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Abstract

This paper proposes a new behavioral model for radio-frequency power amplifiers (RF PAs)
by extending the two-dimensional Polar Volterra series to fractional derivative order, using a
numerical Mittag—Leffler-based formulation of fractional orthonormal generating functions.
The motivation stems from the increasing need for accurate and computationally efficient
models to represent nonlinearities and memory effects in wideband RF PAs, especially in
energy-efficient 5G systems. The proposed method significantly reduces model complexity
by lowering the number of estimated parameters while maintaining or improving modeling
fidelity. To evaluate its performance, three different RF PA devices were used as test cases.
The results demonstrated that the proposed approach achieved an over 81.5% reduction in the
number of model parameters and improved modeling accuracy. Besides that, in a scenario
with the same number of parameters, normalized mean square error (NMSE) gains of up to
8.72 dB were obtained. These findings support the method’s potential for practical use in RF
PA behavioral modeling and digital predistortion applications.

Keywords: power amplifier; Volterra series; fractional derivative; behavioral modeling;
Mittag-Leffler function

1. Introduction

The design of radio-frequency power amplifiers (RF PAs) with wider bandwidths,
higher linearity, and greater energy efficiency has garnered considerable attention due to the
increasing demand for high data rates and low power consumption in fifth-generation (5G)
wireless communication systems. In this context, energy-efficient RF PAs play a critical role
in enabling system-level goals such as higher capacity, massive Multiple-Input Multiple-
Output (MIMO), improved reliability, and overall cost-effectiveness [1]. Even in the 5G
era, RF PAs remain the most cost-intensive and power-hungry components within radio
transceivers. Their energy efficiency is significantly affected by the high peak-to-average
power ratio (PAPR) introduced by Orthogonal Frequency-Division Multiplexing (OFDM)
waveforms [2,3]. Moreover, the increased carrier frequencies and signal bandwidths—often
in the hundreds of MHz—place additional demands on PA efficiency [4]. Since highly
efficient RF PAs tend to be nonlinear, 5G signals with inherently high PAPR exacerbate the
trade-off between linearity and efficiency [5].

A promising strategy to mitigate these effects is behavioral modeling using dynamic
nonlinear models, such as Volterra series, which can be formulated in Cartesian (CV) or
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polar (PV) form. In such approaches, the PA output is modeled as a nonlinear polynomial
function of the input, incorporating memory effects due to the dynamic nature of the system.
The memory effects in RF PAs are modeled by delayed input dependencies and arise from
various mechanisms, including faster effects such as non-flat frequency responses of the
matching networks, as well as slower processes such as biasing circuitry, dynamic self-
heating, trapping, and parasitic bipolar transistor effects [6], which are particularly relevant
in low-cost implementations like small-cell base stations [7,8]. A widely adopted and cost-
effective method to counteract PA nonlinearities is digital baseband predistortion (DPD),
which applies a pre-compensating distortion to the input signal before amplification [9].

The design of a DPD unit based on the nonlinear and memory characteristics of the
PA seeks to approximate the inverse of the PA’s transfer function [10]. While the Volterra-
based models offer linear-in-the-parameters formulations suitable for least-squares (LS)
optimization, their major drawback lies in the exponential growth of terms with increasing
nonlinearity and memory depth. This results in substantial computational cost due to
matrix inversions in LS estimation [11]. Several strategies have been proposed to reduce
the number of parameters generated during the identification of RF PA models, without
compromising accuracy or increasing computational complexity [12-14]. Among these,
the Polar Volterra (PV) model originally proposed in [15,16] stands out. A more recent
extension using Laguerre basis functions and independent truncations is presented in [17],
further enhancing modeling flexibility.

More recently, fractional-order models have attracted increasing attention. Unlike classi-
cal integer-order formulations, fractional derivatives provide a more flexible mathematical
framework for describing systems with memory, which makes them particularly effective
for RF PA modeling. Linear fractional techniques have already been explored in several
contexts, including Hammerstein systems [18], fractional-order neural networks [19-21], and
fractional Volterra series [22-24]. In the broader 5G context, fractional modeling has also been
successfully applied to channel identification and equalization in massive MIMO systems,
demonstrating improved performance and reduced model complexity [25].

A key motivation for adopting fractional-order approaches in PA modeling lies in the fun-
damental differences between integer-order and fractional-order representations of memory.
Integer-order (local) models approximate memory as a finite sum of exponentials associated
with discrete-time constants. However, many PA memory mechanisms—such as bias-network
dynamics, thermal self-heating, and charge trapping-exhibit long-range effects characterized
by power-law decay and nearly constant phase over wide frequency spans. This type of
“heavy-tailed” behavior is not well captured by a limited exponential basis. By contrast,
fractional-order operators are intrinsically nonlocal and history-dependent, realizing memory
through power-law kernels that naturally align with measured PA dynamics. As a result,
fractional-order models often achieve more compact representations while maintaining, or
even improving, modeling accuracy.

Motivated by these advances, this paper proposes a novel model that extends the two-
dimensional polar Volterra formulation to the fractional derivative domain using a numerical
Mittag-Leffler solution applied to a set of fractional orthonormal generating functions. The
resulting model, referred to as the two-dimensional fractional polar Volterra (2D-frPV)
model, is applied to the behavioral modeling of RF PAs and their inverse behavior.

The remainder of this paper is organized as follows: Section 2 presents the mathemati-
cal background of the Griinwald-Letnikov fractional derivative and the construction of the
2D-frPV model. Section 3 discusses the parameter extraction procedure for the proposed
model. Section 4 provides experimental validation and performance evaluation results.
Finally, a discussion of the modeling results and their implications is presented in Section 5.
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2. Fractional Volterra Series

In this section, the fundamental concepts of fractional derivatives are first introduced
in Section 2.1. Section 2.2 presents a simplified version of the Polar Volterra (PV) model,
namely the two-dimensional PV (2D-PV), which retains only the one-dimensional and
two-dimensional terms. Several simplified approaches to the Polar Volterra series have
been proposed in the literature. Among these, the Memory Polynomial (MP) and the
Generalized Memory Polynomial (GMP) models are the most prominent.

The MP model considers only one-dimensional terms and employs a single complex
input in each term, which is equivalent to fixing the phase polynomial truncation order
to 1. The GMP model, on the other hand, incorporates both one-dimensional and two-
dimensional terms, while also restricting each term to a single complex input. In its original
formulation, GMP includes certain non-causal terms and multiple amplitude memory
truncations. By removing the non-causal terms and adopting a single amplitude memory
depth, GMP can be regarded, similarly to MP, as a simplified version of the PV model,
since it relies on only a subset of the terms generated by the full PV expansion.

