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Abstract: Finding the shortest path from a source vertex to any other vertices on a graph (single-source
shortest path, SSSP) is used in a wide range of applications. With the rapid expansion of graph
data volume, graphs are too large to be stored and processed in a standalone machine. Therefore,
performing SSSP distributively in the computer clusters becomes an inevitable way. We found
that the performance of existing distributed SSSP algorithms is limited by the communication cost
between workers, which is caused by global relaxation. To eliminate the expensive communication
cost, we propose an efficient distributed SSSP algorithm LR-SSSP that replaces global relaxation with
local relaxation. Furthermore, we propose two optimizations, i.e., lazy synchronization and forward
relaxation, to reduce invalid synchronization and communication. Our results show that LR-SSSP
can achieve up to 6–20× speedup over the state-of-the-art ∆-stepping++ algorithm.

Keywords: single-source shortest path; local relaxation; distributed computation

1. Introduction

Single-source shortest path (SSSP) aims to find the shortest paths between a given
source vertex s and all other vertices in the graph. As a fundamental problem, it has been
widely used in many real applications, such as network routing [1], online car-hailing
scheduling [2], approximation of betweenness measures [3], and program performance
profiling [4]. To compute the shortest distance of each vertex v, it is necessary to obtain
the shortest distance of its incoming neighbors and the length of edges from incoming
neighbors to it. Then, we compare the current shortest distance of v and that of incoming
neighbors plus the length of incoming edges. Finally, the shortest distance of each vertex is
updated with the minimum value. This operation is called edge relaxation.

As a classical and important problem, SSSP has been studied for decades of years.
Many efficient SSSP algorithms [5–9] have been proposed. However, these efficient SSSP
algorithms are designed based on the standalone worker and try to reduce the number of
edge relaxations by scheduling the order of edges to relax. For example, Dijkstra’s algorithm
prefers to select the vertex with the smallest known distance and relax its outgoing edges
to update the shortest paths to its outgoing neighbors. Then, the shortest distance of each
vertex will be calculated in order from closest to farthest from the source vertex. They
assume that the whole graph is hosted on only one computer, which makes it difficult to
process large-scale graphs. With the rapid expansion of graph volume, graph data are
becoming too large to be stored and processed in a standalone machine, and have to be
stored in distributed cluster machines.

To perform SSSP on large-scale graphs, designing the distributed SSSP algorithm to
reduce the computational burden is desired. Meyer et. al proposed a distributed SSSP
algorithm, ∆-stepping [10]. Then Chakaravarthy et. al augmented ∆-stepping with several
optimizations [11], e.g., hybrid push/pull edge relaxation, edge classification, and load
balance; we call it ∆-stepping++. However, a distributed runtime system may suffer from
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security risks [12,13] and communication overhead [14]. In this paper, we mainly focus on
reducing the communication overhead of the distributed SSSP algorithm. We found that,
in distributed SSSP algorithms, most of the runtime is spent on communication between
workers rather than computation. When vertex v and its incoming neighbor u are not on the
same computer, the edge relaxation on (u, v) requires communication between computers
(global relaxation), i.e., the sum of u’s shortest distance and the length of edge (u, v) should
be transformed from u’s host computer to v’s host computer.

Figure 1 shows the normalized breakdown runtime of ∆-stepping and ∆-stepping++,
where the computation time is counted by running ∆-stepping and ∆-stepping on a single
computer using four cores, the communication time is calculated by subtracting the runtime
on a single computer using four cores from runtime on a distributed cluster using one
core on each computer. We can see that more than 93% runtime of ∆-stepping is spent on
communication. Even in ∆-stepping++, the communication time still takes up 85∼94%
of runtime. This is because ∆-stepping++ only focuses on improving computation effec-
tiveness and aims to avoid unnecessary computations. Although some communication
decreases with reduced unnecessary computation, it does not pay enough attention to
reducing communication costs. The performance of both algorithms is greatly limited by a
large amount of communication.

0.02 0.066 0.054
0.15 0.076 0.1

0.98 0.934 0.946 0.85 0.924 0.9

0

0.2

0.4

0.6

0.8

1

1.2

RCA Google Pokec RCA Google Pokec

Δ-Stepping Δ-Stepping++

n
o

rm
al

iz
e 

ru
n

ti
m

e

Computation Communication

Figure 1. The normalized communication time and computation time of ∆-Stepping and ∆-Stepping++
on a 4-node cluster. RCA, Google, and Pokec are three graph datasets from [15].

Since the bottleneck of state-of-the-art distributed SSSP algorithms is communication
between computers, reducing the amount of communication is the key to improving the
performance of distributed SSSP. In distributed SSSP, the communication overhead is
caused by relaxation on edges whose vertices are not on the same machine. Though we can
reduce communication by employing the smart graph partition method, graph partitioning
is an NP-hard problem [16]. It is difficult to find an effective partition that results in little
communication, especially for power-law graphs.

