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Abstract

This study aims to identify math students’ argumentation processes and how the design
of interactive materials may serve such processes. Despite the increasing use of such ma-
terials in mathematics education, their role in shaping students’ argumentation processes
remains underexplored. The case study to be reported here is part of a project aimed at
examining the potential of interactive materials to support students” argumentation pro-
cesses. Three 13- and 14-year-old students were challenged by a task presented as a guid-
ing interactive diagram centered on an animation of multi-process motion and parallel
time-position graphs. The study was based on a framework for analyzing the pedagogical
functionality of interactive diagrams and the Toulmin model for analyzing the argument
structure. The argumentation processes evolved from claiming a discrepancy between the
two hot-linked representations in the diagram. The students used backing to generate
mathematical ideas and rebuttals to strengthen them by analyzing exceptional cases. The
study provides evidence of the contribution of the guiding interactive diagram design to
the emergence of rich argumentation processes. The students engaged in deeper argu-
mentation and used rebuttal as a way to address the semiotic conflict prompted by the
design into their broader argument structure.

Keywords: argumentation; interactive materials; pedagogical functionality of interactive
diagrams; semiotic conflict; Toulmin model

1. Introduction

Using technology to develop interactive mathematics materials is an attempt to create
new paths for developing mathematical practices (e.g., Naftaliev, 2018; Naftaliev & Barabash,
2024), among others, for argumentation processes such as looking for data, formulating con-
jectures based on the data, looking for ways to justify the conjectures, and stating claims and
rules. Mathematical argumentation processes are one of the key components of mathematical
thinking and communication. Argumentation in the scientific sense involves collaborative
discussion to explore and resolve an issue and construct an explanation that best fits the avail-
able data and logic (Berland & Reiser, 2009). Argumentation offers the potential for purpose-
fully guiding students to focus on the mathematical content and on how the mathematical
content can be used to respond to a problem or dilemma (e.g., Prusak et al., 2012). Yet, imple-
menting the practice of building mathematical arguments in classrooms and developing cur-
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ricula that effectively integrate argumentation into mathematical learning environments re-
mains a significant challenge in math education.

Curriculum materials, such as textbooks, are considered a key resource in learning-
teaching processes. New technologies allow the production of new, interactive materials
that make it possible for richer interaction between users and the content than traditional
printed materials (e.g., playing a video clip, interacting with an animation, changing ex-
amples, etc.; Naftaliev & Barabash, 2024; Naftaliev & Yerushalmy, 2022; Swidan, 2022).
Interaction with technology-based materials plays a central role in shaping logical, math-
ematical ways of thinking and argumentation (Arzarello et al., 2009; Bartolini Bussi &
Mariotti, 2008; Radford, 2003).

One of the main characteristics and challenges of interactive materials is that computer
technology makes it possible to design a variety of interactive diagrams (IDs) for the same
concept (e.g., Naftaliev, 2017, 2018). Deciding which design to adopt for what purpose and
how to implement it for teaching-learning are considered urgent issues facing educators
when they intend to use interactive curriculum materials. Naftaliev and Yerushalmy (2017)
characterized the interactive materials by three types of ID functions that address a variety
of learning and teaching settings. The presentational function refers to three types of exam-
ples in IDs: specific, random, and generic. The “sketchiness” vs. “rigorousness” of diagrams
is an important factor in user orientation. The organizational function refers to the connec-
tion between all the components of the ID, so IDs can be designed to function in three dif-
ferent ways: illustrating, elaborating, and guiding. Each type of design enables particular
kinds of student interaction with interactive materials, which ultimately result in different
paths of learning (e.g., Naftaliev, 2017; Naftaliev & Yerushalmy, 2017).

Understanding argumentation processes requires an understanding of how novel in-
teractive materials become an integral part of pedagogical practices. The design of inter-
active materials according to different pedagogical functions may suggest a variety of af-
fordances and constraints for the development of argumentation processes by learners.
The influence of the design of interactive technological materials on the development of
argumentation processes has not been sufficiently studied. The present research aims to
identify the students” argumentation processes and specify how the design of interactive
materials may serve as affordances in such processes. Identifying the argumentation pro-
cesses and the role of the design of interactive materials has both theoretical and peda-
gogical contributions. Theoretically, the study sheds light on the role of specific elements
in guiding interactive materials designed to trigger semiotic conflicts in learners” argu-
mentation processes. Pedagogically, it describes productive ways for mathematics educa-
tors to guide the design and use of interactive materials in a way that fosters learners’
argumentation processes.

2. Theoretical Background
2.1. Argumentation in Mathematics Education

Hanna (2020) described argumentation as a set of strategies employed to convince others
of the soundness of one’s reasoning. She further emphasized that argumentation encompasses
collaborative activities such as exchanging and evaluating claims to reach the most reasonable
conclusion, even in the face of incomplete understanding. Krummheuer (2000) underscored
the need to separate discussions of argumentation in mathematics education from formal
proof, stressing that it should not be equated solely with traditional logical reasoning or formal
deductive systems. His earlier work (1995) characterized classroom argumentation as a dis-
cursive event made up of interrelated statements that fulfill specific functions within social
interactions (Krummbheuer, 1995). This perspective positions argumentation as inherently di-
alogic and collaborative rather than an individualistic endeavor. As Krummheuer (1995) ob-
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served, argumentation typically unfolds through contributions from multiple participants
due to the dynamic nature of classroom discourse.

In mathematics education, the constructs—argumentation, reasoning, justification,
explanation, and proof —are closely related but analytically distinct. In this study, we de-
fine reasoning as the process through which students generate and connect mathematical
ideas. Explanation refers to making one’s thinking understandable to others, whereas jus-
tification concerns providing support for the validity of a claim. Proof is treated as a for-
mally structured and institutionally accepted form of justification grounded in deductive
reasoning. By contrast, argumentation is conceptualized here as the socially situated pro-
cess through which students formulate, negotiate, support, challenge, and refine mathe-
matical claims in interaction with others and with mathematical representations and in-
teractive materials. Thus, while reasoning, explanation, and justification may function as
components within argumentation, they are not treated as synonymous constructs.