The 2D-PV model can be viewed as an extension of the GMP, as well as of the model
introduced in [14], by allowing the inclusion of multiple phase components through an increased
phase polynomial truncation order. A common feature among all these models—PV, MP, GMP,
and 2D-PV—is their reliance on integer-order derivatives.

The main contribution of this work is the incorporation of fractional derivatives into
this modeling framework, with the integer-order derivative being a particular case of
the fractional one. Although the proposed approach could be applied starting from MP,
GMP, or even the full PV model, the 2D-PV was selected as the baseline due to its balance
between model complexity and representational capability. Accordingly, Section 2.3 details
the central contribution of this paper: the incorporation of fractional derivatives into a
reduced-order PV model, namely the 2D-PV.

2.1. Basic Notions of Griinwald-Letnikov Fractional Derivative

The arbitrary order or non-integer-order derivative function can be represented with
the symbol ,Df, where « is the fractional derivative order, D is a derivative operator, a2 and ¢
represent, respectively, the lower and upper bounds of the fractional differentiation operator
D. In the literature, there are several definitions of fractional derivatives: the Riemann-
Liouville definition, the Caputo definition, and the Griinwald-Letnikov definition [26]. The
Griinwald-Letnikov definition of the fractional derivative was used in this work for the
development of Fractional Volterra model since it is suggested for obtaining numerical
solutions in practical applications of fractional-order systems using numerical methods [27].

The Griinwald-Letnikov Fractional Derivative ;,Df or simply D* of a continuous-time
function f(t) [26], is given by:

t—a

g
DUf(t) = lim ) <—1>f(].)f<t—fh>, W

h—0 =0

j7  TG-DIa—j+1) . L . . . o
formulation of the Griinwald-Letnikov derivative in the discrete-time fractional derivative

where ( is the usual notation for the binomial coefficients. A simple

order [28], is described by the equation:

Dfr = fe+ ) @c(ar)frjyT=0,1,--- o)
j=0
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where a € [0, 2] is the fractional order and

b, = diag |:<I>1(0é1) b, (0(2) s (D'r(lxr)} ’ ©)
1, ift=0
Pelae) = (VY danyori) ' @

, ift=1,23,...

T!

The Laplace transform of the Griinwald-Letnikov fractional operator [29] under zero-
initial conditions is given by:
LID*f(t)] = s"F(s), (5)
2.2. Two-Dimensional Polar Volterra Series

The discrete-time Polar Volterra series (PV) [15] is given by:

SPI0 310 SRS D VR SRND SRR 3
p1=1py=1m= =0 Mpy :mpl 11,=0 l :Ip2—1 lp2+1:O 12p271212p2—2
B P2 | 2pp—1 ) ;
hp1,2p271(m11 Tty mpl’ lll o l2p2 1 H an — mq) H e]tf)(ﬂ ) H e_](P(n_ S)/ (6)
g=1 r=1 s=pa+1

where /1(-) are complex coefficients, a(n) and ¢, represent, respectively, the amplitude
and phase components of the input complex-valued envelope signal %(n), P; is the ampli-
tude polynomial truncation order, M is the amplitude memory duration, P, is the phase
polynomial truncation order and L is the phase memory duration.

The number of generated coefficients in the PV model of Equation (6) is strongly
conditioned by the four truncation factors P;, M, P, and L. However, the number of
coefficients increases very rapidly with increasing values of these truncation factors Py,
P>, M, and L. An increase in RF PA coefficients has a direct effect on increasing the
computational complexity of a Polar Volterra model, which does not allow for a compromise
between the accuracy and the computational effort. On the other hand, regardless of the
values of the polynomial and memory truncation factors, greater accuracy in the PV model
means a higher amount of generated parameters. The consequence of this is that it becomes
a challenge to achieve an RF PA operating at its highest energy efficiency. However, a
hardware DPD implementation based on the RF PA characteristic will have a high energy
consumption that can be even higher depending on the number of multiplications among
a(n) and a(n — m,) where m, € [0, M], &) and e/*("~!") where I, € [0,L], e/*(") and
e 1#(n=1) where I5 € [0, L], products of the amplitudes, products of the positive phases
and products of the negative phases, all required in the PV model. Therefore, this makes
the power consumption of the RF PA and DPD acting together greater than the power
consumption of the RF PA acting alone. Some researchers have proposed strategies to
reduce the number of generated parameters in the PV model of Equation (6) without,
however, reducing its accuracy in any way and without compromising the computational
effort performed in the low-pass equivalent behavioral modeling of an RF PA [12-14].
Some of these strategies include simplifying the PV model to decrease the influence of
past time instants. This simplification technique of the Volterra series with polar terms
considers only one-dimensional and two-dimensional terms. Thus, considering only the
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one-dimensional and two-dimensional terms as in [14], Equation (6) can be rewritten, in
general, as the two-dimensional Polar Volterra model, (2D-PV):

P pi—1 M Py p3—1 L L p3—1lps—1 L

Yap-pv(n ZZZZZZZZZZZZ

p1=1p2=0m1=0 my=m1+1 p3=1 p4=01,=0 L =I; +1 p5s=1 ps=0 13=0 ly=I3+1
Fepn pa,paps (M1, m2, 11, 12,15, 14)a P P2 (n — my ) x aP2(n — mp) x ?)
(ef¢<n—ll>)(”3”’4) " (ew(n—lz))“ " (e—j(p(n—ls))(”f”é) " (e—f¢(n—l4))p6

where P is the amplitude polynomial truncation order, M is the amplitude memory du-
ration, P; is the phase polynomial truncation order and L is the phase memory duration.
In this 2D-PV model, the one-dimensional terms are related to the contributions of the
amplitude and phase input signals at a single time sample, where the products are per-
formed when the amplitude and phase memory delays are m,; = I, =I5, independently of
the amplitude and phase polynomial truncation orders. two-dimensional terms are related
to the contributions of the amplitude and phase input signals at two different time samples,
consecutive or not, if the products are performed through two distinct memory delays.
Three-dimensional terms are neglected, as well as terms that are related to the amplitude
and phase input signals at more than three time samples.