Our Solution. In this paper, we propose an efficient distributed SSSP algorithm by replacing
global relaxation with local relaxation, LR-SSSP. In LR-SSSP, if a vertex and its outgoing
neighbor are not in the same computer, we locally create a replica of the neighbor, then the
shortest distance of the neighbor’s replica can be updated locally (local relaxation).

However, reducing communication by simply replacing global relaxation with local
relaxation can cause other problems. (1) The shortest distances of different replicas are
inconsistent, which results in incorrect results. (2) The inconsistency between replicas may
lead to invalid computation, e.g., a replica has obtained the shortest distance, while other
replicas are still updating.

We can solve the above two problems by synchronizing the shortest distance of all
replicas. However, frequent synchronization operations will bring a lot of communication
overhead. For this, we proposed lazy synchronization and forward relaxation to avoid
problems caused by inconsistencies in the shortest distances of different replicas and a large
number of communication problems caused by frequent synchronization operations.
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In summary, this paper has the following contributions:

• We propose an efficient distributed SSSP algorithm, LR-SSSP, which reduces commu-
nication by only performing local edge relaxation.

• We further propose lazy synchronization and forward relaxation to prevent invalid
synchronization and computation.

• We provide theoretical analysis to prove the effectiveness and correctness of our
proposed LR-SSSP.

• We perform extensive experiments to evaluate LR-SSSP. It is shown that our LR-SSSP
can achieve about 6–20× faster speed than existing distributed SSSP algorithms.

The rest of this paper is organized as follows. In Section 2, we first introduce some
preliminary knowledge about SSSP and distributed SSSP. Then we propose LR-SSSP in
Section 3. The experimental evaluation is shown in Section 4.

2. Preliminaries

Before introducing our distributed SSSP algorithm, we first give some basic definitions
and knowledge about SSSP and distributed SSSP. Then we discuss some related works.

2.1. Basic Definition

Let G = {V, E} be a directed (the undirected graph can be treated as a directed graph
by treating an undirected edge into two directed edges) and weighted graph with a set of
vertices V and edges E. Each edge eu,v = {u, v, ω} ∈ E is associated with a positive weight
ω, which is referred to as the length of edge eu,v, i.e., L(eu,v) = ω. For edge eu,v, u is the
incoming neighbor of v, and v is the outgoing neighbor of u. OUT(v) and IN(v) represent
the outgoing neighbors and incoming neighbors of v.

Path and its length. A path from v1 to vk in G, Pv1,vk = {v1, v2, · · · , vk}, is composed of a
sequence of vertices vi ∈ V and their edges evi ,vi+1 ∈ E. The distance of the Pv1,vk is defined
as the sum of the length of edges in path Pv1,vk , i.e., L(Pv1,vk ) = ∑i=k−1

i=0 L(evi ,vi+1).

Single-Source Shortest Path, SSSP. Given a source vertex s ∈ V, single-source shortest
path computation is used to find the path P∗

s,v from s to any other vertex v ∈ V with
minimal length L(P∗

s,v), i.e., the length of any path from s to v, Ps,v is larger than that of P∗
s,v,

L(Ps,v) > L(P∗
s,v).

Edge relaxation. The solution to solve the SSSP problem is edge relaxation. Given edge
eu,v = {u, v, ω}, the edge relaxation is defined as follows:

L(Ps,v) = min{L(Ps,v), L(Ps,u) + L(eu,v)}

Initially, the distance of the shortest path from s to any other vertex v is L(Ps,v) = +∞,
and the L(Ps,s) = 0. Then we relax the edges in E iteratively. If the distance of all vertices no
longer changes, i.e., the vertices are converged, the shortest distance of all vertices reaches
the minimum value. When relaxing edge eu,v, we record the predecessor of v. According to
the predecessor of each vertex, it is easy to reconstruct the shortest path from s to v.

Distributed SSSP. In general, the real graphs are too large to store in a standalone machine.
Thus, the big graph is partitioned and stored on a cluster of machines. Let Gi = {Vi, Ei} be
a partition of the big graph G, where Vi is the set of vertices in Gi and Ei is the set of edges
whose source vertices in Vi. For the given source vertex s ∈ V, we aim to find the shortest
path Ps,v, where s and v may be on different machines.

2.2. Related Work

As a fundamental problem, considerable attention has been devoted to solving SSSP
in sequential memory-/disk-based as well as distributed settings. In this paper, we mainly
focus on improving the performance of the distributed SSSP algorithm.

