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Abstract: The paper is written as a reflection on the author’s online teaching of a graduate elemen-
tary mathematics content and methods course through the asynchronous modality. The need for
developing skills in posing problems that integrate non-technological and technological problem-
solving strategies is emphasized. Such problems are considered agency of design-based mathematics
education. The importance of revealing hidden mathematical ideas stemming from teacher can-
didates’ willingness to explore self-posed problems within the forum components of the course is
discussed. Using these hidden ideas, the paper demonstrates connectivity among different mathe-
matical concepts including historical connections. Teacher candidates’ reflections on the course have
been included and reviewed.
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1. Introduction

The concept of the technology-immune/technology-enabled (TITE) problem was intro-
duced in [1] as an extension of the Type I vs. Type II technology applications framework [2].
Technology application of the former type deals with tasks characterized by what is often
called scripted instruction [3], a didactic approach grounded in drill and practice emphasiz-
ing the primality of procedural skills [4,5]. An application of the latter type deals with using
technology as a conceptual tool in support of design-based learning [6,7] emphasizing
pedagogy of reflective inquiry [8,9]. Nowadays, in order to sustain educational gains from
the Type I vs. Type II technology applications framework in the context of mathematics,
teacher candidates have to be proficient in designing tasks that are still cognitively chal-
lenging despite (or perhaps because of) commonly available digital power of symbolic
computations and graphic constructions. This is where a TITE concept comes into play.
A TITE mathematical problem cannot be automatically solved by software, yet the role
of technology in solving the problem remains critical. TITE problem solving may include
the use of multiple software tools in support of a single mathematical task. In many cases,
using different tools—numeric, symbolic, graphic—not only provides support in solving
a problem but also motivates one’s deep thinking about experimentally obtained results
that can lead to formulating a new problem. Even if an experiment begins with using
technology in an intuitive way [10] and experimental results are unintended, the emergence
of deep thinking about them, enabling the intuitive to give way to the conceptual, serves as
a testament to design-based learning focusing on creative, theory-oriented thinking.

Educational computing in mathematics elevates interplay between experiment and
theory to a higher cognitive level and it may be supported by an electronic spreadsheet
and Wolfram Alpha—a computational knowledge engine (https://www.wolframalpha.com
accessed on 19 May 2022) often used as mutually complimentary tools [11]. If problem-
solving activities are scripted and expected to be memorized, their non-dialogic structure
does not allow for epistemically oriented activities, through which learners of mathematics
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can practice the idea of using different problem-solving techniques leading to the same
answer. In doing so, they can design their own problem-solving techniques and, in the
true spirit of a student-centered classroom [12], pose their own mathematical problems to
solve. At the same time, an epistemic development always has a pragmatic component in
the sense of memorizing arithmetical facts through interacting with numbers under the
umbrella of inquiry into the relationships that the numbers form.

Design-based (or problem-based) approaches to education emerged in the 1990s from
the fields associated with engineering design [13,14] towards developing the science of edu-
cation by taking advantage of new technologies and by investigating how different designs
of learning environments affect teaching and learning in the technological paradigm [15].
Whereas the ideas of design education, especially at the pre-college level, had major influ-
ence on teaching science [16], quite a few researchers and practitioners of mathematical
education described educational innovations of the subject matter from the perspectives
of design-based teaching and learning [17–20]. Due to the rapid advent of technology,
both digital and tactile, in the K-12 mathematical classroom, the design of technology-rich
environments for the teaching and learning of mathematics focused on the importance of
inquiry into the appropriate use of the modern-day tools by future teachers of mathematics,
including those intended to teach the subject matter at the elementary level. With this in
mind, the main objective of this paper is to contribute to the conception of design-based
education from a mathematics teacher education perspective, emphasizing the use of tech-
nology in the context of asynchronous education. More specifically, the author’s goal is to
demonstrate how the concept of TITE problem solving and posing may become an agency
of design approaches to the teaching of mathematics to elementary teacher candidates
within mathematics education courses, which, despite a number of negative affordances of
teaching such courses using the Internet [21], have been increasingly taught online around
the world.

An important aspect of an asynchronous course is the use of a discussion forum
designed by the course instructor to structure and motivate students’ engagement and peer
interaction, as well as (ideally) to maximize their learning. Although discussion forums
have been mostly associated with asynchronous courses [22–25], the forums can also be
integrated with blended educational courses [26,27] and be a part of synchronous and
face-to-face learning modalities [28,29]. Whereas the author’s experience in the design of
computational learning environments emphasizing the TITE concept includes traditional
and synchronous mathematics teacher education courses, experience with designing and
managing a discussion forum enriched (as will be shown below) by digital and virtual
tools is the most recent one being limited to the asynchronous educational modality.

