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Abstract 

We present an analytical model for the lethargic neutron spectrum (𝜙௨ሺ𝐸ሻ, i.e., per unit of 𝑢 ൌ 𝑙𝑛ሺ𝐸ሻ), which is specifically suited to nuclear fusion environments. The spectrum is 
represented as the sum of three components: (i) a stretched Maxwellian thermal compo-
nent, (ii) a windowed power-law epithermal plateau and (iii) a log-normal high-energy 
peak. While being simple and concise, this model allows for accurate fitting to experi-
mental data or transport calculation results, as well as easy extrapolation for different op-
erating conditions. We present the physical basis of the model and provide guidelines for 
adjusting it. We also demonstrate how it can accurately reproduce neutron spectra from 
experiments or Monte Carlo simulations that are representative of various nuclear fusion 
environments. Finally, we use this model to estimate the soft-error rate (SER) for circuits 
operating in fusion environments, considering, in addition, analytical forms for the single-
event neutron cross-section of the circuit in the thermal and high-energy domains to de-
rive analytical or semi-analytical expressions of the SER. 

Keywords: nuclear fusion; fusion neutrons; fusion neutron field; fusion neutron  
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1. Introduction 
Thermonuclear fusion is the process by which two light atomic nuclei, such as those 

of deuterium and tritium, combine to form a heavier nucleus, releasing a very large 
amount of energy in the process. In order to overcome the electrostatic repulsion between 
positively charged nuclei, extreme temperatures are required to reach thermonuclear con-
ditions [1,2]. On Earth, these conditions are achieved in plasmas that are confined using 
magnetic or inertial methods, such as in tokamaks or high-intensity lasers [3]. Controlled 
thermonuclear fusion is therefore considered a virtually inexhaustible and clean energy 
source that produces minimal radioactive waste in the long term [4]. In fusion reactors 
that use a mixture of deuterium and tritium as fuel, the main reaction releases 14.1 MeV 
neutrons, which carry around 80% of the produced energy [3]. These neutrons are not 
confined by the magnetic field and therefore escape from the plasma. They then interact 
with the walls, inducing an extremely intense neutron flux. This flux plays a central role 
in the production of tritium in tritium blankets, as well as in the conversion of energy into 
heat. However, it also presents significant challenges with regard to the resistance of ma-
terials to activation and displacement damage [5]. Therefore, controlling the effects of this 
neutron field is a major challenge in the design of future fusion power plants. 
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Outside the tokamak chamber, a fraction of the neutron flux from the fusion reactions 
passes through the confinement structures and propagates towards the peripheral areas 
of the facility. Although this flux is strongly attenuated and degraded in energy by the 
thick concrete protective walls, it remains significant and can reach intensities sufficient 
to affect nearby electronics and sensors [6]. This neutron flux generally has three parts: a 
peak made up of thermal neutrons (with energies below 1 eV), commonly called a thermal 
peak; an epithermal plateau, corresponding to neutrons with intermediate energies gen-
erally between 1 eV and 1 MeV; a high-energy peak, consisting of neutrons with energies 
above 1 MeV. Precise knowledge of the energy distribution of neutrons is essential for all 
types of calculations performed in nuclear fusion facilities. Neutron spectra are essential 
for estimating the activation and damage of materials, calculating radiation doses and 
shielding, and determining detector response. Therefore, characterizing these residual 
fluxes is essential for ensuring the safety, maintenance and qualification of diagnostic and 
control systems [4]. Modeling and measurement studies are conducted to optimize the 
architecture of the shields and limit the activation of surrounding structures [7]. In the 
field of numerical simulation, neutron transport simulations using the Monte Carlo 
method can produce highly accurate spectra [8–11]. However, these simulations are com-
putationally expensive and specific to the geometry and configuration of the system. They 
are also difficult to iterate during repetitive calculations, such as parametric analyses, in-
verse problems, and uncertainty propagation. In many cases it is necessary to use a simple 
and compact analytical spectrum model that is continuous, strictly positive and controlled 
by a small number of parameters with clear physical meaning. Although there are numer-
ous works in the literature on the numerical simulation of fusion neutron spectra using 
the Monte Carlo method, to the best of our knowledge, no analytical model for these spec-
tra has been proposed until now. 

