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Abstract

In this paper, we propose a novel deep learning-based framework for the joint design and
decoding of linear block codes, the end-to-end deep coding cross-attention message-passing
Transformer (E2E DC-CrossMPT). To improve linear block code design and decoding, we
redesign the conventional error correction code (ECC) decoder, CrossMPT, to fit within
an end-to-end framework. The redesigned decoder separately utilizes magnitude and
syndrome vectors obtained from the received signals as inputs. It further employs one-hot
encoding based syndrome embedding and incorporates a parity-check matrix into the
output layers. Experimental results demonstrate that, across various code lengths and code
rates, E2E DC-CrossMPT consistently outperforms both traditional decoding algorithms
and a conventional end-to-end deep coding model in terms of decoding performance. More-
over, the codes designed by E2E DC-CrossMPT achieve superior error-correction capability
compared with both traditional linear block codes and those designed by the conventional
end-to-end deep coding model, while requiring lower computational complexity.

Keywords: error correction code (ECC); transformer; cross-attention; code construction;
linear block code

1. Introduction

Error correction codes (ECCs) are used to add redundancy to information bits to correct
errors occurring during transmission [1]. Linear block codes are a class of error-correction
codes, including Bose-Chaudhuri-Hocquenghem (BCH), low-density parity-check (LDPC),
and Polar codes, which are typically decoded using traditional algorithms such as belief
propagation (BP), min-sum (MS), and successive cancellation (SC). However, traditional
decoding algorithms achieve optimal performance only under specific code configurations.
For example, the BP decoder performs near-optimally for long LDPC codes but suffers from
performance degradation at short code lengths. Similarly, the SC decoder achieves near-
optimal performance for Polar codes but fails to provide comparable performance for other
types of codes. These limitations motivate the development of new decoding approaches.

Recently, ECC decoders that apply deep learning-based Transformer structures have
attracted significant attention and have shown remarkable performance improvements
across various codes. First, the Transformer-based ECC decoder, error correction code
Transformer (ECCT) [2] uses the concatenation of the magnitude and syndrome vectors
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obtained from the received signals as input to the model. This model achieves better
performance than traditional decoding algorithms and conventional neural decoders for
various linear block codes with different code rates. Subsequently, the cross-attention
message-passing Transformer (CrossMPT) [3] uses the magnitude and syndrome vectors
as separate inputs and introduces an iterative message update mechanism based on cross-
attention. As a result, CrossMPT reduces complexity and improves decoding performance
compared with ECCT.

Although deep learning-based decoders have been actively studied for decoding linear
block codes, studies that attempt to utilize deep learning for code design remain limited due
to the non-differentiability of binary code matrices (generator and parity-check matrices)
and encoding operations. Recently, the deep learning-based linear block code design model,
end-to-end deep coding ECCT (E2E DC-ECCT) [4], was proposed. This model applies
a differentiable equivalence mapping to the encoding operation and employs a straight-
through estimator (STE) directly on the binary code matrices to facilitate differentiation. As
a result, E2E DC-ECCT achieves superior performance compared with traditional decoding
algorithms and neural decoders, and the codes designed by E2E DC-ECCT demonstrate
improved error-correction capability compared with conventional linear block codes.

Despite these advances, the Transformer-based decoders and the end-to-end code
design framework still have limitations. Although CrossMPT demonstrates strong decoding
performance with reduced computational complexity, it is limited to the decoding stage
and cannot be directly extended to joint code design due to the non-differentiability of
code matrices. In contrast, E2E DC-ECCT enables end-to-end learning of linear block codes,
but its decoder structure leads to relatively high computational complexity compared
with CrossMPT.

In this paper, we propose a novel end-to-end model, E2E DC-CrossMPT, to overcome
the limitations of the two models and to achieve improved linear block code design and
decoding. The proposed model uses a redesigned CrossMPT as the decoder, adapted to the
end-to-end framework. The redesigned decoder incorporates the following modifications:
First, a one-hot encoding-based embedding method is applied to the syndrome vectors
in the initial embedding, which reduces the number of model parameters. Second, the
output layers, composed of two linear layers, are modified to integrate the parity-check
matrix, enabling the model to more effectively learn code-aware representations. Third, by
processing the magnitude and syndrome vectors as separate inputs and employing a cross-
attention mechanism with a reduced-size mask matrix, the proposed model significantly
lowers the computational complexity of the attention operation, thereby improving overall
computational efficiency compared with E2E DC-ECCT.

