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Abstract: In the present study, the simulation of an immunotherapy effect for a known dynamical
system, that describes the process for avascular, vascular, and metastasis tumor growth based on
a chemical network model, has been presented. To this end, square signals of various amplitudes
have been used, to model the effect of external therapy control, in order to affect the population of
immune cells. The results of the simulations show that for certain values of the amplitude of the
square signal, the populations of the proliferating tumor cells in the vascular and metastasis stages
have been reduced.
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1. Introduction

Cancer is a generic term assigned to a complex network of interactions of malignant
cells, which no longer possess specialization and control over normal growth. This network
of malignant cells could be classified as a nonlinear dynamical system, self-organized in
time and space, definitely not in thermodynamic equilibrium, indicating high complexity,
robustness, and versatility [1–3]. Also, the immune system’s role is crucial in both the inhi-
bition and the progression of cancer growth, resulting in the fact that the implementation
of treatments that directly affect the immune response has in many cases proved to be
extremely effective.

In the work of Page and Uhr [4], an investigation was conducted as to how tumor
dormancy is induced by the interaction between antibody tumors. In another work [5],
it is shown that any type of tumor developing in vivo has most of its cell proliferation
constrained to the border. This may indicate that cell surface diffusion is the main mecha-
nism responsible for growth in any type of tumor. Furthermore, another study [6] aimed
to illustrate situations for which neither chemotherapy nor immunotherapy alone would
suffice to control tumor growth but combining the therapies resulted in eliminating the
entire tumor.

Nowadays, model-based approaches may help in the direction of a better characteriza-
tion of cancer evolution and subsequent use of this knowledge for personalized treatment
would increase the chance to overcome cancer treatment resistance. In numerous cases,
various mathematical models have vastly contributed to understanding carcinogenesis
and cancer evolution [7–13]. As a result, this makes the development of newer and more
accurate models that describe the development of cancer in all its stages more compelling.
Also, at this stage, it should be mentioned that three stages can be identified in tumor
progression: avascular, vascular and metastatic [14].

At the first of these stages, in the avascular stage, the tumor obtains nutrients and
“feeds” itself solely via the diffusion process, where nutrients already exist in the envi-
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ronment [15–20]. In the second stage, the vascular phase, which takes place when the
tumor evolution progresses more rapidly via the mechanism of angiogenesis (the process
of producing new blood vessels), the malignant cancer cells secrete chemicals that can
diffuse into the surrounding healthy tissues and trigger the growth of new capillary blood
vessels [21–25]. The newly formed blood vessels infiltrate the tumor mass by supplying
nutrients to it and leading to the tumor’s rapid growth. This manifests from the following
process. When the tumor is furnished with ample nutrients, malignant cells divide (cellular
mitosis). Consequently, the moment where the density of malignant cells in an area rises
by a significant factor, the cells are compressed by their neighbors, so they aim to migrate
to areas that are not as compressed. In the newly occupied areas, the process of division is
repeated. Finally, in the third stage, the metastatic stage, malignant cells migrate through
the blood vessels and/or the lymphatic system towards other parts of the body, leading to
secondary tumors [26–30]. Therefore, this growth is the primary root of the host’s demise.

An important step in enriching the existing models of tumor growth is the inclusion
of immunotherapy, which is the process of boosting the patient’s immune system response
to cancer, so its growth is suppressed. However, capturing the effect of immunotherapy
is a difficult task, due to its complex interaction with other agents in the body, like other
organs. There have been studies conducted to this end [31,32], suggesting a model structure
where the rate of first-order decline of tumor burden was assumed to depend on the
amount of immune component and decrease while the tumor burden was increasing. This
model structure was adopted to characterize, for example, the growth of prostate cancer
by accounting for the dynamics of the immune system. Tumor cells were assumed to
proliferate exponentially, and the number of cytotoxic T lymphocytes affected the cell
decline rate.

To mitigate the effect of strong medicine on the patients’ other organs, like the kidneys,
for example, immunotherapy usually consists of periodic drug regulation. This effect can be
incorporated into a model of differential equations for tumor growth, by adding a periodic
term to the equation describing the immune cells’ growth. Hence, different periodic terms
can be used to model the effect of immunotherapy, like sinusoidal signals, square signals,
triangular signals, or sawtooth signals. The differences in each periodic signal can yield
different dynamics in the immune system response to tumor growth.