While the term “argumentation” may carry varied interpretations across the field,
there is broad agreement among scholars that it is a critical component of mathematical
learning. It is considered vital in helping students construct mathematical knowledge and
refine their reasoning skills (Jones, 2000). Laborde (2005) similarly highlighted that math-
ematical understanding often arises through processes of argumentation. Moreover, ar-
gumentation is an essential part of the mathematics discipline and a key indicator of math-
ematical competence (Graham & Lesseig, 2018). In the process of building arguments and
criticizing the reasoning of others, students develop their understanding of underlying
mathematical ideas and engage in critical thinking activities (Graham & Lesseig, 2018;
Yackel & Hanna, 2003).

The role of argumentation in mathematics education has been extensively emphasized
due to its connection with conjecture-making, mathematical communication, and the devel-
opment of knowledge. Balacheff (1999) emphasized that research on argumentation has
demonstrated its productive, indispensable, and socially grounded nature, highlighting that
the collaborative dynamics of argumentation play a vital role in shaping mathematical un-
derstanding. Developing argumentation skills supports mathematics learners in grasping
alternative viewpoints, critically examining the strength and necessity of reasoning, and
judging the validity of widely held conjectures (Lin & Mintzes, 2010). According to Schwarz
et al. (2010), argumentation plays a central role in mathematics and serves as a fundamental
process through which individuals shape and refine their opinions.

Researchers are also interested in understanding the argumentation processes of stu-
dents who learn with interactive materials. The present research in this issue focused
mainly on three themes: (a) the role of the dynamic geometry software in argumentation
processes when students are conjecturing and checking conjectures with various hypoth-
esis-testing devices (e.g., Arzarello et al., 2012; Baccaglini-Frank & Mariotti, 2010; Camp-
bell & Zelkowski, 2020; Prusak et al., 2012); (b) the role of digital discussion maps—com-
posed of interconnected visual-language cards, each representing a particular component
of an argument (e.g., argument, claim, question, explanation)—in promoting argumenta-
tion processes when students are preparing their contribution using one of the options
and link it to one or more contributions in the discussion map (e.g., Abdu et al., 2015;
Albano et al., 2020; Schwarz et al., 2015); (c) the relationship between argumentation and
meaning-making while students learn with digital tools (e.g., Bikner-Ahsbahs, 2022;
Swidan, 2022; Swidan et al., 2020). In this context, argumentation may serve as a mecha-
nism through which students negotiate, refine, and construct mathematical meanings
while interacting with mathematical representations and digital tools.

In the present study, argumentation refers to the collaborative process through which
students construct, coordinate, justify, challenge, and refine mathematical claims while
interacting with guiding interactive diagrams. Our focus is therefore not on formal proof
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production, but on the evolving structure of students” mathematically oriented discourse
and the ways in which semiotic conflict contributes to the development of claims, war-
rants, backing, and rebuttals.

2.2. Semiotic Conflict and Its Role in Argumentation

Semiotic conflict is pivotal in understanding the dynamics of argumentation in educa-
tional settings. Semiotic conflict occurs when learners encounter challenges in interpreting and
translating meanings across semiotic systems, such as verbal, graphic, and symbolic represen-
tations. Godino et al. (2007) defined it as “disparities between the student’s interpretation and
the meaning in the mathematics institution.” Semiotic conflict can serve both as a catalyst for
productive argumentation and a hindrance to it. On one hand, it provides opportunities for
learners to engage in discussions to resolve the disparities between their interpretations and
mathematical meaning. For example, when students interpret a mathematical graph differ-
ently, their debate can lead to a deeper understanding of the represented concept (Lin &
Mintzes, 2010; Schwarz et al., 2010). Constructing and evaluating arguments while navigating
and resolving these conflicts can be important in students’ development and refinement of
their mathematical meaning and their ability to argue mathematically. On the other hand, un-
resolved semiotic conflicts can hinder argumentation. Misinterpretations or a lack of repre-
sentational fluency may lead to confusion, frustration, or disengagement, which can limit
learners’ ability to engage in meaningful discourse (Bikner-Ahsbahs, 2022). To mitigate these
challenges, educators can provide scaffolding by explicitly connecting different semiotic rep-
resentations and fostering collaborative problem-solving environments (Naftaliev &
Yerushalmy, 2013; Swidan et al., 2020).

The implications of semiotic conflict are particularly important in mathematics educa-
tion. Duval’s analysis of semiotic representations in mathematics shows that transforming
these representations is crucial for mathematical understanding, suggesting that resolving se-
miotic conflicts can enhance learning outcomes (Duval, 2006). Semiotic conflict has the poten-
tial to challenge prevailing understandings and promote deeper conceptual learning. There-
fore, to improve students” argumentation skills, it is important to recognize and address semi-
otic conflicts. On the other hand, while semiotic conflict may stimulate mathematical argu-
mentation and conceptual development, its productive potential should not be assumed. If
students lack the resources needed to coordinate competing interpretations, semiotic conflict
may instead result in persistent misunderstanding, frustration, or disengagement. The educa-
tional value of semiotic conflict, therefore, depends not only on its emergence but also on the
availability of resources that support its resolution.

2.3. The Design of Interactive Diagrams and Their Role in Argumentation

As noted, e.g., Naftaliev and Yerushalmy (2013, 2017) identified several types of in-
teractive diagrams (IDs) that vary in their level of openness, the degree to which they offer
guidance, and the kind of real-time feedback they provide. For example, illustrating IDs
are highly directed, with specific constraints and prompts that direct learners’ attention to
particular mathematical properties. Elaborating IDs are more open, allowing learners to
manipulate parameters or objects freely without prespecified pathways. Guiding IDs lie
somewhere in between, offering partial constraints or suggesting potential exploration
pathways, leaving room for guiding inquiry. These types of IDs fundamentally shape the
nature of learners’ interactions, influencing the likelihood and depth of argumentation
that may emerge.