This paper presents a compact and adaptable analytical model for the lethargic neu-
tron spectrum (i.e., 𝜙௨ሺ𝐸ሻ, per unit of 𝑢 = 𝑙𝑛ሺ𝐸ሻ), which is particularly well suited to nu-
clear fusion environments. This analytical model is based on the modeling of the three 
energy domains of the neutron spectrum measured or calculated outside the tokamak 
chamber. Thus, this analytical expression is represented as the sum of (i) a stretched Max-
wellian thermal component; (ii) a windowed power-law epithermal plateau; and (iii) a 
log-normal high-energy tail. This model has the advantage of being simple and concise, 
and allows the experimental data and the results of transport calculations to be faithfully 
reproduced. The simple and flexible mathematical formulation of the analytical model 
allows easy interpolation between discrete data or extrapolation beyond rare experi-
mental or simulated points that may be hard to obtain. Such an analytical spectrum al-
lows: (i) to quickly perform parametric simulations for system optimization and sensitiv-
ity studies; (ii) to use stable data instead of data from imprecise or noisy measurements; 
(iii) to quickly perform the convolution calculation with the response functions (activa-
tion, dose, detector efficiency) [12–14]; (iv) to be reused in different contexts and operating 
modes after a simple adjustment of a few parameters. 

Another motivation for developing an analytical model of the neutron spectrum 
comes from the field of radiation effects on electronic components [15–17], a topic of in-
creasing importance for diagnostic, control, and power conversion systems in fusion fa-
cilities [18,19]. The radiation-induced soft-error rate (SER) of a component or circuit is 
obtained by the convolution of its energy-dependent cross-section with the neutron spec-
trum [20]. Reliability studies, such as determining safety margins, locating sensitive elec-
tronic components and implementing shielding solutions, require an effective assessment 
of the failure rate of electronic components in different scenarios. A flexible analytical 
model allows this calculation to be performed quickly and reproducibly, and its parame-
ters can be adjusted to reflect radiation exposure conditions (radiation flux through 
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inputs/outputs, shielding configuration, operating modes), which improves the accuracy 
of reliability assessments of electronic components. 

The paper is organized as follows: Section 2 details the analytical model of the neu-
tron spectrum. Section 3 validates the model by comparing it with experimental or simu-
lated data and proposes a fitting strategy to determine the numerical values of the model 
parameters. Section 4 discusses the parameter values obtained for various fusion environ-
ments and presents analytical derivations of the model to evaluate the SER of circuits op-
erating in fusion neutron fields. 

2. Analytical Model for Lethargic Neutron Spectrum 
The lethargic fluence rate 𝜙௨ሺ𝐸ሻ, also called the lethargic spectrum, of neutrons is 

obtained from the spectrum per unit energy, 𝜙ாሺ𝐸ሻ, as 𝜙௨ሺ𝐸ሻ = 𝐸𝜙ாሺ𝐸ሻ (1) 

where 𝐸 is the energy. The unit of the lethargic spectrum (ሾ𝜙௨ሿ), is cm−2 s−1. 
In our modeling approach, the lethargic spectrum of neutrons, 𝜙௨ሺ𝐸ሻ, is modeled, 

from thermal to high energies, as the sum of three analytical functions as 𝜙௨ሺ𝐸ሻ = 𝐴௧௛𝐸௣𝑒𝑥𝑝 ቈ−൬ 𝐸𝐸௞்൰௠቉ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ௦௧௥௘௧௖௛௘ௗ ெ௔௫௪௘௟௟௜௔௡,   ௧௛௘௥௠௔௟
+ 𝐴௘௣௜𝐸ିఉ 11 + ቀ𝐸௟𝐸ቁ௞೐೏೒೐ 11 + ቀ 𝐸𝐸௛ቁ௞೐೏೒೐ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ௪௜௡ௗ௢௪௘ௗ ௘௣௜௧௛௘௥௠௔௟ ௣௟௔௧௘௔௨+ 𝐴௛௘𝑒𝑥𝑝 ൥− ൫𝑙𝑛ሺ𝐸 𝐸௛௘⁄ ሻ൯ଶ2𝜎௛௘ଶ ൩ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ௛௜௚௛ି௘௡௘௥௚௬ ௟௢௚ି௡௢௥௠௔௟ ௣௘௔௞

 

(2) 

The meaning and unit of each parameter in Equation (2) are detailed in Table 1. In 
this table, the units for the different model parameters are given with respect to ሾ𝜙௨ሿ. 

