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Abstract: Medium access control (MAC) protocol operations for in-band full duplex multi-hop
networks play an important role in efficient data relaying and throughput enhancement. Knowledge
of the relationship between essential operations in MAC protocol for full duplex MAC (FD MAC)
networks and network performance is important and useful in terms of the protocol and network
design. FD MAC protocols often require exchanging control frames, e.g., request to send/clear to
send (RTS/CTS). However, the conventional model cannot analyze the performance of wireless
multi-hop networks with RTS/CTS-based FD MAC. Thus, this paper proposes a throughput analysis
model for wireless multi-hop networks with RTS/CTS-based FD MAC. The proposed model includes
novel “airtime expressions”, which allows us to handle RTS/CTS operations under FD MAC. The
proposed model provides the end-to-end throughput of multi-hop networks with RTS/CTS-based
FD MAC for any number of hops and any payload size. The validity of the analytical expressions is
confirmed through comparisons with simulation results.

Keywords: multi-hop networks; theoretical analysis; wireless full-duplex; MAC protocol; RTS/CTS

1. Introduction

Recently, the wireless full-duplex (FD) communication technique has attracted research
attention. In wireless multi-hop networks, wireless FD communication allows relay nodes
to transmit and receive data signals simultaneously in the same frequency band. This
technique provides efficient data relaying and mitigation of data-transmission collisions
induced by hidden nodes [1–4]. Because FD communication may become a powerful
solution in terms of improving multi-hop network performance; thus, many studies into
wireless FD multi-hop networks have been conducted, particularly in the last decade [1–3].

The operation of medium access control (MAC) protocols for full duplex MAC (FD
MAC) networks play an important role in efficient data relay and improving throughput.
MAC protocols for distributed networks, e.g., multi-hop networks and wireless local area
network (WLAN), have been designed based on carrier-sense multiple access with collision
avoidance (CSMA/CA). Two main types of CSMA-based FD MAC have been proposed;
header snooping-based FD MAC [4–8] and request to send/clear to send (RTS/CTS)-based
FD MAC [9–16]. The difference between the two schemes is whether or not network nodes
exchange control frames prior to a DATA-frame transmission with FD communication.
From a MAC protocol design perspective, knowledge of the relationship between essential
operations in each FD MAC and network performance is important and useful.

In terms of the above motivation, some studies have focused on theoretical analysis of
wireless FD multi-hop networks. Throughput analysis for CSMA/CA-based FD multi-hop
networks has been proposed previously [17]; however, the model [17] cannot analyze
the performance of wireless FD multi-hop networks with RTS/CTS-based FD MAC. In a
simple multi-hop network, e.g., a string-topology, the header snooping-based FD MAC
may provide higher throughput than RTS/CTS-based FD MAC due to its overheads for
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FD data transmissions. However, in real-world ad hoc network systems, the network
topology or wireless link quality frequently varies due to node mobility, channel fading,
and interference. To adapt to such situations, some control frames must be exchanged
among network nodes [18,19]. From the viewpoint of MAC-layer operations, it is helpful for
clarifying the relationship between network performance and an essential operation in RTS-
based FD MAC. Throughput analysis for IEEE 802.11 multi-hop networks with RTS/CTS
has been proposed in [20]. However, the application range in this model is so limited
that it is difficult to extend to the theoretical analysis model for the multi-hop network
with FD MAC. Ref. [14] takes into account multi-hop networks with RTS/CTS-based FD
MAC, and provides the performance analysis based on an analytical model. However,
the essential behaviors in multi-hop networks, such as collisions induced by hidden nodes
and NAV operation, have been not considered in the analytical model of [14]. Clarifying
the relationship between the network performance and essential behavior of multi-hop
networks under the use of RTS/CTS-based FD MAC theoretically is useful for the protocol
design and the optimization. Therefore, the performance analysis and future protocol
design for FD multi-hop networks require the establishment of an analytical model for
multi-hop networks with RTS/CTS-based FD MAC.

This paper proposes a throughput analysis model for wireless multi-hop networks
with RTS/CTS-based FD MAC. The purpose of this paper is to clarify the relationship
between network performance and an essential operation in RTS-based FD MAC. To de-
velop the model, we also propose novel “airtime expressions”, which allows us to handle
RTS/CTS operations under FD MAC. The proposed airtime expressions are effective for
theoretical analysis of multi-hop networks [20–24], and the proposed model provides the
end-to-end throughput of multi-hop networks with RTS/CTS-based FD MAC for any num-
ber of hops and any payload size. The validity of the analytical expressions is demonstrated
through comparisons with simulation results. The proposed analytical model can be easily
applied to performance analysis for half-duplex (HD) multi-hop networks with RTS/CTS.
Therefore, the proposed model enables us to mathematically evaluate the performance of
RTS/CTS multi-hop networks for FD and HD.

The rest of this paper is organized as follows. Section 2 provides an overview of
related work, specifically wireless FD communication and CSMA-based FD MAC protocols,
RTS/CTS-based FD MAC in multi-hop networks, and theoretical analysis of wireless
multi-hop networks. Section 3 proposes throughput analysis for multi-hop networks
with RTS/CTS-based FD MAC. In Section 4, we evaluate the verification of the proposed
analytical model. Finally, Section 5 concludes the paper.

2. Related Work
2.1. Wireless FD Communication and CSMA-Based FD MAC Protocols

FD communication is a revolutionary communication technique that enables nodes to
perform frame transmission and reception simultaneously on the same frequency chan-
nel. In HD communication, a primary transmission node initiates frame transmission,
and the receiver decodes the signals from the primary transmitter. In contrast, with the
FD communication, the primary receiver can initiate frame transmission while the pri-
mary transmitter transmits signals. In other words, the primary receiver functions as the
secondary transmitter in FD communication [1–3].