Experimental results demonstrate that, for BCH, Polar, LDPC, and Reed-Solomon
(RS) codes with various code lengths and code rates, E2E DC-CrossMPT achieves superior
performance compared with both traditional decoding algorithms and the conventional
model, E2E DC-ECCT. The codes designed by the proposed model exhibit superior error
correction capability, and the model achieves higher efficiency across all codes compared
with the conventional model. In addition, E2E DC-CrossMPT improved model efficiency
in all codes compared to E2E DC-ECCT, and in particular in the (63,45) code, FLOPs were
reduced by about 28.7%, training time by about 30.5%, and inference time by about 82.7%.

2. Related Works
2.1. Deep Learning-Based Error Correction Code Decoder

Existing studies on neural network-based ECC decoders can be broadly divided into
two categories: model-based decoders and model-free decoders. Model-based decoders are
architectures that unfold conventional BP or MS decoding algorithms into neural network
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structures [5-7]. These methods improve decoding performance by unfolding the iterative
message-passing process performed on a Tanner graph into a deep neural network and
assigning learnable weights to each edge or message. The neural BP decoder for BCH
codes [8], which unfolds the BP decoding process into a neural network structure, achieved
improved decoding performance compared with the conventional BP decoder. The neural
MS decoder [9] was proposed for decoding protograph LDPC codes and introduced a
parameter sharing mechanism to improve scalability for longer codes. Subsequent studies
have shown that neural BP and neural MS decoders can achieve better performance than
conventional decoders [10-15]. However, these model-based neural network decoders rely
on the structure of conventional decoding algorithms, which limits architectural flexibility
and further performance improvements.

Model-free decoders perform decoding using general neural network architectures
without directly relying on conventional decoding algorithms. Early studies proposed
decoders based on fully connected networks, convolutional neural networks (CNNs),
and recurrent neural networks (RNNs) [6,16,17]. However, for linear block codes, the ex-
tremely large number of possible codewords makes it impractical to use all codewords
for training. Therefore, when training is performed using only a subset of codewords, the
model tends to overfit to the codewords used during training. To address this issue, a
syndrome-based preprocessing method was proposed to alleviate overfitting in model-
free decoders [18]. This method is designed to train the model using only the all-zero
codeword and to estimate the noise by utilizing syndrome information obtained from the
received signal. This preprocessing technique was applied to RNN-based decoders and
improved the generalization capability of model-free decoders. Subsequently, ECCT [2]
combined syndrome-based preprocessing with a masked self-attention mechanism and
achieved strong decoding performance across various linear block codes. Since the in-
troduction of ECCT, Transformer-based ECC decoders have been actively studied. For
example, Accelerating ECCT (AECCT) [19] applies ternary weight quantization to ECCT
and implements a decoder with linear layers that do not require multiplication operations.
Denoising Diffusion ECC (DDECC) [20] reinterprets the decoding process as a diffusion
process, while Multi-Mask ECCT (MM ECCT) [21] improves decoding performance by
using multiple parity-check matrices for the same code to capture diverse bit relationships.
In addition, Foundation ECCT (FECCT) [22] is a Transformer-based foundation model
designed to perform decoding regardless of code class, block length, and code rate. Finally,
CrossMPT [3] introduces a cross-attention mechanism inspired by message-passing algo-
rithms and improves both decoding performance and computational efficiency through
iterative information exchange between the magnitude and syndrome vectors.

