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Abstract

To address the issue of reducing noise in images containing mixed noise, a Volterra filtering
method based on a Bat algorithm with velocity weight perturbation is proposed to optimize
kernel parameters. The structural advantages of the Volterra filter (predictive performance,
linear and nonlinear terms) are used to reduce the noise in these images. The dynamic
velocity inertia-weight perturbation mechanism is used to improve the Bat algorithm’s
optimization ability, while the kernel-parameter optimization and the noise reduction
abilities of the Volterra filter are further improved. Theoretical analysis and experimental
results show that the high-density mixed noise, comprising Gaussian and salt-and-pepper
noise, can be filtered effectively by the proposed algorithm. Compared to traditional image-
denoising methods, the proposed method outperforms other algorithms in removing
mixed noise from images while preserving edge details. Within a specific noise intensity
range, the greater the intensity of mixed noise in the image, the better the noise reduction
performance of this filtering method. The method proposed in this paper is less affected by
noise intensity. When the number of bats in the population and the number of iterations
reach a certain value, the algorithm exhibits good convergence and stability.

Keywords: mixed noise; Volterra filtering; kernel parameters; bat algorithm; velocity
weight perturbation

1. Introduction

Digital images are often corrupted by noise during acquisition, transmission, and
processing, so signal noise reduction has attracted the attention of many researchers in
the field of image processing [1,2]. There are many kinds of image noise, which are
characterized by mutual superposition and influence. The most common is high-density
mixed noise produced by additive Gaussian noise (GN) and salt-and-pepper noise (SPN).
The intensity of GN is described by the variance (o) of noise, and the intensity of SPN is
characterized by noise density (d).

To filter additive GN, mean filtering is the most commonly adopted traditional
method [3]. However, after noise reduction, the edge and texture details of the image
are easily smoothed. The noise reduction method based on the transform domain has
obvious advantages in removing GN [4], but it demonstrates poor performance in re-
moving SPN. A sparse dictionary-learning algorithm, proposed by Aharon, is the KSVD
(K Singular-Value Decomposition) algorithm, which is a generalized form of the K-means
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clustering algorithm [5]. Compared to the characteristic of the kernel norm minimization
algorithm that treats all singular values equally [6], the Weighted Nuclear Norm Minimiza-
tion (WNNM) algorithm can perform small shrinkage processing for large singular values,
and the practical information is better retained [7]. For the denoising of salt-and-pepper
noise, nonlinear filtering methods are primarily employed, including median filtering [8],
adaptive median filtering [9], and weighted median filtering [10]. Although this kind of
nonlinear filtering algorithm can effectively and quickly remove noise, many details are
lost. Total Variation (TV) regularization terms are introduced, combining the total varia-
tional regularization term and logarithmic penalty function, and a non-convex optimization
model is proposed to effectively filter salt-and-pepper noise [11].

For the mixed noise containing additive GN and SPN, combining the traditional
TV algorithm with the kernel norm minimization algorithm, a TV-regularized low-rank
matrix factorization (LRTV) algorithm is proposed [12], and the segmentation of mixed
noise is realized. The Weighted Encoding with Sparse Nonlocal Regularization algorithm
(WESNR) integrates the sparse prior and non-local similarity prior into a variational
framework for image denoising [13]. By taking advantage of the low-rank and non-local
similarity of images, the Laplacian Scale Modeling and nonlocal low-rank regularization
model can effectively remove the mixed noise [14].

In recent years, deep learning technology has brought about revolutionary progress
in the field of image denoising, thanks to its powerful nonlinear mapping and feature
representation capabilities. A hybrid Transformer—convolutional neural network (CNN)
(HTC-net) and a self-supervised pretraining strategy are proposed, which effectively en-
hance denoising performance [15]. A data augmentation method that combines synthetic
minority oversampling technology (SMOTE) and a transport-conditional Wasserstein gener-
ative adversarial network (Trans-CWGAN) is applied to the real operational data collected
in auditorium buildings [16], demonstrating its strong potential for practical deployment
in actual HVAC monitoring systems. However, this method requires a substantial amount
of data and training costs, and sufficient computing power and time must be allocated for
model training.

The Volterra series model integrates the functions of linear filters, nonlinear filters,
and prediction, offering effective noise-removal capabilities for mixed noise while meeting
real-time system requirements [17]. The kernel parameters of the Volterra series are crucial
for describing nonlinear systems, and the identification of these parameters greatly affects
filtering performance. Wang proposed a regional-scale intelligent optimization and end-to-
end correction framework, which significantly improved data consistency under extreme
geographical conditions through adaptive partitioning and uncertainty quantification [18].
Inspired by this, this study introduces a similar intelligent optimization philosophy into
the field of image processing. For the degradation patterns of mixed noise and spatial
variations, a meta-heuristic algorithm is adopted to optimize the Volterra filter, aiming to
achieve the best balance between robust parameter search and detail feature preservation.
The essence of the intelligent algorithm optimization method for Volterra filtering is a
process of finding the optimal parameters for the current problem using a simple model. Its
advantages lie in having no data dependence, relatively controllable computing costs, and
strong flexibility. A denoising method that identifies Volterra filter kernel parameters using
a genetic algorithm is proposed [19]. After the optimal kernel parameters were obtained, the
optimization solution for the structure and parameters of the nonlinear Volterra filter model
was achieved. A dynamic random local search biogeography-based optimization algorithm
(DRLBBO) is proposed to optimize the model’s kernel parameters in the nonlinear Volterra
filtering method [20]. The optimization of the structure and parameters of the nonlinear
Volterra filter model was achieved [21].
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As a meta-heuristic algorithm that dynamically controls two parameters such as noise
intensity and pulse frequency, the Bat algorithm, in the early stages of the algorithm, has a
high noise intensity and a low pulse rate, and bats tend to explore a wide space. As the
number of iterations increases, the noise intensity automatically decreases and the pulse
rate automatically increases. The algorithm naturally transitions to fine local development,
enabling an effective conversion from a global to local search. It features an adaptive and
development balance mechanism and can achieve rapid and precise convergence with fewer
parameters. Taking advantage of this characteristic of the algorithm, a nonlinear Volterra
filtering method based on the Bat algorithm (BA) is proposed [22], which can rapidly and
accurately optimize the nonlinear Volterra kernel parameters. Due to the convergence issue
of the BA, the optimization process is still prone to getting stuck in local optimal solutions,
resulting in the kernel parameters being ineffective in terms of optimization.