Memory-Based. The most famous sequential memory-based SSSP algorithm is Dijkstra’s
algorithm [7]. It can be performed in O(nlogn + m) time, where n is the number of vertices
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and m is the number of edges, by employing the priority queue implemented with heap or
tree. In the beginning, all the vertices are set to nonconvergent and push source vertex s
into the priority queue. Then Dijkstra’s algorithm processes vertices iteratively. In each
iteration, Dijkstra’s algorithm selects the nonconvergent vertex v with minimum distance
(the first element in the priority queue) and sets it as a convergent vertex. Then v’s outgoing
edges are relaxed and its outgoing neighbors’ distances are updated. Meanwhile, v’s
outgoing neighbors will be inserted into the priority queue if they are not in the queue.
Iteration is repeated until all vertices are set as convergent. Since Dijkstra’s algorithm
requires loading the whole graph into memory, Dijkstra’s algorithm is poorly suited for
large graphs. There are also some more efficient memory-based SSSP algorithms [17–21]
that are accelerated by building indexes in advance. However, these algorithms require
the entire graph when building and using indexes, so it is difficult to apply them in
distributed SSSP.

Disk-Based. In order to process large graphs, some disk-based SSSP algorithms are
proposed [8,9,22,23]. Disk-based SSSP algorithms focus on designing an effective index to
reduce the inefficient edge relaxation or disk I/O. Ref. [22] was the first work to design a
disk-based Dijkstra’s algorithm. They tried to reduce disk I/O by replacing the priority
queue with the tournament tree. Ref. [23] proposed an efficient index, VC-Index, which can
be treated as multiple reduced versions of the graph. Each reduced graph contains some
important vertices and the distances between them. Then the SSSP can be accelerated based
on precomputed distances. Ref. [8] introduced a tunable hash index to reduce the scale of
wasteful data loaded from the disk. Then they proposed a new iterative mechanism and
designed an Across-step Message Pruning (ASMP) policy to deal with the disk I/O. Ref. [9]
presented HoD index. HoD augments the input graph with a set of auxiliary edges and
exploits them to reduce disk I/O.

Distributed. The traditional Bellman–Ford algorithm can be executed on a distributed
cluster. Different from Dijkstra’s algorithm, in each iteration, the Bellman–Ford algorithm
selects all the vertices whose distances are changed in the previous iteration to relax their
outgoing edges and update their outgoing neighbors. The computation and communication
costs are huge due to a large number of invalid relaxations. Preferring selecting the vertices
with shorter distances and relaxing their outgoing edges can effectively reduce ineffective
relaxation [7]. For example, Dijkstra’s algorithm uses a priority queue to select the vertex
with the shortest distance and relaxes its outgoing edges.

∆-Stepping [10] uses a distributed bucket array as the distributed priority queue to
schedule edge relaxations, and the length of each bucket is ∆. Each computer mi maintains
an array of buckets, shown in Figure 2, and the vertex v in mi is assigned to ⌞ L(Ps,v)

∆ ⌟-th
bucket. Then, ∆-Stepping relaxes edges and updates the shortest distance of vertices
distributively on same-level buckets. Until all the shortest distance of vertices in current
buckets on all workers are not changed, ∆-Stepping will not step to the next higher-level
buckets. ∆-Stepping++ [11] tries to improve the ∆-Stepping with some optimizations,
e.g., hybrid push/pull edge relaxation, edge classification, and load balance. However,
both of them suffer from high communication overhead.

m1

m2

2Δ  Δ 3Δ  4Δ  0

priority queue in Dijkstra's 

b0 b1 b2 b3

b0 b1 b2 b3

buckets arrays in Δ-stepping

Figure 2. Distributed buckets array.
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3. LR-SSSP

As we discussed in Section 1, the bottleneck of the existing distributed SSSP algorithm
is network communication. In this section, we propose a simple but efficient distributed
SSSP algorithm, LR-SSSP. Similar to ∆-Stepping, LR-SSSP also uses the distributed buckets
as a global priority queue. Different from ∆-Stepping, LR-SSSP uses local edge relaxation
to replace global edge to reduce communication and employs two optimizations, lazy
relaxation and forward relaxation, to prevent invalid communication and computation.

3.1. From Global Relaxation to Local Relaxation

Global and Local relaxation. In distributed SSSP, if two vertices of an edge are on different
computers, then the shortest distance information will be sent through the network. We call
this edge relaxation global relaxation, e.g., relaxation on edge eu,v in Figure 3. If the edges’
two vertices are in the same computer, the relaxation on them is called local relaxation,
e.g., the relaxation on edge et,v in Figure 3.

s

t

u

v

m1 m2

1

2

v'

1

2

master vertex

ghost vertex
u'

1
t'

s'

global edge

local edge
1

w

2

1

Figure 3. Global relaxation and local relaxation; the edge relaxation on the global edge is global
relaxation while on the local edge it is local relaxation. The number on the edge represents the length
or weight of the edge.

An intuitive solution to prevent communication caused by these global edge relax-
ations is to replace global edge relaxations with local edge relaxations, which can be
achieved by creating ghost vertices. The ghost vertex is a replication of the master on the
remote computer and does not have a follower–leader relationship. If two vertices u, v of
the edge eu,v are in different computers, we create a ghost of the v, v′, on the host of the
u and connect v′ and u with a new edge whose weight is the same as the edge eu,v. Then,
we relax the edge eu,v′ and update the shortest distance of v′ on the host computer of u,
which is performed locally. In this way, the global edge relaxations are replaced by local
edge relaxations.