2.2. Deep Learning-Based Code Design

Although neural network-based decoders have shown improved decoding perfor-
mance in various communication environments, studies on new code designs using neural
networks have achieved only limited success. First, RNNs were used in [23] to construct
low-latency codes and feedback codes, respectively, achieving performance improvement. A
deep learning-based Polar code design method suitable for BP decoding was also proposed
by treating the frozen-bit positions of Polar codes as learnable weights [24]. In addition, a
previous study learned a continuous-valued (7,4) code satisfying a power constraint and
demonstrated performance comparable to that of the Hamming code [25]. Subsequently,
joint design methods for feedback channels and Turbo codes were also proposed [26]. End-
to-end learning methods under non-differentiable modulation or channel environments
have also been studied.
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However, most of these methods use complex neural network-based encoding and de-
coding structures in the continuous domain, which differ from the encoding and decoding
structures of practical linear block codes. Therefore, they still have limitations in terms of
practical deployment in communication systems. In addition, neural network-based code
design often fails to achieve performance close to theoretical limits because of the high
non-differentiability of the code generation process and the difficulty of optimizing codes
through neural decoders. Recently, E2E DC-ECCT [4], which applies a straight-through
estimator (STE)-based method, was proposed to address this non-differentiability problem.
E2E DC-ECCT combines ECCT, a Transformer-based decoder, with an end-to-end code
design framework, thereby achieving improved decoding performance and linear block
code design performance.

3. Background
3.1. Linear Block Codes

A linear block code C is defined by a generator matrix G of size k X n and a parity-check
matrix H of size (n — k) x n, satisfying GH' = 0 over {0, 1} under modulo-2 addition. A
codeword x € C C {0,1}" is obtained by encoding a message m with the generator matrix
G, such that x = mG. We assume an additive white Gaussian noise (AWGN) channel,
in which the channel output is represented as y = x;s + ¢, where x; denotes the binary
phase-shift keying (BPSK) signal of x, y is the noisy channel output corresponding to x5, and
¢ is the noise. The objective of a decoder f is to correct errors and recover the transmitted
codeword x. When y is received, the decoder checks the syndrome s(y) = Hy,, to determine
whether the received signal has been corrupted, where y;, = bin(sign(y)) is the decoded
signal of y, sign(a) = 1if a > 0, and —1 otherwise, bin(—1) = 1, bin(1) = 0. If s(y) is a
non-zero vector, the decoder detects that i has been corrupted during transmission and
starts the error correction process.

In this paper, we adopt the preprocessing [18] of obtaining the magnitude vectors
ly| and the syndrome vectors s(y) of the channel output y. This preprocessing has been
pivotal in enabling data-driven decoders to mitigate the overfitting issue. Accordingly, the
objective of the decoder is to estimate the multiplicative noise & which is defined as:

Y =Xs+e=x&. (1)

3.2. Transformer-Based Decoder

ECCT [2] uses the concatenation of the magnitude vectors |y| and the syndrome
vectors s(y) obtained from the channel output y as the input vector. ECCT consists of
N decoder blocks, where each decoder block is composed of self-attention and a feed-
forward neural network (FFNN). In the attention process, a binary mask matrix is used to
integrate information about the code. The mask matrix of ECCT includes all relationships
between magnitude-magnitude, magnitude-syndrome, and syndrome-syndrome, and
a mask matrix g(H) derived from the parity-check matrix H is defined, where g(H):
{0, 1}17Rxm 100,01 21R)X(21=K) The output of the attention passes through the
FENN, then through the remaining decoder blocks, and finally, the output of the decoder
block is fed into a prediction module consisting of two linear layers.

CrossMPT [3] uses the magnitude vector |y| and the syndrome vector s(y) obtained
from the channel output y as separate inputs to the decoder. Similar to the principles
of message-passing algorithms [27], |y| and s(y) are iteratively updated by exchanging
messages. The CrossMPT decoder consists of two parallel decoders for the magnitude and
syndrome vectors, each of which is composed of N decoder blocks. Each decoder block is
composed of a cross-attention block and a feed-forward neural network (FFNN). Initially,
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ly| is passed as the query to the masked cross-attention block, while s(y) is used as the
key and value. The attention matrix is of size n x (n — k), representing the magnitude—
syndrome relationship. To reflect this relationship, CrossMPT employs the transpose of
the parity-check matrix H' as the mask matrix g(H"), where ¢(H") : {0, 1}”X(n_k) —
{—o0,0}"* (1) Subsequently, s(y) is updated using the updated |y| in another masked
cross-attention block. Here, s() is the query, while the key and value are the updated |y]|.
In this operation, the parity-check matrix H is used as the mask matrix ¢(H). CrossMPT
updates the magnitude and syndrome vectors through the iterative message exchange
process based on cross-attention, enabling it to accurately estimate multiplicative noise.
Finally, the outputs of the two decoders are concatenated and passed to a prediction module
consisting of two linear layers.