When learners work with illustrating IDs, they tend to focus on verifying established
properties or relationships. The structured prompts and explicit constraints may reduce
their awareness of semiotic conflict because these diagrams do not offer a variety of tools
for the learner’s engagement with the ID. As a result, argumentation in these environ-
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ments may focus on making claims and possibly justifying them. By contrast, when learn-
ers engage with elaborating IDs, they have greater freedom and therefore greater potential
for semiotic conflict. Without strict guidance in exploring the diagram, students may
adopt a range of notational, symbolic, or conceptual strategies, leading to different inter-
pretations. This may hinder the achievement of learning goals if the interpretations are
not provided with appropriate guidance. Guiding IDs allow learners to interact with the
ID to achieve learning goals (Naftaliev & Yerushalmy, 2017, 2022). Our working hypoth-
esis is that the resources and constraints provided by the guiding IDs encourage students
to engage with the conflicting viewpoints and tackle them, enriching their argumentative
processes.

3. Research Questions
This study is guided by the following two research questions.

(1) What are the students’ argumentation processes when they engage with a guiding ID?
(2) How do the designed resources and constraints of guiding IDs serve the argumenta-
tion processes?

4. Materials and Methods

We adopted the case study methodology, which is well-suited for examining com-
plex processes, such as the development of students” argumentation in a specific context
(Yin, 2018). Some case studies involve multiple cases or groups, but a single-case design
is equally valid, particularly when the aim is to provide an in-depth exploration of a cer-
tain phenomenon (Yin, 2018; Stake, 1995). By focusing on one group, we were able to con-
duct a fine-grained, turn-by-turn analysis of the students” argumentation processes, cap-
turing the many ways in which interactive materials shape these processes in real time.
Although our broader project —examining the potential of interactive materials to support
students” argumentation —includes six groups comprising 19 students who worked with
the same guiding ID. All sessions were video recorded and subjected to preliminary anal-
ysis focusing on the emergence and development of argumentation structures. The pre-
sent paper reports on one focal case selected through a purposive sample (Patton, 2014).
We chose to present data from this case because it exhibited all major argumentation com-
ponents identified across the broader dataset, including claims, warrants, backing, and
rebuttals, and because the development of these components could be traced continuously
throughout a single interaction episode. By concentrating on this one, we were able to
illustrate both the structure of the arguments and how they developed over the course of
the task. Thus, the selected case was not intended to be statistically representative but
analytically informative, providing a particularly rich example of the argumentation pro-
cesses investigated in this study.

4.1. Guiding ID Design

In this study, we focused on guiding ID (Figure 1). The guiding ID is designed to call
for action in a specific way that supports developing particular mathematical ideas within
constraints and resources designed in the ID. On one hand, the ID provides resources that
promote inquiry; on the other, they set the constraints that offer guidance for the inquiry.

The task is to identify the seven graphs that represent the seven moving dots (repre-
senting cars) in the animation. The animation and the graph in the ID are only partially
linked; motion occurs simultaneously in the animation and on the graph, but there is no
color matching, and so no obvious way of knowing which graph corresponds to which
dot in the animation. So, the identification process requires extracting data from the sim-
ulation and the graph in order to link them.
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Figure 1. Guiding diagram. (1) On/Off toggles to choose the appearing animated cars; (2) On/Off
toggles for choosing moving dots on the graphs.

The ID was designed to represent four kinds of motion: (a) motion in one of two
possible directions, (b) starts and ends in different positions, (c) pairs of dots each run at
the same speed; the others at different speeds, and (d) one static dot-exceptional example
in a list of examples that are aimed at focusing on a motionless situation over time. The
design of an example focused on generic combinations of constant speed motion was in-
tended to support the development of awareness of kinematic phenomena and the anal-
ysis of their mathematical model.

The following constraints contribute to making the task an interesting challenge: the two
given representations, the partial linking between the representations, the absence of controls
that could turn the given schematic nature of the representations into an accurate metric dia-
gram, the exceptional example in a list of generic combinations of objects exhibiting different
types of motion, and motion that cannot be paused and must be observed continuously.

The guiding ID design provides students with strong initial visual hints, helping them in
the first stages of the discovery of the semiotic conflict. The conflict represents a misinterpre-
tation of the graph, which describes a state of standing in place (Naftaliev & Yerushalmy,
2013). Learners have identified dynamically linked multiple representations of motion and the
operations performed on them as challenging because they involve situations of uncertainty
and conflict (ibid.). For a detailed discussion of the rationale behind the guiding ID’s design
choices, see Naftaliev and Yerushalmy (2013, 2017). In this study, we examined how the de-
sign of the guiding IDs is reflected in students” argumentation processes.

4.2. Procedure and Participants

The participants in this study were three male students, aged 13 and 14, in their sec-
ond year of algebra studies. They had some experience with technology in mathematics,
particularly in viewing graphs and numeric tables for function expressions. The students
attended a public middle school in Israel serving a low-to-middle socioeconomic commu-
nity. Based on teacher evaluations and school performance, they were classified into three
levels of mathematical achievement: low, average, and high. The students participated
voluntarily and were interviewed outside of regular school hours. All eighth-grade stu-
dents in the school were invited to participate after the project was presented; the partici-
pating group consisted of those who expressed interest and obtained parental consent.
The students studied in the same class, belonged to the same group of friends, and used
to spend time together. The friendship relations among the participants were considered
potentially relevant to the interactional dynamics observed during the task. Their prior
familiarity appeared to support spontaneous discussion, mutual questioning, and the ex-

https://doi.org/10.3390/educsci16071070



Educ. Sci. 2026, 16, 1070

7 of 21

pression of tentative ideas. While friendship may have influenced the flow of the conver-
sation, it was not treated as an analytical variable in the present study. Rather, it formed
part of the natural context within which the students” argumentation developed. The stu-
dents used public transportation to return home after the interview.

The students were encouraged to voice their ideas, share them with their friends,
reflect upon their friends’ ideas, and to engage with the activity as long as they wanted.

4.3. Identification of Semiotic Conflict

Semiotic conflict was identified through qualitative analysis of students” interactions
with the guiding interactive diagram.