Since the kernel parameters directly determine the noise reduction capability of the
Volterra filter, in order to further optimize its kernel parameters, a Bat algorithm based
on the velocity inertia-weight perturbation mechanism (VWDBA) is proposed to enhance
the global optimization ability of a single bat and improve the convergence speed of the
algorithm. Meanwhile, a fitness function that can quantitatively reflect the deviation degree
between the output of the model to be identified and the ideal output is established, which
can improve the accuracy of the improved algorithm in optimizing the kernel parameters
and further enhance the ability of the filter to reduce mixed noise. On this basis, the
Volterra filtering method with optimized kernel parameters (VWDBA-Volterra) is adopted
to reduce the noise in images containing GN and SPN, and its effectiveness is verified
through simulation experiments.

2. Volterra Series Model

The Volterra model is a nonlinear system model which can be expressed through input
u(t) and output y(t) values, represented as

y(t) = ;yn(t):y1(t)+yz(t)+---+yn(t)+--~ (1)
In Equation (1)
y1<t) = ;ofo hl(’fl)u(t — Tl)d”[l
ya(t) = }O }o ho(m, )u(t — 1)u(t — 1)dmdn
ya(t) = }o T hy(t1, 12, - - .,Tn)fl[ u(t —1)dndn...dt,
—0o0 —o0 i=1

In Equation (1), time is represented by ¢, u(t) is the time-domain model of the input
signal, y(t) is the output signal, and h, (71, T2, . .., Tx) the n-th-order time-domain kernel of
the nonlinear Volterra filter model. In the filtering process, the Volterra series model shown
in Equation (1) is distributed to obtain a discrete nth-order Volterra filter model, which is
shown in Equation (2).

N
y(k) = Z yn(k) +e(k),k=1,2,3,..., )
n=1
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In Equation (2), y(k) is the discrete time-domain model of the output signal; N the
highest order; k is the order of the Volterra series, which is set as a positive Volterra integer;
e(k) is the error of truncation; and m; can be expressed by

M;—-1 M, —1 n
]/n(k) = Z Z h'fl(ml/mZIH-rmn)Hu(k_mi)/ (3)
m1=0 my =0 i=1

In Equation (3), m; is the memory length and hy, (my, my, ..., m,) the n-th-order time-
domain kernel function of Volterra. Due to the characteristics of the infinite series of
Equation (2), it cannot be accurately calculated. Stage processing is needed to determine
the order and memory length of the infinite series. In order to approximate the expression
of nonlinear systems, the third-order Volterra series model is used; then, using N = 3,
Equation (2) can thus be simplified to the following expression:

3
y(k) = ) yn(k) = y1(k) + y2(k) +y3(k) +e(k), 4)
n=1
since the time-domain kernel of the Volterra series is symmetric, as shown in Equation (5).

1
hiym(rl,Tz,...,Tn) = o 2 ' h(Ti1,77i2,...,Tl‘Tin), (5)

i1,00,dn

In Equation (5), 71,1y, . . ., in represents any of the permutations of 1,2,3, ..., .

N-1
y1(k) = ay(mq) Z_Ohl(ml)u(k —my)
N-1 N1
ya(k) = az(my, my) 20 gth(mlsz)u(k —my)u(k —my) , (6)
N-1 N-1 N1
y3(k) = az(my, my, m3) Zo Zo 20 h3(my, ma, m3)u(k —mq)u(k —mo)u(k — m3)
mp=Umnr=Umz=

In Equation (6), m; is the length of memory and g; is the weight coefficient when the
time-domain kernel is symmetric. The weight coefficient is introduced as follows:

ap(my) =1
1,my =mp
ap\mq1, m =
2(m1,m2) {2;7711 # my
1;m1 = My = M3
az(my, my, m3) =  3;my = my # Mmzormy F# My = Mz0rMy F Mz = My

6, m1 # mpandmy # mzandmy # ms

The model of the third-order filter can be expressed as

N-1 N-1 N-1
y(k) = Zio ay(my)hy (my)u(k —my) + Zio Zio az(my, ma)hy(my, ma)u(k — my)u(k —my)
N—1 N-1 N—1 e / (7)

+ X X ¥ as(my,my,mz)hs(my,my,ms)u(k —my)u(k —mz)u(k —ms) +e(k)

mq=0 mp=0m3=0

3. Bat Algorithm with Velocity Weight Perturbation

The Volterra filter is essentially a multidimensional function of kernel parameters.
Therefore, the process of kernel-parameter optimization is the same as the process for
optimizing parameters in multidimensional space. The Bat algorithm is a widely used
swarm intelligence optimization algorithm which suffers from the common shortcomings
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of these algorithms—a slow optimization process and a tendency to fall into local optimal
solutions—so a nonlinear Volterra filtering method for kernel-parameter optimization
based on VWDBA is proposed. The model structure and parameter identification of the
Volterra filter are regarded as problems to be optimized, and the kernel parameter is
regarded as the optimization variable. By multiplying the vector form of the predicted
signal with the vector form of the Volterra filter kernel parameters, then performing mean
square deviation with the vector form of the ideal signal as the fitness function of the
algorithm, the BA ensures the output of the prediction model is approximate to the real
value by continuously iterating for optimization. By introducing a velocity inertia-weight
perturbation mechanism for bat individuals, the kernel parameters of the filter model
can be determined through iterative optimization to ensure the output of the model to be
identified approaches the actual signal output.

3.1. Bat Algorithm

In the Bat algorithm, the quality of a bat’s position is measured by the objective
function value of the optimization problem. The spatial position and velocity update
principle of a bat are as follows:

fi = fmin + (fmax _fmin) X ﬁ
Vigr(t) = Vi(t) + (Xpest(t) — Xi(t)) x fi, 8)
Xi(t+1) = Xi(t) + Vi(t +1)

In Equation (8), t represents the iteration number, X;(t) represents the bat’s position
vector at time t, V;(t) represents the bat’s flight speed vector at time t, Xj,.;(t) represents
the best position among the bats in the current population, f; represents the pulse rate used
by a bat i when searching for prey, and f; € [fmin, fmax], B € [0, 1] represents a uniformly
distributed random variable. For local searches, when the spatial optimal solution is
determined, new solutions are generated through random walk:

Xnew = Xold + sAtr )

In Equation (9), ¢ follows a random distribution in the interval [0, 1], At represents the
average noise intensity of the bat population at time t. During the evolution process of the
Bat algorithm, the pulse intensity and emissions of bats are also adjusted with the increase
in the number of iterations:

rf“ = r?[l —exp(—y x t)], (10)

t+1
i
pulse rate of a bat i at time t + 1; and <y represents the coefficient of increases in pulse rate,

In Equation (10), 7 represents the maximum pulse rate of a bat i, 7} "' represents the
which is a positive constant.
At = Al (11)

In Equation (11), A! represents the sound intensity of the bat i emitting a pulse at time
t, and « is the coefficient of decay in pulse sound intensity, « € [0, 1].