3.3. Transformer-Based Code Construction and Decoder

E2E DC-ECCT [4] is the first study to design linear block codes using the Transformer-
based decoder. This model overcomes the limitations of conventional deep learning-based
linear block code design, for which differentiating binary code matrices and encoding
operations is challenging.

First, the standard form is assumed to ensure efficient and differentiable optimization
of the code matrices during deep learning training. The generator matrix in standard form
is expressed as G = [1 k P} , and the parity-check matrix as H = [PT, In ’k] . Here, I denotes

the identity matrix, P € {oll}kx(n*k)

learnable code, the matrix P is parameterized and expressed as a learnable parameter Pq,.

,and P represents the transpose of P. To obtain a

Accordingly, given the parameterized generator matrix G = [Ik, PQ:| and the parity-check

matrix Hq = Pg ,I"k| the neural decoder fo is defined within the end-to-end framework.

Subsequently, to address the major challenges in end-to-end linear block code design,
which include the non-differentiable encoding operation ¢ and the bin function, a STE [28]
is introduced and defined as

bin(u) = ¢ (sign(u)),
obin(u) Liuj<c @
ouw 2

where a clipped STE gradient with threshold T = 0.5 is used, following the setting of
E2E DC-ECCT [4], to stabilize training and prevent the parameters () from exploding.
Here, ¢ is a bipolar mapping, ie., ¢ : {0,1} — {£1}, é‘_l :{£1} — {0,1}. In addition, to
optimize the encoding operation ¢, a differentiable equivalent mapping of the XOR (®)
operation is used, yielding ¢(u @ v) = {(u)¢(v), Vu,v € {0,1}, which facilitates gradient-
based optimization for the encoding operation. Without loss of generality, G, denotes the
i-th column of G, and m is a binary message. Then, for alli € {1,...,n}, the differentiable
encoding operation ¢ is defined as

k
(p(m,Gq))i == Ga;&@m = 5_1<H§((G0)ij'mj)>f )
j=1

where the term H;-‘zl C((Gg)i]‘ . mj) does not represent a product of ordinary continuous
values, but rather an equivalent representation of the XOR operation in the bipolar domain.
Specifically, since ¢ is a mapping that converts binary values into {+1, —1}, the magnitude
of each term is always 1 after binarization. Therefore, the magnitude of the product also
remains 1 regardless of the code length k, and the vanishing-gradient issue caused by
individual terms approaching zero does not directly occur in this formulation.
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Finally, in E2E DC-ECCT, the mask matrix is derived from the parity-check matrix
and used within the decoder’s attention mechanism. Through this mechanism, the model
can obtain information about the code and thus learn the code structure. To enable this, a
differentiable method for generating the mask matrix is proposed and defined as
H Hn Hq
i ) @

Hn  HqoHg

g(Hq) = (

where g(Hq) is of size (2n — k) x (2n — k).

4. Methodology

E2E DC-CrossMPT is an end-to-end model that simultaneously performs linear block
code design and decoding. The overall framework is illustrated in Figure 1. To enable en-
hanced end-to-end code design and decoding, the proposed model employs the redesigned
CrossMPT as the decoder, adapted to the end-to-end framework. In the redesigned decoder,
the one-hot encoding is applied to the syndrome vectors in the initial embedding, which
reduces the number of model parameters. The existing prediction module, composed of
two linear layers, is modified to integrate the parity-check matrix, allowing the model to
learn code information more effectively. Unlike E2E DC-ECCT, which processes the input as
a single sequence, the proposed model takes the magnitude vector and the syndrome vector
as separate inputs and is optimized using a message-passing-based approach that enables
iterative information exchange between the two vectors. This process allows the model to
extract the distinctive features of each vector. In this section, we describe the overall training
process for E2E DC-CrossMPT and the detailed architecture of the redesigned decoder.

—{ Pq HHQ= [P’(I‘)‘In—k]]i

P R ——

[ K
1 1
m—{ Go= [In, Pa] | BPsk 25| AWON Y0 f 56 crossMPT (> 2~ bin(sign(yed)|>
Channel : |
\ 1 Ya

S e - —

Figure 1. The proposed end-to-end communication system.