Example 1. As shown in Figure 3, the relaxation on edge eu,v is global relaxation since u and v are in dif-
ferent computers. We create a ghost vertex of v, v′, on computer m1, and connect u and v′ with eu,v′ , where
L(eu,v′) = L(eu,v). Then we relax edge eu,v′ on m1, L(Ps,v′) = min{L(Ps,v′), L(Ps,u) + L(eu,v′)}.

However, because of the creation of ghost vertices, we obtain the shortest distance
for each ghost vertex and master vertex, which may cause incorrect results. We have
to synchronize the shortest values of the ghost vertices and master vertex. Though we
prevent the communication cost caused by global edge relaxation by replacing the global
edge relaxation with local relaxation, the synchronization of ghost and master vertices will
lead to additional communication costs. We can see that the communication of vertices
synchronization is less than that of global relaxation based on the following theorem. Note
that, in LR-SSSP, the synchronization operation is to send the shortest values of ghost
vertices to the master vertex. There are no synchronizations between ghost vertices.
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Theorem 1. Given g in-neighbors of vertex v hosted on k − 1 machines, in a round of iteration,
there are g global relaxations on g edges with the same destination v or g local relaxations and
k − 1 synchronizations. The communication of global relaxations is Cg, and the communication of
synchronization after local relaxations is Cl . Then we have

Cg ≥ Cl (1)

Proof. The communication of a global relaxation and a vertex synchronization is the
same, c, because they send the same size message that contains a vertex id and a distance
value through a network. Then the communication of g global relaxations is Cg = g · c.
The communication of synchronization after g local relaxations on k − 1 machines is
Cl = (k − 1) · c. Since the in-neighbors of v located on k − 1 machines, k − 1 ≤ g. Finally,
we have Cg ≥ Cl .

As shown in Figure 3, after relaxing ew,v′ and eu,v′ on m1, we synchronization the v′

and v. There is only one message passing through the network, while the global relaxations
on ew,v and eu,v require two messages to pass through the network. Thus, the local edge
relaxation results in less communication than global relaxation.

Furthermore, creating ghost vertices not only reduces the communication cost by
replacing global relaxation with local edge relaxation but also reduces the number of relax-
ations. For example, in Figure 4, when we relax edge ec,d′ , we find that the L(Ps,d′) < L(Ps,c),
then it is unnecessary to perform local edge relaxation on ec,d′ , because according to the
triangle inequality, we have L(Ps,d′) < L(Ps,c) + L(ec,d′).

s

a

b

c

m1 m2

1.5

1

5

a'

c'

Δ 

2Δ 

master vertex

ghost vertex

global edge

local edge

synchronization

4.5

3

1st 

bucket 

2nd 

bucket 

3rd 

bucket 

two synchronizations after 

relaxing es,c' and eb,c'

lazy synchronization:  

one synchronization only when 

processing the 3rd bucket.

Figure 4. An example of Lazy Synchronization. Without lazy synchronization, there are two syn-
chronizations between c and c′ after relaxing es,c′ and eb,c′ . With lazy synchronization, there is one
synchronization only when processing the 3rd bucket. The number on the edge represents the length
or weight of the edge.

3.2. Lazy Synchronization

Compared with global edge relaxation, local edge relaxation helps reduce communi-
cation. To obtain the correct results of SSSP, it is required to synchronize the ghosts and
the master. If the shortest distances of two ghosts of a vertex are inconsistent, the shortest
distances of the two ghosts are different. If the distance of one of the ghosts is not the
real shortest, the distance of the successor of this ghost is also not the shortest, which
results in incorrect SSSP results. However, there is still a large number of synchronizations
when performing distributed SSSP for obtaining the correct and exact result. And the
synchronization between ghosts and the master requires communication costs. However,
we find that most of the synchronizations are invalid during the iterative computation.
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Example 2. As shown in Figure 4, we may synchronize the c′ and c two times. The first syn-
chronization is caused by local relaxation on edge es,c′ when processing the vertices located in the
1st bucket. The second synchronization is caused by local relaxation on edge eb,c′ when processing
the vertices located in the 2nd bucket. However, the synchronization caused by local relaxation on
edge es,c′ is invalid, because after relaxing edge eb,c′ , we will obtain a shorter path from s to c′.

As illustrated in Example 2, some synchronization is unnecessary as the shortest
distance values of ghost vertices will become smaller in the later relaxation, so postponing
the synchronization may avoid some early invalid synchronizations. However, it is difficult
to determine which synchronization is valid and when to perform synchronization. Too-
early synchronization is too feeble to prevent invalid synchronization, while too-late
synchronization may result in an incorrect result. In this subsection, we propose a lazy
synchronization method to prevent most of the invalid synchronization by exploiting the
local relaxation and the distributed buckets array.