3.2. Bat Algorithm with Velocity Weight

A velocity weight perturbation mechanism for bat individuals is adopted in this paper.
When updating the velocity of bat individuals in the (t) generation, the mean position ¥ of
the current population is first calculated. If a bat individual in the population is close to the

current best position x! > ¥ of the population, to prevent the population from falling into

t+1

. . . . . . . t .
the current local optimum, when updating its velocity v;" ", its previous velocity v; variable
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fitness(X;)

is multiplied by the velocity weight coefficient w. If a bat individual in the population is far
from the current best position x! < ¥ of the population, to speed up the convergence of this

individual towards the best position of the population, its velocity is updated vH'l

directly
using its previous velocity variable v! to improve the algorithm’s convergence speed. The

formula for individual velocity updates is as follows.

1
{ ot = ot +(xf—x*)f, f< 12)

f“ =wol+ (xf —x,)fixl > %

In Equation (12), w is a random variable that follows a normal distribution in [0, 1].

3.3. Kernel Parameters Optimized Based on VWDBA

VWDBA was used to optimize the kernel parameters of the nonlinear Volterra filter
model, and the kernel-parameter vector to be optimized was shown in Equation (13).

= [11(0),h1(1), ... hy (M1 —1),12(0,0), h2(0,1), .. .hy(My — 1, My — 1),

)k (13)
h3(0 0,0),13(0,0,1), .. hn(My — 1, Mg — 1, M — 1) '

As the individual position in the Bat algorithm, the dimension of the bat search space
is represented by Equation (14)

My (M +1) " M;(Ms3+1)(2M3 + 1) " M3 (M5 +1)

D =M+ 2 12 4 ’

(14)

The input matrixis U = [u(k), u(k+1),...,u(k+L — 1)]7, where L is the data length
and u(k) is the input vector at a specified time, as shown in Equation (15).

uk—1),..u(k— My +1), (wk)® u(k)uk—1),..., (ulk - Mz + 1))2]T, (15)

The objective function for optimization (fitness function) is shown in Equation (16).
2

(k) = () = L1 [T OB 0) —wa(b)] (16)

HM{N
h\H
™=

= F(u(t) (1) = 7 3

In Equation (16), u;(k) represents the ideal signal, fitness(x) is the mean square error
(MSE) for calculating the predicted and ideal outputs, and H(k) is the kernel-parameter
vector optimized by d-th iteration of the algorithm. The VWDBA is used to obtain the
optimal bat position with the minimum value of Equation (16), which is the optimal
kernel parameter of the nonlinear Volterra filter model. The optimized process is shown in
Figure 1.

The method proposed in this paper (VWDBA) and the traditional BA were both
adopted to optimize the third-order Volterra kernel function. The heat map of the optimized
third-order Volterra kernel parameters is shown in Figure 2.

Figure 2 shows the post-optimization changes in the third-order Volterra kernel func-
tion using BA and VWDBA, respectively, intuitively demonstrating that the model proposed
in this paper has better characteristics in capturing the high-order (third-order) nonlin-
ear characteristics of the system compared to the traditional BA. The optimized kernel
function presents a more regular spatial structure. Important nonlinear interaction terms
(such as diagonal elements) have been significantly enhanced, random fluctuations and
noise components have been effectively suppressed, the energy of the kernel function is
more concentrated in the region with clear physical meaning, and the noise level has been
reduced by 5.6%, verifying the effectiveness of the VWDBA in the optimization of Volterra
filters. In order to verify the convergence of the algorithm, the BA and VWDBA algorithms
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were used to verify different test functions respectively. The test functions are shown in
Table 1.

( Algorithm start )
Y

Define the target function, related parameters, and initialize
the frequency, position, speed, intensity and frequency of
cach bat.

Calculate the initial fitness value and find the best fitness
value for the current position.

w

Update bat position Lalcﬂa_e the averamlon of
and speed according to population
formula
A

Algorithm finish

The optimal solution is selected as the global optimum; Equation (4)
is used to anew solution and calculate the fitness value

Using Equations (10) and (11), update #"and 4" |<—

Update iterations

Figure 1. Flowchart of Volterra kernel-parameter optimization based on BA.

BA: h3(m1,m2,0) BA: h3(m1,m2,1) BA: h3(m1,m2,2)
04
1F =018 -0.05 -0.06 1 013 021 -0.01
0.3
008 | 21 -0414 0.09 0.09 402
(]
3
4 [
2 0 1 2 01 >
2
10 ‘g
VWDBA: h3(m1,m2,1) VWDBA: h3(m1,m2,2) 2
°
1-01 g
0 0.06 0.03 Q
+-0.2
1 0.04 -0.16 0.10 1 -0.01 -0.06 0.14 -0.3
-0.4
-0.01 2 0.07 -0.06 -0.00
2 0 1 2
m2

Figure 2. Comparison of VWDBA and BA optimized third-order Volterra filters. Color coding:
red—positive kernel value (enhancement); blue—negative kernel value (suppression).
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Table 1. Test function.

Function Name Function Expression Search Space Theoretical Optimal Solution
Griewank ¥ = P () — ] cos( i) 41 [—600,600]° £(0,...,0)=0
£2(3) = g & ()~ I eos( )
L D
Rastrigrin f3(x) = ¥ [ — 10cos(27x;) + 10] [-10, 10}D £2(0,...,0) =0
i=1
D
Schwefel fa(x) = 4189829 x D — ¥ x;sin(+/[x] [500,500]" f3(420.9, ..., 420.96) = 0

i=1

The relationship between the fitness value of the test function and the number of
iterations is shown in Figure 3. For Griewank, the VWDBA is used to converge to the global
optimal solution, but the BA cannot reach the same solution, and the rate of convergence is
higher for the VWDBA than the BA. The multidimensional function Rastrigrin has high
dimensions, multi-peaks, and a large number of local extreme values. Both algorithms reach
the global optimal solution, but the VWDBA has fewer iterations than the BA. Schwefel
also exhibits the characteristics of high dimensions and multi-peak values, and the function
optimization process using the BA tends towards the locally optimal solution, whereas with
the VWDBA, not only is the optimal solution of the function found in the space of different
dimensions, but the number of iterations is less than that for the BA. Therefore, under the
same dimension and population number, the VWDBA is superior to the BA in terms of
optimization accuracy, optimization rate, and convergence rate, and can obtain the optimal
solution for the function in a few iterations, demonstrating strong global optimization
ability and high search accuracy.

1000

—BA
--VWDBA

iterations
(@)
600

—BA
- -VWDBA .