Design thinking in mathematics education, among other things, includes the appreci-
ation of technological advances, critical thinking, and learning from mistakes. This kind
of thinking was demonstrated by an elementary teacher candidate, one of the author’s
students in a mathematics content and methods course (asynchronous enrollment of some
20 students), who believes that “Wolfram Alpha is a great tool for students to be able to manip-
ulate and receive actual feedback immediately. This feedback helps students gain independence in
their learning with trial and error. Some students need to be able to make these errors and correct
them without feeling like a failure, among others. Wolfram Alpha really helps individuals learn
how to problem solve and use complex critical thinking skills. I had never heard of Wolfram Alpha
before this course and now I cannot wait to provide my students with another tool to help them gain
confidence in their mathematical and critical thinking skills.” Design-based learning activities
of posing and solving mathematical problems supported by modern-day digital tools
motivate students’ interest in “evidence of proof, the recognition of new phenomena, their
reproduction and utilization, [and thereby] undoubtedly place it [mathematics] among
the experimental sciences” [30] (pp. 73–74). This, in turn, by acquiring new information
through critical reflection when one, by “looking at the past . . . can more wisely build
the future” [31] (p. 80), makes it possible for transformative learning [7] to take place
through a continuous reflection on a solved problem through the (potentially) never-ending
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cycle “solve–reflect–pose.” That is, problem solving and posing can be seen as an iterative
learning process integrating conceptual and procedural knowledge [32].

Nowadays, especially within an online asynchronous mathematics education course,
the cycle “solve–reflect–pose” can be enhanced procedurally through the use of a variety
of virtual environments, both physical and digital, for sharing problems as responses to
prompts initiated by the instructor within the forum component of the course. While the
“solve–reflect–pose” cycle is a typical technique used by professional mathematicians, one
way to pursue it in an asynchronous mathematics teacher education course with a contri-
bution of a “more knowledgeable” instructor is through the process of student-to-student
interaction within the forum. By experiencing reciprocity in posing problems, teacher
candidates can learn that one of the main difficulties involved in this process is finding the
right balance between the challenge and the frustration, sentiments commonly associated
with solving problems. David Hilbert, in the keynote address to the 1900 International
Congress of Mathematicians, advised the audience, “a mathematical problem should be
difficult . . . yet not completely inaccessible” [33] (p. 438). This advice also sends a message
to educators in general, who, more recently, were reminded that “subject matter has an
instrumental value as a means of promoting discovery” [34] (p. 362). As will be shown
in this paper, mathematical discovery can be initiated by a student by reflecting on their
solution to a problem posed by the instructor and being willing to explore mathematics
beyond the information given [35]. It is the prompt contribution of the instructor to emerg-
ing creative discovery by a student that makes it possible for the TITE concept to serve as
agency for design-based mathematics education.

2. Materials and Methods

Two types of materials have been used by the author when working on this paper. The
first type includes teaching and learning mathematics standards from the United States
and Canada.

These include Common Core States Standards [36]—the major educational documents
in the US at the time of writing this paper, recommendations for teacher educators by
the Conference Board of the Mathematical Sciences [37]—an umbrella organization of
19 professional societies in the US concerned, in particular, with mathematics teacher
education, Standards for Preparing Teachers of Mathematics by the Association of Mathe-
matics Teacher Educators [38], and mathematics curriculum materials for grades 1–8 by the
Ontario Ministry of Education in Canada [39]. The university where the author prepares
elementary teacher candidates to teach mathematics is located in upstate New York in close
proximity to the province of Ontario, and many of the author’s students are Canadians
pursuing their master’s degrees in education. This diversity of students suggests the impor-
tance of aligning mathematics education courses with North American perspectives on the
teaching and learning of elementary mathematics. Whereas there exist multiple arguments
toward more context-based and authentic mathematics curricula, it appears that regardless
of the direction one takes in the teaching of mathematics, the importance of design-based
education with an emphasis on alternative perspectives and integrative thinking, when
students “check their answers to problems using a different method . . . understand the
approaches of others . . . and identify correspondence between different approaches” [36]
(p. 6) thereby enabling teachers “to give full attention to alternative possibilities” [8] (p. 30),
is not debatable.

The second type of materials is technological (both digital and physical). The materials
include computational knowledge engine Wolfram Alpha, an electronic spreadsheet, and a
variety of virtual manipulatives. North American standards uniformly call for the teaching
of multiple solution strategies in solving a single problem, for solving problems using
technology, for encouraging students to ask questions while expecting teachers not to
reject a challenge coming from students’ questions, to make mathematical connections
through multiple representations, and to pose new problems. The paper is supported
by solicited reflections by teacher candidates in which they describe their mostly novel
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experience using digital tools when working on the course assignments and willingness to
use their transformative learning of technology in their own classroom as well as with their
own children.

There are two types of data (the data shared includes the description of one candi-
date’s contribution to the forum (Section 4) that serves as the crux of the discussion in the
subsequent sections of the paper and five (selected out of about 100) technology-related
comments by the teacher candidates (Introduction—one comment, Section 8—two com-
ments, Conclusion—two comments)) shared in this paper: an elementary teacher candi-
date’s epistemically rich serendipitous contribution to the discussion forum and several
didactically pragmatic representative reflections by future elementary teachers regarding
the use of technology in the teaching and learning of mathematics. In general, the latter
type was collected, using two major instruments, over a few semesters of teaching asyn-
chronously. Firstly, the candidates’ contributions to the forum that were motivated in part
by prompts—a series of questions posed by the author for each week (out of 14 total)—were
analyzed to structure a discussion on a specific topic (e.g., Conceptual Shortcuts, Friendly Face
of Mathematics, Wolfram Alpha, Informal Geometry). Secondly, solicited comments by teacher
candidates in response to open-ended questions included in the final exam were analyzed
(e.g., Why do elementary teacher candidates need to possess “deep understanding” of mathematics?).
The use of different instruments serves as evidence of triangulation [40] in qualitative data
collection from solicited and non-solicited sources. This triangulation perspective makes it
possible to avoid seeing the author’s reflections on the course design through the lens of
such reflections, as mentioned by Artigue in [41] (p. 314), being “necessarily subjective”
because they are balanced by teacher candidates’ reflective thinking. The data analysis
indicates the candidates’ appreciation of the need for deep mathematical knowledge as the
pivot of the modern-day pedagogy of multiple, technology-enhanced, solution strategies
by means of which one can make schoolchildren interested in the subject matter [37,38].