FD communication is categorized into two modes, i.e., bidirectional FD (BFD) and
unidirectional FD (UFD) [1–3]. In the BFD mode, the two nodes involved in FD communi-
cation perform DATA-frame transmission and reception simultaneously. In the UFD mode,
a single node performs DATA-frame transmission and reception. Figure 1 shows an exam-
ple of UFD mode among three nodes, where, Nodes 0 and 1 are the primary transmitter
and secondary transmitter (i.e., the primary receiver), respectively. In this example, Nodes
0 and 2 are in a hidden node relationship; therefore, frame transmissions from Node 2
may interfere with frame transmissions from Node 0 if Node 2 initiates the transmission
of signals. This interference is referred to as “hidden node collision”. The secondary
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transmission in FD communication between Nodes 0 and 1 informs the hidden nodes about
frame transmissions at Node 0. The secondary transmission prevents its neighboring nodes
from initiation of transmission of any frame; thus, the primary transmission is protected in
FD communication, which is one of the benefits of FD communication in networks.

Considering the uniqueness of FD communication, various MAC protocols for wire-
less FD networks have been proposed. Such protocols are classified into two main types,
i.e., header snooping-based FD MAC [4–8] and RTS/CTS-based FD MAC [9–16]. The
difference between the two schemes is whether or not the network nodes exchange control
frames for DATA-frame transmission with FD. RTS/CTS handshaking also reduces hidden
node collisions, however, its overheads for FD data transmissions may degrade through-
put. In a simple multi-hop network, e.g., a string-topology, the header snooping-based
FD MAC may provide higher throughput than RTS/CTS-based FD MAC because the
header snooping-based FD MAC has lower overheads for FD transmissions. However,
in real-world ad hoc network systems, it is assumed that the network topology or wire-
less link quality varies frequently due to node mobility, channel fading, and interference.
Therefore, in order to adapt to such situations, it is essential to exchange some control
frames among network nodes [18,19]. In this sense, RTS/CTS-based FD MAC design is an
important task, especially for ad hoc networks. In addition, it is necessary to clarify the
relationship between the essential operations of RTS/CTS-based FD MAC and network per-
formance. The performance analysis and future protocol design for FD multi-hop networks
require an analytical model for multi-hop networks with RTS/CTS-based FD MAC.

Figure 1. Unidirectional FD communication.

2.2. RTS/CTS-Based FD MAC in Multi-Hop Netw

Several RTS/CTS-based FD MAC protocols have been proposed in the last decade.
To the best of our knowledge, ref. [9] was the first paper which proposes a fundamental
RTS/CTS-based FD MAC. The fundamental operation in RTS/CTS-based FD MAC is
three-way handshaking with control frames. The main purpose of such handshaking is
to specify the secondary transmitter for FD communication. Several protocols [14–16]
apply the three-way handshaking for the same purpose. Therefore, we introduce the
fundamental operations of three-way handshaking of RTC/Full duplex CTS(FCTS) [9] in
multi-hop networks.

Figures 2 and 3 show a three-hop network and a channel access example of the
RTS/CTS-based FD MAC in the three-hop network, respectively. In Figure 2, Nodes 0(1)
and 2(3) are in a hidden node relationship. Here, channel access is based on distributed
coordination function (DCF) in IEEE 802.11. In the RTS/CTS-based FD MAC, each node
exchanges some control frames, which are RTS and FD CTS (FCTS), before a DATA-frame
transmission. Node 0 transmits an RTS frame to Node 1 when its backoff timer is zero
(Figure 3a), and then Node 1 begins to transmit an FCTS frame to Node 2 after successfully
receiving the RTS frame (Figure 3b). The purpose of the FCTS transmission is to inform
Node 1’s neighboring nodes that Node 1 is going to initiate transmission of a DATA-
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frame. The FCTS transmission also functions to prevent the hidden nodes of Node 0 from
transmitting frames. By receiving the FCTS frame from Node 1, Node 2 also sends an FCTS
frame to Node 1 to inform its neighboring nodes that Node 2 will receive the DATA-frame
as a secondary receiver (Figure 3c). Node 3 receives the FCTS frame from Node 2; thus,
Node 3 sets the Network Allocation Vector (NAV), which forbids the nodes with it from
transmitting frames (Figure 3d). After exchanging these control frames, Nodes 0 and 1
begin to transmit their DATA-frames through FD transmission (Figure 3e).

If Node 2 fails to receive the FCTS frame at (b) in Figure 3, Node 2 does not return an
FCTS frame, and only Node 0 transmits its DATA frame. If Node 1 has no DATA-frame
when receiving the RTS frame from Node 0, Node 1 returns an FCTS frame to Node 0. Here,
Node 2 sets NAV, and only the DATA from Node 0 is transmitted with HD communication,
and this is a unique operation of FD multi-hop networks.

Figure 2. A three-hop network.

Figure 3. Channel-access example. of the RTS/CTS-based FD MAC in the three-hop network
(Figure 2): (a) Node 0’s RTS transmssion, (b) Node 1’s FCTS transmission, (c) Node 2’s FCTS trans-
mission, (d) Node 3 setting NAV, and (e) Nodes 0 and 1 begin to transmit their DATA-frames through
FD transmission.