Following Godino et al. (2007), we analyzed episodes in which students manifested
a disparity while coordinating meanings across multiple representations. Specifically, ut-
terances were considered evidence of a semiotic conflict when students explicitly ex-
pressed contradictions or inconsistencies between the animation and the graph, ques-
tioned the validity of one representation in relation to the other, or expressed uncertainty
regarding how the representations should be interpreted. For instance, students’ state-
ments such as “It doesn’t make sense,” and their questioning of why a point appeared
motionless in the animation while all graph traces appeared to move, were treated as in-
dicators of semiotic conflict. These utterances reflected a discrepancy between the stu-
dents’ personal meaning (their initial interpretation of the graph) and the institutional
meaning (the mathematical representation of a constant position over changing time).
Critically, semiotic conflict was distinguished from a traditional misunderstanding. While
a misunderstanding is typically conceptualized as an internal deficit within the student’s
cognitive structures, a semiotic conflict shifts the focus from internal mental states to ex-
ternal communicative interactions and systems of practices. In this study, the focus was
on the tension between competing interpretations arising from the coordination of distinct
semiotic representations. Resolution of the conflict was considered to occur when students
produced mathematically accepted interpretations that consistently aligned personal and
institutional meanings across the animation and graph representations, subsequently us-
ing these interpretations to justify their claims. For example, a conflict was deemed re-
solved when students successfully coordinated the meanings of the two representations
by recognizing that a horizontal line on the graph represented a fixed position over chang-
ing time, thereby resolving the contradiction that had initiated the conflict.

4.4. Data Analysis

Analysis of student arguments in this study is presented with diagrams inspired by
the work of Toulmin (2003). Each diagram shows the claims, data, warrants, backing, and
rebuttal offered by the students during their engagement with the ID and their discussion.

Toulmin’s Model and Argumentation

Although Toulmin’s model has sometimes been used in studies of proof construc-
tion, in the present study, it serves as an analytical framework for examining the evolving
structure of students” informal mathematical argumentation rather than the formal valid-
ity of deductive proofs. We used the Toulmin model to identify and analyze students’
argumentation as they worked with guiding IDs. Toulmin’s model of argumentation con-
tains up to six related components (Figure 2). According to Toulmin (2003), an argument
is represented by an assertion referred to as the claim (C), which is the speaker’s statement,
data (D), which justify and support the claim, and a warrant (W) that provides the justifi-
cation for using the data. The warrant is conceived as a support for the data-claim rela-
tionships, and it acts as a bridge between the data and the claim. Toulmin’s model consid-
ers three other components as well that may be necessary to describe the argument: qual-
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ifier, rebuttal, and backing (Toulmin, 2003). The qualifier (Q) represents the strength and
the stability of the claim. The rebuttal (R) represents exceptions to the rule, and it generally
weakens the force of the warrant. Finally, the backing (B) is used to reinforce the warrant
if its authority is not readily accepted.

Analytically, coding decisions were guided by Toulmin’s functional definitions. An
utterance was coded as data when it provided observations or information used to sup-
port a claim. A claim was coded when a student asserted a conclusion or interpretation.
A warrant was coded when a student explained why particular data supported a claim.
A backing was coded when additional support was provided for a warrant. A rebuttal
was coded when a student identified an exception, limitation, or counterexample that
challenged the generality of a claim or warrant.

Q: Qualifier R: Rebuttal
C (claim): the statement of the speaker.
D: Data C: Claim D (data): data justifying claim C.

W (warrant): the inference rule, which allows data to be

connected to the claim.
W: Warrant Q (qualifier) the strength of the argument.
R (rebuttal) the exception to the rule.
B (backing) the support of the rule.

B: Backing
Figure 2. The six components of the Toulmin model.

The analysis was conducted in two stages. In the first stage, the interaction was ex-
amined turn by turn. Each verbal contribution was analyzed according to its argumenta-
tive function and coded as data, claim, warrant, backing, or rebuttal following Toulmin’s
framework. Gestures and interactions with the interactive diagram were not coded as in-
dependent Toulmin components. Instead, they were used as contextual evidence when
interpreting the argumentative role of students’ verbal contributions.

In the second stage, the coded contributions were assembled into argument dia-
grams. An argument was defined as a coherent argumentative structure consisting of at
least a claim and supporting data. Additional elements, such as warrants, backing, and
rebuttals, were identified when present. Following Prusak et al. (2012) and Conner et al.
(2014), argumentation was viewed as iterative and potentially nested. Therefore, the dia-
grams were used not only to represent individual arguments but also to capture relation-
ships among arguments, including cases in which a warrant or backing from one argu-
ment functioned as data for a subsequent argument. The final analysis focused on the
development and interconnection of arguments across the interaction, as represented in
the argument diagrams, rather than on individual utterances alone.

In each diagram, we coded the argument components using the letters D, C, W, B,
and R for Data, Claim, Warrant, Backing, and Rebuttal. A letter with a number represents
the sequential number of the component, e.g., C6 means the sixth claim, and W3 is the
third warrant we identified in our data. To assign the components of a given argument,
we used the code, the letter of the component, the sequential number of its appearance in
our data, and the code A_x to refer to the number of the argument. For example, D6(A_3)
means the data, whose sequential number is 6, belongs to the third argument. To consider
the function of the ID in the argumentation processes, we also distinguished between its
two main components, the animation and the graph, indicating An when students’ state-
ments referred to the animation, and G when they referred to the graph. If the same state-
ment referred to both, we used the code An&G. For example, coding an utterance as
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W7(A5)-G means that it is a warrant to the fifth argument, its sequential number is 7, and
the student’s utterance refers to the graph in the ID. There may have been several students
contributing to an argument, so the statements of one or more students—separated in
time—could be continuations of their own narrative, rather than contributions to the ar-
gumentation of others. Thus, we present an interpretation of the structure of the complex
arguments of the students.