In LR-SSSP, we also use distributed buckets array to help schedule edge relaxation,
which can reduce a lot of invalid relaxation. We first relax the edges whose source vertices
are in lower-level buckets, as the vertices in lower-level buckets have a shorter path from s
to them than vertices in higher-level buckets, because preferring processing vertices close
to the source vertex s always avoids some invalid relaxations [7,10]. When performing local
relaxation on the outgoing edge of the vertex in a lower-level bucket, if the updated ghost
falls into a higher-level bucket, then it is unnecessary to synchronize the updated ghost
with its master, because this synchronization may be invalid if the ghost is updated again
later. Based on this intuition, we propose lazy synchronization.

In lazy synchronization, when processing the t-th buckets, only the vertices whose
ghosts’ shortest distances are in

(
(t − 1) · ∆, t · ∆

]
are synchronized. After synchronization,

we perform the local relaxation on edges whose source vertices’ current shortest distances
are in

(
(t − 1) · ∆, t · ∆

]
. Then, there may be new ghosts created and their shortest distances

are in
(
(t − 1) · ∆, t · ∆

]
or some ghosts’/masters’ shortest distance becomes smaller than

t · ∆; then we reperform synchronization between these ghosts and masters until there is no
ghosts/masters whose distance are changed. For the ghosts whose shortest distances are
larger than t · ∆, we delay their synchronization until we step to the corresponding buckets.

As shown in Figure 4, where ∆ = 2, when processing the 1st buckets, we not only relax
es,b, but also create a′ and c′ for relaxing es,a and es,c in computer m1, since the L(Ps,a′) < ∆,
a′ and a are synchronized immediately. While L(Ps,a′) > ∆, we delay the synchronization
between c′ and c. In m2, after a is updated with synchronization, we relax edge ea,c and
update the shortest distance of c. Then, if there are no ghost vertices created or changed
in the 1st buckets, we step to the 2nd buckets. We relax eb,c′ and update c′. Next, we step
to the 3rd buckets. We synchronize c and c′ and obtain the correct shortest path of c. It
can be seen that the synchronization between c and c′ is delayed and one synchronization
is reduced.

With the lazy synchronization strategy, we do not synchronize ghosts until the shortest
distance of the ghosts will be obtained. In this way, the useless synchronization will be
filtered. Furthermore, this lazy synchronization method has no side effect on SSSP’s result
according to the following theorem, i.e., the SSSP result still is exact and correct.

Theorem 2. Given the source vertex s and a vertex v in G, the shortest distance from s to v is
L(P∗

s,v), in which u is the predecessor of v on path P∗
s,v. With the lazy synchronization, we still can

obtain the shortest path of u, i.e., L(P∗
s,u) = L(P∗

s,v) + L(ev,u).
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Proof. If u and v are in the same computer, after obtaining the shortest distance of u
from s, L∗(Ps,v), we can obtain the exact shortest distance of u by relaxing edge ev,u,
L∗(Ps,u) = L∗(Ps,v) + L(ev,u) since the v is the predecessor of u in the shortest distance path
from s to u.

If u and v are in different machines, after obtaining the shortest distance of u from s,
L∗(Ps,v), we will create the ghost of u, u′, and relax edge ev,u′ on v’s host machine. Then
we have L(Ps,u′) = L(Ps,v) + L(ev,u′). There are two cases, (i) u′ and v are in the same
level bucket, and (ii) u′ and v are in different level bucket. For the first case, we will
synchronize u′ and u immediately and obtain L(P∗

s,u) = L(Ps,u′). For the second case, we
will synchronize u′ and u when LR-SSSP steps to the buckets where u′ are located and
obtain L(P∗

s,u) = L(Ps,u′) = L(P∗
s,v) + L(ev,u).

According to Theorem 2, we can see that if the shortest path from s to v is obtained,
then we can correctly obtain the shortest path from s to the vertices whose predecessor
is v with lazy synchronization. Since the predecessor of all vertices can be traced back to
vertex s, and the shortest distance of source vertex s has been obtained, i.e., L∗(Ps,s) = 0,
then we can obtain the shortest distance from s to all reached vertices.

3.3. Forward Relaxation

Although we have prevented most of the invalid synchronizations with the help of
lazy synchronization, there may be some invalid local relaxations due to the lack of global
information. These invalid local relaxations may further cause invalid synchronizations.

Example 3. As shown in Figure 5, we set ∆ = 1. When processing the second bucket in computer
m2, we relax et,u by creating the ghost of u, u′, and relaxing et,u′ . But we have the shortest path from
s to u when processing the first buckets in m1; thus, this local relaxation is invalid. Furthermore,
when processing the third bucket, the synchronization between u′ and u will be triggered, which is
an invalid synchronization.

s

t

u

v

m1 m2

2

1

2 master vertex

ghost vertex

u'

1

global edge

local edge
w

1

Δ 

2Δ 

3Δ 

invalid local 

relaxation

synchronization

invalid 

synchronization

Figure 5. Invalid relaxations and invalid synchronizations. The number on the edge represents the
length or weight of the edge.