This analytical spectrum consists of three distinct parts, corresponding to the three 
energy ranges typically observed in fusion neutron spectra, whether measured or calcu-
lated. The analytical spectrum is composed of: 
(a) A thermal peak modeled using an extended Maxwell distribution. The factor 𝐸௣ and 

the stretch exponent 𝑚 generalize the usual form (𝑝 = 3 2⁄ , 𝑚 = 1) [21], allowing for 
precise fitting of both the rising and descending flanks of the peak (𝑚 < 1 smoother, 𝑚 > 1 steeper). The peak position is given by 𝐸௣௘௔௞ = 𝐸௞்ሺ𝑝 𝑚⁄ ሻଵ ௠⁄ . (3)

(b) An epithermal plateau described by a power law 𝐸ିఉdelimited between 𝐸௟ and 𝐸௛. 
We introduced a transition parameter 𝑘௘ௗ௚௘  to avoid unphysical overlap with the 
thermal and the fast peak while reproducing the mid-energy slope observed on log–
log plots. 

(c) A high-energy peak modeled by a log-normal distribution. This third term captures 
the fast bump or tail due to primary fusion neutrons and multiplication or streaming 
effects. 
These three components of the analytical model represent distinct regions of the neu-

tron energy spectrum: the moderated or thermalized domain at low energies, an epither-
mal plateau associated with neutron slowing-down, and a fast-energy tail corresponding 
to primary fusion reactions. Figure 1 shows a generic lethargic spectrum given by the an-
alytical model and illustrates its decomposition into the three sub-models presented in 
Equation (2). 
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Table 1. The three sub-models of the lethargic spectrum of neutrons given in Equation (2), and the 
meaning, role and unit of each parameter. The units for the different model parameters are given 
with respect to ൣ𝜙𝑢൧ = cm−2 s−1. 

Sub-Model Parameter Meaning Role Unit 

Thermal peak 
(stretched Max-

wellian) 

𝐴௧௛ Amplitude  Sets the level of the thermal peak ሾ𝜙௨ሿ × MeV−p 𝑝 Power on E  
Controls the low-energy rise (from the bot-

tom to the top of the peak) Dimensionless 𝑚 Stretch exponent  Controls the curvature/slope of the rising 
and descending flanks 

Dimensionless 𝐸௞் Scale (“effective tempera-
ture”) 

Sets the peak location via 𝐸௣௘௔௞ (Equation 
(3)) 

MeV 

Windowed epi-
thermal plateau 

𝐴௘௣௜ Amplitude  Sets the level of the plateau ሾ𝜙௨ሿ × MeVβ 𝛽 Epithermal slope Controls the slope of the plateau on a log–
log plot 

Dimensionless 

𝐸௟, 𝐸௛  Energy limits (lower and 
upper) 

Control the plateau and prevent it from 
distorting the sides of the peak and from 

discontinuities 
MeV 

𝑘௘ௗ௚௘ Exponent 
Ensures the window sharpness; a larger 

value means a steeper transition around 𝐸௟ 
and 𝐸௛ 

Dimensionless 

High-energy peak 

𝐴௛௘ Amplitude Sets the amplitude of the fast peak (log-
normal) 

ሾ𝜙௨ሿ 𝐸௛௘ Log-mean energy Corresponds to the peak location in log-
space MeV 𝜎௛௘ Log-space width 

Controls the width of the fast neutron 
structure Dimensionless 

 

Figure 1. Illustration of the generic neutron analytical spectrum proposed as the sum of three com-
ponents: a thermal peak, an epithermal plateau and a high-energy peak. Figure generated with: 𝐴௧௛ 
= 2 × 1011 cm−2 s−1 MeV−1, 𝑝 = 1.1, 𝑚 = 0.8, 𝐸௞் = 4.0 × 10−9 MeV, 𝐴௘௣௜ = 15 cm−2 s−1 MeV0.03, 𝛽 = 0.03, 𝐸௟ = 2 × 10−9 MeV, 𝐸௛ = 1 × 10−1 MeV, 𝑘௘ௗ௚௘ = 5, 𝐴௛௘ = 5.0 × 101 cm−2 s−1, 𝐸௛௘ = 1 × 10−1 MeV, 𝜎ℎ𝑒 = 1. 

Each part of the model uses only a few parameters that have clear physical meanings, 
such as slope, energy limits, and peak position or width. This makes the model easier to 
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understand and adjust. The parameters of the “windowed epithermal plateau” (𝐸௟, 𝐸௛, 𝑘௘ௗ௚௘) control how the model opens and closes in energy depending on geometry effects. 
For this sub-model, two window functions can be defined as 𝑆௟௢௪ሺ𝐸ሻ = 11 + ቀ𝐸௟𝐸ቁ௞೐೏೒೐ (4) 

and 𝑆௛௜௚௛ሺ𝐸ሻ = 11 + ቀ 𝐸𝐸௛ቁ௞೐೏೒೐ (5) 