500

—

100 150 200 250 300
iterations
(b)

Figure 3. Cont.
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1200 - T .
1000

800

fithess

600 |
400-

200

iterations
(c)

Figure 3. Evolution curve of test function fitness value: (a) Griewank; (b) Rastrigrin; (c) Schwefel.

Due to the large number of variables involved in the paper, in order to express the
variables involved in all the formulas in the paper more clearly, the explanations of the
variables appearing in the paper can all be found in the query in Appendix A.

4. Bat Algorithm with Velocity Weight Perturbation
4.1. Kernel Parameter Optimization Based on VWDBA

In order to objectively evaluate the noise reduction effect of the proposed VWDBA-
Volterra algorithm on mixed noise, an 8-bit grayscale image (Kodak24) is used as the
original image, and GN and SPN are used as the mixed noise. Five kinds of experiments
were conducted to verify the performance of VWDBA-Volterra on single noise and mixed
noise reduction, as well as the effects of the iteration count and bat population size in the
VWDBA on the filtering performance.

Experiment 1: To verify the performance of VWDBA-Volterra in filtering a single type
of noise, eight kinds of images (an image from the Kodak24 dataset) containing noise,
including images containing additive GN (o: 10, 15, 20, 25, respectively) and images
containing SPN (d: 10%, 15%, 20%, 25%, respectively), are used as the image test sets, and
the above eight images are denoised, respectively, by using VWDBA-Volterra. The peak
signal-to-noise ratio (PSNR) and multi-scale structural similarity (MSSSIM) indexes are
used to evaluate image quality regarding noise reduction.

In Experiment 1, a third-order Volterra filter is used. The memory length of the first-
order time domain kernel of the Volterra filter is 6, that of the second-order time domain
kernel is 4, and that of the third-order time domain kernel is 3. The bat population size in
VWDBA is set to 30, fi € [0,10], W =1 A% =04, a =095, and v = 0.05; the number of
iterations (t) is set to 200. The results of the kernel parameter optimization are shown in
Table 2.

Experiment 2: To test the performance of VWDBA-Volterra in removing mixed noise,
the algorithm is used to reduce the noise of the image test (Kodak 24) set containing ad-
ditive GN and SPN. The four kinds of noise intensity [o, d] selected in the experiment
are [10, 10%], [10, 25%], [25, 25%], [10, 25%)]. The images after noise reduction are com-
pared with those denoised by WNNM [7], LRTV [11], WESNR [13], LSM-NLR [14], and
Transformer-CNN [15]. The noise reduction capability of VWDBA-Volterra was analyzed
from the perspective of data quantification and vision. A third-order Volterra filter in which
the parameters are the same as the filter in Experiment 1 is used in Experiment 2; the differ-
ences in peak signal-to-noise ratio (APSNR), structural similarity index (ASSIM), gradient
magnitude similarity deviation (GMSD), and learned perceptual image patch similarity
(LPIPS) are used as the evaluation indexes of the effectiveness of image noise reduction.
After denoising 24 images from the kodak24 dataset, the average APSNR, average ASSIM,
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average GMSD, and average LPIPS of the denoised images obtained by each algorithm
were recorded, as were their standard deviations.

Table 2. Kernel-parameter optimization results.

hi(1) 1.20 x 1071 ha(1,3) 4.05 x 1073 h3(1,1,1) —1.58 x 1074
h(2) 4,01 x 1071 ha(1,4) —2.21 x 1073 h3(1,1,2) 8.62 x 1070
h(3) —2.18 x 1071 h(2,2) —2.08 x 1073 h3(1,2,2) —7.14 x 1074
h1(4) 1.23 x 1071 hy(2,3) —1.24 x 1073 h3(1,2,3) 9.66 x 107°
h1(5) 224 x 107! hy(2,4) 2.11 x 1073 h3(1,3,3) 1.74 x 1074
h1(6) 251 x 107! ha(3,3) 3.49 x 1073 h3(2,2,3) —2.15 x 1074
ha(1,1) 244 x 1073 ha(3,4) 246 x 1073 h3(2,3,3) 342 x 1074
ha(1,2) 1.84 x 1073 ha(4,4) 242 x 1073 h3(3,3,3) —6.77 x 1074

Experiment 3: The computational complexity and real-time filtering performance
of the method proposed in this paper were verified. The computational complexity and
operational time of the VWDBA-optimized VOLTERRA filtering method were compared
for filtering a 256 x 256-pixel ‘Kodak24” with mixed noise [10, 10%]. Several methods were
compared, including such as WNNM, LRTV, WESNR, LSM-NLR, and Transformer-CNN;
each filtering algorithm was independently run on 24 noisy images and the average running
time was recorded.

Experiment 4: The effect of the number of iterations in VWDBA on the filter perfor-
mance was tested, and four kinds of mixed noise intensity [o, d] are selected: [10, 10%],
[10, 25%], [25, 25%], and [10, 25%]. A third-order Volterra filter was used, in which the
parameters are the same as those in Experiment 1 except for the number of iterations in the
VWDBA. The interval for the number of iterations was [40, 200], to test the effect of altering
the number of iterations in the VWDBA on the ability of the VWDBA-Volterra filter to
reduce mixed noise. PSNR and GMSD were used as the image-quality evaluation indices.

Experiment 5: The effect of the bat population size in the VWDBA on the filter
performance was tested; four different noise intensities [o, d] are selected in the experiment,
the same as in Experiment 2. A third-order Volterra filter was used, in which the parameters
are the same as those in Experiment 1 except for the bat population size in the VWDBA.
The population size interval was [10, 35]. The effect of the bat population size in VWDBA
on the ability of the VWDBA-Volterra filter to reduce mixed noise is tested, and PSNR and
GMSD are used as the image-quality evaluation indices.

4.2. Analysis of Experimental Results
(1) Results of Experiment 1:

The effectiveness of the VWDBA-Volterra filter before and after removing GN is
shown in Figure 4. Figure 4a,c show images with GN (o = 10, o = 20) as the image-quality
evaluation index; Figure 4b,d show images in which the noise has been reduced through
the use of VWDBA-Volterra. Compared with Figure 4a,b, in Figure 4c,d, the edges of the
image after noise reduction are clearer and the effect of the noise reduction is better.

The PSNR and MSSSIM of the image after noise reduction with VWDBA-Volterra are
shown in Figure 5. As shown in Figure 5a, by using VWDBA-Volterra to denoise images
with GN, in which the variance increased incrementally—o = 10, 15, 20, 25—the PSNR of
the images is improved. All the PSNR values of the image after noise reduction are more
than 30; the differences in the PSNR values of the image before and after noise reduction
are 6.1, 6.3,7.9, 9.4, respectively. The larger the o of GN contained in the image, the greater
the change in PSNR before and after noise reduction and the better the noise reduction
effect. As shown in Figure 5b, the improvement of MSSSIM index in images after noise
reduction is significantly above 0.9, and the differences in MSSSIM before and after noise
reduction are 0.04, 0.05, 0.06, 0.08, respectively. The larger the o of GN in the image, the
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greater the change in MSSSIM before and after the noise reduction, and the better the noise
reduction effect.