In the present work, the dynamical behavior of a tumor growth chaotic model il-
lustrates an immunotherapy process by using square periodic perturbations in the den-
sity of immune cells. This approach is based on a well-known system proposed by
Llanos-Perez et al. [33]. Their work stands on a chemical network, used to recommend
a mechanism for tumor growth in its three stages. Llanos-Perez et al. laid the founda-
tions for numerous researchers to conduct research banking on their work. At the outset,
Betancourt-Mar et al. [34] developed it on existing thermodynamics formalism for the
metabolic rate of human cancer cells. Montero et al. [35] worked on a biological approach
to this problem. Guerra et al. [36] enriched the aforementioned work by including the
epithelial-mesenchymal transition, which is a biologic mechanism permitting a polarized
epithelial cell, which typically interacts with the basement membrane using its basal surface,
to go through various biochemical changes enabling it to take over a mesenchymal cell
phenotype, which encompasses boosted migratory capacity, invasiveness, and augmented
resistance to apoptosis [37].

In addition, a work by Jaime et al. [38], built upon the work of Llanos-Perez et al.,
vastly improved the model with the aim of lessening malignant cell growth in relation
to healthy cell growth. Their analysis concentrated on the stages of the vascular tumor
growth and metastasis, for a tumor subject to periodic perturbations. The perturbations
were inserted with the form of a sinusoidal function.

This approach constitutes the basis of this work, in which square signals, as pertur-
bations, are used. This is done because a square signal is more realistic in the modeling
of real immunotherapy processes. This process is examined further through the steady
administration of an agent for a specific time period and then not administering it for the
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same period of time. This is something that could be easily implemented in real conditions.
Also, the study of the effect of a steady dose of treatment for a specific period of time is
the main aim of this work. From the simulations, various phenomena from the nonlinear
theory have been observed, including a period-doubling route to chaos, antimonotonicity,
and crisis phenomena.

The outline of this work is described as follows. In Section 2, the mathematical model
of tumor growth, which has been used, is presented and broken down. The dynami-
cal behavior of the tumor growth system with square periodic perturbations, by using
well-known tools from nonlinear theory, is investigated thoroughly in Section 3. Finally,
Section 4 presents the conclusions of this work.

2. Mathematical Model Formulation

As mentioned, in 2016 Llanos-Pérez et al. [33] presented a novel model of tumor
growth, which depicts the progression of cancer over the three basic stages, based on
experimental evidence. In that study a chemical network model, where a classic chemical
kinetics method utilizing the law of mass action has been adhered to. The model is
described by the following mechanisms

Step (a) N + x→ 2x
Step (b) 2x→ y
Step (c) y→ 2y
Step (d) 2y→ z
Step (e) H + y + z→ 2z
Step (f) 2z→ y
Step (g) H + x + z→ z
Step (h) I + y→ ncp
Step (i) I + z→ ncp

where the variables x, y, and z, depict the propagating tumor cells in the avascular, vascular
and metastatic phases, subsequently. Furthermore, parameter N serves as the population
of normal cells, H is the population of the host cells, and I is the population of immune
cells, which are the T lymphocytes together with the natural killer cells.

The chemical process consists of nine steps. Steps (a), and (b) correspond to the
process of mitosis of proliferating tumor cells, and steps (b), (d), and (f) with the process of
apoptosis. Steps (e), and (g) denote the action of host cells H. Steps (h), and (i) denote the
effect of immune cells, where ncp is a non-cancerous-product. It is considered that the cells
z are generated while cell apoptosis y takes place (step d), representing the occurrence of
micrometastasis, which is the spread of cancer cells from their primary site, whereas the
secondary tumors are too small to be clinically detected.

By considering the classic chemical kinetics method that applies the law of mass action,
see [39], the resulting model of three differential equations is derived.

The aforementioned model of the chemical network described above is a three-dimensional
system, outlining the avascular, vascular, and metastasis tumor growth.

.
x = x(2N − x)− Hxz
.
y = y(4− 0.14y) + 0.5x2 − Iy− 0.5Hyz + 0.001z2
.
z = −Iz + 0.07y2 + 0.5Hyz− 0.002z2

(1)

In this work the numerical values of the constants are preserved, compared to the
ones in the work of Llanos-Pérez et al. [33], which have been selected empirically with
the purpose of having a larger abstraction and purity as possible, elicited from the de-
rived chemical network model. System (1) has been studied further for its dynamics
by Sourailidis et al. [40] and various phenomena surfaced, such as antimonotonicity and
coexistence of attractors [34].