These window functions are dimensionless. Using 𝑆௟௢௪ሺ𝐸ሻ and 𝑆௛௜௚௛ሺ𝐸ሻ, the term of 
the windowed epithermal plateau in Equation (2) becomes 𝜙௨ሺ𝐸ሻ| ௪௜௡ௗ௢௪௘ௗ ௘௣௜௧௛௘௥௠௔௟ ௣௟௔௧௘௔௨ = 𝐴௘௣௜𝐸ିఉ𝑆௟௢௪ሺ𝐸ሻ𝑆௛௜௚௛ሺ𝐸ሻ (6) 

The “stretched Maxwellian” parameters (𝑝, 𝑚, 𝐸௞்) allow deviations from an ideal 
Maxwellian shape due to material composition, temperature variations, self-shielding, or 
detector effects. The log-normal peak is flexible enough to describe both narrow and broad 
high-energy features without introducing unphysical negative values. Working in leth-
argy space for minimizing a logarithmic function ensures stability across several orders 
of magnitude in energy and flux, preventing the fit from being dominated by the highest-
energy bins. The use of smooth windowing further avoids distortions or discontinuities 
near the plateau edges and enhances the reliability of extrapolations beyond the fitted 
range. 

Finally, if one prefers working with the differential-energy spectrum, obtained from 
Equation (1) as 𝜙ாሺ𝐸ሻ = 𝜙௨ሺ𝐸ሻ𝐸 , (7) 

each term of Equation (2) simply acquires a factor 1 𝐸⁄  and no parameter re-scaling is 
required. For example, the thermal contribution becomes 𝐴௧௛𝐸௣ିଵ𝑒𝑥𝑝 ቈ−൬ 𝐸𝐸௞்൰௠቉. (8) 

3. Results 
3.1. Model Validation from Various Spectra 

In this section, we illustrate how the model can accurately reproduce neutron spectra 
representative of various nuclear fusion facilities. To accomplish this, we examined the 
available experimental and simulated neutron environment data in the literature on the 
following fusion facilities: (i) the neutron environment in front of an equatorial port of the 
WEST (acronym derived from W Environment in Steady-state Tokamak, where W is the 
chemical symbol for tungsten) tokamak [22–24]; (ii) the neutron environment in a corner 
of the basement of the Joint European Torus (JET) tokamak building [25–28]; (iii) the neu-
tron environment in radiation protected areas (RPA) of a typical Future Fusion Power 
Plant (FFPP) [4,29,30]. 

For the WEST tokamak, we considered an experimental spectrum measured during 
the C5 campaign, as explained in [31]. This corresponds to data acquired using a DI-
AMON spectrometer [32,33] located in close proximity to the tokamak in the experimental 
hall during a D-D plasma campaign. 

For the JET tokamak, experimental data were acquired with the DIAMON spectrom-
eter at position B6 during the last D-T campaign [34]. This position is located in the 
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basement of the building, separated from the experimental hall by a 1 m thick slab of re-
inforced concrete. 

Finally, for FFPP RPAs, we considered simulated data published in Ref. [35] (Monte-
Carlo simulation using the code MCNP [36,37]) representative of the attenuated neutron 
field in FFPP RPAs, where the electronics will be protected against neutrons and other 
radiation. 

Figures 2–4 show a comparison between the model and the experimental or simu-
lated data. The values of all the model parameters that were finely tuned to fit the data 
are shown in Table 2. 

 

Figure 2. Comparison between the analytical lethargic spectrum 𝜙௨ሺ𝐸ሻ (solid line) and measured 
data in the fusion environment of WEST tokamak facility. 

 

Figure 3. Comparison between the analytical lethargic spectrum 𝜙௨ሺ𝐸ሻ (solid line) and measured 
data in the fusion environment of the JET tokamak facility. 
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Figure 4. Comparison between the analytical lethargic spectrum 𝜙௨ሺ𝐸ሻ (solid line) and simulated 
data (using the Monte Carlo numerical code MCNP) in FFPP RPAs. The numerical simulation points 
were graphically extracted from Figure 4 of Ref. [35]. 

Table 2. Analytical spectrum parameters for the three curves shown in Figures 2–4 related to the 
WEST, JET and FFPP RPAs neutron environments. The units for the different model parameters are 
given with respect to ൣ𝜙𝑢൧ = cm−2 s−1. 