4.1. E2E DC-CrossMPT Based Code Construction

E2E DC-CrossMPT adopts the standard form of the parity-check matrix, the STE
method, and the differentiable encoding operation ¢ from the conventional model to ensure
efficient and differentiable optimization of the binary code matrix. In the training process,
E2E DC-CrossMPT aims to estimate the multiplicative noise & Accordingly, the objective
of the neural network decoder fy is to estimate ¢, i.e., fo(y) = &, and the estimate of x is
given as £ = bin(sign(yafe(va))). If the estimated multiplicative noise & is correct, then
sign (&) = sign(€) and sign (&) = 1, in which case £ is obtained as follows:

£ = bin(sign(yafo(ya))) = bin(sign(xs&€)) = bin(sign(xs)) = x. (5)

Finally, the proposed model is optimized using the cross-entropy loss, defined as

Lo = — ) [Eloglotfolya)i)) + (1 — &) logl1 — olfoly))], ©

i=1
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where o (-) denotes the sigmoid function. The model predicts a binary error vector corre-
sponding to sign (&), rather than the continuous multiplicative noise £ itself.

4.2. DC-CrossMPT-Based Decoder

The redesigned decoder of E2E DC-CrossMPT is divided into three main components:
the initial embedding module, N decoder blocks, and the prediction module. The decoder
architecture is illustrated in Figure 2. In Figure 2, B, k, n, and d represent the batch size,
message length, codeword length, and embedding dimension, respectively. The inputs to
the model consist of the magnitude vectors |y | and the syndrome vectors s(yq), which
are obtained from the received signals y using the same preprocessing method used in
the conventional E2E DC-ECCT [4]. The query, key, and value corresponding to |yq| are
denoted as Qy;, Ky, and Vj,;, respectively, while those corresponding to s(yq) are denoted
as Qs, Ks, and V.

First, the redesigned decoder uses the magnitude vectors |yq| and the syndrome
vectors s(yq) as separate inputs. In this design, the initial embedding method for the
syndrome vectors is modified from the conventional embedding representation to one-
hot encoding. The one-hot embedding method assigns trainable parameters only to the
binary values {0,1}, resulting in a constant number of two parameters regardless of the
syndrome length. Accordingly, the initial embedding of the model uses a d-dimensional
one-hot encoding for the syndrome vectors s(yq ), and a d-dimensional embedding for the
magnitude vectors |yq|. Thus, the initial positional embeddings ®,,, € R"*¢, &, ¢ R(#—k)xd
are defined as

Dy, D5 = |yQ|TWmIS(yO)W5r 7)

where W, € RY represents the weight of the magnitude embeddings, and W; denotes the
weight corresponding to the one-hot encoding of the binary syndrome values, where the
weight for 0 is expressed as Wy € R? and the weight for 1 is expressed as Wy € R¥,
Subsequently, the two embedded vectors ®;;, and ®; are used as separate inputs to
the decoder. Each of the two decoders consists of N decoder blocks, and each decoder
block is composed of a cross-attention block and an FFNN. E2E DC-CrossMPT incorporates
information about the code into the attention mechanism by using the mask matrix based
on the parity-check matrix. The conventional E2E DC-ECCT uses the mask matrix g(Hq)
derived from the parity-check matrix, which is of size (2n — k) x (2n — k). In contrast, E2E
DC-CrossMPT uses the mask matrix Hg, of size (n — k) x n. In both models, a parameterized
mapping §(-) is applied to the corresponding mask matrix to obtain a learnable attention
mask. Accordingly, in the decoder for learning the magnitude embeddings (the magnitude
decoder), the transpose of the parity-check matrix H/) is used as the mask matrix, while in
the decoder for learning the syndrome embeddings, the parity-check matrix H, is used as
the mask matrix. The cross-attention mechanism in the magnitude decoder is given by

(8)

T T
A(le KS/ ‘/S) - SOftmax ( QmKs + IP(HQ) ) ‘/S’

Vd

where (-) consists of two linear layers and an ReLU activation function.