Figure 4 shows an example of channel access failure for the RTS/CTS-based FD MAC.
In Figure 4a, the RTS frame transmission from Node 2 collides with that from Node 0 due
to hidden node collisions. Therefore, Node 1 does not return an FCTS frame to Node 0.
Then, Node 0 fails in its RTS transmission (Figure 4b).

However, in the multi-hop networks with control frame exchanges, another transmis-
sion failure appears due to NAV operation, as shown in Figure 5. Here, Node 1 sets NAV
after receiving the RTS frame from Node 2 (Figure 5a). Thus, Node 1 is permitted to trans-
mit frames. However, Node 0 does not notice that Node 1 is under this constraint, i.e., the
NAV setting. As a result, Node 0 attempts to transmit RTS frames repeatedly; however,
Node 1 cannot reply to the RTSs (Figure 5b,c), which means that Node 0 cannot perform in
RTS transmission successfully until the NAV duration expires at Node 1. Generally, RTS
frames the mitigation of hidden node collisions; however, it may cause frame transmission
failures with RTS frame reception under the NAV operation in multi-hop networks.
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Figure 4. Channel-access failure example of the RTS/CTS-based FD MAC in the three-hop network
(Figure 2): (a) a collisison bertween Node 0’s RTS transmiission and Node 1’s RTS one, and (b) Node
0 fails in its RTS transmission, then attmepts to retransmit the RTS.

Figure 5. Transmission failure caused by NAV operation in the three-hop networks (Figure 2):
(a) Node 1 setting NAV, (b) Node 0’s RTS transmission failure, and (c) Node 0 attempts to transmit
RTS frames repeatedly; however, Node 1 cannot reply to the RTSs due to the NAV.

2.3. Theoretical Analysis of Wireless Multi-Hop Networks Based on the
Airtime-Expressions Approaches

The string topology network is one of the simple and fundamental multi-hop network
topologies. The string topology multi-hop networks are considered in various applications,
such as sensor networks [25], mesh networks [26,27], vehicular ad hoc networks [28],
unmanned aerial vehicle networks [29], etc. It is not easy to comprehend the network
dynamics of string-topology multi-hop networks. This is because network nodes interact
with one another in spite of their individual operations. It can be stated that analytical
expressions of string-topology multi-hop network performance are helpful and valuable.
From these reasons, a string topology multi-hop network is often considered as the analysis
subject in the researches for multi-hop networks [30].

A promising approach for developing an analytical model for multi-hop networks is
airtime expressions [20–24]. In airtime expressions analysis, the airtime spent for Node
i transmitting frames in a long time interval [0, Time] is referred as transmission airtime,
which is defined as follows:

Xi = lim
Time→∞

di
Time

, (1)

where di is the durations that are used by Node–i frame transmission. Here, Xi has the
same mean as the probability that Node i transmits frames within a long time interval
[0, Time] [21,22]. Generally, a multi-hop network covers a wide area where the source
nodes cannot send packets directly to destination nodes. Therefore, each node is affected
differently in the local environment, which means that each node has a different colli-
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sion probability and carrier-sensing probability in multi-hop networks. With the airtime
expressions for each node in the network, the theoretical throughput can be derived in
consideration of the different characteristics of each node in multi-hop networks, and this
is why the airtime expressions approach is effective for multi-hop network analysis.

In [21], the maximum throughput for a long hop network is derived based on the origi-
nal airtime expressions. With the transmission airtime, the expression of the carrier-sensing
probability for each node in the multi-hop network is proposed in [22]. By considering both
the collision and carrier-sensing probabilities for each node, ref. [22] derived the maximum
throughput for the networks with any hops. Ref. [23] extended the theoretical analysis
under non-saturation condition by proposing the frame-existence probability. Ref. [24] inte-
grated the airtime expressions analysis and Bianchi’s Markov-chain model [31] to express
the relationship between the durations of backoff-timer decrements and those of frame
transmissions. This model allows us to handle more detailed operations regarding the
backoff operation in the DCF for each node in multi-hop networks.

In addition, an analytical model that employs airtime expressions analysis for FD
multi-hop networks has been proposed in [17]. As mentioned previously, each node in
an FD multi-hop network often performs HD transmissions; thus, the analytical model
for FD multi-hop networks must consider the FD and HD operations for each node. In
this model, the airtime expressions and Markov-chain model for the backoff operation
in the FD MAC [4] are integrated. This integration allows us to divide transmission
airtime into three parts, i.e., the primary (PR), secondary (SC) transmissions, and the HD
transmissions. However, the exiting model [17] assumes multi-hop networks with the
header snooping-based FD MAC; therefore, this model cannot analyze the performance of
multi-hop networks with the RTS/CTS-based FD MAC.

Based on the airtime expression approach, throughput analysis for IEEE 802.11 multi-
hop networks with RTS/CTS has been proposed previously [20], and this model was
established by extending the concepts presented in [21]. Note that this model assumes a
string topology long multi-hop network under the saturated condition. Therefore, the ap-
plication range of the [20] is limited. Ref. [14] takes into account multi-hop networks with
RTS/CTS-based FD MAC, and provides the performance analysis based on an analytical
model. Because the model is specified for the evaluations of the performance proposed
in [14], extending the model to a general analytical model, which takes into account the
essential behaviors in multi-hop networks, such as collisions induced by hidden nodes
and NAV operation, under the use of RTS/CTS-based FD MAC. Establishing an analyti-
cal model for RTS/CTS-based multi-hop networks with an unlimited application range
has been challenging due to the complex behaviors of RTS/CTS operations in multi-hop
networks. Therefore, to the best of our knowledge, the extended analytical model for
multi-hop networks with RTS/CTS has not been proposed to date.