Methods specific for mathematics education used in this paper include computer-
based mathematics education, standards-based mathematics, and problem solving and
posing. Activities described and analyzed in the paper are aimed at developing in the
candidates conceptual understanding of mathematics [37] and may be characterized as
action learning. The concept of action learning was introduced in [42,43] in the context of
business education and problem solving. The genesis of the idea of action learning can be
traced back to the writings of John Dewey, who emphasized the importance of educational
activities that include “the development of artistic capacity of any kind, of special scientific
ability, of effective citizenship, as well as professional and business occupations” [44]
(p. 307). It is scientific ability and professional mindset that allow one, in true congruence
with the principals of action learning [42], to develop through reflective questioning, either
self- or peer-initiated, a deeper insight into the initial solution to an important problem.

In mathematics education the concept of action learning is understood as learning
through students’ work on a real problem followed by true reflection on this work under
the guidance of their professor, leading to posing and solving new problems applicable
to reality and seeing learning as the primary goal of the action [45]. From an educational
perspective, a mathematical problem may be considered real if it is important for a deeper
understanding of the subject matter and provides multiple opportunities for action learning
by taking action and reflecting on the results [42] in order to navigate through the web
of classic ideas, the appeal of which is due to their connectivity that unexpectedly eases
their perceived complexity. Max Wertheimer, one of the founders of Gestalt psychology,
argued that for many children “it makes a big difference whether or not there is some real
sense in putting the problem at all” [46] (p. 273) so that reflecting on a real-life problem
as “simple” as putting cookies or candies on plates is likely to be appealing to them. In
general, reflection is the main mechanism of metacognitive development, something that
Flavell [47] defined as “one’s knowledge concerning one’s own cognitive processes and
products or anything related to them” (p. 232). In most cases, reflection, or “inquiry about
inquiry” [48] (p. 215), has to be supported by a “more knowledgeable other” [49], because,
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as noted in [50], without being cognitive in a field, one may not be metacognitive in the
field. Finally, metacognitive development is critical for acquiring mathematical skills of
“integrative thinking and problem solving” [39] (p. 30) when using “previously established
results in constructing arguments” [36] (p. 6).

3. A TITE Problem: An Example

As an example of a TITE problem, consider

Problem 1. Let the general term of a numeric sequence be defined as half the product of
two consecutive natural numbers. From this sequence, every other term beginning from
the first one is removed. This procedure is applied to the sequence three times. Using a
spreadsheet, generate the resulting sequence and find its term of rank 100. Determine the
rank of this term in the original sequence.

Discussion. According to the definition, the terms of the sequence are

x1 =
1× 2

2
= 1, x2 =

2× 3
2

= 3, x3 =
3× 4

2
= 6, . . . , xn =

n(n + 1)
2

.

One can use a spreadsheet (Figure 1) to generate more terms of this sequence: 1, 3, 6,
10, 15, 21, 28, 36, 45, 55, and apply the elimination procedure for the first time to get 3, 10,
21, 36, 55, . . . —terms of even rank. A TI part of the problem is to “express regularity in
repeated reasoning” [36] (p. 8) by describing algebraically the general term x′n of the last
sequence. One can see that

x′1 =
2× 3

2
= 3, x′2 =

4× 5
2

= 10, x′3 =
6× 7

2
= 21, . . . , x′n =

2n(2n + 1)
2

= n(2n + 1) .
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Once again, using a spreadsheet, one can check to see that the TI part works and apply
the elimination procedure to the last sequence to get 10, 36, 78, 136, 210, . . . . A TI part of
the problem is to describe the general term x′′n of the last sequence. One can see that

x′′1 =
4× 5

2
= 10, x′′2 =

8× 9
2

= 36, x′′3 =
12× 13

2
= 78, . . . , x′′n =

4n(4n + 1)
2

= 2n(4n + 1) .

Finally, one can use a spreadsheet to check that the TI part works and apply the elimination
procedure to the last sequence to get 36, 136, 300, 528, . . . . One can see that

x′′′1 =
8× 9

2
= 36, x′′′2 =

16× 17
2

= 136, x′′′3 =
24× 25

2
= 300, . . . , x′′′n =

8n(8n + 1)
2

= 4n(8n + 1).

Therefore, x′′′100 = 800(800+1)
2 = 320, 400. Because any number in the original sequence

and its subsequences is half the product of two consecutive integers, the representation
320, 400 = 800(800+1)

2 implies that 800 is its rank in the original sequence xn. One can
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see that the problem needs a spreadsheet (a TE part) in order to generate sequences
subjected to the process of elimination and as a verification of the correctness of algebraic
generalization (a TI part) needed to “extend previous understanding of arithmetic to
algebraic expressions” [36] (p. 43).

