(t), Ψẋ(t)]T (43)

where Ψ = 0.01 denotes the constant turn rate. Clearly, the CT state model is inherently
nonlinear and continuous.
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The drift matrix G is assumed to be constant, with G = I4. The true process noise
covariance Q is set to I4, while the true measurement noise variance RCT(tk) is given by
the following:

RCT(tk) = 0.02 + 0.01 cos(
πtk
SCT

) (44)

where SCT = 450 s represents the total duration of the CT numerical experiment for each
Monte Carlo run.

The true initial state is defined as follows: x(t0) = [30, 15, 0, 0.1]T . The initial error
covariance matrix is set to P0|0 = I4. The initial state noise is specified as [20, 0, 0, 0]. The
ARMSE results for the CT scenario are summarized in Table 4. Figure 5 presents the per-step
RMSE curves on a logarithmic scale.

Table 4. ARMSE of the position obtained by various filtering methods in the CT-UAV-BOT experiment.

Filters ARMSE (m)

EKFTVM-CD 1.59
EKFNVM-CD 1.77
EKFTVM-DD 2.51

VBEKF 137.76
N-VBEKF 66.56

MST-SWVAEKF 2.61
MSCDEKF 1.71
MDDEKF 2.15

SHEKF 14,832.22

Figure 5 and Table 4 jointly characterize the position estimation accuracy of all com-
pared filters in the CT-UAV-BOT experiment. As shown in Figure 5a–c, the RMSE curves
on a logarithmic scale reveal a clear four-tier performance hierarchy within this nonlinear
scenario. The EKFTVM-CD, MSCDEKF, and EKFNVM-CD form the top tier, with their
RMSE curves stabilizing at approximately 1–2 m throughout the simulation and exhibiting
minimal mutual separation. Their corresponding ARMSE values are 1.59 m, 1.71 m, and
1.77 m, respectively (shown in Table 4). Notably, the MSCDEKF achieves the second-lowest
ARMSE without obtaining the true noise variance, and its RMSE curve is very close to that
of the theoretically optimal EKFTVM-CD, indicating that Mamba-2-based noise adapta-
tion approaches optimality under the nonlinear BOT. The EKFNVM-CD attains 1.77 m,
only marginally behind MSCDEKF (1.71 m), indicating that the CD framework dominates
the accuracy gains in this scenario while the Mamba-2 module contributes a modest but
consistent 3.4% refinement, without requiring any parameter tuning or prior knowledge
of the noise statistics. The second tier consists of the MDDEKF, EKFTVM-DD, and MST-
SWVAEKF. Their corresponding ARMSE values are 2.15 m, 2.51 m, and 2.61 m, respectively.
They achieve good accuracy but exhibit visible oscillations, particularly the EKFTVM-DD,
whose RMSE fluctuates between 0.1 and 3 m, because discrete non-square-root filters
struggle to maintain stability in nonlinear scenarios. The third tier comprises the VBEKF
and N-VBEKF, whose ARMSE values are 137.76 m and 66.56 m. Their ARMSE values are
two orders of magnitude larger than those of the top tier, as their prior parameter settings
introduce systematic biases through the nonlinear tracking. Finally, the SHEKF constitutes
the fourth tier with an ARMSE of 14,832.22 m. Its RMSE curve diverges monotonically
to the top of the logarithmic chart (104 m), representing a severe failure triggered by the
accumulation of linearization errors during CT tracking.
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Figure 5. RMSE of the position on a log scale obtained by different filtering algorithms in the CT-
UAV-BOT experiment. (a) RMSE of Pos-X on a log scale. (b) RMSE of Pos-Y on a log scale. (c) RMSE
of position on a log scale.

Table 5 provides a quantitative measure of temporal filtering stability through the
variance of RMSE over the entire 450 s simulation.
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Table 5. Variance of the RMSE obtained by various filtering methods in the CT-UAV-BOT experiment.