Sub-Model Parameter Unit WEST JET FFPP RPAs 

Thermal peak 
(stretched Maxwel-

lian) 

𝐴௧௛ ሾ𝜙௨ሿ × MeV−p 1.11 × 1013 1.75 × 1012 2.85 × 1012 𝑝 Dimensionless 1.54 1.53 1.53 𝑚 Dimensionless 0.94 1.2 0.99 𝐸௞் MeV 3.8 × 10−8 4.4 × 10−8 1.55 × 10−8 

Windowed epither-
mal plateau 

𝐴௘௣௜ ሾ𝜙௨ሿ × MeVβ 12.5 9.17 × 10−2 0.225 𝛽 Dimensionless −5 × 10−2 0.135 6 × 10−2 𝐸௟ MeV 4 × 10−8 1.7 × 10−8 1.7 × 10−8 𝐸௛  MeV 0.53 2.0 0.1 𝑘௘ௗ௚௘ Dimensionless 8.0 6.0 3.5 

High-energy peak 
𝐴௛௘ ሾ𝜙௨ሿ 43.0 2.03 0.46 𝐸௛௘ MeV 1.4 1.75 0.25 𝜎௛௘ Dimensionless 0.9 1.05 0.6 

The proposed fitting strategy for these curves is to first estimate 𝐸௣௘௔௞  on back-
ground-subtracted data and then constrain 𝐸௞் using Equation (3) before finally fitting 𝐴௧௛, 𝑝, 𝑚. The next step is to use a central window, excluding a few standard deviations 
around the peaks, to regress 𝑙𝑛൫𝜙௨ሺ𝐸ሻ൯ versus 𝑙𝑛ሺ𝐸ሻ in order to obtain a target slope of −𝛽. Then, while optimizing the parameters 𝐸௟, 𝐸௛, and 𝑘௘ௗ௚௘, apply this slope so that the 
plateau is negligible within the peak proximities. Finally, fit the parameters of the high-
energy bump (i.e., the amplitude, energy, and width), after subtracting the thermal and 
the plateau background. Consequently, the analytical model is found to accurately repro-
duce the three usual regimes of fusion neutron fields—the thermal neutron peak, the epi-
thermal neutron plateau and the fast neutron peak—across various environments, while 
remaining low-dimensional and continuous. 
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3.2. Model Implementation 

The model proposed in Equation (2) for 𝜙௨ሺ𝐸ሻ  has the advantage of being com-
pletely analytical, using only a few standard mathematical functions. Implementing it in 
Python 3.14.0 final/NumPy [38] is trivial in the form of a single neutron energy function 
with 12 input parameters, as shown in Figure 5. 

 

Figure 5. Implementation of the analytical modeling of the lethargic neutron spectrum given in 
Equation (2) in Python/NumPy. 

4. Discussion 
4.1. Fitting of Fusion Neutron Spectra 

For the neutron spectrum at WEST tokamak facility (Figure 2), the epithermal plateau 
extends over a wide energy range of six decades, and the fast peak is relatively large, 
extending over almost three decades. The model slope, −𝛽, follows the general trend of 
the measured spectrum in the medium energy range. As expected in an experimental hall, 
where additional materials cause more neutron moderation and reduce direct streaming, 
the thermal component only appears at the lowest energies. If the measured spectrum 
shows a flatter central plateau, the fit can be improved by slightly decreasing −𝛽 or in-
creasing 𝐸௛, without changing the shape of the peak edges. 

For the JET spectrum (Figure 3), the model accurately describes the thermal part for 
both the rise from the base to the peak and the decrease afterward (controlled by param-
eters 𝑝 and 𝑚). The epithermal region is well represented by a straight line in the log–
log plot with a slope of −𝛽. The fast component, modeled as a log-normal function in 𝑙𝑛ሺ𝐸ሻ, adds a smooth positive tail that matches the broad high-energy part of the spectrum 
without exceeding the middle-energy shoulder. 

Finally, for the FFPP RPA spectrum (Figure 4), the model closely follows the thermal 
shoulder and peak, then continues along the epithermal slope over several energy dec-
ades. The smooth windowing defined by 𝐸௟ and 𝐸௛ prevents overlap with the thermal 
or fast regions, which is particularly important in a strongly shielded environment. Small 
differences can appear near the upper edge when the simulated spectrum shows small 
bends or transitions, such as those caused by streaming paths or material boundaries, that 
cannot be fully reproduced by a single power-law plateau. These differences can be miti-
gated by allowing a slightly sharper edge (increasing the value of 𝑘௘ௗ௚௘) or, if necessary, 
by using a two-segment plateau. 

In all cases, the main features of the spectrum are preserved: the positions of the ther-
mal peak (controlled by 𝐸௞், 𝑝, and 𝑚), the center of the fast peak (around 𝐸௛), and the 
epithermal slope 𝛽. This consistency is important for accurate calculations of activation, 
SER, or dose through response-function folding. The remaining differences appear mostly 
near the window boundaries or in small details that a single-peak model cannot fully de-
scribe. These can be corrected with minor adjustments, such as adding a second thermal 
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component, a second log-normal fast term, or a plateau with two slopes, while keeping 
the model simple and computationally efficient. 