2.3. Two-Dimensional Fractional Polar Volterra Series

Assuming two-dimensional Polar Volterra kernels, flm,Pz,Parm(')/ represent a model
containing the maximum order of the nonlinearity, the full length of amplitude memory
[0; M], all of the phase memory length [0; L] and, without taking into account the type,
characteristics and amount of measured samples of the input and the output signals, the
accuracy of the 2D-PV model can be significantly improved without, however, increasing
in any way the amount of generated coefficients in the model. This increase in accuracy can
be achieved depending on how the instantaneous and previous samples of the amplitude
and phase signals are, simultaneously or separately, mathematically manipulated. One
of these tools available in the literature is the linear fractional differentiation models [22],
which have proven to be efficient in identifying systems. Considering that the 2D-PV
model in Equation (2) can be seen as a generalization of linear models based on the two-
dimensional Polar Volterra series, this mean that the 2D-PV model can be expanded to the
fractional derivatives domain as a linear fractional differentiation model in which the ker-
nels Em,pz,lﬂs,m (my,my, 11, 1,13,14) can be extended to fractional orthonormal bases Volterra
kernels [30], Cp,,py,ps,ps(T1, T2, 01,02, 03, 04), using a set of fractional orthonormal generating
functions, where their representation in discrete-time domain numerically corresponds to
the Griinwald-Letnikov fractional derivative, since the Griinwald-Letnikov definition is
best suited to describe fractional-order calculus problems with zero-initial conditions [31].
By applying the Gram—Schmidt orthogonalization procedure on a set of generating func-
tions, refs. [32,33] extended orthonormal basis functions to a fractional derivative order for
systems approximation. The result of this extension is the so-called fractional orthonormal
generating functions, in which their general representation is defined through the Laplace

transform is given by:

1
FT(S):W,T:].,Z,S,"', (8)

where - is the fractional order and S+ is a parameter belonging to the set of strictly positive
real numbers and will be defined as B = 1 later. These two parameters, p and «, represent
the conditions stem arising from the stability theorem which defines that a commensurate
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system of order 0 < & < 1or1 < a < 2 described by a transfer function F(s), Equation (8),
is stable if and only if |arg(B)| > aZ[34] or |arg(s*)| < aF [31].

Due to their similarity to the mteger—order state-space models representation [35],
fractional-order models can also be represented in state-space form. Thus, the expansion
dynamics of the two-dimensional Polar Volterra model into the fractional derivatives
domain can be achieved using the fractional-order state-space modeling given by:

Df(t) = Af(t) + Bu(t), ©)

y(t) = Cf(t) + Du(t), (10)

where u(t) and y(t) are, respectively, the m x 1 input and the p x 1 output vectors. A is
the n x n matrix and it describes the dynamics of the fractional derivative system, B is
the n x 1 input vector and it describes the linear transformation by which the input signal
u(t) influences the next state, C is the p x p output matrix, and it describes how the state
is transferred to the output, D is the p x 1 feed-forward vector, a is the commensurate
fractional-order and D is the Griinwald-Letnikov fractional derivative [29] of order «.
f(t) is the t x 1 fractional generating function state-space vector in the continuous-time
domain. However, the Laplace transform of the fractional generating function F(s) in
the continuous-time domain f(t) of order s* is not analytically derivable, but its series
expansion can be obtained [27]. In this way, expanding F(s) of Equation (8) as a series
expansion yields that:

F(s) =

_ L
s"‘—l—ﬁ s*

z . a1

This means that the impulse response f(t) can be determined through the Laplace
transform of the fractional orthonormal generating function F(s) expanded in a series,
resulting in a numerical Mittag—Leffler function:

_ 1)1 & (=B) . )T
f(t)_ﬁl{s"‘z s« }_t lZI’ac'y+1x (12)

7=0

Using the definition of the Laplace transform of Griinwald-Letnikov fractional opera-
tor in Equation (4) including its existence condition at t = 0, considering that D*f(t) = 0
since f(t) = 0,Vt < 0[36], it leads to define the fractional orthonormal generating function
in Equation (12), which forms a basis in L, ([0, o0[) [33],att = 0" as:

thT 1 2 ,Br 'Ytﬂ‘T'Y

e ,T=1,23-. (13)

t=0t

To facilitate understanding of the fractional expansion process using a set of fractional
generating functions in Equation (11), let us consider the third order of the Volterra series
with Cartesian coordinates:

§(t) = g1 (t) + 75(t), (14)

where

M
t) = Z hl/th f(t - mm)/ (15)
q1=0
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3,(9192.93) (t_m‘h)f(t_m‘h)’?*(t*m%)' (16)

HME

Assuming that the amount of fractional generating functions K corresponds to the

memory length M of (15) and (16), therefore, the coefficients fll,ql and E3,(q Li2,g3) €an be
expanded through a set of K fractional generating functions [22] by:
y K+1
hl,ql ~ Z El,Tlle (t)l (17)
T1:1
K+1 K+l
h qlf q2, 173 Z Z C3,(11,1,13) fT1/T2,T3( ) (18)

Similarly, both components (15) and (16) can be expanded by fractional generating
functions in the continuous-time domain as:

K+1

Z &l [FTI S)X(s)], (19)

K+1 K+1 K+1

D=3 Y X Gmuml  [Fa()X(6)] LT [Fry(s)X(s)] L7 [Fr(s)X"(5)], (20)

'['1:1 =T 1-3:1

where F;(s) and X(s) are, respectively, the fractional orthonormal generating functions and
the input Complex-valued envelope signal, both in the frequency domain.

If J-(t) = L71[F(s)X(s)] then, calculating £7![F;(s)X(s)] results in a convolution
product of f;(t) and %(t) expressed by:

Te(t) = felt) @ %(t) = 21 Z S

s ®X(). 1)

However, this Equation (21) can be rewritten in the discrete-time domain assuming
thatt = nT:

ar—1 Y(nT)*TY
] (nT TlT ‘ Z 1"1’74‘“1’

o © %(n), (22)
where T is the sampling period of the input complex-valued envelope signal %(n). The
input signal %(n) can be represented by its amplitude and phase components, a(n) and
e/, respectively. Substituting both components in Equation (22) results in:

Jo(nT) = A(n) - ef®n., (23)

The flexibility of the magnitude A.(n) is provided by the shift operator z over am-
plitude a(n), such that za(n) = a(n + 1). Therefore, the two-dimensional Polar Volterra
model (2D-PV) presented in (7) can be extended to a fractional derivative order through a
set of fractional orthonormal generating functions in the discrete-time domain, resulting
in the two-dimensional fractional Polar Volterra model (2D-frPV), expressed through the
state-space realization:

)\T(Tl + 1) = CDT‘PT/\TO/I) + Bra(l/l + 1), (24)
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Yop—frpv(n

Yop—prov(n) = H(T1(n), 2(n), -+, Jx(n)), (25)

where A (1) represents the zero-initial condition of the magnitude A, (1), the parameter
®; is defined in Equations (3) and (4), By = [ones(t,1)],7=1,2,3,--- and

o = diag|fi(n), fa(mfi(m), -+, (felm)7), 26)
1’1 ar—1 nT)’XT7
f ( T ;0 IXT'Y + lxr) nT:O‘F. @7)

Analytically, the two-dimensional fractional Polar Volterra model (2D-frPV) can be
given by:

P p1i—1 K Py p3—1 p3—1ps—1

YTy ETE 2 TY L ¥

r1=1p2=011=0 =71 +1 p3=1 p4=001=0 0o =01+1 p5=1 pg=0 03=0 0y =03+1
. (p1—p2) ) (o) (P3—P4)
Cp1,p2,p3,p4(T1,T2, 01,02,03, 0’4))LTf1 b (1’[) X /\% (Vl) X e]‘P(” Ul) X (28)

(el (e—ﬁp(n—as))(”““) « (emiotrma))?”

where P; is the amplitude polynomial truncation order, K is the amplitude memory dura-
tion, P; is the phase polynomial truncation order and Q is the phase memory duration. As
in the 2D-PV model, in this new 2D-frPV approach, the one-dimensional terms are related
to the contributions of the amplitude and phase input signals at a single time sample,
where the products are performed when the amplitude and phase memory delays are
mg = I, = I5. This part of the model, regardless of the amplitude and phase polynomial
truncation orders, maps memory effects in a simple way, reducing the multidimensional
kernels to one-dimensional contributions. In the two-dimensional terms, the contributions
of the amplitude and phase input signals are related in two different time samples, whether
consecutive or not, if the products are performed using two distinct memory delays, and
this maps the memory effect in a dual manner, reducing multidimensional kernels to the
two-dimensional contributions. Three-dimensional terms and terms that are related to the
amplitude and phase input signals at more than three time samples are neglected.

Unlike the memory polynomial [12], memory polynomial of one- and two-dimensional
terms and generalized memory polynomial [13], where these three models widely used
in the literature represent particular cases of the 2D-PV model, in the proposed 2D-frPV
model, there is polynomial truncation for the evolution of the phase samples, which forces
certain phase samples to be of the same time instant and other phase samples to be at
different time instants from the amplitude samples. In the highly efficient wideband and
very high linear low-pass equivalent models where the input excitation is an amplitude
and phase modulated envelope signal, the recognition of the RF PA and DPD nonlinear
distortions cannot be completely determined by the static and dynamic amplitude-to-
amplitude intermodulation (AM-AM) distortion, but accurate amplitude modulation to
phase modulation distortion (AM-PM) that arises in the physical characteristics of transis-
tors (gate-source, gate-drain and drain-source capacitances) is also required [37] or when
the nonlinear circuits has large memory effects and the input signal consisting of one or
many components with one, two, or three tones [38], can model all memory effects using
amplitude and phase samples at a maximum of two different time instants. This proposed
2D-frPV model can also evaluate the nonlinearities of RF PA by measuring AM-AM and
AM-PM curves at the frequencies of interest.
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The amount of generated parameters by the 2D-PV and 2D-frPV models is based
on the multiplication of the input signal up to a maximum of two time instants. These
two models can model envelope signal phase variation phenomena, they can manipulate
mechanisms such as phase modulation to amplitude modulation (PM-AM) conversion,
which indicates changes in the output amplitude envelope as a function of the input
phase envelope variation, and mechanisms such as phase modulation to phase modulation
conversion (PM-PM), which indicates changes in the difference between the output and
input phases as a function of the input phase envelope variation [39]. They are also able to
model nonlinear and linear memory effects of the 5G signal based on past amplitude and
phase samples.

3. Modeling Extraction

The 2D- frPV model proposed in (28) uses the RF PA extraction method with constraint
in a single free parameter, namely fractional order «, which should be considered based
on prior knowledge of the model under study. In a practical scenario, the selection of
the fractional order « can be done in the same way as the expansion of Fourier functions,
where the first term of the approximation of a fractional transfer function by the fractional
orthonormal base order is the dominant term; however, using this procedure to find the
fractional order & requires the use of a logarithmic slope plot [40] associated with the
system impulse response. Assuming that there is a priori knowledge about the « for all
distortions and orders of nonlinearity of the low-pass equivalent RF PA model, choosing
the & can involve optimizing an objective function which minimizes the approximation
error between the estimated and desired data so that the resulting fractional order « is close
to the fundamental fractional order &, which models all distortions and nonlinearities of
the low-pass equivalent RF PA model. It is an objective function which depends entirely on
the fractional-order dynamic « and whose resolution allows for a fast convergence of the
2D-frPV model. The objective function (OF) is defined as:

N _ 2
OF(.0) = Y. [i(n) = (m, )"0 (w) ", 29)

where the vector §(, &) contains all multiplications between A+ (1) and e/# of Equation (28).
The matrix X (1, «) is made up of all vectors §(n, a)); therefore, the vector @(a) containing
the coefficient ¢y, p, p, p, (-) of the 2D-frPV model can be estimated by the least-squares
method inside a nonlinear optimization with a constrain on the fractional-order values at
0<a<lorl<a <2, through:

Ow) = (X(n,0)"X(n,0)) X(m,0)"¥ (n); (30)

in which the minimum argument that finds the local minimum and returns the dominant
fraction & is given by:
(&) = argminOF (n, a). (31)

o

4. Results

Three different devices under test (DUTs) are investigated. In each of the DUTs, a
set of estimation and validation input and output samples was used for identification
and validation of the proposed 2D-frPV model and of the PV and 2D-PV models. Their
modeling results of the direct and inverse RF PA transfer characteristic were analyzed. For
the three DUTs, the set of fractional orthonormal generator functions in the discrete-time
domain defined in Equation (27) was conditioned onn = 1 and T = 0.26.
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The measurement setup used for PA characterization is depicted in Figure 1. A vector
signal generator (VSG) is employed to generate the in-phase and quadrature components
(x1, xQ) of the input test signals, and modulated waveforms such as WCDMA. These
signals are applied to the power amplifier (PA), which introduces nonlinear distortions
and memory effects, producing the output signals (y1, yq). The output of the PA, as well as
the reference input signal, is sequentially captured by the vector signal analyzer (VSA). A
shared clock between the VSG and the VSA guarantees synchronization in both time and
frequency domains, which is essential for coherent acquisition.