To reliably analyze the data, the two authors independently coded it in the first
phase. Each researcher analyzed the interaction turn by turn and assigned Toulmin ele-
ments to the students’ contributions. The researchers then compared their analyses and
discussed disagreements until a consensus was reached. A third coder, an expert in math-
ematics argumentation, independently analyzed six arguments chosen randomly from the
dataset. The third coder’s analysis was consistent with the authors” analyses.

5. Results
5.1. Argument 1: It Doesn’t Make Sense

Daniel, Leor, and Yaniv began their work by activating the animation and observing
the motion of the cars (which they called “dots”), as well as the related animated dots on
the graphs. They continued to run the animation, asking questions such as, “Why are only
six dots moving, whereas in the graph the dots move on seven lines?” The semiotic conflict
between the two animated representations, one of the actual motions, the other represent-
ing a change of position in time, triggered a discussion about the representations. This
semiotic conflict appeared when students questioned why only six dots appeared to move
in the animation, whereas all seven graph traces appeared to move. Their statement that
the situation ‘doesn’t make sense’ indicated a perceived contradiction between the two
representations.

The semiotic conflict that emerged from the two animated representations, one of the
actual motions and the other representing a change of position in time, triggered the emer-
gence of the first argument (A1, Figure 3). The data of Al were derived by Yaniv, Leor,
and Daniel [Figure 3, lines 1-3] from the graph and the animation. Following Yaniv and
Daniel, Leor claimed that the situation they were observing was not reasonable. Leor war-
ranted their claim by referring to the two dynamic representations: the graphs and the
animation. He noted that one of the seven dots in the animation did not move, but all
seven dots on the graphs were moving.
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/

DI1(Al) - An \

1. Yaniv: It moves here (pointing C1(Al)
at objects moving left and right
in the animation of motion). Al
2. Daniel: (points at the
motionless dot in the animation)
3. Leor: (points at the graphs)

3. Leor: it doesn’t
make sense!

Vv

W1(Al); D2(A2) - An & G
3. Leor: If this doesn’t move
(points at the motionless
dot) and here all are moving
(points at the graphs)

1. Yaniv: It moves here (pointing at objects moving left and right in the animation of motion).

2. Daniel: But why this one doesn’t move (points at the motionless dot in the animation)?

3. Leor: If this doesn’t move (points at the motionless dot) and here all are moving (points at
the graphs) it doesn’t make sense!

4. Yaniv: Maybe it represents a kind of starting point...

Figure 3. Argument 1: It doesn’t make sense.

5.2. Argument 2: The Position Is Fixed and the Time Doesn’t Move

In the ensuing discussion, the students tried to solve the semiotic conflict. They
started to interpret the graph with the description of a process taking place over time.
They discussed the graph in the static state and began interpreting it.

The claim of the A2 (Figure 4) was that the time and the position are fixed and “don’t
move” for the motionless point in the animation [Figure 4, lines 6-8]. The students used
two kinds of data: (a) the motion dots on the graph and one motionless dot in the anima-
tion [Figure 4, line 3], and (b) the terms that appeared in the labels of the axes, i.e., “posi-
tion” and “time” [Figure 4, line 5]. The students warranted their claim by interpreting the
graph representation [Figure 4, line 5], in an attempt to resolve the conflict that emerged
in the first argument. Observing the two representations in the same diagram appeared
to foster the emergence of the semiotic conflict, which is rooted in the disparities between
the students’ interpretation of the graph representation and the mathematical meaning of
the representation.

5.3. Arguments 3 and 4: The Position Is Fixed and the Time Moves; It Is Impossible to Control
the Dimension of Time

Argument 3 (Figure 5) emerged from argument 2, where students talked about the
variables (time and position) and explored them. In arguments 3 and 4, the students fo-
cused on the animation and graph, using the terms from argument 2: time and position.
At this point, the students used the time-position variables as data for this argument. They
worked with the diagram in static mode.
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DI1(Al) - An

/

1. Yaniv: It moves here (pointing
at objects moving left and right
in the animation of motion).

2. Daniel: (points at the
motionless dot in the animation)
3. Leor: (points at the graphs)

C1(A1)
3. Leor: it doesn’t
Al make sense!

N

\

5. Leor: Here it

W1(Al); D2(A2) — An & G
3. Leor: If this doesn’t move \
(points at the motionless
dot) and here all are moving
(points at the graphs)

D3 (A2)-G

C2(A2)
6. Leor: It's position is fixed.
7. Yaniv: And time doesn’t pass

5.Leor: (moves his hand
along one of the lines on the
graph), (moves his hand

for it.
along the Y-axis and points 8 e The Gifie.... dossnit
at the term: position). move

W2(A2) - G

5. Leor: Here it represents the
time they used and here it /
S represents their position. /

represents the time they used (moves his hand along one of the lines on the

graph) and here it represents their position (moves his hand along the Y-axis and points at
the term: position).

6. Leor: Its position is fixed.

7. Yaniv: And time doesn’t pass for it [for the dot].

8. Leor: The time is also constant — it also doesn’t move.

Figur

e 4. Argument 2: the position is fixed, and the time doesn’t move.

The students claimed that if in the graphs that describe the motion of dots the value
of time changes, the value of time must also change for a motionless dot—time cannot be
stopped just because the dot is not moving [Figure 5, line 10]. The students warranted
their claim by considering time as a continuous variable in the motion process [Figure 5,
lines 9-11]. The students backed their warrant by considering time as an independent var-
iable: time always changes and cannot be stopped, and the passage of time cannot be con-
trolled. The work they performed was mental: formulating hypotheses and reaching con-
clusions.

The data of the fourth argument [Figure 5, lines 10-12] emerged from the backing of
the third argument (Figure 5). While the students were focusing on the graph, they
claimed [Figure 5, line 13] that they were not able to control the time. They warranted
their claim [Figure 5, line 13] by describing the time as an independent variable while
referring to the X-axis of the graph.
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D4 (A3) - An C3(A3)-An & G
10. Leor: (points at the 10. Leor: ... the time does
motionless dot) A3 move. The dot doesn’t move
11. Daniel: It doesn’t run. during that time...