Furthermore, one can use Wolfram Alpha to verify the correctness of algebraic gener-
alizations within a TI part of problem solving. As shown in Figure 2, entering “36, 136,
300, 528, . . . ,” the first four integers that survived the third elimination, into the input box
of Wolfram Alpha not only confirms the algebraic formula but also generates the number
320,400 as part of a numeric table into which the results of the third elimination were ar-
ranged. As Hans Freudenthal, one of the leading mathematics educators of the second part
of the 20th century, put it, “It is independency of new experiments that enhances credibility
. . . [for] repeating does not create new evidence, which in fact is successfully aspired to by
independent experiments” [51] (pp. 193–194). Indeed, using different computational tools
in support of the TE parts of problem solving enhances credibility of its TI parts and, by
developing self-confidence in intellectual growth of the modern-day inquirer, contributes
to the fulfilment of the transformative learning of mathematics. Put another way, just as the
use of different theoretical approaches to a problem enhances the validity of the final result,
the use of more than one digital instrument in solving a TITE problem provides evidence
of triangulation [40] of mathematical reasoning using technology.
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4. Reflecting on an Unexpected Exploration by an Elementary Teacher Candidate

According to Common Core State Standards, already at the kindergarten level students
are expected to “use basic shapes to construct more complex shapes” [36] (p. 9). With
this expectation for young children in mind, elementary teacher candidates, enrolled in
a master’s-level mathematics education course taught online through the asynchronous
modality, were offered the following hands-on task.

Problem 2. Construct a 4-by-4 square using 16 (multicolored) counters. Then rearrange the
counters to build an isosceles triangle. Write an equality describing such rearrangement.

Discussion. The goal of the task was for teacher candidates to experimentally “discover” a
property of squares being the sums of consecutive odd numbers stating from one (Figure 3),
the general form of which is n2 = 1 + 3 + 5 + . . . + 2n − 1. This property can already
be observed within the multiplication table by interpreting gnomons (something that,
according to Heron of Alexandria, a Greek mathematician and engineer of the 1st century
A.D., when added to or removed from a shape, yields a similar formation) as images of
odd numbers. Didactically, just as the teaching of writing can “be arranged by shifting
the child’s activity from drawing things [the first-order symbols] to drawing speech [the
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second-order symbols]” [49] (p. 115), the mathematical ideas can be taught to young
children (and their future teachers alike) as transition from tasks involving concrete objects
(the first-order symbols) to describing the images constructed through culturally accepted
mathematical notation (the second-order symbols). Indeed, the above formula belongs to
the most basic relations of elementary number theory, something that at the pre-school
age was noticed (perhaps playing with children’s blocks) by A. N. Kolmogorov, one of
the major contributors to mathematics in the 20th century, who considered the formula
his first mathematical discovery [52]. The importance of using this task with elementary
teacher candidates is in its historical and socio-cultural significance, connection to basic
concepts and structures of primary school mathematics (including odd numbers and the
multiplication table), and direct accentuation of tactile learning (encouraged by educational
psychology) as the critical instrument of mathematical education.
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One teacher candidate, clearly demonstrating design thinking in mathematics edu-
cation as a means of “seeking the release of human potentialities” [53] and “desire to go
on learning” [54] (p. 49), decided to experiment with other rearrangements. In the words
of Canadian mathematics educators, “when problem solving is . . . relevant to students’
experiences and derived from their own problem posing, it furthers their understanding of
mathematics and develops their math agency” [39] (p. 75). To this end, the candidate tried
to construct through trial and error an equilateral trapezoid out of 16 counters (each row of
which has one more counter than the previous row). When this construction did not work
(see explanation in Section 6 below), he noticed that if the first row of counters forming
the square is removed, then, out of the remaining counters (forming a rectangle), such a
trapezoid can be constructed (Figure 4). In terms of the second-order symbols, this was
described as 3× 4 = 3 + 4 + 5.
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The candidate went even further and, out of 12 counters forming an isosceles trapezoid,
constructed an isosceles triangle and two self-embedded regular pentagons (Figure 5).
Although these might be seen as out of mainstream constructions, they were not entirely
accidental: Out of 12 counters used by the candidate, four counters were red and eight
counters were yellow. This, as the candidate explained, prompted the construction of all
the three shapes. In terms of action learning [43], one can say that the candidate, by seeing
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the original task, due to its concreteness and tactile nature, as a real problem, took action
and reflected on the results.
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The author envisioned that, while being unable to ask questions in person, students
still could (and should) be curious (and thus their possible curiosity has to be addressed
through the online course management system where the instructor can leave reflections
on the candidate’s responses to prompts):

1. Is there something special behind the constructions of isosceles trapezoids, isosceles
triangles, and self-embedded regular pentagons?

2. Does the number of rows in an isosceles trapezoid (each row of which has one more
counter than the previous row) have to be the same as in an isosceles triangle (the
difference between the number of counters in each row is the same) in order for the
latter to be constructed?

3. Can more than one isosceles trapezoid be constructed out of an isosceles triangle?
4. Can any isosceles trapezoid be rearranged to have self-embedded regular pentagons?
5. Is there a square that can be rearranged into an isosceles trapezoid?
6. Is there a square that can be rearranged into an equilateral triangle (each row of which

has one more counter than the previous row)?
7. Is there a square that can be rearranged into self-embedded regular pentagons?