Filters variancex variancey

EKFTVM-CD 0.13 0.11
EKFNVM-CD 0.07 0.11
EKFTVM-DD 1.23 1.46

VBEKF 1151.34 2305.11
N-VBEKF 829.05 1155.61

MST-SWVAEKF 1.34 1.34
MSCDEKF 0.08 0.12
MDDEKF 1.18 0.56

SHEKF 33,178,220.15 22,260,320.99

Table 5 provides a quantitative measure of temporal filtering stability through the
variance of RMSE over the entire 450 s simulation. The MSCDEKF achieved the lowest
variance of 0.08 along the x-axis and a variance of 0.12 along the y-axis, approaching
the theoretical optimum of EKFTVM-CD (0.11). This stability stems from the combina-
tion of two mechanisms. The square-root covariance propagation preserves the positive
definiteness of the error covariance matrix and prevents numerical degradation during
continuous-time integration. At the same time, the Mamba-2 module’s noise variance esti-
mation avoids the drastic fluctuations under nonlinear dynamics. In contrast, the SHEKF’s
variance is too large (3.3× 107 for x, 2.2× 107 for y). Its RMSE exhibits jumps of several
kilometers in magnitude between adjacent 0.1 s time steps. Among the DD-based filters,
the MST-SWVAEKF exhibits the best stability (1.34 for both axes), demonstrating that its
sliding-window smoothing and fading factor mechanisms effectively mitigate the adverse
impact of linearization errors on filter consistency. Since VB-based methods do not rely ex-
clusively on the innovation sequence for estimation, their prior parameter settings instead
prevent the noise estimation error from escalating continuously in nonlinear scenarios.
The MST-SWVAEKF’s fading factor mitigates the adverse effects of linearization errors.
Meanwhile, the smoothing operation enhances the overall stability of the filter, shown in
Table 5. As a result, although its estimation error of the measurement noise variance is
larger than that of other VBEKF variants, it still achieves superior state estimation accuracy.
Figure 6 shows the MAE of the estimated R on a log scale, revealing the noise adaptation
capability of each method.
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Figure 6. The MAE of the estimation of the measurement noise variance R on a log scale in the
CT-UAV-BOT experiment.
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Figure 6 presents the MAE of the estimated measurement noise variance R on a log
scale, revealing the noise adaptation capability of each method under the nonlinear CT-
UAV-BOT. The MSCDEKF and MDDEKF consistently achieve the lowest MAE, whose
numerical range is approximately from 10−3 to 10−4 rad². They outperform all competing
adaptive approaches by one to four orders of magnitude throughout the entire simulation.
This demonstrates that the Mamba-2 module’s state-space modeling captures the temporal
dynamics of the noise process, enabling accurate variance prediction regardless of the
quality of state estimates. The SHEKF exhibits an increasing MAE curve that rises from
approximately 10−2 to over 3 rad², which shows that its linearization error continuously
expands the R estimate, thereby amplifying the Kalman gain and causing divergence. In
the VB-based methods, the divergence trend of its estimates is suppressed due to the effect
of prior parameter regularization. Although the VBEKF and N-VBEKF maintain bounded
MAE (approximately 10−2 rad²), their state estimation accuracy is compromised. The
Mamba-2-based methods (MSCDEKF and MDDEKF) maintain similar noise estimation
MAE in both the CV and CT scenarios, confirming that the network’s noise perception is
scenario-invariant. This indicates that Mamba-2 can serve as a noise estimation module
across diverse UAV-BOT operating conditions without scenario-specific retraining. Table 6
reports the 95% confidence intervals for the CT scenario.

Table 6. ARMSE with 95% confidence intervals, CT scenario (n = 200 Monte Carlo runs).

Method 95% CI (m)

EKFTVM-CD [1.5893, 1.5907]
EKFNVM-CD [1.7664, 1.7735]
EKFTVM-DD [2.4576, 2.5624]

VBEKF [136.81, 138.71]
N-VBEKF [35.67, 97.45]

MST-SWVAEKF [2.5290, 2.6910]
MSCDEKF [1.7085, 1.7115]
MDDEKF [2.0942, 2.2059]

SHEKF [13,764.75, 15,899.69]

Table 6 includes the 95% confidence intervals for the CT scenario. The MSCDEKF
achieves an exceptionally narrow CI (width 0.0030 m), confirming that Mamba-2-based
noise adaptation remains highly stable under coordinated turn nonlinearity. The CI widths
reveal a clear three-tier stratification: CD methods (MSCDEKF, EKFTVM-CD, EKFNVM-
CD) exhibit widths below 0.01 m; DD methods (MDDEKF, MST-SWVAEKF, EKFTVM-DD)
show widths of 0.1–0.2 m; and VB methods yield substantially wider intervals (VBEKF
1.90 m, N-VBEKF 61.79 m), with N-VBEKF nearly two orders of magnitude wider than
the DD tier. The SHEKF undergoes catastrophic failure with a CI width of 2134.95 m,
quantitatively confirming the divergence trend.

5.3. Computational Efficiency Analysis

Table 7 presents the average per-step running time of each compared filtering method,
measured over MK = 200 Monte Carlo runs of K = 4501 time steps each.