3. Proposed Throughput Analysis for Multi-Hop Networks with RTS/CTS-Based
FD MAC

This section proposes a throughput analysis method for multi-hop networks with
RTS/CTS-based FD MAC. Here, we assume a string-topology H-hop network (Figure 6) as
the network model [17,20–24]. From the viewpoint of MAC layer operations, the analysis
focuses on clarifying the relationship between network performance and an essential oper-
ation in RTS-based FD MAC; therefore, the analysis is based on the following assumptions.

1. Only Node 0 generates fixed-sized user datagram protocol (UDP) DATA-frames,
whose payload size is P [bytes]. The DATA-frame generation follows Poisson arrival
process. The destination of all DATA-frames is Node H.

2. Node i, for i = 1, 2, · · · , H−1, only relays the DATA-frames received from Node i − 1.
Relay nodes never generate DATA-frames by themselves.

3. The channel conditions are ideal without errors in the PHY layer; therefore, transmis-
sion failures occur due to frame transmission collisions in the MAC layer.
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4. The transmission from each node reaches its neighboring nodes in a single hop.
In other words, Nodes i − 1 and i + 1 are within the transmission range of Node i
(Figure 6) [32,33].

5. The carrier-sensing range for each node is the same as its transmission range; therefore,
Nodes i and i + 2 form a hidden node relationship [17,20].

Carrier-sensing range of Node 

ｰ

Carrier-sensing range of Node 

Transmission range of Node Transmission range of Node 

Hidden node Hidden node

Figure 6. H-hop string-topology network.

3.1. Airtime Expressions

In this analysis, we first derive the expressions of transmission airtime consideration
of the RTS/CTS operations. In Figures 3 and 4, the successful and failed durations for frame
transmissions are shown as “Successful duration” and “Failed duration”, respectively. In
the RTS/CTS-based FD MAC, the successful duration differs from the failed duration
due to the exchange of control frames. Note that this difference is not considered in
the conventional definition of transmission airtime (Equation (1)); thus, developing an
analytical model for RTS/CTS-based FD MACs requires airtime expressions that consider
the difference between successful and failed durations.

First, the successful and failed durations of Node i are defined as dsuc
i and d f ail

i ,
respectively. Using transmission failure probability γi for Node i, the average number of
transmission attempts Ri for Node i is expressed as follows:

Ri = 1 + γi + γ2
i + · · ·+ γm

i , (2)

where m is the retransmission limit. In other words, Ri−1 is the average number of
retransmissions for Node i. Therefore, the average transmission duration for a DATA
frame is expressed as dsuc

i + (Ri − 1)d f ail
i . Here, the transmission airtime Xi for Node i is

the probability that Node i is in the transmission state. Xi is obtained as the product of
frame arrival rate λi for Node i and the average transmission duration for a DATA–frame
as follows:

Xi = λi

[
dsuc

i + (Ri − 1)d f ail
i

]
. (3)

To express the FD MAC operation in multi-hop networks, we obtain the expressions
of transmission airtimes for HD, PR, and SC cases. Here, the ratio of the number of HD
transmissions to the total number of transmissions with respect to Node i is defined as
ΦHDi . Similarly, the ratio of the number of PR (SC) transmissions to the total number of
transmissions with respect to Node i is defined as ΦPRi (ΦSCi ), and these satisfy ΦHDi +
ΦPRi + ΦSCi = 1. Note that the successful (failed) duration for each transmission is

different (Table 1). In Table 1, Tsuc
HD (T f ail

HD ) express the successful (failed) duration for
HD transmissions, and these durations for PR and SC transmissions are expressed as
similar to Tsuc

HD and T f ail
HD , respectively. In Table 1, DIFS and SIFS represent the duration

for distributed interframe space and short interframe space, respectively. In addition, RTS,
CTS, FCTS, DATA, and ACK in Table 1 represent the duration for the header part of the
DATA–, RTS–, FCTS–, DATA–, and ACK–frame transmissions, respectively.
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Table 1. Successful and failed durations for HD–, PR–, and SC–transmission cases.

Notation Expression

Tsuc
HD DIFS + RTS + 3 · SIFS + CTS + DATA + ACK

T f ail
HD DIFS + RTS + SIFS + CTS

Tsuc
PR DIFS + RTS + 4 · SIFS + 2 · FCTS + DATA + ACK

T f ail
PR DIFS + RTS + SIFS + FCTS

Tsuc
SC DIFS + 4 · SIFS + 2 · FCTS + DATA + ACK

T f ail
SC DIFS + 2 · SIFS + 2 · FCTS

Following Equation (3), the transmission airtimes for the HD, PR, and SC transmissions
for Node i are expressed as

XHDi = ΦHDi λi

[
Tsuc

HD + (Ri − 1)T f ail
HD

]
,

XPRi = ΦPRi λi

[
Tsuc

PR + (Ri − 1)T f ail
PR

]
,

XSCi = ΦSCi λi

[
Tsuc

SC + (Ri − 1)T f ail
SC

]
, (4)

respectively. Note that HD, PR, and SC transmissions are disjoint; thus the transmission
airtime for Node i is expressed as the sum of the transmission airtime for each case:

Xi = XHDi + XPRi + XSCi . (5)

By substituting Equations (3) and (4) into Equation (5), we obtain the relationships
as follows:

dsuc
i = ΦHDi T

suc
HD + ΦPRi T

suc
PR + ΦSCi T

suc
SC ,

d f ail
i = ΦHDi T

f ail
HD + ΦPRi T

f ail
PR + ΦSCi T

f ail
SC . (6)

As shown in Equation (6), dsuc
i is the mean value of Tsuc

HD, Tsuc
PR , and Tsuc

SC , which is

similar to d f ail
i .