Note that the above questions and their order can be interpreted through lens of the di-
dactic cycle “solve–reflect–pose” [32]. In fact, it was due to the candidate’s self-engagement
in action learning that such questions came to light. That is, the more information the mind
has processed, the more intricate it formulates new inquiries into related situations. Below,
the seven questions will be addressed through those lenses.

5. A TITE Problem Stemming from the Teacher Candidate’s Exploration

Interesting mathematics is hidden behind the seven questions stemming from reflec-
tions on experimental constructions by a teacher candidate, and it required intervention of
the “more knowledgeable other” [49]. As a result of experimentation motivated by Problem
2, a new problem was formulated and discussed online.

Problem 3. In Figure 5, the number of rows in the (isosceles) trapezoid is the same as the
number of rows in the (isosceles) triangle. Do these numbers always have to be the same in
order for the latter shape to be constructed from the former shape?
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Discussion. As emphasized by the Association of Mathematics Teacher Educators, some-
times mathematics teachers, when facing students whose thinking is different from what is
expected, “may inadvertently seek to remedy those differences rather than seeing them as
strength and resources upon which to build” [38] (p. 22). Therefore, it was the author’s di-
dactic responsibility to reflect on the three constructions; in other words, to initiate “inquiry
about inquiry” [29] (p. 215). Indeed, behind the shapes constructed by the teacher candidate
was hidden mathematics curriculum [55], which, by representing “biologically secondary
information . . . requires direct, explicit instruction” [56] (p. 121). The authors of [56] gave
just one example of biologically secondary knowledge in mathematics—the base-ten system.
Referring to even such basic mathematical knowledge as being “biologically secondary”
indicates that, in general, although the subject matter of mathematics does emphasize many
components of design thinking, including propensity for experimentation, acceptance of
ambiguity, open mindedness, and critical questioning, a mathematical classroom does
require the presence of a competent instructor capable of recognizing the presence of deep
mathematical ideas behind students’ initial experimentation that, once revealed through
TITE problem solving, have great potential to give way to their transformative learning.

Numerically, the first two constructions shown in Figure 5 can be described through
the relationship

3 + 4 + 5 = 1 + 4 + 7.

A significant aspect of the first construction, in terms of the first-order symbols, is that
each row of the image of an isosceles trapezoid has one more counter than the previous row.
In terms of the second-order symbols, we have a sum of consecutive natural numbers that can
be referred to as a trapezoidal number [57]. A significant aspect of the second construction,
in terms of the first-order symbols, is that each row of the image of an isosceles triangle has
three more counters than the previous row. In terms of the second-order symbols, we have
a sum of arithmetic series with the difference three.

To answer the question posed by Problem 3, one has to move from particular (numeric)
to general (algebraic) in order to provide a TE component of the problem through the
development of its TI component. In general, a trapezoid with k rows, the top row of which
has m counters, needs a total of

m + (m + 1) + · · ·+ (m + k− 1) =
(2m + k− 1)k

2
(1)

counters in order to be constructed. Likewise, a triangle with n rows, in which each row in-
cludes three more counters than the previous row, needs 1 + 4 + 7 + · · ·+ (3n− 2) = (3n−1)n

2
counters in order to be constructed. Using Wolfram Alpha (a TE part of the problem), one can
solve the equation (2m + k− 1)k = (3n− 1)n in positive integers (developed as a TI part of
the problem), enabling one to see whether the equality k = n is necessary for a trapezoid and
the corresponding triangle with the same number of rows. As shown in Figure 6, the bottom
row of the table generated by Wolfram Alpha displays the case k = 7 6= 5 = n. This case
gives a negative answer to the question of Problem 3. Furthermore, as shown in Figure 7,
two trapezoids can be constructed out of 35 counters; one trapezoid, 35 = 5 + 6 + 7 + 8 + 9,
with five rows, and another trapezoid with seven rows, 35 = 2 + 3 + 4 + 5 + 6 + 7 + 8. Put
another way, trapezoidal representations of numbers may not be unique.

Moreover, the former trapezoid, as shown in the left-hand side of Figure 7, can be
rearranged into an isosceles triangle, 35 = 1 + 4 + 7 + 10 + 13 (1 red counter followed by
4 yellow counters followed by 7 red counters followed by 10 yellow counters followed by
13 red counters), with five rows as well. In other words, there exists an isosceles triangle
out of which more than one isosceles trapezoid can be constructed. This gives a positive
answer to Question 3 from the above list.
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6. Explaining Why the Candidate Could Not Construct a Trapezoid Using 16 Counters

Whereas out of 12 counters only one isosceles trapezoid can be constructed, out of
35 counters one can construct even more than two isosceles trapezoids. Indeed, 35 = 17 + 18
yields a new trapezoid with two rows. Formally (a TI part of the discussion), as it follows
from Equation (1), the equation k(2m + k− 1) = 70 shows that 70 can be factored in two
factors in three ways: 70 = 2× 35 = 5× 14 = 7× 10, and each factorization defines an
isosceles trapezoid: the first one with two rows, the second one with five rows, and the
third one with seven rows. At the same time, the equation k(2m+k−1)