It is established that the immune system is a significant factor both in inhibiting and
in the progression of tumor growth [41,42]. The utilization of therapies that directly affect
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the immune system has been efficient [43], in addition to chemotherapies that positively
influence the antitumor immune response [44]. Consequently, Jaime et al. have used a
perturbation in the form of the term Asin2(Wt) to the population of immune cells I in order
to simulate how immunotherapy or chemotherapy reflects on tumor growth [38]. Therefore,
the set of equations in (1) becomes:

.
x = x(2N − x)− Hxz
.
y = y(4− 0.14y) + 0.5x2 −

[
Io + A sin2(ωt)

]
y− 0.5Hyz + 0.001z2

.
z = −

[
Io + A sin2(ωt)

]
z + 0.07y2 + 0.5Hyz− 0.002z2

(2)

where A and ω are the control parameters. Parameter A denotes the amplitude of the
perturbation and implies how intensely the treatment was conducted, while ω denotes the
frequency of the external perturbation.

To extend upon the previous model of (2), a different signal than the one Jaime
et al. inserted, namely a square signal, was used in order to be more feasible as an
immunotherapy or chemotherapy approach. Therefore, system (2) takes the following form:

.
x = x(2N − x)− Hxz
.
y = y(4− 0.14y) + 0.5x2 − [Io + Si]y− 0.5Hyz + 0.001z2
.
z = −[Io + Si]z + 0.07y2 + 0.5Hyz− 0.002z2

(3)

where Si is mathematically described by the following equation and the time t is expressed
in seconds (Figure 1).

Si(t) = Asgn
(

sin
2πt
T

)
= Asgn(sin 2π f t) = Asgn(sin ωt) (4)
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Figure 1. An example of a square signal, is described by Equation (4). Figure 1. An example of a square signal, is described by Equation (4).

Furthermore, as in Ref. [38] parameters A and ω represent the amplitude of the
perturbation (the intensity of the treatment) and the frequency of perturbation respectively.
In this work the function sgn(x) is described as:

sgn(x) =
{

1, x ≥ 0
0, x < 0

(5)

The concept behind this suggestion is that the agent is administered at a steady rate for
a specific amount of time, and then administration is halted for the same amount of time.
This is believed to be an approach easier to implement and follow in clinical processes.

3. Dynamical Study of the System

As reported by Llanos-Perez et al. [33], the model of tumor growth of Equation (1) sug-
gests a compelling behavior. To expand on this, as the population of immune cells I decreases,
the system’s complexity is increased. This can illustrate the epithelial-to-mesenchymal tran-
sition amid metastasis. For lower values of the critical value of the control parameter I
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≈ 0.53, associated with low immune surveillance, tumor cell populations exhibit chaotic
behavior. The prevalence of metastatic cells z at chaotic dynamics has significant biological
connotations. To begin with, the high sensitivity of the system to initial conditions suggests
the inefficiency of making long-term predictions pertaining to the evolution of the disease.
Moreover, the decreasing of the immunological parameter I might be able to provide a high
degree of robustness. This would result in the level of success in the treatment of the tumor
being low, particularly at the stage of metastasis.

Therefore, in this section, the effect of the suggested tumor growth model of Equation (3),
with the square periodic perturbation is studied, through simulations by retaining values
of parameter N = 4 and I = 1, for numerous values of H in the range [3,5], with initial
conditions (x0, y0, z0) = (1, 0, 0). In order to investigate the dynamical behavior, system (3)
is solved numerically with the use of the classical fourth-order Runge-Kutta integration
algorithm. The time step is always ∆t = 0.001 and the calculations take place utilizing
variables and parameters in extended precision mode. For each parameter setting, the
system is integrated for a long time period and the transient is discarded.

In order to study system’s (3) dynamics and try to relate the system’s dynamical
behavior to biological phenomena concerning the effect of a treatment, the amplitude of
the square periodic perturbation of Equation (4), namely the parameter A, is chosen as the
bifurcation control parameter, while its frequency is ω = 1. The bifurcation diagrams are
computed by plotting the population of the tumor cells in the vascular phase y, when the
system intersects the plane x = 1 with dx/dt < 0, while the control parameter A is increased
in small steps.

From the observation of the bifurcation diagrams in Figure 2, interesting phenomena
related to chaos theory can arise. Firstly, the route to chaos through a period-doubling
sequence as the value of parameter A is decreased can be observed in all cases. Also, the
interior crisis is shown as the range of the chaotic region suddenly increases, while the
boundary crisis is observed when the chaotic attractor is abruptly destroyed as the param-
eter A is varied. Furthermore, period-3 windows have been found in all the bifurcation
diagrams of Figure 2, which is a phenomenon always observed between chaotic regions.