4.2. Application to the Evaluation of the Soft-Error Rate 

When a neutron interacts with a semiconductor material in a circuit, several physical 
processes can occur, depending strongly on its energy. As neutrons are neutral particles, 
they do not undergo direct electromagnetic interactions with electrons; instead, they pri-
marily interact with atomic nuclei through nuclear reactions, such as elastic or inelastic 
collisions, or neutron capture reactions [39,40]. In an elastic collision, enough energy can 
be transferred to the nucleus to move it within the crystal lattice, generating atomic recoil 
and creating displacement defects [41]. For higher-energy neutrons, inelastic or capture 
reactions can occur, producing secondary charged particles (such as protons, alpha parti-
cles or heavy ions) that deposit a significant amount of energy locally through ionization 
(a phenomenon known as indirect ionization) [42,43]. This ionization process generates a 
large number of electron-hole pairs in the material. If these carriers are created near a 
junction or a sensitive region of the circuit, they can be collected by internal electric fields 
and then disrupt the stored logic levels [44]. This phenomenon is called a single event 
effect (SEE) and can manifest in various ways [45]. For example, a soft error can occur in 
the form of a bit flip in memory, known as a single event upset (SEU) [20,46]. The soft-
error rate (SER) corresponds to the frequency with which a device or system experiences, 
or is likely to experience, soft errors [46]. It is generally expressed as the number of failures 
over time (FIT) or the mean time between failures (MTBF). FIT is the unit adopted to quan-
tify failures over time, equivalent to one error per billion operating hours of the device. 
The SER of a circuit is a key indicator of its vulnerability to radiation. 

As mentioned in the introduction, in the domain of radiation effects on electronics 
[47,48], the neutron SER of a given integrated device/circuit is expressed as [20] 𝑆𝐸𝑅 =  න𝜎ௌாோሺ𝐸ሻ𝜙ாሺ𝐸ሻ𝑑𝐸 =  න𝜎ௌாோሺ𝐸ሻ𝜙௨ሺ𝐸ሻ𝐸 𝑑𝐸. (9) 

where 𝜙ாሺ𝐸ሻ and 𝜙௨ሺ𝐸ሻ have been introduced in Equation (1) and 𝜎ௌாோሺ𝐸ሻ is the (mac-
roscopic) SER neutron cross-section of the device/circuit [20], expressed in cm2. The unit 
of the SER given by Equation (9) is s−1. Values must be multiplied by a factor 3.6 × 1012 to 
express the SER in FIT. 

In the field of fusion neutron energy, this macroscopic cross-section resulting from 
the various neutron-circuit material interaction mechanisms is typically represented by 
two analytical models, as a function of the considered energy domain: 
(a) For thermal and slow neutrons (10−3 eV < 𝐸 < 1 eV), the so-called “thermal” circuit 

cross-section follows a 1 𝑣⁄  law (where 𝑣 is the neutron velocity) [49]: 

𝜎்௛ሺ𝐸ሻ = 𝜎௞்ඨ𝐸ோ௘௙𝐸    (10) 

where 𝐸ோ௘௙ = 26 meV and 𝜎௞் is the cross-section value for 𝐸 = 𝐸ோ௘௙. 
In Equation (10), the 1 √𝐸⁄  behavior is linked to the neutron absorption probability 

in circuit materials as a function of energy [35]. 
(b) For fast neutrons (𝐸 > 0.1 MeV), the high-energy circuit cross-section is generally well 

described by a saturating Weibull model [50]: 𝜎ு௘ሺ𝐸ሻ = 𝜎௦௔௧ ൤1 − 𝑒ି(ாିா೅೓௪ )ೞ൨ 𝐻(𝐸 − 𝐸்௛) (11) 

where 𝜎௦௔௧ is the saturation value, 𝐸்௛ is a threshold energy below which the cross-sec-
tion is null, 𝑤 is a scale parameter (same dimension and unit as 𝐸 ) and 𝑠  is a shape 
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parameter (no physical dimension). In Equation (11), 𝐻(𝐸 − 𝐸்௛) is the Heaviside step 
function, equal to 1 for 𝐸 > 𝐸்௛ and equal to 0 for 𝐸 ≤ 𝐸்௛ [51]. 

The integration of the energy-dependent cross-section by the neutron spectrum 
(Equation (9)) can be performed numerically using classical numerical methods, such as 
the rectangle method or Simpson�s method, particularly the adaptive Simpson�s method 
[52], which is well suited to this type of integration. 