W3 (A3)-An & G

9. Yaniv: ...because it doesn’t have speed.
10. Leor: ...but it simply doesn’t move during that time.
11. Daniel: ...there is a common starting point and then time starts.

Bl (A3) ; D5(Ad)—An & G \
C4(A4)-G

because it doesn’t move its time stops. A4 control time...

10. Leor: ...for all of them the time passes...

11. Daniel: Time always changes... it’s impossible to say that 13. Daniel: You can't

12. Leor: ...the dimension of the time it’s impossible to control.

W4 (A4)-G

13. Daniel: ...because it’s the X-axis
and here time always moves and

can't stand still. /

9. Yaniv: Time passed on the dot, but it doesn’t use it because it doesn’t have speed.

10. Leor: No, the time does move. The dot doesn’t move during that time... for all of them the time

passes but it (points at the motionless dot) simply doesn’t move during that time.

11. Daniel: Maybe. It doesn’t run. Time always changes but there is a common starting point and

then time starts. And it’s impossible to say that because it doesn’t move its time stops.

12. Leor: Ah! I know, because in... wait a minute... in this dimension, the dimension of the time it’s
impossible to control.

13. Daniel: You can't control time because it’s the X-axis and here time always moves and can't

stand still.

Figure 5. Arguments 3 and 4: the position is fixed and the time moves; it is impossible to control the

dimension.

5.4. Argument 5: Correspondence Between the Constant Graph and the Motionless Dot in
the Animation

In this argument (Figure 6), after making the three previous arguments in static
mode, the students activated the animation, for the second time, in an attempt to warrant
their claim concerning the graph that matched the motionless dot.

By referring to the orange graph on the screen, the students claimed that the constant
graph is associated with the motionless point in the animation [Figure 6, line 15]. They
derived the data of the argument [Figure 6, line 14] from the graph and animation in the
static mode of the diagram. The students activated the animation to warrant their claim
[Figure 6, line 16]. In doing so, they used the graph in dynamic mode to show that the
position of the motionless point, represented by the constant graph, did not change. They
backed their claim [Figure 6, line 17] by emphasizing that in the constant graph, the posi-
tion does not change, but the time does.
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D6 (AS)-An & G C5(A5)-An & G
14. Leor: Only here, only here the 15. Leor: The Orange! (points at
time moves. But here, there is A5 the constant graph).

no...(points at the path). Here,
starts ... (activates the
simulation).

W5 (A5)- G

16. Leor: The orange, the orange is always here (moves his hand along the
constant graph).

B2 (A5)- G

17. Leor and Yaniv: The time passes but the position is always the same position
\ (Leor moves his finger on the Y-axis).

N

14. Leor: Only here, only here (points at the slanted graphs) the time moves. But here there is

no... (points at the path).

15. Leor: Here, start... (activates the animation). Yes! The orange! (points at the constant graph).
16. Leor: The orange, the orange is always here. I said it! The time passes... because...

17. Leor and Yaniv: The time passes but the position is always the same position (Leor moves
his finger on the Y-axis).

Figure 6. Argument 5: correspondence between the constant graph and the motionless dot in the

animation.

5.5. Argument 6: Time Moves and the Position Moves

In argument 6 (Figure 7), the students explained the conclusion they arrived at in the
previous arguments regarding the motionless point. In this argument, they did not acti-
vate the animation again. They focused on the analysis of the graphs and on the dimen-
sions of position and time, as they appeared on the axes and the graphs.

In this argument, the students claimed that the time and the position of the other five
dots that move in the animation are changed [Figure 7, line 18]. Leor warranted the claim
by referring to the motion process of the dots represented by the animation and the non-
constant graphs [Figure 7, line 19]. Furthermore, the students backed Leor’s warrant by
associating the direction of the movement of the dots in the animation with the inclination
of the lines in the graphs. They associated the movement to the right (left) side with the
increase (decrease) of the line. The rebuttal in the argument is found in line [Figure 7, line
19] where Leor is discussing the motionless dot, which is the exception case of the motion
process represented in the diagram. They stressed that the position of the motionless dot
does not change; it does not go up and down.
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D7 (A6) - An & G C6(A6) -G
19. Leor: ...points at the slanted graphs 18. Daniel: But here all the
20. Leor: ...moves his hand to the left other five ... Time moves
over the animated simulation and then and the position moves.

down on the graph
22. Leor and Daniel: move their hands
left to right over the animated simulation.

W6 (A6) - G&An

19. Leor: Because they actually move...

B3 (A6) - G&An

20. Leor: Usually when they move in position, if they move to here (left) then this
(graph) goes down. And if they move...

21. Daniel: They move here (right).

22. Leor and Daniel: To here (right), then it (graph) moves upwards.

R1 (A6) - G

19. Leor: ...but it - it doesn’t move. This is the position and it doesn’t move (the
position dimension of the graph remains constant): it doesn’t go up or down

18. Daniel: But here all the other five... Time moves and the position moves.
19. Leor: Because they actually move (points at the slanted graphs) but it - it doesn’t move. This

is the position and it doesn’t move (the position dimension of the graph remains constant): it
doesn’t go up or down... only the time moves for it. This is it! The orange is the green!

20. Leor: I understand. Usually when they move in place, if they move to here then this goes
down. And if they move... (moves his hand to the left over the animated motion and then down

on the graph).

21. Daniel: They move here.
22. Leor and Daniel: To here, then it moves upwards (Leor and Daniel move their hands left to

right over the animated motion).

Figure 7. Argument 6: Time moves and position moves.

5.6. Argument 7: Because the Point Is Not Moving Up and Down but the Time Is, It Is Constant

In this argument (Figure 8), the students solved the semiotic conflict that arose at the
beginning of the analyzed episode by endowing the two representations with mathemat-
ically accepted meanings. Here, they continue to discuss the motion by imagining and
gesturing rather than activating the animation.