Figure 4. A comparison of the images before and after GN is removed: (a) GN with o = 10; (b) GN with
o = 20; (c) denoised image of GN with ¢ = 10; (d) denoised image of GN with o = 20.
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Figure 5. Quality evaluation of images with GN removed by VWDBA-Volterra: (a) PSNR for GN;
(b) MSSSIM for GN.
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Images before and after removing SPN, showing the effect of the VWDBA-Volterra
filter, are shown in Figure 6. Figure 6a,c show images with SPN (d = 10%, d = 20%) as the
image-quality evaluation index; Figure 6b,d show images whose noise has been reduced
through the use of VWDBA-Volterra. Compared with Figure 6a,b, the noise reduction effect
in Figure 6¢,d, is evident.

Figure 6. A comparison of the images before and after SPN is removed by VWDBA-Volterra: (a) SPN
with d = 10%; (b) SPN with d = 20%; (c) denoised image of SPN with d = 10%; (d) denoised image of
SPN with d = 20%.

The PSNR and MSSSIM values of the image after noise reduction through the use of
VWDBA-Volterra are shown in Figure 7. As shown in Figure 7a, by using VWDBA-Volterra
to denoise images with SPN with values of d = 10%, 15%, 20%, 25%, the PSNR value of
the images is improved. All the PSNR values of the images after noise reduction reached
more than 29, and the differences in PSNR values of image before and after noise reduction
are 12.7,13.4, 13.8, 14.3. The larger the d of SPN contained in the image, the greater the
change in PSNR before and after noise reduction, and the better the noise reduction effect.
As shown in Figure 7b, the MSSSIM values of images after noise reduction are significantly
improved; all are above 0.8. The differences in MSSSIM values before and after noise
reduction are 0.23, 0.24, 0.26, 0.28, respectively. The larger d of SPN in the image, the
greater the change in MSSSIM before and after the noise reduction and the better the noise
reduction effect.
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Figure 7. Quality evaluation of images with SPN removed by VWDBA-Volterra: (a) PSNR for SPN;
(b) MSSSIM for SPN.

(2) Results of Experiment 2:

Four groups of mixed noise are added to the test base image, and the noise intensity
was [10, 10%], [10, 25%], [25, 10%], [25, 25%], respectively. The second group of [10, 0.25]
mixed noise is taken as a example for comparison, and the visual effects of noise reduction
using VWDBA-Volterra, WNNM, LRTV, WESNR, LSM-NLR, and Transformer-CNN are
shown in Figure 8 (taking an image in the kodak dataset as an example); the visual effects
of the denoised images of VWDBA-Volterra, WNNM, LRTV, WESNR, LSM-NLR, and
Transformer-CNN after Canny edge recognition are shown in Figure 9. As shown in
Figures 8 and 9, it can be seen that WNNM, LRTV, WESNR, LSM-NLR, Transformer-CNN
have lost some of the details at the image edge. In WNNM, especially, the denoising in
the image is too smooth, and the image details are too little preserved. The WESNR and
LRTV algorithms are used for noise reduction; after noise reduction, there are residual
artifacts and noise in relatively flat areas (such as the top edge of the image). By using
the Transformer-CNN and VWDBA-Volterra method proposed in this paper, more details
are kept, and the image after noise reduction is closer to the original image without noise.
Meanwhile, as shown in Figures 8e-h,m—p and 9, the filtering method proposed in this
paper can effectively filter out the mixed noise while better preserving the details of the
image and its edge details.
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Figure 8. Original image, images with varying amounts of noise intensity [10, 25%], and the denoised
image: (a) Original image; (b) image with mixed noise; (c) WNNM; (d) LRTV; (e) partial magnification
of (a); (f) partial magnification of (b); (g) partial magnification of (c); (h) partial magnification of (d);
(i) WESNR; (j) LSM-NLR; (k) Transformer-CNN; (1) VWDBA-Volterra; (m) partial magnification of
(i); (n) partial magnification of (j); (o) partial magnification of (k); (p) partial magnification of (1).

In order to conduct a more comprehensive analysis of the filtering effect, six filtering
algorithms such as WWNM were adopted to reduce the noise of 24 images (including
mixed noise of different intensities) in the Kodak dataset. Two indicators, average APSNR
and average ASSIM, were cited to represent the noise reduction and filtering effect. The
difference between the PSNR (SSIM) of the denoised image and that of the mixed noise
image is described by APSNR (ASSIM). The average APSNR and average ASSIM of the
mixed noise images of different intensifies after denoising using six different filtering
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methods are shown in Figure 10a,b, respectively. As shown in Figure 10, after denoising
with the VWDBA-Volterra filtering method, compared with the methods such as WNNM,
the obtained average APSNR and average ASSIM are the highest. Taking the noise intensity
condition of [10, 10%] as an example, VWDBA-Volterra is 1.3 dB and 5.1% higher than
the WNNM algorithm, 1.0 dB and 3.1% higher than the LRTV algorithm, about 1.8 dB
and 7% higher than the WESNR algorithm, 1.4 dB and 5.5% higher than the LSM-SNR
algorithm, and 0.8 and 2.1% higher than the Transformer-CNN. Under mixed noise intensity
conditions such as [10, 25%], [25, 10%], and [25, 25%], the average APSNR and average
ASSIM obtained by the proposed method in this paper are slightly higher than those
obtained by the methods such as WNNM. The average APSNR and average ASSIM of
VWDBA-Volterra under the four noise intensity conditions are 0.91 dB and 3.9% higher
than the WNNM, 2.4 dB and 7.8% higher than the LRTV, about 0.93 dB and 5.8% higher
than the WESNR, 0.93 dB and 3.7% higher than the LSM-SNR, 0.53 dB and 1.9% higher
than the Transformer-CNN. In terms of improving the stability of the PSNR and SSIM
indicators of images, after processing 24 images with mixed noise in the Kodak24 dataset,
the standard deviation obtained by the method proposed in this paper is more efficient
than that of the other five algorithms. The method proposed in this paper not only has a
good noise reduction effect, but also has certain stability and generalization ability, and can
be widely applied.