However, working with relatively simple analytical functions for both the cross-sec-
tion and spectrum gives us the advantage of considering complete analytical develop-
ments for the expression of the SER. Below, we present an example of the development 
for the thermal neutrons part of the spectrum. Considering 𝜎ௌாோ(𝐸) = 𝜎்௛(𝐸) and 𝜙௨(𝐸) 
restricted to the first term of Equation (1), the thermal neutron SER can be expressed as 𝑆𝐸𝑅்௛ =  න𝜎்௛(𝐸)𝜙௨(𝐸)𝐸 𝑑𝐸 = 𝜎௞்ඥ𝐸ோ௘௙𝐴௧௛ න 𝐸௣ିଷଶ𝑒ି൬ ாாೖ೅൰೘ா೘ೌೣா೘೔೙ 𝑑𝐸 (12) 

which, after integration, gives 

𝑆𝐸𝑅்௛ =  𝜎௞்ඥ𝐸ோ௘௙𝐴௧௛𝑚 𝐸௞௣்ିଵଶ  × 𝛾 ቌ𝑝 − 12𝑚 , ൬𝐸௠௜௡𝐸௞் ൰௠ , ൬𝐸௠௔௫𝐸௞் ൰௠ቍ (13) 

where 𝐸௠௜௡ = 10 ିଷ eV  and 𝐸௠௔௫ = 1 eV  are the limits of the energy domain in which 
Equation (10) is valid and 𝛾(𝑠,𝑎, 𝑏) is the generalized incomplete gamma function [53],  𝛾(𝑠,𝑎, 𝑏) = න 𝑢௦ିଵ𝑒ି௨𝑑𝑢.௕

௔  (14) 

In practice, 𝐸௠௔௫ ≫  𝐸௞், and 𝛾(𝑠,𝑎,∞) = ׬ 𝑢௦ିଵ𝑒ି௨𝑑𝑢 =  Γ(𝑠,𝑎)ஶ௔ , the upper incom-
plete gamma function [53]. Equation (13) thus simplifies to 

𝑆𝐸𝑅்௛ =  𝜎௞்ඥ𝐸ோ௘௙𝐴௧௛𝑚 𝐸௞௣்ିଵଶ  × Γቌ𝑝 − 12𝑚 , ൬𝐸௠௜௡𝐸௞் ൰௠ቍ (15)

For the epithermal plateau of the spectrum (the second term of Equation (2)), Equa-
tion (9) considered with the thermal cross-section also leads to a useful formulation of its 
contribution to the circuit SER: 𝑆𝐸𝑅்௛×௘௣௜ =  න 𝜎்௛(𝐸)𝐴௘௣௜𝐸ି(ఉାଵ)𝑆௟௢௪(𝐸)𝑆௛௜௚௛(𝐸)𝑑𝐸ா೓ா೗  (16) 

which gives us the following, considering the well-verified approximation 𝑆௟௢௪ ≈ 𝑆௛௜௚௛ ≈1 on ሾ𝐸௟ ,𝐸௛ሿ: 𝑆𝐸𝑅்௛×௘௣௜ ≈ 𝜎௞்ඥ𝐸௞்𝐴௘௣௜𝛽 + 12 ൬𝐸௟ି(ఉାଵଶ) − 𝐸௛ି(ఉାଵଶ)൰ (17) 

Finally, for the fast neutron peak (third term of Equation (2), noted 𝜙ாு௘) combined 
with the high-energy cross-section, 𝑆𝐸𝑅ு௘ = 𝜎௦௔௧ න 𝜙ாு௘(E)dE − 𝜎௦௔௧ න 𝑒ିቀாିா೅೓௪ ቁೞ𝜙ாு௘(E)dE = ஶ

ா೅೓  𝜎௦௔௧(𝐼ଵ − 𝐼ଶ)ஶ
ா೅೓  (18) 