2 = 12 immediately
implies k(2m + k− 1) = 24, whence 24 = 2× 12 = 3× 8 = 4× 6. Although 24 has also
three factorizations, the first and the third ones yield, respectively, the relations 2m = 11
and 2m = 3, not solvable over integer m. Only when k = 3 do we have m = 3—the case
found experimentally by the teacher candidate (Figure 4). This number theory explanation
makes it possible to clarify why the teacher candidate failed to construct a trapezoid out
of 16 counters. Indeed, the only factorizations for the double of 16 are those with both
even factors, 32 = 2× 16 = 4× 8, none of which yield an integer value of counters for the
first row. In particular, because powers of two may not be represented as a product of two
factors of different parity, trapezoidal numbers may not be powers of two. At the same time
(answering Question 5 from the above list), a square of side length 3 can be rearranged into
an isosceles trapezoid in two ways. This fact can be explained theoretically and practically.
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Factorization yields 18 = 2× 9 = 3× 6 and the first factors, 2 and 3, point at the trapezoids
with two and three rows, respectively. Those trapezoids can be confirmed practically as
9 = 4 + 5 = 2 + 3 + 4.

7. Integrating TITE Problems and the History of Mathematics

The history of mathematics provides learners with interesting mathematical ideas and
is worth to “be woven into existing mathematics courses” [37] (p. 61). Mathematically
speaking, Question 6 from the above list asks for the existence of squares among triangular
numbers. This is a classic number theory problem that spans from the time of Diophantus
(3rd century) to that of Euler (18th century). The smallest such square and equilateral
triangle (an image of a triangular number) can be constructed out of 36 counters. Indeed,
36 = 62 = 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 . Other cases can be provided by entering into the
input box of Wolfram Alpha the command “solve over the positive integers n(n+1)=2mˆ2.”
Such use of the tool is of the TITE type, as constructing the last equation requires knowledge
of mathematics, something that in the case m = 6 can be verified through a hands-on
experiment. Such interplay of theory and experiment is a distinctive characteristic of design-
based mathematics education. The next case, m = 35, is way beyond hands-on confirmation
(to deal with 1225 counters). Leonhard Euler, the father of all modern mathematics, proved
the existence of an infinite number of triangular squares [58]. Although Wolfram Alpha does
not prove this statement, its computational power “immensely extends the possibilities of
behavior by making the results of the work of geniuses available to everyone” [59].

The history of mathematics preserves examples of using numeric tables as tools of
advancing computational ideas. Ahmes, an ancient (ca. 1500 B.C.) Egyptian scribe, of-
ten considered the first mathematician because he was the first one to save and present
mathematical results in a written form, is credited with developing a table, representing
fractions of the form 2/n as a sum of distinct unit fractions. Michael Stifel, a 16th-century
German monk and mathematician, used a table, known as Stifel’s triangle [60], to recur-
sively compute binomial coefficients. In the 17th century, Blaise Pascal, one of the founders
of probability theory, came across his famous triangle by recording sample spaces of experi-
ments of tossing coins from where one can determine chances of having a certain result
of an experiment [61]. In the 18th century, Élie de Joncourt, a Dutch minister of church
and mathematics teacher, used the fact that within a numeric table comprised of triangular
numbers, the sum of two consecutive triangular numbers is the square of the rank of the
larger number, to compute squares and square roots [62]. As mentioned in [63] (p. 324),
with reference to the rise and ubiquity of electronic spreadsheets in industry and education,
“the two-dimensional table would arise spontaneously in any civilization where a writing
surface was used.”

8. From Self-Embedded Pentagons to the Addition Table

The teacher candidate’s construction of self-embedded regular pentagons was acciden-
tal, and it can be described as collateral creativity [64]—an unintended but favorable and
often accidental educative outcome of one’s technology-enhanced learning experience. In
order to explain the success of this experiment, geometry has to be connected to arithmetic
(or, better, to theoretical arithmetic known as number theory). Problems of number theory
have their origin in ancient, ca. 1000 B.C., China [65], where geometric images (first-order
symbols) were described through relationships among numbers (second-order symbols).
As shown in Figure 5, the construction of the pentagon was guided by the sum 1 + 4 + 7.
The last three addends can be selected from the natural number sequence using skip count-
ing by twos or by eliminating pairs of numbers (similar to how it was done in Problem 1):
Start with 1 and skip the pairs (2, 3), (5, 6), and so on. Then the partial sums surviving the
elimination can be associated with a pentagon and thus called pentagonal numbers. As was
shown above, the n-th partial sum of numbers surviving step-by-step elimination of pairs
(skip counting by twos), 1 + 4 + 7 + · · ·+ 3n− 2 = n(3n−1)

2 , represents half the product of
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two integers of different parity (otherwise, n(3n− 1) might not be divisible by two), out of
which an isosceles trapezoid can be constructed, sometimes in more than one way.