This invalid local edge relaxation and synchronization are caused by the lack of global
information about which vertices have obtained the shortest path. The higher the level
of bucket we process, the more invalid relaxation there will be. It is noted that invalid
relaxations are not caused by local relaxation. Even in global relaxation, there also are
invalid global edge relaxations due to the lack of global information. Ref. [11] used a
pull-and-push model to prevent invalid global relaxations. However, the pull-and-push
model is not suitable for local edge relaxations. Thus, based on the following theorem,
we propose a simple but efficient pruning method to prevent invalid local edge relaxation
and synchronization.
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Theorem 3. Given source s, vertex v, and its ghosts v′1, · · · , v′k, when processing t-th buckets,
if (t − 1) · ∆ < min{L(Ps,v), L(Ps,v′1

), · · · , L(Ps,v′k
)} ≤ t · ∆, then we have

(t − 1) · ∆ < L(P∗
s,v) ≤ t · ∆ (2)

Proof. If min{L(Ps,v), L(Ps,v′1
), · · · , L(Ps,v′k

)} ≤ t · ∆, according to the definition of SSSP,
the shortest distance from s to v must be smaller than t∆, i.e., L∗(Ps,v) ≤ t · ∆.

To prove (t − 1) · ∆ < L(P∗
s,v), we first assume that L(P∗

s,v) ≤ (t − 1) · ∆. We set
(t′ − 1) · ∆ < L∗(Ps,u) ≤ t′ · ∆ and the predecessor of v on the shortest path from s to v
is u, where t′ ≤ t − 1. Since u is the predecessor of v, L(P∗

s,u) ≤ t′ · ∆. When processing
t′-th buckets, we have relaxed the edge eu,v or eu,v′ . After that, we have had L(Ps,v) ≤ t′ · ∆
or L(Ps,v′) ≤ t′ · ∆ before processing the t-th buckets, which contradicts the condition
(t − 1)∆ < min{L(Ps,v), L(Ps,v′1

), · · · , L(Ps,v′k
)}. Thus, (t − 1)∆ < L(P∗

s,v).

According to Theorem 3, after processing t-th buckets, we can make sure that the
vertices whose shortest distances are in

(
(t − 1)∆, t∆

]
, i.e., we have obtained the shortest

path from source to these vertices. Thus, if there is an edge from the vertex in higher-level
buckets to the vertex in lower-level buckets, then the relaxation on this edge (referred
to as backward relaxation) is invalid. We can prevent invalid local edge relaxation and
synchronization by broadcasting the id of vertices that have obtained the shortest path to
other machines to avoid backward relaxation.

As shown in Figure 3, after processing the first buckets, we broadcast the id of u to
m2, then when performing local relaxation on et,u, we find that u has obtained the shortest
path, then the local edge relaxation and synchronization will be avoided.

Since we only broadcast the vertices’ ids that become converged in t-th buckets,
the additional communication costs are insignificant but reduce a large amount of invalid
relaxation and synchronization.

3.4. Algorithm Detail

Based on the above discussion and the proposed local edge relaxation, lazy synchro-
nization, and forward relaxation strategy, we propose the distributed SSSP algorithm,
LR-SSSP.

Algorithm 1 shows the details of our LR-SSSP on computer mi. In LR-SSSP, we also
use a distributed bucket array as a priority queue to manage vertices according to their
current shortest distance, and each computer mi contains an array of buckets Bi[].

Initially, we set the shortest distance of each vertex as positive infinity and set all the
buckets to empty (line 1–4). To prevent backward relaxation, we use a set S to store the
vertices that have obtained the shortest path (line 5) and synchronize it after processing
each bucket (line 23–25). For the source vertex s, we set the current shortest distance of
s as 0 and insert it to the 0th bucket (line 6–8) on the host of s. Then we select vertices in
distributed bucket arrays from bottom to top to relax their outgoing edges until all vertices
have obtained the shortest path, i.e., the buckets are empty (line 9–25).

The lazy synchronization strategy requires that before processing each bucket, we
first synchronize the ghost vertices with their master vertices (line 13). It is noted that the
synchronization of ghost vertices and master vertices is a one-way transmission, i.e., the
ghosts send their distance and predecessor to their masters (see Algorithm 2), because it
does not matter whether the ghost vertices have the correct result. Then, we relax the
outgoing edges of each vertex in the bucket with local relaxation (line 17–20). According
to Theorem 3, each vertex in the current bucket will obtain the shortest path. Thus, we
record them with Sset (line 11 and 14) and clear bucket (line 16). When relaxing edges,
there may be new ghosts created or vertices whose shortest paths are changed and inserted
into current buckets (line 16 in Algorithm 3). Until the current buckets of all computers are
empty, LR-SSSP steps to the next bucket.