By changing the parameter setting as d f ail
i = dsuc

i , the proposed analysis can be easily
applied to analysis for FD multi-hop networks without RTS/CTS-based FD MAC [17]. This
means the proposed model includes all the results of [17].

3.2. Derivations of ΦHDi , ΦPRi , and ΦSCi

Here, we derive ΦHDi , ΦPRi , and ΦSCi . In the FD multi-hop network, SC transmissions
are triggered by PR transmissions; thus, the node begins SC transmissions even if their
backoff timer is not zero. In contrast, nodes start PR transmissions when their backoff timer
reaches zero. If the receiver of the PR transmission has no DATA-frame, the PR transmitter
transmits its frame with HD communication. Here, the ratio of the number of HD and PR
transmissions to the number of total number of transmissions for Node i is defined as ∆i.
Then, ΦHDi , ΦPRi , and ΦSCi satisfy as follows:

∆i = ΦHDi + ΦPRi ,

1− ∆i = ΦSCi . (7)

From the definition, ∆i can be expressed as the ratio of the number of transmissions
with the backoff timer of zero to the total number of transmissions for Node i. Therefore,
we derive the ratio from the Markov-chain model consideration of the FD MAC operations,
as shown in Figure 7. In the Markov-chain model, state (s, k)i shows that Node i stays at
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the sth backoff stage with its backoff timer of k. The state (s, k)i for s ∈ [0, m], k ∈ [0, Ws− 1]
belongs to “backoff timer decrement states” and the state (s,−1)i for s ∈ [0, m] belongs to
“transmission states”. Note that the transmission states shown in Figure 7 include HD, PR
and SC cases. The value of the contention window of s–th backoff stage is Ws = 2sCWmin,
where CWmin is the value of CWmin. Nodes begin to perform the SC transmission even
if their backoff timer is not zero. Using the SC transmission probability βi for Node i,
in Figure 7, the transition probability regarding the SC transmissions is expressed as follows:

P{s,−1 | s, k} = βi, k ∈ {1, Ws − 1}. (8)

In addition, the transition probabilities regarding backoff timer decrement and binary
exponential backoff in DCF, are expressed as follows:

P{s, k− 1 | s, k} = 1− βi, s ∈ {0, m}, k ∈ {1, Ws − 1},
P{s,−1 | s, 0} =, s ∈ {0, m},
P{0, k | s,−1} = 1− γi

W0
, s ∈ {0, m}, k ∈ {0, W0 − 1},

P{s, k | s− 1,−1} = γi
Ws

, s ∈ {1, m}, k ∈ {0, Ws − 1},

P{0, k | m,−1} = 1− γi
W0

, k ∈ {0, W0 − 1}.

(9)

Here, we define the stationary distribution for each state in the Markov-chain model
as π(s,k)i

. From Equations (8) and (9), we obtain the following relation regarding π(s,k)i
as follows:

π(s,k)i
= w(s,k)i

γiπ(s−1,−1)i
, (10)

where

w(s,k)i
=

1− (1− βi)
Ws−k

Wsβi
. (11)

In the Markov-chain model, all arrows with the probability of γi from the state
(s−1,−1) flow into the state (s,−1) through the backoff timer decrement states. Thus,
we obtain the relationships between π(s−1,−1)i

and π(s,−1)i
as follows:

π(s,−1)i
= γiπ(s−1,−1)i

, for s ∈ {1, m− 1},
π(m,−1)i

=
γi

1− γi
π(m−1,−1)i

. (12)

The sum of the stationary distributions π(s,k)i
is one. From Equations (10) and (12), we

thus obtain the following:

m

∑
s=0

Ws−1

∑
k=−1

π(s,k)i
=

π(0,−1)i

1− γi
+

m

∑
s=0

Ws−1

∑
k=0

w(s,k)i
γs

i π(0,−1)i
= 1. (13)

From Equation (13), we obtain

π(0,−1)i
=

1

1
1− γi

+
m

∑
s=0

Ws−1

∑
k=0

w(s,k)i
γs

i

. (14)

By substituting Equations (11) and (14) into Equations (10) and (12), the stationary
distribution of the state (s, k)i for s ∈ [0, m], k ∈ [−1, Ws − 1] is expressed as a function of
the transmission failure probability and the SC transmission probability.
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Figure 7. Markov–chain model for FD MAC with respect to Node i.

In this model, the state (s, 0)i for s ∈ [0, m] means that backoff timer of Node i is zero
at each backoff stage. Therefore, the ratio of the number of transmissions with the backoff
timer of zero to the total number of transmissions ∆i can be obtained as the ratio of the
sum of the stationary distributions of the states with the backoff timer of zero (s, 0)i for
s ∈ [0, m] to the sum of the stationary distributions of the transmission state (s,−1)i for
s ∈ [0, m], which is expressed as:

∆i =

m

∑
s=0

π(s,0)i

m

∑
s=0

π(s,−1)i

=
m

∑
s=0

w(s,0)i
γs

i (1− γi). (15)

From Equations (7) and (15), the ratio of the number of SC transmissions to the total
number of transmissions ΦSCi for Node i is obtained as a function of the transmission
failure probability γi and SC transmission probability βi as follows:

ΦSCi = 1−
m

∑
s=0

w(s,0)i
γs

i (1− γi) (16)

Here, we define the ratio of the number of the HD transmissions to the sum of the
numbers of HD and PR transmissions for Node i as Ωi. From the definition, ΦHDi , ΦPRi ,
and Ωi satisfy the following:

Ωi =
ΦHDi

ΦHDi + ΦPRi

=
ΦHDi

∆i
,

1−Ωi =
ΦPRi

ΦHDi + ΦPRi

=
ΦPRi

∆i
.