Figure 9. Original image, images with varying amounts of noise intensity [10, 25%], and the denoised
image after Canny edge recognition: (a) Original image; (b) image with mixed noise; (c¢) WNNM;
(d) LRTV; (e) WESNR; (f) LSM-NLR; (g) Transformer-CNN; (h) VWDBA-Volterra.
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Figure 10. Image quality evaluation: (a) APSNR of the image; (b) ASSIM of the image; (c) GMSD of
the image. (d) LPIPS of the image.

To further analyze the image metrics after filtering, GMSD and LPIPS were adopted as
the evaluation index. The comparison of average GMSD after filtering through six different
methods is shown in Figure 10c. Taking noise [10, 10%] as an example, the average GMSD
values after filtering by the six methods such as WNNM are 0.13, 0.11, 0.07, 0.05, 0.02, and
0.02, respectively. VWDBA-Volterra and Transformer-CNN lose fewer details and more
effectively preserve the details at the edge of the image. After filtering other groups of
mixed noises of different intensifies, the image quality obtained by the method proposed
in this paper is the best, with the smallest average GMSD and the best preservation of
image details.

As shown in Figure 10d, using six different algorithms focusing on mixed noise in
image noise reduction, with mixed noise intensity [10, 10%], for example, will allow you
to obtain average LPIPS index values of 0.26, 0.22, 0.20, 0.18, 0.14, and 0.15. The average
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LPIPS index value obtained by the Transformer-CNN model is the lowest. The denoised
image is closest to the noise-free image. The method proposed in this paper obtains an
average LPIPS value of 0.15. Compared with methods such as WNNM, the denoised image
is closest to the noise-free image, only slightly larger than that of the Transformer-CNN
model. In terms of denoising other images with mixed noises of different intensities, the
method proposed in this paper still has certain advantages and is similar to the denoising
ability of the Transformer-CNN. However, Transformer-CNN requires a large amount of
data for training.

By comparing the standard deviations of the four indicators APSNR, ASSIM, GMSD
and LPIPS, although the method proposed in this paper is slightly higher than the stan-
dard deviation of LPIPS obtained by the Transformer-CNN model, it can be seen that
the standard deviations of other indicators are higher than those of the five algorithms,
namely WNNM, LRTV, WESNR, LSM-NLR, and Transformer-CNN, demonstrating better
adaptability and stability. Therefore, the method proposed in this paper guarantees that the
restoration results are closer to the real image in terms of perceived quality. The standard
deviation of the method proposed in this paper is relatively small in the vast majority of
indicators, which proves that this method has good stability and robustness when dealing
with images with different content. Because Transformer-CNN requires a large amount of
training data and training time, the VWDBA-Volterra filtering method is superior to the
other five algorithms such as WNNM in improving the three indicators of image, namely
PSNR, SSIM, and GMSD.

(3) Results of Experiment 3:

In the WNNM algorithm, each block group requires matrix singular-value decomposition.
The LRTV algorithm needs low-rank SVD decomposition + TV regularization optimization.
The WESNR algorithm requires sparse coding + non-local regularization. The LSM-NLR
algorithm needs robust function calculation + low-rank approximation, but it is more efficient
than WNNM. The complexity of the Transformer-CNN model in the training stage is extremely
high. Compared with the above five algorithms, this paper proposes that the computational
complexity mainly depends on the population size of the bats, the number of iterations, and
the number of cores of the Volterra filter. However, this algorithm has no singular-value
matrix decomposition process and mainly performs local filtering operations, with a higher
operational efficiency than the previous ones. The computational complexity is shown in
Table 3. The ranking of computational complexity is as follows: WDBBA-Volterra < Transformer-
CNN(inference) < LSM-NLR ~ WESNR < LRTV < WNNM. The six algorithms are used to filter
the images containing noise [10, 10%]. The average calculation time is shown in Table 4.

It can be seen from Table 4 that the filtering algorithm in this paper has the least
computational load. The following is a ranking in terms of time consumption (short to
long): VWDBA-Volterra < LSM-NLR < WESNR < LRTV < WNNM < Transformer-CNN
(Training). Therefore, the method proposed in this paper is a fast and practical hybrid noise-
filtering approach, particularly suitable for scenarios with limited computing resources or
those requiring real-time processing.

The computing speed of VWDBA-Volterra is much faster than that of WNNM, LRTYV,
and LSM-NLR. If the application scenario requires near real-time denoising (for example,
when previewing medical images or in video processing), VWDBA-Volterra will be the only
feasible choice among all the compared algorithms. It can provide significant structural
improvements (high ASSIM) within strict time constraints.
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Table 3. Computational complexity analysis.

Algorithm Computational Complexity Key Bottlenecks
t: Number of iterations (typically 10-20); B: Number of patch
WNNM EXBX(mxnxr+r) groups (thousands); m, n: Patch size (e.g., 8 x 8); r: Rank of the
patch group
t: Number of ADMM iterations; B: Number of non-local patch
LRTV t x (B x r*+ N log N) groups; r: Rank for low-rank approximation; N: Number of
pixels
WESNR Fx (BxL2+NxL) t: Number of iterations; B: Number of patch groups; L: Number
of dictionary atoms; N: Number of pixels
LSM-NLR EXBXx(mxnxr+r3) I: Number of iterations; B: Number of patch groups
Transformer-CNN Fx (Hx W x C2+ H x W2x C)) t: Number of layers; H, W: Feature map size (256 x 256);

C: Number of channels

VWDBA-Volterra

T: Number of iterations (typically 50-200) P: Population size;
N: Number of pixels (256 x 256 = 65,536); K: Volterra
kernel size

TxPxNxK

Table 4. Computational time comparison (for a 256 x 256 image).

Algorithm Estimated Computational Time (s) Hardware Dependency and Time Analysis
CPU: Massive SVD computations are the main bottleneck.
WNNM 243.5 Even for a size of 256 x 256, thousands of patch groups
need processing.
LRTV 123.4 CPU: ADMM iteration convergence requires tlrpe, alternating
between low-rank and TV optimizations.
CPU: Hybrid model but optimized, typically more efficient
WESNR 268 than pure WNNM.
CPU: Specifically designed for mixed noise, employing more
LSM-NLR 345 efficient robust estimation, typically faster than WNNM.
GPU: highly recommended.
Transformer-CNN 26h Training: Requires extensive data and time for

parameter training.

VWDBA-Volterra

CPU: Time depends directly on population size x iterations.
14.6 Adaptive inertia weight may accelerate convergence. Volterra
filtering itself is computationally efficient.

(4) Results of Experiment 4:

Under the guidance of the objective function shown in Equation (16), search and op-
timization are carried out in the parameter space. The VWDBA-Volterra filter model in
Experiment 1 was adopted, and the interval of iteration times (t) was selected as [40, 200].
Through 10 separate simulation experiments, the kernel parameters of the Volterra filter
are optimized, where the optimal position of the individual bat is the value of the model
kernel parameters. Table 5 shows the kernel-parameter optimization results of the third-order
Volterra filter after 60 and 120 iterations of the VWDBA algorithm, respectively.