While the second term 𝐼ଶ has no elementary closed form and must be evaluated nu-
merically, the first integral 𝐼ଵ admits an analytical expression: 𝐼ଵ = 𝐴௛௘𝜎௛௘√2𝜋 × Φቆln (𝐸்௛ 𝐸௛௘⁄ )𝜎௛௘ ቇ   (19) 

where Φ is the standard normal cumulative distribution function [54]. 
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Figure 6 shows the energy profiles of given cross-sections 𝜎்௛(𝐸) and 𝜎ு௘(𝐸), su-
perimposed on a typical fusion neutron spectrum. The dashed lines correspond to the 
products 𝜎்௛(𝐸)థೠ(ா)ா  and 𝜎ு௘(𝐸)థೠ(ா)ா  which illustrate the calculation of the SER from 
Equation (9) graphically. The SER corresponds to the colored area, which is the integral 
of the curve. The SER for the green area is S𝐸𝑅்௛ + 𝑆𝐸𝑅்௛×௘௣௜, the SER for the red area is 𝑆𝐸𝑅ு௘. Table 3 gives the comparison of the SER values obtained numerically from Equa-
tion (9) or analytically from Equations (15), (17) and (19), respectively, for the thermal 
peak, the plateau and the high-energy peaks of the neutron spectrum defined in Equation 
(1). Equation (15) provides an exact value for the SER due to the thermal peak, while Equa-
tion (17) provides a very good, though not exact, value for the SER due to the plateau with 
1.5% of relative error. This is mainly because Equation (17) supposes that 𝑆௟௢௪ ≈ 𝑆௛௜௚௛ ≈1 on ሾ𝐸௟ ,𝐸௛ሿ, which depends on the value of the 𝑘௘ௗ௚௘ exponent. 

Figure 7 shows the relative error on the analytical 𝑆𝐸𝑅்௛×௘௣௜ given by Equation (17) 
as a function of the value of the  𝑘௘ௗ௚௘ parameter that controls the closing of the win-
dowed plateau (i.e., the extremity edges of the plateau) in the neutron spectrum. This fig-
ure indicates that the higher the value of  𝑘௘ௗ௚௘, the greater the accuracy. Finally, for the 
contribution of the high-energy peak, the analytical SER in Table 3 is based on the numer-
ical evaluation of 𝐼ଶ, which makes the sum 𝐼ଵ + 𝐼ଶ non-analytical and leads to a prefer-
ence for direct numerical integration of this quantity. 

 

Figure 6. Generic fusion neutron spectrum (left axis) and neutron cross-sections for thermal and 
high-energy domains (right axis). The dashed lines correspond to the products 𝜎்௛(𝐸) థೠ(ா)ா  and 𝜎ு௘(𝐸) థೠ(ா)ா  (in a.u.) to illustrate the calculation of the SER which corresponds to the integrals of the 

curves (colored area), respectively, S𝐸𝑅்௛ + 𝑆𝐸𝑅்௛×௘௣௜ (green area) and 𝑆𝐸𝑅ு௘ (red area). The pa-
rameters for this figure are the same as in Figure 1 for the neutron spectrum. For cross-sections, we 
used: 𝜎௞் = 6 × 10ିଵ଺ cmଶ, 𝜎௦௔௧ = 4 × 10ିଵହ cmଶ, 𝐸௧௛ = 0.1 MeV, 𝑤 = 2 MeV, 𝑠 = 1.0. 

Table 3. Numerical and analytical evaluation of the SER from data illustrated in Figure 6. SER values 
are expressed in FIT (i.e., per 109 h). 

Component of Equation (1) 
Soft-Error Rate SER (FIT) 

Numerical  Analytical  Error (%) 
Thermal peak 0.5727 0.5727 0.0 

Plateau 0.4078 0.4020 1.5 
High-energy peak 0.0710 0.0710 (I2 numerical) 0.0 
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Full spectrum 1.0515 1.0457 0.6 

 

Figure 7. Relative error on the analytical 𝑆𝐸𝑅்௛×௘௣௜ given by Equation (17) as a function of the value 
of the  𝑘௘ௗ௚௘ parameter that controls the closing of the windowed plateau (i.e., the extremity edges 
of the plateau) in the neutron spectrum. The approximation 𝑆௟௢௪ ≈ 𝑆௛௜௚௛ ≈ 1 on ሾ𝐸௟ ,𝐸௛ሿ improves 
with an increased value of  𝑘௘ௗ௚௘. 

5. Conclusions 
In this work, we introduced an analytical model for the lethargic neutron spectrum 

dedicated to nuclear fusion environments. Despite its simplicity, this formulation 
achieves an interesting balance between physical interpretation and analytical expression. 
The model parameters can be easily adjusted using consistent optimization procedures. 
As it is closed-form, positive and regular, this analytical model is well suited to engineer-
ing work requiring speed, parametric sweeps and uncertainty propagation. The model�s 
ability to reproduce neutron spectra from experiments and Monte Carlo simulations has 
been demonstrated, and it has been applied to evaluate the soft-error rate in electronic 
circuits exposed to fusion neutron fields using analytical forms of the circuit cross-sections 
for neutron-induced single-events. These properties make it a useful, generic spectrum 
model for nuclear fusion studies and electronic component reliability assessments. 
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