(17)

From the characteristics of FD multi-hop networks as shown in Figure 3, the number
of the successful PR transmissions for Node i equals that of the SC transmission attempts
for Node i + 1 [17]. Therefore, using Ωi, we obtain the following relationship:

∆i(1−Ωi)λi = (1− ∆i+1)λi+1Ri+1. (18)
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From Equation (18), we obtain the expression of Ωi as follows;

Ωi = 1− (1− ∆i+1)λi+1Ri+1

∆iλi
. (19)

By substituting Equation (19) into Equation (17), ΦHDi and ΦPRi can be obtained as

ΦHDi = ∆i −
(1− ∆i+1)λi+1Ri+1

λi
(20)

and

ΦPRi =
(1− ∆i+1)λi+1Ri+1

λi
, (21)

respectively. As shown in Equations (20) and (21), ΦHDi and ΦPRi are expressed as a
function of the transmission failure probability and the SC transmission probability as
similar to ΦSCi .

3.3. Carrier-Sensing Airtime: Yi

Carrier-sensing airtime means the probability that the node detects channel busy.
The carrier-sensing airtime for a given node in the FD MAC can be expressed as the
sum of the transmission airtimes for its neighboring nodes [17,20–24]. Therefore, in the
string-topology multi-hop network considered in this paper, the fundamental expression of
carrier-sensing airtime for Node i can be obtained as the sum of the transmission airtimes
for Nodes i+1 and i−1. However, we must consider the duplicated transmission duration
between Nodes i−1 and i + 1. In addition, we must consider the holding duration due
to the NAV setting for the transmissions from Nodes i−2 and i + 1. Thus, the proposed
analysis includes the NAV duration in a carrier-sensing airtime.

To express the carrier-sensing airtime for Node i, it is divided into two parts. The first
part, which is defined as Ψ(1)

i , is the carrier-sensing airtime caused by transmissions from

Nodes i−1 and i+1. The second party, which is defined as Ψ(2)
i , is the carrier-sensing

airtime from the NAV setting to protect the DATA-frame transmissions from Node i−2. We
derive Ψ(1)

i and Ψ(2)
i for each FD MAC.

In the FD MAC, we must consider the transmission duration from Nodes i − 1 and
i + 1, as well as the NAV duration set by the transmissions from Node i + 1. As explained
in Section 2.2, when Node i receives the RTS frame from Node i + 1, Node i is prohibited
transmitting its frame due to the NAV setting until Node i + 1 successfully completes the
DATA-frame transmission. Note that the holding duration at Node i due to the NAV setting
is updated when Node i + 1 retransmits the RTS frame. In this sense, the holding duration
due to the NAV setting is the sum of the duration of transmissions from Node i + 1 and the
holding duration due to the updating of the NAV setting. The holding duration at Node i
due to the updating the NAV setting has the same length as the duration from the failed RTS
transmission to RTS retransmission from Node i + 1; thus, its duration is approximately
the same length as that of the sum of the durations for the backoff timer decrements for the
retransmissions from Node i + 1. Here, we define the average number of backoff timer
decrements for a single successful DATA-frame transmission from Node i as Ui. Ui can be
obtained as the expected recurrence time to the state (0,−1)i in the Markov-chain model,
which is the inverse number of π(0,−1)i

, the following equation as follows:

Ui =
1

π(0,−1)i

=
1

1− γi
+

m

∑
s=0

Ws

∑
k=0

w(s,k)i
γs

i . (22)
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Using Ui, Ψ(1)
i (in consideration of the updated NAV duration) is obtained as follows:

Ψ(1)
i = Xi−1 − XSCi + Xi+1 − XSCi+1 + λi+1

(
Ui+1 −

CWmin
2

)
σ, (23)

where σ is system slot time.
In RTS/CTS-based FD MAC, Node i sets NAV when it receives FCTS from Node i− 1

operating as an HD or SC receiver. This means that Node i sets NAV when Node i − 2
successfully perform HD or SC transmission. This NAV duration has the same length as
the DATA transmission duration; thus, Ψ(2)

i is expressed as

Ψ(2)
i = λi−2(ΦHDi−2 + ΦSCi−2)DATA. (24)

Therefore, the carrier–sensing airtime for Node i is expressed as the sum of Ψ(1)
i

and Ψ(2)
i ;

Yi = Ψ(1)
i + Ψ(2)

i . (25)

3.4. Frame–Existence Probability: qi

From the Assumption 2 in Section 2.2, the DATA–frame arrival rates λi for relay nodes
are the same as that for Node 0. Therefore, λi satisfies

O
P

= λ0 = λ1 = · · · = λH−1, (26)

where O is offered load of the network. The frame existence probability for Node i is
defined as the probability that Node i has at least one frame in the idle state [23]. This is
expressed as the rate of the total time for backoff timer decrements to that under the idle
state. From the airtime expressions analysis, the idle airtime Zi is obtained as follows:

Zi = 1− Xi −Yi. (27)

Therefore, the frame existence probability qi for Node i can be expressed as

qi = min
(

λiUiσ

Zi
, 1
)
= min

(
λiUiσ

1− Xi −Yi
, 1
)

. (28)

When qi reaches one, Node i always has at least one frame in its buffer. This situation
means that the node is a bottleneck node in the network. In other words, the maximum
throughput for the network can be obtained when the frame existence probability at the
bottleneck node reaches one [23,24].