Two VWDBA-Volterra filters with different iterations (60 times and 120 times) are used
to denoise images with noise intensities of [10, 25%], and the images after noise reduction
are shown in Figure 11. Comparatively, when the number of iterations is 60, the image
after noise reduction has residual artifacts in the upper edge (flat region), and more details
are lost. After 120 iterations, the artifact phenomenon almost disappears, and the noise
reduction effect is obviously better than the filtering effect after 60 iterations; the noise
reduction effect is greatly improved.
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Table 5. Kernel-parameter optimization results by two different iterations.

Kernel Optimized Results Kernel Optimized Results Kernel Optimized Results
Parameters t=60 t=120 Parameters t=60 t=120 Parameters t=60 t=120
hi(1) 1.25 x 107! 1.18 x 107! ha(1,3) 498 x 1073 5.36 x 1073 h3(1,1,1) —241 %1073 —231x107*
h1(2) 3.98 x 1071 3.04 x 1071 ha(1,4) —125x1073 —1.56 x 1073 h3(1,1,2) 1.34 x 107° 8.72 x 1075
I (3) —2.15 x 101 —2.16 x 1071 h2(2,2) 2,55 x 1073 —272x1073 h3(1,2,2) 343 x 1073 —6.36 x 1075
T11(4) 1.77 x 107! 1.65 x 107! h>(2,3) —2.46 x 1073 —242x 1073 13(1,2,3) 1.19 x 1074 8.89 x 10°
1(5) 2.24 x 107! 2.16 x 107! hy(2,4) 3.66 x 1073 421 %1073 3(1,3,3) 9.63 x 1075 231 x 1074
h1(6) 2.66 x 101 242 x 107! (3,3) 451 %1073 541 % 1073 13(2,2,3) —823x 1075 —1.26 x 107+
iy (1,1) 1.42 x 1073 263 x 1073 I2(3,4) 478 x 1073 9.64 x 10~* 13(2,3,3) —1.33x107* 1.56 x 1075
h2(1,2) 238 x 1073 2.66 x 1073 hy(4,4) 892 x 1074 1.34 x 1073 h3(3,3,3) —8.29 x 107° —532x107°

Figure 11. The results of removing mixed noise with different iterations of VWDBA-Volterra (t):
(a) t=60; (b) t = 120; (c) partial magnification of (a); (d) partial magnification of (b).

The key to determining the filtering capability of VWDBA-Volterra is its kernel param-
eters. Under different values of mixed noise intensity, the VWDBA-Volterra method with
different iterations is used to reduce the noise in the image, the average PSNR and GMSD
values of the image are obtained and analyzed in Figures 12 and 13, and the influence of
algorithm iterations on the filter performance is analyzed. According to any change in the
curve in Figure 12, when the intensity of the image containing mixed noise is determined,
the number of iterations is in the range of about [20, 100]; with the increase in algorithm
iterations, the PSNR of the image after noise reduction gradually increases. When the
number of iterations reaches 100, PSNR does not change, and stability is independent of
noise intensity.
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Figure 12. The relationship between algorithm iterations and the PSNR value of the image after noise
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Figure 13. The relationship between algorithm iterations and GMSD of image after noise reduction.

Comparing the four curves in Figure 13, as the number of algorithm iterations in-
creases, the GMSD of the denoised image gradually decreases. When the number of
iterations reaches 120, the GMSD remains unchanged, and its stability is independent of
the noise intensity.

(5) Results of Experiment 5:

The effects of different bat population sizes on filter performance in VWDBA-Volterra
are tested, the population size interval is selected as [10, 35], and the value interval of each
group is 5. The optimal kernel parameters of the model are obtained by 10 independent
simulations. The kernel-parameter optimization results of the third-order Volterra filter
after 200 iterations with VWDBA populations of 15 and 30 are shown in Table 6, respectively.

Two VWDBA-Volterra filters with different bat population sizes (15 and 30) are used
to denoise images with mixed noise intensities of [10, 25%], and the images after noise
reduction are shown in Figure 14. By comparison, it is found that the filter with a population
number of 30 is better than the filter with a population number of 15 for image filtering with
mixed noise. When the size of the bat population is 15, the filtered image is fuzzy and it
demonstrates and insufficient ability to display detail. When the size of the bat population
is 30, the details are preserved and the noise reduction effect is greatly improved.
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Table 6. Kernel-parameter optimization results by two different bat population size.
Kernel Optimized Results Kernel Optimized Results Kernel Optimized Results
Parameters 15 30 Parameters 15 30 Parameters 15 30
Iy (1) 1.25 x 1071 1.22 x 1071 hy(1,3) 423 %1073 413 x 1073 3(1,1,1) ~123 x 1073 —1.78 x 10~4
1 (2) 4.01 x 107! 3.99 x 101 hy(1,4) —325x 1073 —2.34 %1073 13(1,1,2) 1.55 x 10~° 932 x 1075
71(3) —2.23x 107 —2.15x 107! hy(2,2) —531x 1073 —3.01 x1073 3(1,2,2) 6.13 x 1073 —735x 1074
T11(4) 145 x 107! 1.33x 107! h>(2,3) —4.68 x 1073 -1.2x 1073 13(1,2,3) 223 x 1074 9.66 x 107°
1(5) 252 x 107! 212 x 107! hy(2,4) 478 x 1073 2.35 %1073 3(1,3,3) —6.37 x 1075 122 x 1074
I1(6) 244 x 1071 252 x 107! 12(3,3) 251 %1073 341x1073 13(2,2,3) —224x107* —215x 1074
hy(1,1) 1.82 x 1073 1.75 x 1073 ha(3,4) 495 %1073 233 x 1073 13(2,3,3) —332x107* 455 %1074
ha(1,2) 217 x 1073 1.96 x 1073 hy(4,4) 491 x 1073 215 x 1073 h3(3,3,3) —3.66 x 1074 —6.82 x 107

Figure 14. The result of removing mixed noise using VWDBA-Volterra with different population
sizes: (a) population size = 15; (b) population size = 30; (c) partial magnification of (a); (d) partial
magnification of (b).

The effect of bat population on the performance of VWDBA-Volterra filtering is tested
using images with varying amounts of mixed noise. The relationship between algorithm
population size and the PSNR of the image after noise reduction is shown in Figure 15.
According to Figure 15, when the intensity of the image containing mixed noise is deter-
mined, the bat population size is within [15, 35], and the PSNR of the image after filtering
gradually increases with the increase in population size. When the population size reaches
25, PSNR tends to be stable, and the stability is independent of noise intensity. According
to the four change curves in Figure 10, when the population of VWDBA-Volterra algorithm
reaches more than 25, the filter still demonstrates good filtering performance.
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Figure 15. The relationship between algorithm population size and the PSNR of image after noise reduction.