Finally, the prediction module applies the code-aware prediction method [22] that
incorporates the parameterized H(, instead of the conventional structure composed of two
linear layers. In this method, the two embeddings ®,,, ®;s obtained after passing through
the decoder blocks are each processed by linear layers. The updated ®; is augmented with
the code information by integrating the parity-check matrix Hn. The outputs of the two
embeddings are then added, and the final linear layer reduces the output dimension from
d to 1. The prediction module for the embeddings ®,,, ®; is expressed as follows
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8 = (@uWy + HL (@) ) Wy, 9)

where Wi, W,, € R**? and W,_,; € R? represent the weights of the embedding layers.
d — 1 denotes the reduction of a d-dimensional vector to a 1-dimensional vector. The
redesigned prediction module is a code-aware prediction module designed to explicitly
incorporate the bit-check connectivity defined by the parity-check matrix Hq into the
final error prediction stage. Specifically, the term H/, (®;Ws) in Equation (9) projects the
syndrome representation onto bit-wise predictions. This allows each bit prediction to
aggregate only the syndrome representations of the parity-check nodes connected to the
corresponding bit in Hq, rather than indiscriminately using the entire syndrome feature.
Therefore, Equation (9) can be interpreted as being analogous to check-to-bit message
aggregation in a parity-check graph, providing code structure-aware information at the
final prediction stage.

N e e e — -

____________________________________________

-

Decoder block x N
Syndrome update

Bx(n—k)xd

Magnitude update Masked
Bxnxd] cross-attention
\J

D
L

Masked
cross-attention

Bx(n—k)xd

____________________________________________

Magnitude vector Syndrome vector
Bxn 1 Bx(n—-k)

S =~

Initial embedding module

Figure 2. Architecture of modified DC-CrossMPT.
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5. Results

In this section, we evaluate the performance of E2E DC-CrossMPT on BCH, LDPC, Po-
lar, and RS codes with various code lengths and code rates. All experiments are conducted
using the PyTorch 2.1.0+cul18 framework on a workstation equipped with a single NVIDIA
RTX 4090 GPU. The proposed model employs decoder blocks N = 2, attention heads h = §,
and embedding dimension d = 32. For a fair comparison between E2E DC-CrossMPT and
E2E DC-ECCT, we use the same training environment. Thus, the proposed model is trained
using the all-ones message and optimized with Adam for 1000 epochs. Each epoch consists
of 1000 mini-batches, and each mini-batch contains 1024 samples. The initial learning rate
for optimization is set to 10~# and gradually decays to 10~ following a cosine annealing
scheduler. After the training process, inference is performed in the SNR range from 4 dB to
6 dB until 200 frame errors are observed. For performance evaluation, all test results are
obtained using randomly generated message bits, and the negative natural logarithm of
the bit error rate (BER) is used as the evaluation metric.

Table 1 presents the decoding results of a traditional decoding algorithm such as BP,
conventional Transformer-based decoders such as ECCT, DC-ECCT, E2E DC-ECCT, and
CrossMPT, and the proposed DC-CrossMPT and E2E DC-CrossMPT. All E2E-based models
jointly optimize the encoder and decoder during training but are evaluated on standard
linear block codes during testing, without modifying the code structure. DC-CrossMPT
fixes the parity-check matrix Hn of E2E DC-CrossMPT and trains only the decoder. The
number of iterations for BP is set to five, consistent with the settings used in prior work [4].
For a fair comparison, we retrain CrossMPT under the same experimental environment
as the proposed model. As a result, the proposed DC-CrossMPT and E2E DC-CrossMPT
achieved improved decoding performance compared with the considered neural network-
based decoders and the low-iteration BP performance. These results demonstrate that the
redesigned decoder of E2E DC-CrossMPT effectively learns the distinctive features of the
magnitude and syndrome vectors by using separate inputs. Moreover, the integration of
the parity-check matrix in the prediction module enables the model to capture information
about the code more effectively, leading to improved performance. However, it should be
noted that BP decoders with a larger number of iterations can achieve higher decoding
performance at the cost of increased decoding latency. Therefore, the proposed model
is not intended to universally replace fully converged conventional decoders under all
conditions, but rather to improve the trade-off between performance and complexity
within a Transformer-based end-to-end code design and decoding framework. In addition,
to facilitate comparison with other studies, we present additional BER-based results in
Figure 3, in addition to the negative natural logarithm of BER values reported in Table 1.
The BER curves were evaluated over the E, / Ny range from 0 dB to 6 dB. Under the same
evaluation settings, the proposed model achieved better BER performance than the existing
E2E DC-ECCT-based model across the considered code configurations.