3.5. Transmission Failure Probability: γi

In string-topology multi-hop networks, hidden node collisions between Nodes i
and i + 2 occur. Following the airtime expressions analysis, the hidden node collisions
are categorized as (1) protocol hidden node collisions, and (2) physical hidden node
collisions [22,24].

A protocol hidden node collision occurs at Node i + 1 when Node i begins to transmit
a frame while Node i + 2 transmits a frame or Node i + 1 sets NAV. Because Node i senses
the PR transmission from Node i + 1, the transmission from Node i collides with HD
or PR transmission from Node i + 2. Note that Nodes i and i + 2 cannot transmit any
frame while Node i + 1 transmits its frame. In addition, transmission failure caused by the
frame transmissions from Node i while Node i + 1 is under the NAV operation must be
considered. As explained in Section 3.3, the holding duration due to NAV setting at Node
i + 1 is expressed as the sum of the duration of frame transmissions from Node i + 2 and
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the expected duration of backoff timer decrements for retransmissions from Node i + 2.
Because RTS transmissions from Node i fail when Node i starts to transmit a RTS during
the NAV of Node i + 1, the protocol hidden node collision probability γ

(1)
i is expressed as

γ
(1)
i =

XHDi+2 + XPRi+2 + λi+2

(
Ui+2 −

CWmin
2

)
σ

1− Xi+1
. (29)

The physical hidden node collision occurs at Node i + 1 when Node i + 2 starts to
transmit a frame during the transmissions from Node i. This collision occurs when the
value of backoff timer at Node i + 2 is smaller than the duration of a frame transmission
from Node i when Node i starts to transmit its frame [24]. Similar to the protocol hidden
node collision, Nodes i and i + 2 cannot transmit frames while Node i + 1 transmits a frame.
In addition, this collision does not occur when Node i + 2 has been in the transmission state.
Therefore, because Node i + 2 performs SC transmission while Node i + 1 performs PR
transmissions, the physical hidden node collision probability can be expressed as follows:

γ
(2)
i =

qi+2Zi+2

m

∑
s=0

min( f ,Ws)

∑
k=0

π(s,k)i+2

1− Xi+1 − XHDi+2 − XPRi+2

, (30)

where f = [RTS/σ].
Because these transmission failures are disjoint events, the transmission failure proba-

bility for Node i can be expressed as

γi = γ
(1)
i + γ

(2)
i . (31)

3.6. SC Transmission Probability: βi

The SC transmission at Node i occurs when Node i succeeds in receiving the header
part in the DATA-frame or the RTS frame from Node i− 1 while Node i is in the backoff
timer decrement state. When Node i− 1 has no DATA frame to be transmitted, Node i
does not perform an SC transmission even if Node i decreases its backoff timer. Therefore,
the probability of Node i not performing an SC transmission due to the above case is
expressed as (1− qi−1)qiZi. In addition, Node i does not perform an SC transmission when
Node i− 1 senses transmissions from Node i− 2. Note that Node i senses the SC transmis-
sion from Node i− 1 when Node i− 2 is a PR transmitter. Therefore, the probability of Node
i not performing the SC transmission due to this case is expressed as (XHDi−2 + XSCi−2)qiZi.
Here, the probability of Node i attempting to transmit a frame with zero backoff timer is
defined as τi, and SC transmission probability for Node i is expressed as

βi =
[
1− (1− qi−1)Zi−1 − XHDi−2 − XSCi−2

]
τi−1, (32)

where

τi−1 =
m

∑
s=0

π(s,0)i−1
. (33)

3.7. Derivation of Throughput

From Equations (5), (15), (19), (28), (31) and (32), 6H-algebraic equations are ob-
tained. These equations contain 6H unknown parameters, Xi, ∆i, Ωi, qi, γi, and βi,
for i = 0, 1, 2, · · · , H − 1. It is possible to solve the 6H unknown parameters for the
given offered loads O. In this paper, Newton’s method is applied to obtain the 6H un-
known parameters. The maximum network throughput is obtained as the minimum value
of O satisfying qi = 1. If qi < 1 for all nodes, we obtain the network throughput equal to O.
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4. Verification of the Proposed Model

In this section, we compare the analytical results with the simulation results to evaluate
the validity of the proposed analytical expressions. An H-hop string-topology network is
used for the simulation is the string-topology, as shown in Figure 6. System parameters
based on the IEEE 802.11 standard are listed in Table 2. Because the FD MAC operation
has not been implemented in ns-3 [34], we developed an original network simulator with
RTS/CTS-based FD MAC operations (Section 2.2). In the developed simulator, it is assumed
that the channel condition is ideal without errors in the PHY layer. Therefore, transmission
failures occur due to frame transmission collisions in the MAC layer. Our simulator also
provides HD multi-hop network throughput with RTS/CTS, and we confirmed that the
throughput completely agreed with that from ns-3.

Table 2. Simulation parameters.