The relationship between algorithm population size and the GMSD of the image after
noise reduction is shown in Figure 16. According to Figure 14, when the intensity of the
image containing mixed noise is determined, and the bat population size is within [15, 35], the
GMSD of the image after noise filtering gradually decreases with the increase in population
size. When the population size reaches 25, GMSD tends to be stable, and the stability is
independent of noise intensity. When denoising mixed noise images with different intensities,
it can be verified that the filter demonstrates good stability and convergence.
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Figure 16. The relationship between algorithm population size and the GMSD of image after noise
reduction.

5. Results

Aiming to address the issue of noise reduction in images with mixed noise, a nonlinear
Volterra method based on VWDBA is proposed, optimizing kernel parameters. When the
minimum value of the fitness function is satisfied, VWDBA is used to iteratively solve
the kernel parameters of the optimal nonlinear Volterra filter model. The simulation
results show that by introducing the velocity inertia-weight perturbation mechanism into
individual bats, their optimization ability and the global search and optimization ability of
the algorithm are improved, and the kernel parameters of Volterra filter can be optimized
more effectively.

Five different noise reduction experiments were conducted using the proposed
VWDBA-Volterra filter, and the conclusions are as follows:

(1) For GN or SPN (single noise) with different intensities, the PSNR and MSSSIM of
the image after noise reduction are improved. As the o of GN (or d of SPN) contained in
the image increases, the changes in PSNR and MSSSIM of the image before and after noise
reduction increase, and the noise reduction effect becomes more evident.



Electronics 2025, 14, 4076

23 of 25

(2) For reduction of mixed noises of different intensifies (GN and SPN), compared with
WNNM, LRTV, WESNR, LSM-NLR, and Transformer-CNN, a higher level of detail is retained
in the information in the image and residual artifacts are avoided after noise reduction using
the VWDBA-Volterra filtering method. The denoised image is more similar to the original
noise-free image. Compared with WNNM, LRTV, WESNR, LSM-NLR and Transformer-CNN,
the APSNR and ASSIM before and after denoising are higher than those of the above five
algorithms, and the denoising effect on mixed noise is better. In terms of the GMSD index, the
method proposed in this paper achieves the lowest value. Regarding LIPIS, the LPIPS value
of the images obtained by the method proposed in this paper is slightly higher than that of
the Transformer-CNN algorithm, but higher than that of the other four algorithms, including
WNNM, and the images are closer to the noise-free images.

Six algorithms were adopted to denoise 24 images in the Kodak dataset, respectively.
The standard deviations of the four indicators of GMSD obtained by the four filtering
algorithms were compared. The algorithm proposed in this paper is very similar to the
Transformer-CNN algorithm. But the standard deviations in the two APSNR and ASSIM
indicators are lower than those of Transformer-CNN, which proves that this algorithm
has good convergence and stability, is less affected by different images, and has a certain
generalization ability. The filtering results further confirm that the method we proposed
not only leads to traditional pixel fidelity and structural similarity, but also has significant
advantages in perceptual quality and statistical robustness.

(3) As the results of Experiments 2 and 3 show, the method proposed in this paper
demonstrates a significant improvement in structural similarity (ASSIM). The optimized
VWDBA-Volterra can retain a more natural texture appearance. Specifically, for instance,
when removing noisy images with clear textures, WDBA-Volterra offers better results.
In Experiment 3, due to the low computational complexity, small computational load,
and certain real-time performance of the method proposed in this paper, it is the only
practical choice among all the algorithms in this study for real-time or resource-constrained
application scenarios. At the same time, it can still offer considerable quality improvements
and can be applied to medical image previews or real-time video monitoring. Therefore,
the method proposed in this paper offers a specific trade-off between high efficiency and
high structural fidelity denoising.

(4) In Experiments 4 and 5, as the number of iterations (population) of VWDBA
increases, the PSNR of the image after denoising by the VWDBA-Volterra filter gradually
increases, and the denoising effect becomes more obvious. When the number of iterations
(population) increases to a certain value, the noise reduction effect tends to stabilize, and
VWDBA-Volterra has good stability and convergence.

From the above five experiments, the effectiveness of the VWDBA-Volterra filter
designed in this paper has been proven. The filtering ability for high-density mixed noise
(GN and SPN) is further enhanced by using the filtering method proposed in this paper,
effectively reducing artifacts and preserving the details of the image. Due to the avoidance
of the noise separation process, compared with the combined filtering method, the VWDBA-
Volterra filter demonstrates less computational complexity and good real-time performance,
and can more quickly and effectively suppress mixed noise in images.

Although the VWDBA-Volterra method proposed in this study has a certain competi-
tiveness in terms of computational efficiency and structural protection, it also has certain
limitations. Firstly, its performance is limited by the inherent expressiveness of the Volterra
filtering model, and it may encounter bottlenecks when dealing with extremely complex
noises and textures. Secondly, as an optimization-based method, its effectiveness depends
on parameter settings and convergence to a certain extent. Future work will explore the
combination of this efficient optimization framework with more expressive models (such
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as lightweight neural networks) to break through existing performance limitations and
enhance the generalization ability of the method.
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Appendix A

Table Al. Variable table.

Variable Name

Variable Definition

u(t)

U= [u(k),u(k+1),...,u(k+L—-1)"
fitness(x)

ug (k)
A% (k)

input of the Volterra model
output of the Volterra model
the n-th-order time-domain kernel of the nonlinear Volterra filter model
the discrete time-domain model of the output signal
the highest order
the order of the Volterra series
the error of truncation
the memory length
the n-th-order time-domain kernel function of Volterra
any of the permutations of 1,2,3,...,n
the weight coefficient when the time-domain kernel is symmetric
the iteration number
the bat’s position vector at time t
the bat’s flight speed vector at time t
the best position among the bats in the current population
the pulse rate used by a bat i when searching for prey
follows a random distribution in the interval [0, 1]
the average loudness of the bat population at time t
the maximum pulse rate of a bat i
! represents the pulse rate of a bat i at time
the pulse rate increase coefficient
represents the sound intensity of the bat i at time ¢
the pulse sound intensity decay coefficient, & € [0,1]
a random variable that follows a normal distribution in [0, 1].
input matrix
the mean square error (MSE) for calculating the predicted and ideal
outputs
the ideal signal
the kernel-parameter vector optimized by d-th iteration of the algorithm

t+

T
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