Leor claimed that the position of the motionless dot is not changing, its correspond-
ing graph does not go up or down, but the time does change [Figure 8, line 23]. He war-
ranted his claim by comparing the change in the position of the motionless dot with that
of the other dots that are moving. He backed his claim by referring to the constant line in
the graph. For him, the entire constant graph indicates the change in time. Leor’s utterance
“if the time did not pass, then it would stay at the beginning” suggests that he was con-
sidering the exception to the rule that the time changed. Discussing the exceptions to the
rule suggests that Leor is providing a rebuttal to the argument.
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D8 (A7)-An & G C7(A7) -G
23. Leor: [moves his hand to the left and 23. Leor: ...It doesn’t change
right of the static dot] position either up or down. ,
[performs a gesture up and down along but its time does ...
the graph window]

moves his hand left to right along the
constant line
[marks the initial spot of the line on the Y

W7 (A7) -G
23. Leor: And if it goes neither here nor here like all of them, ...

B4 (A7)-G

23. Leor: ...but time does pass so because of that there’s the entire line [moves his
hand along the constant line...

R2 (A7)-G

23. Leor: ...as if the time didn’t pass, then it would have stayed at the beginning

23. Leor: And if it goes neither here nor here (moves his hand to the left and right of the static
dot) then it... It doesn’t change position either up or down (performs a gesture up and down

along the graph window), but its time does (moves his hand left to right along the constant
line), like all of them, as if the time didn’t pass, then it would have stayed at the beginning

(marks the initial spot of the line on the Y-axis), but time does pass so because of that there’s
the entire line (moves his hand along the constant line).

Figure 8. Argument 7: Because the point is not moving up and down, but the time is, it is constant.

5.7. Evolution of the Argumentation Process

Table 1 provides a synthesis of the seven arguments and illustrates the evolution of
students” argumentation throughout their engagement with the guiding ID. The table
summarizes the main argumentative focus of each argument, the Toulmin components
that emerged, the role of the semiotic conflict, and the contribution of specific design fea-
tures of the diagram to the development of the argumentation process.

Taken together, the seven arguments reveal a progressive development of students’
argumentation. The process began with the emergence of a semiotic conflict (Argument
1), where students identified a contradiction between the animation and the graph. Argu-
ments 2—4 focused on interpreting the meanings of position and time and exploring pos-
sible explanations for the observed discrepancy. In Arguments 5-7, students coordinated
the two representations, tested their interpretations against the animation, and gradually
constructed a mathematically accepted explanation. The appearance of backing in Argu-
ments 3-7 reflects increasing efforts to justify claims, while the emergence of rebuttal in
Arguments 6 and 7 indicates that students had begun to distinguish the exceptional case
from the general pattern represented in the diagram. Thus, the argumentation process
evolved from identifying a contradiction toward constructing, refining, and qualifying a
coherent mathematical interpretation.
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Table 1. Evolution of students’ argumentation during engagement with the guiding interactive diagram.

Argument

. Toulmin Ele- Role of Semiotic Role of Diagram De- Contribution to De-
Main Idea

ments Conflict sign velopment
Partial linkage between
Data, Claim, . raph and animation;  Identification of
Al “It doesn’t make sense” Conflict emerges grapn g . L
Warrant Exceptional case in a contradiction
generic list of examples
e . e 1 . First attempt to ex-
The position is fixed, and  Data, Claim, Initial interpreta- Axis labels become re- . .
A2 . i Y . plain the contradic-
the time “doesn’t move Warrant tion sources i
ion
“The position is fixed and Data. Clai A generic example rep-
. e ata, Claim, . . . .
the time moves; it is im- Conflict exam- resented by a graph in Reinterpretation of
A3-A4 . . Warrant, Back- . . .
possible to control the di- in ined static mode supports variables
mension of time” & reasoning about time
Correspondence between .
Data, Claim, . . . . .
the constant graph and the Conflict largely Animation reactivated Coordination of the
A5 . . . Warrant, Back- . .
motionless dot in the ani- . resolved to test the claim two representations
in
mation &
.. . Generic and excep-
Motion interpreted Data, Claim, . . L.
.. . Exception case  tional cases are com- Generalization
A6 through position-time re- Warrant, Back- . .
. ) reconsidered pared using both emerges
lations ing, Rebuttal ? .
graphs and animations
Constant graph explained: .
“Beca segthtlj o'n}z is not Data, Claim, Resolution com- Exceptional case s Mature argument
u int i uti - i up- u
A7 P Warrant, Back- P p &

moving up and down, but
the time is, it is constant”

ing, Rebuttal pleted ports refinement with rebuttal

6. Discussion

The present study aimed to identify and characterize the structure of students’” argu-
mentation while they interacted with a guiding ID and examine how the resources and
constraints used to design the diagram served the students’ argumentation. To this end,
we formulated two research questions: (a) What are the students’ argumentation pro-
cesses when they engage with a guiding ID? (b) How do the designed resources and con-
straints of guiding IDs serve the argumentation processes?

The study suggests that specific design features of the guiding ID may have afforded
the development of argumentation processes as the students engaged with the diagram.
This finding is consistent with prior research by Prusak et al. (2012), who noted the role of
visual reasoning in fostering logical necessity through argumentation. It also extends
Balacheff’s (1999) argument that the inherently social and interactive nature of argumen-
tation can be harnessed to construct mathematical concepts, particularly when mediated
by thoughtfully designed interactive materials. At the same time, the present study does
not permit isolation of the contribution of the ID design from other features of the learning
situation. The observed argumentation processes may also have been shaped by contex-
tual factors, including students’ prior knowledge, peer relationships, characteristics of the
task, and the absence of teacher intervention during the interaction. Accordingly, the find-
ings should be interpreted as suggesting that the design features of the guiding ID may
have supported argumentation, rather than demonstrating a direct causal effect.