Parameter Value

Payload size (P) 500 bytes
Data rate 54 Mbps

ACK, RTS, CTS, FCTS bit rate 12 Mbps

ACK 32 µs (14 bytes)
RTS 36 µs (20 bytes)

FCTS 36 µs (20 bytes)
CTS 32 µs (14 bytes)
SIFS 16 µs
DIFS 34 µs

CWmin (CWmin) 16
CWmax 1024

Retry limit 7
slot time (σ) 9 µ

Distance of each node 45 m
Transmission range 60 m

Carrier-sensing range 60 m

To confirm the maximum network throughputs, we first examine the frame existence
probability qi. Figure 8 shows the frame existence probability qi as a function of offered
load O in a five-hop network. As shown in Figure 8, frame existence probability value
for each node differs because the impact from collisions, carrier-sensing, and secondary
transmissions differs for each node. As shown in Figure 8, the frame existence probability
for Node 0 reaches one at the network offered load of 3.59 Mbps while the frame existence
probabilities for all other nodes are less than one. This means that Node 0 is the bottleneck
node in the network. From Equation (28), the expression of frame-existence probability
includes packet arrival rate λ, which depends on networks offered load O. This means the
maximum value of frame-existence probability is 1 even in the network with the higher
value of O. Because a node whose frame-existence probability is one has at least one data
frame in its buffer, the node becomes a bottleneck in a multi-hop network [23]. As a result,
end-to-end throughput in the multi-hop network is limited as the constant value of network
offered load, which satisfies the frame-existence probability of the bottleneck node is 1.
Therefore, the end-to-end throughput is limited as the constant value of the network offered
load, which satisfies the frame-existence probability of the bottleneck node in the multi-hop
network is 1. As the result the maximum throughput of the five-hop network is considered
to be 3.59 Mbps.

Figure 9 shows the end-to-end throughput in the network as a function of the offered
load. As shown in Figure 9, the maximum end-to-end throughput is obtained as 3.59 Mbps.
Thus, it is confirmed that the maximum throughput from the proposed model agrees with
that of the simulation results. The analytical and simulation results of the maximum end-
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to-end throughputs for HD multi-hop networks are also shown in Figure 9. The analytical
results of HD multi-hop networks can be calculated by assuming βi → 0 and Φi = 0,
for i = 0, 1, 2, · · · , H − 1. The results shown in Figures 8 and 9 confirm the validity of the
proposed analytical model.

3.59

Figure 8. Frame existence of each node in the five-hop network as a function of offered load.

Figure 9. End-to-end throughput of the five-hop network as a function of offered load.

In addition, because RTS/CTS-based FD MAC provides higher maximum throughput,
the enhancement of FD communication is confirmed. Because the maximum throughput of
a HD multi-hop network with RTS/CTS is 2.77 Mbps, the gain of FD communication in the
five hop network is derived as 3.59/2.77 = 1.3. This indicates that the FD communication
does not achieve twice the network throughput in the string-topology multi-hop networks.
From assumption 1, there is one network flow where only the source node (Node 0)
generates the UDP data packet, and the relay nodes relay the data to the next node.
The relay nodes generate no data packet by themselves. Therefore, when the secondary
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transmitter has no frame to relay, nodes in multi-hop networks often transmit DATA-frame
in non-FD mode, i.e., HD transmission, even though they are capable of FD communication.
This is why communication is not twice that of HD communication in string-topology multi-
hop networks. The proposed model considers such unique operations in FD multi-hop
networks in Equations (4) and (32).

Figure 10 shows the maximum end-to-end throughput as a function of the number
of hops H. It is seen from Figure 10 that the analytical results agree with simulation ones
regardless of the number of hops. The maximum end-to-end throughputs for both FD and
HD cases decrease as the number of hops increases.

Figure 10. Maximum end-to-end throughput and gain of FD communication as a function of number
of hops H.

Figure 11 shows the maximum end-to-end throughput of the five-hop network as a
function of payload size. It is evident from Figure 11 that the analytical results agree with
the simulation results regardless of payload size. However, the analytical results differ
for large P values because we assume the transmission failure probability γ is constant
for any backoff stage. In Figure 5, Node 0 transmits RTS frames even if the receiver sets a
NAV. The NAV duration depends on the payload size P. Therefore, Node 0 fails in the RTS
frame transmissions repeatedly during longer NAV durations for larger P. Consequently,
the transmission failure probability for each backoff stage is different for larger P. Thus,
the maximum throughput for the RTS/CTS-based FD MAC in the analytical result is higher
than that in the simulation result for large P values. Because this mechanism is common to
HD multi-hop networks with RTS/CTS, the analytical results of HD multi-hop networks
with RTS/CTS for large P values differs from the simulation results.

In the case of shorter payload size, on the other hand, it is seen from Figures 9–11
that the simulation results beyond the analytical ones slightly. This is also because of the
assumption. A node in the network does not fail the RTS frame transmissions repeatedly
during shorter NAV durations for smaller P. Therefore, it is stated that the transmission fail-
ure probability in the higher backoff stage tends to be an extremely small value. Therefore,
it is stated that the gap between the assumption and the behavior of multi-hop networks
causes such quantitative errors. Even the proposed analytical expression includes some
quantitative errors, which come from the assumption, and the qualitative verification of
the proposed model is confirmed from all of the results presented in this paper. Addition-
ally, qualitative verification is also important and useful from the viewpoint of clarifying
complex behavior in networks.
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Figure 11. Maximum end-to-end throughput of five–hop network as a function of payload size.

5. Conclusions

This paper proposes a throughput analysis model for wireless multi-hop networks
with RTS/CTS-based FD MAC. We derived an innovative expression of transmission
airtime using successful and failed durations for frame transmissions in RTS/CTS-based
FD MAC. The proposed model provides end-to-end throughput of multi-hop networks
with RTS/CTS-based FD MAC for any number of hops and any payload size. Comparisons
with simulation results confirmed the validity of the proposed model. The proposed
analytical model can be easily applied to performance analysis for HD multi-hop networks
with RTS/CTS. Therefore, the proposed model can be used to evaluate the performance of
RTS/CTS multi-hop networks for FD and HD mathematically.
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