In order to answer whether a square can be rearranged into self-embedded regular
pentagons (Question 7 from the above list), one has to solve the equation n(3n− 1) = 2m2,
something that can be done by Wolfram Alpha. It turns out that the smallest pair of integers
satisfying the last equation is n = 81, m = 99; that is, the smallest square would consist of 992

counters, the rearrangement of which into self-embedded pentagons would be guided by
the sum 1 + 4 + 7 + . . . + (3×81− 2) = 81×121 = 992. The next pair is n = 7921, m = 9701.
This shows that answering Question 7 is indeed a TITE problem not solvable through
hands-on experimentation with counters. At the same time, the problem was motivated by
the teacher candidate’s delight in “collateral learning [something that] may be and often
is much more important than the spelling lesson or lesson in geography or history . . .
[forming] desire to go on learning” [8] (p. 49).

An unexpected connection of the product n(3n− 1) to the addition table is worth
mentioning: The sums of numbers in the gnomons of the table (Figure 8) are twice pen-
tagonal numbers, as the sum of numbers in the gnomon of rank n is equal to the product.
In particular, the recognition of connection between pentagonal numbers and an addition
table makes it possible to find the sum of all numbers in the n× n addition table as follows:

n

∑
k=1

k(3k− 1) = 3
n

∑
k=1

k2 −
n

∑
k=1

k = 3× n(n + 1)(2n + 1)
6

− n(n + 1)
2

= n2(n + 1)
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However, as shown in Figure 9, the above symbolic computations can be outsourced to
Wolfram Alpha by typing in its input box “sum of k(3k-1) for k from 1 to n.” As Langtangen
and Tveito put it, “Much of the current focus on algebraically challenging, lengthy, error
prone paper and pencil work can be significantly reduced. The reason for such an evolution
is that the computer is simply much better than humans on any theoretically phrased well-
defined repetitive operation” [66] (pp. 811–812). This quote emphasizes the educational
importance of the TITE concept for the teaching of mathematics, as more and more tradi-
tionally conceptual problems can be solved almost at the push of a button with minimal
skills in designing a programming code needed for machine-based symbolic computations.

Note that explorations with an addition table offer many conceptually rich TITE
problem-solving activities. Such activities can incorporate developing different ways of
finding the sum of all numbers in the table. Those ways include adding numbers by
rows, adding numbers along bottom-left/top-right or top-left/bottom-right diagonals,
and adding numbers located in the diagonals equidistant from the bottom-left/top-right
diagonal. The activities provide teacher candidates with experience in solving a problem
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in more than one way so that each new way may be considered posing a new problem to
solve. All of this describes metacognitive development and using TITE problems as agency
of design-based learning. As mentioned by an elementary teacher candidate, “I think it is
important to teach students multiple strategies to solve problems and let them choose the one that
works best for them or the one that applies the best to the specific question they are working with.
When students are given multiple strategies for solving problems, they can take ownership of their
math and find success with the strategy that works best for them. They learn that not all strategies
work in every situation, so they apply the one that works the best for their skill set and ability”.
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Similarly, recognizing a clear-cut distinction between yesterday’s learning experience
and today’s expectations for an elementary mathematics teacher, another teacher candidate
admitted, “I think my experience solving math problems in more than one way really began only
when I started working in education. As a student myself, my experience was that math was black
and white- this is the formula and this is the answer and this is the strategy. Now we teach our
students to show their work and often several strategies are used to solve the problem and it results
in the same answer. Also, the use of manipulatives, paper and pencil, mental math, technology etc.
are all tools in solving mathematical problems”.

As was mentioned above at the conclusion of Section 3, solving a mathematical
problem in more than one way; that is, by using multiple TITE perspectives (supported
by multiple digital tools) on how the problem can be solved, provides evidence of the
triangulation [40] of problem solving carried out collectively (students supervised by the
teacher) under collateral [8] and action [42] learning umbrellas.

9. Conclusions

Four major points described in this paper can be singled out to serve as concluding
remarks. The first point is the importance of technology-immune/technology-enabled prob-
lems for modern-day mathematics teacher education. With the increasing computational
power—numeric, symbolic, graphic—of technology in solving mathematical problems,
teaching the subject matter by integrating conceptual ideas and procedural techniques
becomes more and more pedagogically challenging. This integration may include using
technology in answering conceptual questions that can result from students’ experimenta-
tion with concrete materials. That is, as shown in the diagram of Figure 10 (which reflects
a specific episode described in this paper), a TITE problem may be formulated by the
instructor in order to clarify mathematically the result(s) of a hands-on experiment shared
by a teacher candidate within the forum as a response to a specific prompt. In that way, the
student-motivated TITE problem and its solution posted by the instructor on the forum
in a “non-invasive” (or minimally invasive [67]) mode aim at augmenting mathematical
knowledge of teacher candidates and serve as agency of new design-based mathematics
education activities. The descriptive nature of this paper follows the path of reflective
writings in mathematics education that underscore the “pivotal role of reflections in math-
ematising and didactising” [68] (p. 163) and demonstrate how learners think “through
reflection on the epistemological and ontological status of mathematical constructs” [69]
(p. 2). Furthermore, from an educational psychology perspective, the author’s descriptive
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reflection on a forum-related episode shows a transition “from just being able to do some-
thing to thinking about the doing of that thing . . . by reconstructing on a higher level what
existed on a lower level . . . so that when one reflects onto a higher level, it is incumbent
upon one to enrich it with new elements” [70] (p. 225). All things considered, the author’s
intent was to demonstrate how one can make a transition from knowing mathematics to
using this knowledge in recognizing in a teacher candidate’s contribution to the discussion
forum an unwitting problem posing, then sharing this recognition in detail within the
forum, and, finally, writing about the whole thing using the TITE framework. In particular,
digitally solving Equation (1), which equated the number of counters used in constructing
a trapezoid and a triangle, yielded an unexpected counterexample showing the epistemic
deficiency of an experiment as a means of generalization on the one hand, and the source
of metacognition on the other hand. In addition, the diagram of Figure 10 shows that the
resolution of a TITE problem becomes a springboard for posing new problems when action
learning [42,43,45] and design thinking [6,7] are used as instruments of metacognitive
development [47,48] geared towards the initiation of the “solve–reflect–pose” cognitive
cycle [32].
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The second point deals with a unique opportunity to enrich an asynchronous math-
ematics education course by means of the instructor’s reflections on teacher candidates’
creative responses to the prompts that structure the forum component of the course. This
enrichment is at least three-fold. First, teacher candidates learn that the ontology of elemen-
tary mathematics is full of hidden ideas that could be recognized by their future students
requesting further elaboration and clarification. Having experience with revealing such
ideas both mathematically and technologically is important for developing deep under-
standing of the subject matter [37,38]. Second, teacher candidates can read the instructor’s
“non-invasive” responses to a contribution by one of their peers at the time of their own
choice and convenience, something that is not possible in the face-to-face teaching modal-
ity [71]. Third, it might be tempting for the candidates to try to contribute to the forum in
like manner to see whether their design thinking could also touch upon new hidden ideas.