Regarding the first research question, the study demonstrated that students used var-
ious components of the Toulmin model in their argumentation process. The mathematics
education literature (e.g., Pedemonte, 2008; Prusak et al., 2012; Conner et al., 2014; Nordin
& Boistrup, 2018; Van Ness & Maher, 2019) identifies four components of the argumenta-
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tion processes: data, claim, warrant, and backing. In our study, however, when the stu-
dents engaged with guiding IDs, their argumentation processes involved, in addition to
four components, also included the rebuttal (argument 7). Regarding the second research
question, the analysis suggests that the resources and constraints incorporated in the guid-
ing ID may have contributed to the emergence of rich argumentation processes. The ID
was designed around a known semiotic conflict about a time-position graph describing a
“motionless” situation over continuously running time. The semiotic conflict emerged as
a result of disparities between the students’ interpretation of the motionless point in the
simulation and the mathematical meaning of the graphs in the Cartesian system. This
finding shows the importance of semiotic conflict in triggering students’” argumentative
processes, which aligns with prior studies by Schwarz and Linchevski (2007) and Prusak
et al. (2012), demonstrating that conflicts can promote the development of argumentation
skills. Yet, whereas these studies focused broadly on the role of digital tools and conflicts
in supporting argumentation, our study identified how particular design features of guid-
ing IDs—such as emphasizing exceptional cases and fostering semiotic conflict—may in-
fluence the richness and structure of students” argumentation. This extends Balacheff’s
(1999) claim about the productive and interactive nature of argumentation by suggesting
that semiotic conflicts embedded in interactive materials may support mathematical rea-
soning. The graph and the animation were only partially linked: motion occurred simul-
taneously on the animation and the graph, but there was no color match, so the identifi-
cation process required extracting data from the simulation and the graph to link the two.
The students developed new claims using warrants to support them. The absence of rep-
resentations and controls that could turn the given schematic nature of the representations
into an accurate metric diagram focused the students on analyzing the whole process, and
became the basis for a great deal of mental work and discussions while looking for war-
rants, backing, and rebuttals. The students used backing to generate mathematical ideas
and rebuttals to strengthen them by analyzing exceptional cases. The analysis suggests
that several design features of the ID —including the partial linkage between representa-
tions, the absence of direct matching cues, and the inclusion of an exceptional case —may
have served as resources for the development of these processes. The exceptional exam-
ple, which focused on a motionless situation over time, was part of a generic list of exam-
ples that served as the example space where the processes occurred.

The rebuttal appeared at the advanced stages of the students’ engagement with the
ID (arguments 6 and 7). Looking for similarities and differences between the cases in the
general example designed in the guiding ID, it seems that the example fostered the emer-
gence of rebuttal in the students’ argument. As we showed in the data analysis section,
the rebuttal emerged in the students’ argument because of the design of the ID, which
emphasized the exceptional case, that is, the motionless car among the ones moving in
opposite directions. This exceptional case might prompt the students to distinguish it
from the other cases of motion. This distinction was the main idea providing a rebuttal for
the argument. A possible interpretation of the appearance of the rebuttal may have had to
do with the definition of generalization mentioned by Kant (2003) and Davydov (1990),
who argued that to generalize something is to see the similarity between different objects
and the difference between similar ones. Another possible explanation lies in the role of
semiotic conflict, which was possibly prompted by the ID design, which created an expec-
tation for the students to identify a rule or relationship that was shared by the cases. The
exceptional case, however, violated this expectation, generating a semiotic conflict. In
their effort to resolve this conflict, the students resorted to the resources of the ID. They
engaged in argumentation and used rebuttal as a way to address and incorporate the ex-
ceptional case into their broader argument structure. This dual influence of generalization
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and the expectation-induced semiotic conflict demonstrates how the ID design supported
the emergence of student argumentation and rebuttal.

The argumentation processes in the study evolved without the teacher’s intervention.
The evolution of the argumentation processes occurred while students interacted with the
guiding ID in the absence of teacher intervention. Despite this finding, we believe that the
teacher’s role is crucial in supporting and fostering argumentation processes; further-
more, this role should be adapted to the specific affordances of the IDs. Educators must
be aware of both the affordances and limitations of these new types of curriculum mate-
rials, allowing them to design learning environments that support rich argumentation
processes in their classrooms. The findings suggest several pedagogical considerations.
When semiotic conflicts emerge, teachers may support students by encouraging them to
articulate competing interpretations, justify their claims using evidence from multiple
representations, and compare exceptional cases with more general patterns. Structured
prompts that direct attention to discrepancies between representations, as well as oppor-
tunities for peer discussion, may help students transform initial contradictions into pro-
ductive argumentation. In this sense, the teacher’s role is not necessarily to eliminate se-
miotic conflict but to support students in exploring and resolving it.

This study is the first step in a long-term research project examining argumentation
processes while students engage with different types of ID according to the framework of
pedagogical functionality (e.g., Naftaliev & Yerushalmy, 2017). Although the study iden-
tified argumentation processes that emerged during engagement with the guiding ID, the
small number of participants, students belonging to the same context, use of only one ID,
the specific kind of ID used in this study, and the specific mathematical content of the ID
are limitations of the study. Additional limitations include the friendship relations among
participants, the possibility that prior mathematical knowledge influenced the observed
argumentation, and the selection of a particularly information-rich case for detailed anal-
ysis. Finally, the focal group was selected as a particularly informative case from a broader
dataset and, therefore, should not be interpreted as representative of all student groups.
Consequently, the findings should be understood as suggesting possible affordances of
the guiding ID rather than demonstrating causal effects of the design.

Taking into account the limitations of this study, further research is needed to deepen
our understanding of the role that various types of IDs play in the argumentation process.
In our future research, we will seek to explore the role of each type of ID more systemati-
cally, examining whether and how they contribute to fostering argumentation. Specifi-
cally, we plan to investigate the role of semiotic conflict in greater depth, analyzing its
relationship with the emergence of argumentation. Additionally, we will seek to under-
stand how other types of IDs may produce contradictions and tensions and how these
elements influence students’ argumentation processes. This study focused on algebra, but
we intend to broaden the scope of our research to include other mathematical domains,
such as calculus, to examine whether similar patterns of argumentation and interaction
with IDs emerge in different mathematical content areas. These directions promise to shed
further light on the intricate connections between instructional design, semiotic conflict,
and the development of students” argumentation skills.
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