Electronics 2024, 13, 2502 10 of 15

Algorithm 1: LR-SSSP (Mi)
Input: Graph partition Gi = (Vi, Ei), source vertex s, ∆ value
Output: Shortest distance of each vertex v.l and its predecessor v.p

1 for each v ∈ Vi do
2 v.l = +∞; // v.l is the shortest distance from s to v
3 v.p = null; // v.p record the predecessor of v

4 Bi[] = ∅; // local bucket array
5 S = ∅; // vertices set that have obtained shortest path
6 if s ∈ Vi then
7 s.l = 0;
8 Bi[0].insert(s);

9 j = 0; // the index of Bi[]
10 while all workers’ Bi are not empty do
11 Sset = ∅ // vertices set will be converged
12 while all workers’ Bi[j] is not empty do
13 LazySync (Bi[j]); // synchronize ghosts and masters
14 Sset = Sset ∪ Bi[j];
15 Rset = Bi[j]; // Rset is the set of vertices whose outgoing edges

will be relaxed
16 Bi[j] = ∅; // clear Bi[j]
17 for each vertex v ∈ Rset do
18 for each u ∈ OUT(v) do
19 if u /∈ S then

// u has not obtained shortest path
20 LocalRelax (v, u, ev,u, Bi, ∆);

21 LazySync (Bi[j]);

22 j++;
23 S = S ∪ Sset;
24 broadcast Sset to other workers;
25 receive Sset from other workers and merge them with S;

Algorithm 2: LazySync (Bi[j])

1 Function LazySync(Bi[j])
2 for each ghost v′ in Bi[j] do
3 send v′ to the host computer of its master;

4 for each received ghost v′ of v do
5 if v.l > v′.l then
6 v.l = v′.l, v.p = v′.p;
7 Bi[⌞v.l/∆⌟].remove(v)
8 Bi[j].insert(v);
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Algorithm 3: LocalRelax (v, u, ev,u, Bi, Vi, ∆)

1 Function LocalRelax(v, u, ev,u, Bi, Vi, ∆)
2 if u /∈ Vi then

// v and u are not in the same computer
3 if u′ /∈ Vi; then

// there is no ghost of u in Vi
4 create u’s ghost u′ and connect v and u′ with edge ev,u′ ;
5 u′.l = +∞;
6 L(ev,u′) = L(ev,u);
7 Vi = Vi ∪ u′;

8 Relax (v, u′, ev,u, B, ∆);
9 else

10 Relax (v, u, ev,u, B, ∆);

11 Function Relax(v, u, ev,u, Bi, ∆)
12 if u.l > v.l + L(ev,u) then
13 Bi[⌞u.l/∆⌟].remove(u);
14 u.l = v.l + L(ev,u);
15 u.p = v;
16 Bi[⌞u.l/∆⌟].insert(u);

4. Experimental Evaluation

In this section, we present the experimental evaluation of our distributed SSSP algo-
rithm, LR-SSSP, which improves performance by replacing the global relaxation with only
Local Relaxation.

4.1. Preparation

Competitor. We compare our proposed LR-SSSP with the traditional Bellman–Ford [5,6]
algorithm and the state-of-the-art ∆-Stepping [10] and ∆-Stepping++ [11].

Datasets. We evaluate our LR-SSSP with eight datasets, including four real graphs, WiKi,
HollyWood, LiveJournal, Orkut, and four synthetic graphs, Graph500-x, where x is 19–22.
The real graphs are from SNAP of Standford [15], and Graph500-x are from GraphChallenge
of MIT [24]. The detailed information of these datasets is shown in Table 1.

Table 1. Datasets.

Graph Abbrv. # of Vertices # of Edges Avg. Degree

WiKi WK 4,206,785 101,500,998 24

HollyWood HW 1,139,905 116,050,145 101

LiveJournal LJ 5,363,260 87,681,082 16

Orkut OK 3,072,441 117,185,083 38

Graph500-19 × 335,318 15,458,507 46

Graph500-20 × 645,820 31,361,098 48

Graph500-21 × 1,243,072 63,462,385 51

Graph500-22 × 2,393,285 128,192,964 53

Experimental cluster. Our experiments are conducted both on local cluster and AliCloud.
Our local cluster consists of four machines, and each machine runs Ubuntu 18.04 LTS and
is equipped with Intel I5 4590 3.3 GHz CPU, 8 GB memory, and 1000 Mbps network card.
The AliCloud cluster consists of 16 ecs.sn2.medium instances.
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4.2. Performance of LR-SSSP on Different Datasets

To test the effectiveness of our LR-SSSP, we compare the LR-SSSP with the traditional
Bellman–Ford and state-of-the-art ∆-Stepping and ∆-Stepping++. For fairness, we set the
same ∆ value in LR-SSSP, ∆-Stepping, and ∆-Stepping++ algorithms.