From a biological point of view, bifurcation diagrams in Figure 2 reveal that as long as
the intensity of treatment A (amplitude of perturbation) is high, the system is in a period-1
steady state. Therefore, at “high” values of treatment’s intensity A, although there is a
population of proliferating tumor cells, the system is in a stable condition. Also, for small
(H = 3) or even bigger (H = 5) values of the population of the host cells, the system is
driven to a period-1 state for the small amplitude of the perturbation A. For H = 5 the
amplitude of the perturbation, for which the system enters in period-1, is only A = 1.83.
This feature reveals the high complexity of the system. Furthermore, as the population of
the treatment decreases the system’s complexity increases by showing regions of chaotic or
even periodic behavior.

In order to examine the difference in the phase portraits in x − y plane, one of the
cases, which has been examined through its bifurcation diagram, is selected. In more detail,
Figure 3 shows the phase portraits for N = 4, I = 1, H = 3.8, and ω = 1, as the population of
the host cells is kept at H = 3.8, while the value of the intensity of the treatment A has taken
values according to the bifurcation diagram of Figure 2c. Also, in all these plots, the first
1000 s of simulation are discarded in order to see the system’s steady state. Concerning
the system’s dynamics, the route to chaos through the mechanism of period-doubling is
observed in Figure 3a–d, as the value of A decreased. Furthermore, the period-3 attractor is
observed in Figure 3e. Finally, after successive windows of chaotic and periodic behavior,
which are illustrated in Figure 3f,g, system (3) enters to a region of extended chaotic
behavior, in which the chaotic attractor is more complex.
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So, from this series of phase portraits in Figure 3, interesting phenomena concerning
the behavior of the cancer model, which have been discussed earlier, are confirmed. As
the intensity of treatment A decreases, the system increases its complexity. In more detail,
the decrease in the intensity of treatment A could give a high degree of robustness, hence
the level of success in the treatment of cancer may be low, especially at the stage of
metastasis. This result suggests in a general way that the system evolves from periodic
(less complex and robust) to chaotic states as the amplitude of perturbation decreases.
Also, zones with periodic states are obtained, so that at certain treatment amplitudes,
it is possible to reduce the complexity of the system. These results suggest that it is
possible to optimize the conditions of implementation of the therapies to make them more
efficient. Therefore, the proposed system (3), suggests that the treatment of a primary
tumor from a microscopic level, avascular growth, to a macroscopic level, vascular phase,
and the subsequent appearance of metastasis, is not a simple procedure, but it is a dynamic
nonlinear, self-organized process, far from thermodynamic equilibrium, which exhibits
a high degree of robustness, complexity, and hierarchy [33] and that in turn leads to the
creation of new information and learning ability. Furthermore, in Figure 4 the time-series
of y (proliferating tumor cells in a vascular phase), for the respective values of A, which
has been depicted in Figure 3, is presented.
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Finally, the emergence of coexisting attractors of the system is studied, by computing
its continuation diagram. This diagram is analogous to the bifurcation diagram, with
the only difference being that each time the continuation parameter is iterated, the initial
condition of the system is taken as equal to the final state of the system from the previous
simulation. Hence, in each iteration, the initial condition of the system changes, as opposed
to the bifurcation diagram where it is kept steady. This is done in order to unmask any
possible change in the dynamical behavior of the system with respect to initial conditions.
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Indeed, as can be seen from the overlapping of the bifurcation and the continuation
diagrams shown in Figure 5, for H = 3.8 the system showcases coexisting attractors roughly
from A = 1.23 to A = 7.85. This indicates that the initial conditions can greatly affect the
behavior of the system for this range of parameter A values. In more detail, system (3),
in the aforementioned region presents a period-1 steady state, while from the bifurcation
diagram of system (3) a great variety of phenomena has been observed, as it has been
described using the phase portraits in Figure 3. This phenomenon is also very important
for a biological point of view for the tumor model because the high sensitivity of the system
to initial conditions implies the inability to make long-term predictions in relation to the
evolution of the treatment.
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Figure 5. Overlapping bifurcation (blue color) and continuation (red color) diagram of y versus
parameter A, for N = 4, I = 1 and H = 3.8.