Clock

VSA

L1 TQ Yryo
VSG 0

Figure 1. A conventional measurement arrangement, consisting essentially of a vector signal genera-
tor (VSG) and a vector signal analyzer (VSA), used for behavioral power amplifier characterization
and modeling.

For PV and 2D-PV models, the identification was performed by the least-squares
(LS) method. In the case of the 2D-frPV model, the identification was carried out by the
LS method and by a nonlinear optimization algorithm named fmincon, used to optimize
and find the local minimum of the function OF within a nonlinear optimization with a
constraint on the « values. These two steps were performed in MATLAB R2015a (Student
Version), licensed for academic use, using double precision floating point arithmetic.

The normalized mean square error (NMSE) metric was used to measure the accuracy
of the three models. In this metric, the calculation is performed on the error signals defined
by the differences between the signals measured at the output of the RF PA and the signals
estimated at the output of the different models, as follows:

- . ~ 12
NMSE — 1010g10 Zzlil'ymezlz\?uref(l) — yesfimzated(lﬂ , (32)
Zi:l |ymeasured(l)|

where i specifies a sample and N is the total number of samples, V;easured (1) is the output
complex-valued envelope signal measured at the instant i, and Ystimareq (i) is the output
complex-valued envelope signal estimated by the RF PA models at the instant i. All NMSE
values will be expressed in decibels (dB), and the simulation results will be presented in
terms of the validation data.

Two scenarios are considered to evaluate the performance of the proposed 2D-frPV
model, with analyses conducted for all three devices under test (DUTs). The first scenario
focuses on a comparison between the conventional PV and the 2D-PV models, employing
two distinct analysis approaches. In the first approach, the goal is to identify configura-
tions in which both models achieve similar NMSE values, but the 2D-PV model requires
significantly fewer parameters—thereby highlighting its capacity for parameter reduction.
In the second approach, the comparison is made for configurations with the same number
of parameters in both models, emphasizing the potential NMSE improvement obtained by
adopting a two-dimensional modeling structure.
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The second scenario is dedicated to comparing the two-dimensional models (2D-PV
and 2D-frPV). This analysis investigates their NMSE performance under equal model
complexity (i.e., identical number of parameters). In addition, AM-AM and AM-PM
conversion curves derived from the output signals of the three DUTs are analyzed, allowing
for a qualitative evaluation of how effectively each model captures the nonlinear amplitude
and phase behavior of the RF power amplifier.

In both investigations, to satisfy the conditions of stability in the 2D-frPV model, 8
was defined as B = 1 and the fractional order & was considered within the range 0 < a < 1.
The range 1 < a < 2 was not considered because the 2D-frPV model was not effective
enough for fractional orders located within the analyzed range.

In terms of truncation in the PV, 2D-PV, and 2D-frPV models, each has four freely
selected truncation factors. P is the truncation factor for the amplitude polynomial order
of the three models. P; is the phase polynomial truncation order of the PV model, while
in the 2D-PV and 2D-frPV models, the phase polynomial truncation is P3. M and L are,
respectively, the truncation for the amplitude and the phase memories in the PV and 2D-PV
models, while in the 2D-frPV model, they are represented by K and Q, respectively. To
obtain the simulation results of the direct and inverse RF PA models, the maximum values
of the truncation factors in Equations (6), (7) and (28) were defined as Py =5, P, = P; =3,
M =K =2and L = Q = 1. For these three models, several instances were implemented,
where the values of the four truncations vary between their minima and maxima. When all
truncation values reach their maximum, P; =5, =P =3, M=K=2and L=Q =1,
each model generates a total of 204 parameters.

4.1. GaN HEMT Class AB Power Amplifier

The first device under test (DUT7) is a GaN HEMT Class AB radio-frequency power
amplifier (RF PA), excited by a 900 MHz carrier modulated by a 3GPP WCDMA envelope
signal with a bandwidth of 3.84 MHz. The input and output signals were measured using
a Rohde & Schwarz FSQ vector signal analyzer (VSA) operating at a sampling frequency
of 30.72 MHz. Prior to modeling, the measured signals were normalized. A total of
3320 samples were used for model identification, and 2100 for validation.

The modeling performance of the PV, 2D-PV, and 2D- frPV models was evaluated
using complex-valued envelope signals represented in polar coordinates. Figure 2 and
Tables 1 and 2 present the Normalized Mean Squared Error (NMSE) as a function of the
number of model parameters for both forward modeling (RF PA) and inverse modeling
(inv RF PA). These initial results allow for a direct comparison between models under
different complexity levels.

The 2D-PV and 2D-frPV models achieved significantly better accuracy with substan-
tially fewer parameters when compared to the conventional Polar Volterra (PV) model.
For RF PA modeling (Table 1), the number of coefficients was reduced from 57 (PV) to 18
(2D-PV and 2D-frPV), corresponding to a 68.4% reduction. In the inverse RF PA mod-
eling scenario (Table 2), the coefficient count was reduced from 47 to 13, resulting in a
72.3% reduction.

Figure 2 serves as visual support for the results presented in Tables 1 and 2, pro-
viding a quick overview of the modeling performance achieved by the PV, 2D-PV, and
2D-frPV models when applied to DUT;. By visual inspection, one can immediately iden-
tify the superior performance of the proposed model in achieving lower NMSE values with
fewer parameters.
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Table 1. Comparison of NMSE values, in dB, as a function of the number of parameters for RF PA

modeling using DUTj.

Model PV Model 2D-PV Model 2D-frPV
(Params/NMSE) (Params/NMSE) (Params/NMSE)
81/—-35.31 37/-36.02 37/-36.70
68/—32.26 29/-32.36 29/-32.88
57/—32.02 18/—-32.30 18/—-34.17
38/—-32.15 16/—31.45 16/—32.66
27/-30.71 14/-31.87 14/-31.34
18/—30.79 6/—31.09 6/—32.42
15/—26.80 5/—-26.73 5/-30.31
6/—25.49 3/—25.49 3/—26.25

Note: Rows highlighted in blue indicate the configurations used for direct NMSE comparison under the same

number of parameters across models.

Table 2. Comparison of NMSE values, in dB, as a function of the number of parameters for inverse

RF PA modeling using DUT;.