As shown in Table 7, the DD-EKF has a faster per-step running time than the CD-EKF.
The VB-based methods require approximately 0.6–0.8 ms/step due to fixed-point iterations.
Among them, the N-VBEKF (0.63 ms) is faster than the VBEKF (0.82 ms) because the inverse-
Wishart prior formulation avoids the per-iteration matrix symmetrization required by the
VBEKF’s inverse-Gamma prior. The CD-EKFs are approximately 6× slower than their DD
counterparts due to the Runge–Kutta integration. Moreover, the MST-SWVAEKF offers
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faster performance compared to the other two VB methods due to its adaptive window
size adjustment mechanism.

Table 7. Average per-step running time (ms/step).

Method Running Time (ms/step)

EKFTVM-CD 0.580
EKFNVM-CD 0.556
EKFTVM-DD 0.091

VBEKF 0.816
N-VBEKF 0.631

MST-SWVAEKF 0.646
MSCDEKF 24.7
MDDEKF 24.1

SHEKF 0.134

The proposed MSCDEKF has a higher per-step cost (approximately 24 ms/step) in its
current implementation. This overhead is primarily attributable to a per-step GPU cache
clearing operation retained from the development phase. The Mamba-2 model is extremely
compact, comprising only four Mamba-2 blocks with a hidden dimension of 64 and a state
dimension of 16 (approximately 17K parameters). Removing the cache-clearing operations
at each step can further reduce the computational time cost.

Even at the current 24 ms/step, the MSCDEKF supports a tracking update rate of
approximately 41 Hz, well above the 10 Hz update rate typically employed in UAV tracking
applications (h = 0.1 s). The mechanically scanned tracking radars provide updates at
only 0.1–1.0 Hz [36]. Adaptive phased-array fire-control radars operate at 0.6–4.0 Hz for
routine-to-engagement tracking [37]. The MSCDEKF at 41 Hz exceeds the above radar
tracking frequencies and is sufficient to meet real-time application requirements.

6. Conclusions
This work presents a Mamba-2-based square-root CD-EKF algorithm for BOT tasks on

UAVs. Compared to traditional RNNs, the Mamba-2 network incorporates the SSM, which
captures long-term dependencies in sequences by maintaining a hidden state. This hidden
state facilitates the transfer of information across time steps, enabling the network to retain
past inputs and improve the long-term prediction of time-varying measurement noise
variance. Additionally, the introduction of the square-root CD-EKF mechanism enhances
the filtering process, improving estimation accuracy and numerical stability under the
weak observability conditions inherent to BOT on UAVs and ensuring stable tracking
performance. Experimental results show that the MSCDEKF achieves an ARMSE of 30.10 m
in the CV scenario, outperforming the SHEKF (the best adaptive method based on DD) by
45.3% (55.04 m). In the CT scenario, the MSCDEKF attains an ARMSE of 1.71 m, which
is 34.5% lower than that of the MST-SWVAEKF (2.61 m), the best DD-based competitor.
Based on 200 Monte Carlo runs, the 95% confidence intervals are [30.04, 30.16] m and
[1.7085, 1.7115] m, respectively. For R estimation, the MSCDEKF achieves substantially
higher accuracy than all compared adaptive methods.

Future research will focus on extending this approach to BOT tasks by UAVs where
measurement noise follows different distributions and cases where time-varying mea-
surement noise includes outliers. In addition, we will investigate what maneuvering
patterns drones should adopt to enhance the observability of BOT. Future efforts will also
focus on implementing and validating the proposed method on actual fixed-wing UAV
platforms to further demonstrate its practical effectiveness. The current work focuses
solely on measurement noise adaptation; future research will extend the framework to
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jointly estimate both process noise and measurement noise by the Mamba-2 network, en-
abling the filter to respond to uncertainties arising from external disturbances and model
mismatches simultaneously.
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Abbreviations
The following abbreviations are used in this manuscript:

BOT Bearings-only tracking
CD Continuous-discrete
SDEs Stochastic differential equations
ODEs Ordinary differential equations
RK Runge–Kutta
EKF Extended Kalman filter
MSCDEKF Mamba-2 based square-root continuous-discrete extended Kalman filter
SHEKF Sage–Husa extended Kalman filter
VBEKF Variational Bayesian-based extended Kalman filter
N-VBEKF Novel variational Bayesian-based extended Kalman filter

MST-SWVAEKF
Modified strong tracking sliding window variational adaptive extended
Kalman filter

RMSE Root mean square error
ARMSE Average root mean square error
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