Table 1. Comparison of decoding performance.

Methods BP ECCT DC-ECCT E2E DC-ECCT CrossMPT DC-CrossMPT E2E DC-CrossMPT
Codes 4dB 5dB 6dB 4dB 5dB 6dB 4dB 5dB 6dB 4dB 5dB 6dB 4dB 5dB 6dB 4dB 5dB 6dB 4dB 5dB 6dB
BCH (31,16) 459 587 757 461 597 769 497 656 854 530 689 909 519 676 872 560 737 975 591 7.73 9.97
BCH (63,45) 407 492 603 459 6.07 814 454 607 814 498 669 897 488 6.64 9.05 506 685 938 552 748 10.15
LDPC (49,24) 525 715 986 421 532 656 408 529 655 495 646 833 432 562 741 456 597 743 5.68 747 9.66
LDPC (49,36) 409 448 534 513 657 855 518 676 880 551 730 961 543 712 932 539 705 933 551 752 10.02
POLAR (32,11) 329 377 421 446 557 701 453 569 708 465 581 728 520 660 835 532 641 821 543 6.79 8.64
POLAR (64,32) 3.53 4.02 445 456 593 775 440 576 767 472 622 813 495 647 840 515 707 918 555 7.23 9.49
RS (60,52) 443 532 643 437 511 603 504 668 882 512 680 902 509 682 915 523 705 950 536 737 9.37

The highest score is indicated in bold.
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Figure 3. Comparison of BER performance between E2E DC-ECCT and E2E DC-CrossMPT: (a) BCH
(31,16) code. (b) BCH (63,45) code. (c) LDPC (49,24) code. (d) LDPC (49,36) code. (e) POLAR (32,11)
code. (f) POLAR (64,32) code.

Table 2 presents the decoding performance, evaluated using the BP algorithm, of the
codes designed by E2E DC-CrossMPT. For a fair comparison, the BP algorithm is iterated
five times, as in the conventional E2E DC-ECCT. The conventional model is retrained with
N = 2 and d = 32 to design the codes. The Conventional Code in Table 2 corresponds to
the systematic form of conventional linear block codes. Experimental results show that the
codes designed by E2E DC-CrossMPT achieve the best performance among all compared
methods. In particular, the (49,24) code shows significantly improved performance com-
pared to the other two codes. The relatively large gain observed for the (49,24) code can
be attributed to the structural similarity between the proposed CrossMPT-based decoder
and Tanner graph-based message-passing decoding. In LDPC decoding, variable nodes
and check nodes iteratively exchange reliability information and parity-check constraint
information. Similarly, the proposed decoder separately processes the magnitude informa-
tion |y| and the syndrome information s(y), and learns their interactions through masked
cross-attention mechanisms induced by H and H) . Since LDPC codes are characterized by
sparse parity-check matrices, this structure can effectively exploit the relationship between
bit-level reliability and parity-check constraints. These results indicate that the efficient and
robust structure of E2E DC-CrossMPT is highly effective in designing linear block codes
with superior error-correction capability.

Table 3 presents the comparison of FLOPs, inference time, and training time between
E2E DC-ECCT and E2E DC-CrossMPT. Here, inference time represents the decoding time
for a single codeword, and training time is defined as the time per epoch divided by the
batch size. The FLOPs of E2E DC-CrossMPT are significantly lower than E2E DC-ECCT
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across all codes. In particular, the proposed model achieves the largest FLOPs reduction
of approximately 33.3% for the (60,52) code. E2E DC-CrossMPT also achieves substantial
reductions in training and inference time across all codes compared to E2E DC-ECCT.
Specifically, for the (64,32) code, the training time is reduced by about 29.21%, and the
inference time is reduced by about 86.29%, demonstrating a significant improvement.
The reduction in computational overhead of the proposed model mainly stems from
the difference in attention mask size and input structure. The existing E2E DC-ECCT
concatenates the magnitude vector and syndrome vector into a single sequence and then
performs self-attention, resulting in an attention mask size of (2n — k) x (2n — k). In this
case, magnitude-to-magnitude, magnitude-to-syndrome, syndrome-to-magnitude, and
syndrome-to-syndrome relationships are all included in the attention operation. In contrast,
the proposed E2E DC-CrossMPT keeps the magnitude vector and syndrome vector as
separate inputs and performs information exchange between the two representations
through masked cross-attention. Therefore, the attention mask is constructed with a size of
n x (n—k)or (n —k) x nbased on Hp or H), and the number of attention score matrices
to be considered is significantly reduced compared with the self-attention-based structure.
Owing to this structural difference, the FLOPs of the attention operation are reduced, and
consequently, the training time and inference time are also decreased.