Model PV Model 2D-PV Model 2D-frPV
(Params/NMSE) (Params/NMSE) (Params/NMSE)
105/ —28.22 51/-27.08 51/-29.06
81/-26.41 40/—26.48 40/—27.48
57/—26.35 16/ —26.64 16/—28.01
47/-26.03 13/—26.69 13/—27.08
40/-25.90 12/—25.85 12/-27.69
22/-2551 8/—25.68 8/—26.77
13/—-24.72 6/—24.74 6/—26.12
6/—24.28 3/-23.02 3/-24.76

Note: Rows highlighted in blue indicate the configurations used for direct NMSE comparison under the same

number of parameters across models.
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Figure 2. Normalized Mean Squared Error (NMSE) as a function of the number of parameters for RF
PA and inverse RF PA modeling using DUT;. The models PV, 2D-PV, and 2D-frPV were identified
using complex envelope signals in polar coordinates, experimentally acquired from a GaN HEMT
Class AB power amplifier (DUT;) operating at 900 MHz with a 3.84 MHz WCDMA-modulated input.
Panel (a) shows the modeling results of the forward path (RF PA), while panel (b) presents the
corresponding results for the inverse RF PA model.
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To better understand the value added by the proposed 2D-frPV model, Figures 3 and 4
present the dynamic AM-AM and AM-PM characteristics of the RF PA and inverse RF
PA. These results confirm that both 2D-PV and 2D-frPV models are capable of accurately
modeling the nonlinear amplitude and phase behavior of DUT;.

Mormalized [Vout| %

Mormalized |Vout| %

O  measured 0O measured
x 2D-PY ®  2D-PV
1 +  2D-frPv +  2DArRv

=
=4}
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(@)

AM-PM
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Normalized |Vin| V)
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Figure 3. AM-AM and AM-PM characteristics obtained from the forward modeling of DUT; using
the PV, 2D-PV, and 2D-frPV models. The input and output complex envelope signals in polar
coordinates were experimentally acquired from a GaN HEMT Class AB RF PA excited at 900 MHz
with a 3.84 MHz WCDMA-modulated input. Panel (a) shows the amplitude distortion (AM-AM),
while panel (b) presents the phase distortion (AM-PM) behavior modeled by each approach.
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Figure 4. AM-AM and AM-PM characteristics obtained from the inverse modeling of DUT; using
the PV, 2D-PV, and 2D-frPV models. The input and output complex envelope signals in polar
coordinates were experimentally acquired from a GaN HEMT Class AB RF PA excited at 900 MHz
with a 3.84 MHz WCDMA-modulated input. Panel (a) presents the amplitude distortion (AM-AM),
while panel (b) shows the phase distortion (AM-PM) compensated for by each model.

To further assess the effectiveness of the proposed 2D-frPV model under equal model
complexity, Tables 3 and 4 compare the NMSE performance of 2D-PV and 2D-frPV for the
same number of generated parameters. In the highlighted rows, the largest improvements
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achieved for DUT; were up to 7.50 dB with 82 parameters (Table 3) and up to 3.90 dB with
7 parameters (Table 4), validating the superior performance of the proposed approach.

Table 3. Comparison of NMSE values, in dB, as a function of the number of parameters for RF PA
modeling using 2D-PV and 2D-frPV models with DUT;.

Number of Parameters 2D-PV (NMSE) 2D-frPV (NMSE)
88 —28.19 —32.27
82 —28.73 —36.23
56 —28.22 —32.13
42 —28.37 —32.55
22 —27.80 —32.59
12 —28.24 —33.34
11 —27.34 —32.70
7 —24.32 -30.99

Note: The largest observed NMSE gain achieved by the 2D-frPV model over the 2D-PV structure was 7.50 dB, for
82 parameters (highlighted row).

Table 4. Comparison of NMSE values, in dB, as a function of the number of parameters for the
inverse RF PA using 2D-PV and 2D-frPV models with DUT;.

Number of Parameters 2D-PV (NMSE) 2D-frPV (NMSE)
82 —26.68 —28.72
60 —26.59 —30.15
51 —27.08 —29.06
42 —26.31 —27.60
22 —25.67 —28.20
11 —25.24 —27.45
7 —23.07 —26.97
5 —23.06 —26.98

Note: The largest observed NMSE gain achieved by the 2D-frPV model over the 2D-PV structure was 3.90 dB, for
7 parameters (highlighted row).

4.2. GaN HEMT Class AB Power Amplifier

The second analyzed DUT; is a GaN HEMT class AB RF PA, excited by a carrier wave
of 900 MHz modulated through a two-carrier 3GPP WCDMA envelope signal, each with a
bandwidth of 3.84 MHz and spaced by 5 MHz. The input and output data were measured
using a Rohde & Schwarz FSQ VSA, with a sampling frequency of 61.44 MHz. The set of
4500 estimation samples and another 4500 validation samples, measured experimentally,
were used for identification and validation modeling of the three models: PV, 2D-PV, and
2D-frPV.

Figure 5, together with Tables 5 and 6, presents the results obtained for RF PA and the
inverse RF PA modeling using DUT,. The 2D-PV and 2D-frPV models achieve similar
or better accuracy than the conventional PV model, using significantly fewer parameters.
In RF PA modeling (Table 5), the number of coefficients was reduced by over 60.9% (from
46 to 19), while in the inverse RF PA modeling (Table 6), the reduction reached 62.5% (from
16 to 6 coefficients).

In the highlighted rows, corresponding to equal parameter counts (4 and 9), both 2D
models clearly outperform the PV baseline. The proposed model shows NMSE improve-
ments of 9.75 dB and 6.58 dB, respectively.
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Figure 5. Normalized Mean Squared Error (NMSE) as a function of the number of parameters for RF
PA and the inverse RF PA modeling using DUT5. (a) Forward modeling (RF PA). (b) Inverse modeling.

Table 5. Comparison of NMSE values, in dB, as a function of the number of parameters for RF PA
modeling using DUT5.

Model PV Model 2D-PV Model 2D-frPV
(Params/NMSE) (Params/NMSE) (Params/NMSE)
104/ —41.73 51/—40.66 51/—41.89
46/—40.78 19/-38.21 19/—40.85
38/—37.10 16/—36.66 16/—-39.27
22/-37.09 13/-37.90 13/-39.03
20/—28.37 8/—28.46 8/—31.44
12/-27.09 6/—28.44 6/—31.07
10/ —28.45 4/—29.58 4/-30.22
4/-20.47 2/-2047 2/-21.90

Note: Rows highlighted in blue indicate the configurations used for direct NMSE comparison under the same
number of parameters across models.