The phase portrait of the coexisting attractor of that of Figure 3h, for A = 3, N = 4,
H = 3.8, and I = 1, with initial conditions (x0, y0, z0) = (1, 5.36958, 6.67216), as well as
the time-series of y, are shown in Figure 6. By the comparison of these figures with the
respective phase portrait and time-series of Figures 3h and 4h, the great difference in
system’s (3) dynamical behavior has been confirmed. Therefore, the system can be in two
different states (chaotic and period-1) for different values of initial conditions. This feature
is very interesting because it implies that the same treatment could have different effects
on the values of the initial populations of the tumor cells in the avascular, vascular and
metastatic phases. In the aforementioned case and for the initial conditions of Figure 6, the
system is in a period-1 steady-state also for small values of the intensity of treatment A.

Furthermore, by comparing the behavior of the undisturbed system of system (3), by
setting A = 0, with the disturbed system (3) using parameter values, N = 4, I = 1, H = 3.8,
A = 3, and ω = 1, one can observe that the undisturbed system is in a period-2 steady-state
behavior (Figure 7a) instead of a chaotic behavior (Figure 3h) or the coexisting period-1
state (Figure 6b), which system (3) presents. This suggests that the application of this kind
of therapy causes differentiation in the system’s behavior, due to its great sensitivity to
parameter changes. Furthermore, as the value of treatment amplitude A increases, and
the system of system (3) is also in a periodic state, like the case of A = 5.4 (Figure 4g), the
amplitude of y has been reduced. These findings suggest that as the value of treatment
amplitude A becomes higher, which implies more therapy, this results in lower peaks of
the population of vascular tumors.
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Finally, in Figure 8 the time-series of the population of the tumor cells in the metastatic
phase (z), which is a crucial phase in the progression of a tumor, for the case of undisturbed
case, by setting in system (3) the parameter A = 0, and for the disturbed system (3), with
parameter values, N = 4, I = 1, H = 3.8, A = 3, ω = 1 and (x0, y0, z0) = (1, 0, 0), are depicted.
By comparing these time series one can see that this kind of therapy may cause the system
to become more convoluted. However, at certain treatment amplitudes A, like in the
case of Figure 8b, it is possible to reduce the amplitude of the variable z except for some
sporadic bursts. However, as the value of treatment amplitude A increases and the system
of Equation (3) is also in a periodic state, like the case of A = 5.4 (Figure 9), the amplitude of
the population of the tumor cells in the metastatic phase (z) has been significantly reduced.
These results suggest that therapies can become more efficient by optimizing the conditions
of the implementation.
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4. Conclusions

This work described the effect of immunotherapy on a dynamic model for tumor
growth. The effect of immunotherapy was modeled by adding a square wave periodic term
in the equation describing the immune cell growth. The dynamical analysis unmasked
phenomena like the route to chaos through a periodic doubling sequence, crisis phenomena,
and coexistence of attractors.

Comparing the results to the previous model (Ref. [38]) that considered the effect of
immunotherapy as a sinusoidal function (system (2)), it is clear that such chaotic phenomena
persist in all models but appear under different parameter values. This makes it clear that
the way immunotherapy is modeled is crucial in modeling the progression of cancer growth.
Furthermore, system (2) is driven from chaos to period-1 through a quasi-periodic behavior,
while the proposed model of system (3) is driven from chaos to period-1 through a reverse
period-doubling route as the value of treatment amplitude A is increased.

Also, the simulation results emerged that for certain values of the amplitude of the
square wave periodic term, the populations of the proliferating tumor cells in the vascular
and metastatic stages were reduced. This was made evident by observing the time series
in Figure 4. It can be deduced from Figure 4h that at the lowest value of A used, the
system was increasingly chaotic. This can result in it being harder to predict its future
behavior, which is a desired trait since each type of tumor growth needs to be mitigated.
Therefore, as the intensity of treatment A decreased, the system increased its complexity
and gave a high degree of robustness, hence the level of success in the treatment of cancer
may be low, especially at the stage of metastasis. This result suggests in a general way



Dynamics 2022, 2 173

that the system evolves from less complex and robust to chaotic states as the amplitude of
perturbation decreases.

Thus, as future extensions of this work, the effect of frequency of the square signal
on the system’s behavior, as well as using different periods of administration between
doses will be examined. Also, the average period between spikes is an interesting topic
to consider next, as this measure could be indicative of how active the cell oscillations are.
Furthermore, different types of periodic functions used to model immunotherapy, as well
as combinations of them, will be considered. Finally, the fractional-order version of the
model will be developed.
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