The third point embraces the first two points, and it concerns the issue of the impor-
tance of mathematical knowledge for teaching [72–74], especially, as the author strongly
believes, when an online course is offered through the asynchronous modality. Whereas
an asynchronous course, unlike a synchronous course, is not recorded, everything that
happens within the former course remains online and students may revisit the shell of
the course at any time during the semester. That is why the omnipresent contribution
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of the instructor to the forum and their responses to students’ answers to the prompts is
pedagogically important—as is well known, teachers teach similarly to how they were
taught [75–77]. The author’s experience with teaching an asynchronous course provides
evidence that some teacher candidates may demonstrate a number of interesting ideas that
are presented through an experiment using virtual manipulatives. In this paper, one such
experiment was shared when a teacher candidate unintentionally touched upon several
hidden ideas including trapezoidal numbers and self-embedded regular pentagons. This is
where mathematical knowledge for teaching becomes very important, because recognition
of a hidden idea behind the candidate’s initial experimentation, some parts of which were
successful and some were not, required from the author to elaborate on this idea to explain,
using TITE framework, why some experiments were successful and some were not. In par-
ticular, explaining mathematically the reason for the failure of an experiment demonstrated
that not every problem in mathematics has a solution. This elaboration remains a part of
the course serving as an online appendix to any traditional course materials, including
a textbook.

Finally, the fourth major point described in the paper deals with the issue of teaching
and learning to use technology throughout the course. The course participants, through
their comments (collected by the author, as mentioned in Section 2, by analyzing about
100 responses to the final exam questionnaire and the discussion forum prompts), provided
evidence that transformative learning of technology-enabled pedagogy, when new infor-
mation affects earlier developed knowledge and skills, took place. Regarding the use of
Wolfram Alpha in the course, a teacher candidate acknowledged, “Prior to taking this course, I
had little experience using Wolfram Alpha except when trying to independently research areas of
difficulty during high school (particularly when studying trigonometry and entry-level calculus).
I initially found it somewhat difficult to navigate, although I believe this was due to my already
limited understanding of the content I was learning. However, its use throughout this course has
opened my eyes to the versatility of this tool!”.

An aspect worthy of mention of asynchronous graduate teacher education deals
with a possible increase in the exchange of knowledge within a nuclear family when non-
traditional students, motivated to advance their education by the apparent convenience
of online programs, spend more time at home. This aspect is reflected in a comment by a
teacher candidate regarding the use of spreadsheets in the course: “It is crucial that students
know how to use technology in the classroom so they can utilize it as an adult also. Our son
uses spreadsheets to manage his money. When we helped our son create a spreadsheet that does
his calculations for him, it changed how he looks at his money. He can now create and modify
his spreadsheet to fit his needs as well as help others. This also shows why it is important to use
technology in the classroom. Students do not want to solve problems using paper and pencil anymore.
With that said, the students must show they understand the concepts too, not just the answer on a
piece of paper”.

Elementary teacher candidates’ appreciation of versatility of the modern-day digital
tools inside (as well as outside) the context of school mathematics, with expectations of
incorporating TITE problem solving and posing as agency of design-based mathematical
education, is a testament that the author’s pedagogical efforts in demonstrating that proce-
dural competence in the subject matter and its conceptual understanding go hand in hand
do bear fruit. Possible suggestions for practitioners of asynchronous mathematics teaching
that can be drawn from this paper may embrace paying attention to the value of “non-
invasive” uplifting of teacher candidates’ mathematical knowledge through discussion
forums, recognizing the importance of such knowledge for teaching in the technological
paradigm, using the TITE didactics as appropriate, being sensitive and open to students’
ideas, and taking notice of the potential educative effect of enrolling in online courses on the
knowledge base of family members. As online pedagogy becomes more and more common
around the world, other experiences of design-based mathematics education courses of
different teaching modalities will come to light.
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