Table 6. Comparison of NMSE values, in dB, as a function of the number of parameters for the
inverse RF PA modeling using DUT,.

Model PV Model 2D-PV Model 2D-frPV

(Params/NMSE) (Params/NMSE) (Params/NMSE)
184/—-36.77 88/—35.47 88/—36.96
101/-35.77 72/—35.33 72/—35.55
81/—35.68 56/—35.05 56/ —34.65
60/—31.16 24/—31.24 24/-34.49
42/-31.03 20/-31.08 20/—-34.19
27/-30.51 11/-30.70 11/—-31.58
20/—31.18 9/—30.64 9/—31.54
16/—30.27 6/—30.38 6/—31.77
9/—-24.97 4/—25.35 4/—-25.36

Note: Rows highlighted in blue indicate the configurations used for direct NMSE comparison under the same
number of parameters across models.
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Figures 6 and 7 illustrate the AM-AM and AM-PM characteristics of DUT, estimated
using the 2D-PV and 2D-frPV models. Despite the presence of pronounced nonlinearities
and memory effects, both models track the dynamic distortions accurately. The similarity
between curves confirms the effectiveness of both models in capturing the forward and
inverse behaviors of the PA system.
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Figure 6. AM-AM and AM-PM characteristics obtained from the forward modeling of DUT, using
the 2D-PV and 2D-frPV models. (a) Amplitude distortion (AM-AM). (b) Phase distortion (AM-PM).
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Figure 7. AM-AM and AM-PM characteristics obtained from the inverse modeling of DUT, using
the 2D-PV and 2D-frPV models. (a) Amplitude distortion (AM-AM). (b) Phase distortion (AM-PM)
compensated for by each model.

Tables 7 and 8 provide a refined comparison between the 2D-PV and 2D-frPV models
under matched parameter constraints. In RF PA modeling (Table 7), the largest NMSE
improvement reached 4.43 dB with 10 parameters. For the inverse RF PA modeling (Table 8),
a 3.67 dB gain was achieved with 19 parameters. These results reinforce the effectiveness of
the fractional-order structure introduced in the 2D-frPV model.
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Table 7. Comparison of NMSE values, in dB, as a function of the number of parameters for RF PA
modeling using 2D-PV and 2D-frPV models with DUT5.

Number of Parameters 2D-PV (NMSE) 2D-frPV (NMSE)

42 -37.17 —38.44
21 —37.19 —39.80

19 —38.21 —40.85

16 —36.66 —39.27

13 —37.90 —39.03

12 —35.59 —40.00

10 —27.10 —31.53

6 —28.44 —31.07

Note: The largest observed NMSE gain achieved by the 2D-frPV model over the 2D-PV structure was 4.43 dB, for
10 parameters (highlighted row).

Table 8. Comparison of NMSE values, in dB, as a function of the number of parameters for the
inverse RF PA modeling using 2D-PV and 2D-frPV models with DUT5.

Number of Parameters 2D-PV (NMSE) 2D-frPV (NMSE)
45 —32.42 —35.79
24 —31.24 —34.49
20 —31.08 —34.19
19 —31.48 —35.15
16 —31.40 —34.04
13 —33.69 —35.10
6 —30.38 —31.77

Note: The largest observed NMSE gain achieved by the 2D-frPV model over the 2D-PV structure was 3.67 dB, for
19 parameters (highlighted row).

4.3. GaN Class AB Power Amplifier

The third and final device under test, DUT3, is a GaN class AB RF power amplifier
excited by a single-carrier 3GPP WCDMA envelope signal at 900 MHz, with 3.84 MHz
bandwidth. The input and output signals were measured using a Rohde & Schwarz
FSQ VSA operating at a sampling frequency of 61.44 MHz. A total of 29,550 estimation
samples and 8699 validation samples were used to identify and validate the PV, 2D-PV,
and 2D-frPV models.

Figure 8 summarizes the NMSE results as a function of the number of parameters for
both forward modeling (RF PA) and inverse modeling, using the complex envelope signals
obtained from DUT5.

In the RF PA modeling scenario, the 2D-PV and 2D-frPV models achieved compa-
rable or superior NMSE performance using significantly fewer coefficients than the PV
model. For example, as shown in the seventh row of Table 9, the number of parameters
decreased from 27 in the PV model to just 5 in the two proposed models, representing a
reduction of approximately 81.5%, while maintaining similar NMSE values. Similarly, in
the inverse RF PA modeling case (Table 10), a comparable NMSE was obtained with only
9 parameters in the proposed models, compared to 42 in the PV model, resulting in a 78.6%
reduction in model complexity.

A more direct comparison of NMSE performance under the same model complexity is
presented in the highlighted rows of Table 9 (5 parameters) and Table 10 (9 parameters).
In these configurations, both the 2D-PV and 2D-frPV models surpass the PV model.
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Specifically, the proposed 2D-frPV model achieved NMSE improvements of 3.54 dB in RF
PA modeling and 5.06 dB in the inverse RF PA modeling.
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Figure 8. Normalized Mean Squared Error (NMSE) as a function of the number of parameters for RF
PA and the inverse RF PA modeling using DUT3. (a) Forward modeling (RF PA). (b) Inverse modeling.

Table 9. Comparison of NMSE values, in dB, as a function of the number of parameters for RF PA
modeling using DUT3.

Model PV Model 2D-PV Model 2D-frPV
(Params/NMSE) (Params/NMSE) (Params/NMSE)
105/ —48.49 36/—48.69 36/—49.44
64/—47.05 25/—47.99 25/—48.22
57/ —46.69 20/ —46.59 20/—46.69
47/—-44.82 16/—45.55 16/—47.90
37/—44.71 12/—-44.11 12/—44.85
34/—41.57 9/—41.69 9/—44.61
27/ —40.66 5/—40.50 5/—40.69
15/-37.17 4/-37.89 4/—-38.82
10/-37.16 3/—36.75 3/-37.44
5/—37.16 2/-36.71 2/—37.38

Note: Rows highlighted in blue indicate the configurations used for direct NMSE comparison under the same
number of parameters across models.