Figure 6 shows the runtime and communication of LR-SSSP and its competitors on
four graphs. Note that the y-axis is log-scale. We can see that the traditional Bellman–Ford
algorithm always results in the longest runtime and highest communication cost since
there are no scheduling and pruning strategies to reduce invalid communication and relax-
ations. It is noted that the communication of Bellman–Ford on HW dataset is smaller than
∆-Stepping; we found that in this dataset, there are redundant relaxations when relax-
ing heavy edges globally. The ∆-Stepping++ performs better than ∆-Stepping because
∆-Stepping++ reduces some invalid global relaxation by employing the edge classification
and direction-optimization. Our LR-SSSP outperforms other algorithms and achieves
6–20× faster speed than ∆-Stepping++ and reduces communication by 87–96%.

101

102

103

104

105

WK HW LJ OK

R
un

tim
e/

s

Dataset

BellmanFord
∆-Stepping

∆-Stepping++
LR-SSSP

(a) Runtime

10-1

100

101

102

WK HW LJ OK

C
om

m
un

ic
at

io
n/

G
b

Dataset

BellmanFord
∆-Stepping

∆-Stepping++
LR-SSSP

(b) Communication

Figure 6. The performance of LR-SSSP.

4.3. Scaling Performance

Scalability is very important for distributed algorithms. Therefore, it is necessary to
evaluate the performance of LR-SSSP when processing big graph datasets on large-scale
clusters. The larger the cluster size is, the larger the amount of communication caused
due to more edge cuts, while the bigger graph always results in more communication
and computation.

Since the Bellman–Ford algorithm is inefficient and cannot return results in a rea-
sonable time, we only run ∆-Stepping, ∆-Stepping++, and LR-SSSP on 2-node, 4-node,
8-node, 12-node, and 16-node AliCloud clusters to test the performance of distributed SSSP
algorithms when varying the cluster sizes. The runtime and communication are shown in
Figure 7. It is shown that the runtime of all the algorithms first decreases and then increases
with the increasing size of the computer cluster, while the communication is increasing
continuously. However, LR-SSSP outperforms other algorithms when varying the size of
the cluster.
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Figure 7. The performance of LR-SSSP when varying size of worker.
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Furthermore, we also use the local cluster to perform ∆-Stepping, ∆-Stepping++ and
LR-SSSP on Graph500-19 (15 M edges), Graph500-20 (31 M edges), Graph500-21 (63 M
edges), and Graph500-22 (128 M edges) to verify the efficiency of LR-SSSP when varying
the size of the graph. Figure 8 shows the runtime and communication when varying
the size of the graph. We can see that when the dataset becomes larger, the runtime and
communication of ∆-Stepping and ∆-Stepping++ increase dramatically, while our LR-SSSP
increases slowly. In other words, LR-SSSP is more suitable for large graphs.
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Figure 8. The performance of LR-SSSP when varying size of dataset.

4.4. Pruning Strategies Effectiveness

Since communication is the bottleneck of the distributed SSSP algorithm, we propose
two strategies to reduce the communication of LR-SSSP. To test the effectiveness of the
proposed pruning strategies, we first perform the LR-SSSP without pruning strategy (NP),
then we turn to LR-SSSP with lazy synchronization (LS) and LR-SSSP with forward relax-
ation (LS+FR). Figure 9 shows the runtime and communication of LR-SSSP with different
optimizations. We can see that our proposed optimizations can reduce the communication
and runtime significantly, especially the forward relaxation.
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Figure 9. The efficiency of pruning method.

4.5. Parameter Studies

The value of parameter ∆ affects the performance of LR-SSSP, ∆-Stepping, and ∆-
Stepping++. A small ∆ value will result in a large number of global barriers, which
decreases the performance of the distributed SSSP. A large ∆ value means fewer buckets,
and the effectiveness of buckets is reduced. Figure 10 shows the runtime and commu-
nication when varying the ∆ value from 0.4L to 1.2L, where L is the max length of all
edges. It shows that the runtime and communication of LR-SSSP are stable, while those of
∆-Stepping and ∆-Stepping++ fluctuate. It means that LR-SSSP is insensitive to ∆.



Electronics 2024, 13, 2502 14 of 15

 0

 100

 200

 300

 400

 500

 0.4  0.6  0.8  1  1.2

R
un

tim
e/

s

value of ∆

∆-Stepping
∆-Stepping++

LR-SSSP

(a) Runtime

 0

 2

 4

 6

 8

 10

 12

 0.4  0.6  0.8  1  1.2

C
om

m
un

ic
at

io
n/

G
b

value of ∆

∆-Stepping
∆-Stepping++

LR-SSSP

(b) Communication

Figure 10. The performance of LR-SSSP when varying ∆.
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