Figures 9 and 10 depict the AM-AM and AM-PM characteristics derived from forward
and inverse modeling, respectively. Despite the presence of nonlinearities and phase
distortions in the measured signals, both the 2D-PV and 2D-frPV models exhibit consistent
behavior and accurately replicate the observed transfer characteristics, supporting the
effectiveness of the proposed structure.

Finally, Tables 11 and 12 provide a more detailed comparison between the two 2D
models. The largest observed NMSE gain achieved by the 2D-frPV model over the 2D-PV
structure was 7.33 dB in RF PA modeling (Table 11, 45 parameters), and 8.72 dB in the
inverse RF PA modeling (Table 12, 59 parameters), further demonstrating the advantages
of incorporating fractional-order dynamics in two-dimensional modeling frameworks.
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Table 10. Comparison of NMSE values, in dB, as a function of the number of parameters for the
inverse RF PA modeling using DUTj3.

Model PV Model 2D-PV Model 2D-frPV
(Params/NMSE) (Params/NMSE) (Params/NMSE)
101/ —46.06 24/—46.60 24/—47.29
64/—45.22 20/ —46.06 20/ —46.60
57/—44.73 13/—43.90 13/—44.87
47/—43.19 12/—-43.07 12/—43.53
42/-40.02 9/—-39.25 9/—40.02
24/—36.28 8/—36.00 8/—36.62
15/—35.26 6/—35.32 6/—35.36
12/-35.10 5/—-35.03 5/—-35.27
9/—34.96 4/-35.01 4/-35.12
6/—32.00 2/—-31.95 2/—-31.98

Note: Rows highlighted in blue indicate the configurations used for direct NMSE comparison under the same
number of parameters across models.
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Figure 9. AM-AM and AM-PM characteristics obtained from the forward modeling of DUT; using
the 2D-PV and 2D-frPV models. (a) Amplitude distortion (AM-AM). (b) Phase distortion (AM-PM).
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Figure 10. AM-AM and AM-PM characteristics obtained from the inverse modeling of DUTj3 using
the 2D-PV and 2D-frPV models. (a) Amplitude distortion (AM-AM). (b) Phase distortion (AM-PM).
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Table 11. Comparison of the NMSEs of RF PA modeling for 2D-PV and 2D-frPV using DUT5.

Number of Parameters 2D-PV (NMSE) 2D-frPV (NMSE)
56 —47.0640 —50.2298
45 —42.2150 —49.5460
39 —42.0328 —45.8290
11 —39.2786 —41.7716
9 —41.6903 —44.6099
7 —37.2342 —40.7974
6 —37.9297 —40.6009

Note: The largest observed NMSE gain achieved by the 2D-frPV model over the 2D-PV structure was 7.33 dB, for
45 parameters (highlighted row).

Table 12. Comparison of the NMSEs of the inverse RF PA modeling for 2D-PV and 2D-frPV us-
ing DUT;3.

Number of Parameters 2D-PV (NMSE) 2D-frPV (NMSE)
59 —40.9558 —49.6751
39 —40.9025 —45.3848
28 —41.0013 —46.0661
18 —40.5022 —45.7576
16 —40.8712 —45.7331
10 —36.5216 —43.3250

Note: The largest observed NMSE gain achieved by the 2D-frPV model over the 2D-PV structure was 8.72 dB, for
59 parameters (highlighted row).

5. Discussion

This work proposes an approach using a two-dimensional fractional Polar Volterra
expansion model that significantly reduces the number of parameters to be estimated
and substantially improves the accuracy of RF PA behavioral modeling in comparison
with the previous two-dimensional Polar Volterra and Polar Volterra series models. It can
accurately reproduce nonlinear distortions of the highly efficient wideband RF PA with
long-term memory effects. The extraction of the proposed 2D-frPV model is simple and
was carried out using three different devices under test. Compared to the PV model, both
2D-PV and 2D-frPV models provide a reduction of the number of generated parame-
ters in the model by more than 81.5%. In further comparisons with the 2D-PV model,
the proposed two-dimensional fractional Polar Volterra model, 2D-frPV, demonstrated
a significant enhancement in modeling accuracy for the inverse RF PA modeling, achiev-
ing NMSE improvements of up to 8.72 dB. In order to avoid potential ill-conditioning
during model extraction, the number of samples was always set to be much larger than
the number of coefficients. The complete dataset was divided into two subsets: one used
for model extraction and the other exclusively reserved for validation. In all cases, the
errors obtained showed very similar behavior when computed on the extraction dataset
and on the independent validation dataset, which is an indication that no conditioning
issues affected the reported results. To provide a broader perspective on the modeling
performance across different scenarios, Table 13 summarizes the results obtained for the
three devices under test (DUTs). This comparative overview highlights the reduction in
model complexity—quantified by the number of parameters—as well as the corresponding
improvement in modeling accuracy, measured by the Normalized Mean Squared Error
(NMSE). The results reinforce the robustness and generalization capability of the proposed
two-dimensional fractional Polar Volterra (2D-frPV) model, which consistently outper-
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formed the baseline PV and 2D-PV structures. The observed gains support the hypothesis
that incorporating both two-dimensional and fractional-order dynamics yields more effi-
cient and accurate representations of nonlinear power amplifier behavior across diverse
experimental conditions.

Table 13. Summary of parameter reduction (required to achieve similar NMSE performance) and
NMSE improvement of the proposed 2D-frPV model in comparison to the conventional PV and
2D-PV models for all DUTs.

DUT Parameter Reduction NMSE Gain vs. NMSE Gain vs.
(PV — 2D-frPV) PV 2D-PV
DUTL RF PA: 57 — 18 (] 68.4%) +6.93dB (6 1) +7.50dB (82 1)
inv: 47 — 13 (172.3%) +2.36dB (13 1) +3.90dB (7 1)
DUT? RF PA: 46 — 19 (160.9%) +9.75dB (4 ) +4.43dB (10 1)
inv: 16 — 6 (162.7%) +6.57dB (9 1) +3.67dB (19 1)
DUT3 RF PA: 27 — 5 (181.5%) +354dB (5 1) +7.33dB (45 T)
inv: 42 — 9 (178.6%) +5.06dB (9 ) +8.72dB (59 )

(1) the downward arrow indicates the percentage of parameter reduction. * Equal number of parameters used for
NMSE comparison. Note: The highlighted rows indicate the largest observed parameter reduction and NMSE gain
across all analyses. Both occurred for DUT3: a parameter reduction of 81.5% and a maximum NMSE improvement
of +8.72 dB achieved by the 2D-frPV model over the 2D-PV structure with 59 parameters.
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