Table 2. Comparison of decoding performance using Hn with BP.

Methods Conventional Code E2E DC-ECCT E2E DC-CrossMPT

Codes 4 dB 5dB 6 dB 4 dB 5dB 6 dB 4 dB 5dB 6 dB
(31,16) 4.00 4.60 5.59 2.95 3.37 3.70 4.69 5.43 6.27
(63,45) 4.37 5.33 6.42 3.24 3.45 3.56 4.82 5.74 6.75
(49,24) 3.49 412 4.88 5.41 7.02 8.80 6.15 8.10 9.44
(49,36) 3.95 4.60 5.25 3.14 3.10 3.56 4.14 4.61 5.30
(60,52) 3.91 4.99 6.32 3.70 3.99 4.32 4.45 5.14 6.35

The highest score is indicated in bold.

Table 3. Comparison of FLOPs, inference time, and training time.

Methods E2E DC-ECCT E2E DC-CrossMPT

Codes FLOPs Inference Time Training Time FLOPs Inference Time Training Time
(32,11) 6.03 M 3.45 us 15.34 ms 493 M 0.95 us 12.59 ms
(64,32) 15.88 M 7.88 us 36.62 ms 11.73 M 1.08 us 25.93 ms
(31,16) 475 M 2.21 us 12.59 ms 3.89 M 0.90 ps 10.09 ms
(63,45) 11.11 M 6.20 us 27.50 ms 792 M 1.07 us 19.12 ms
(49,24) 10.20 M 5.38 us 28.28 ms 7.86 M 1.08 us 19.44 ms
(49,36) 7.38 M 12.21 ps 26.26 ms 551 M 7.14 us 13.40 ms
(60,52) 7.62M 4.99 us 22.69 ms 5.08 M 3.36 us 14.78 ms

5.1. Ablation Studies

In this paper, ablation studies are conducted using the BCH (31,16), LDPC (49,24),
and Polar (32,11) codes to analyze the impact of key components in the proposed E2E
DC-CrossMPT on decoding performance and model complexity. Ablation 1’s decoder cor-
responds to the conventional CrossMPT. Ablation 2’s decoder applies a one-hot embedding
method to the syndrome vectors in the conventional CrossMPT. Ablation 3’s decoder incor-
porates the parity-check matrix into the prediction module of the conventional CrossMPT.

Table 4 presents the results obtained by applying each decoder to the E2E framework
to analyze the impact of key components in the proposed E2E DC-CrossMPT on decoding
performance. The experimental results show that the E2E model using the proposed decoder
achieves the best decoding performance in most cases. In addition, compared to Ablation 1,
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Ablation 2 and Ablation 3 consistently achieve improved decoding performance across all
codes when the proposed components are individually applied. These results indicate that
the key components introduced in the proposed model contribute to the improvement of
decoding performance.

Table 5 compares the FLOPs and the number of parameters of each decoder for
a single codeword to analyze the impact of the key components on model complexity.
The results show that Ablation 2 has the smallest number of parameters, indicating that
the syndrome one-hot embedding method reduces the number of parameters compared
to the conventional CrossMPT. In contrast, Ablation 3 exhibits the largest number of
parameters and FLOPs, since incorporating the parity-check matrix into the prediction
module introduces additional computations and trainable parameters. In addition to the
ablation results, when comparing DC-ECCT and DC-CrossMPT, DC-ECCT has a smaller
number of parameters. However, despite having fewer parameters, DC-ECCT results
in larger FLOPs. This is because the conventional DC-ECCT uses a larger mask size,
(2n — k) x (2n — k), than the proposed DC-CrossMPT, n x (n — k), thereby increasing
computational complexity during the attention mechanism. These results demonstrate that
the proposed model has an efficient and robust architecture capable of achieving improved
decoding performance with reduced computational complexity.

Table 4. Ablation results comparing the impact of individual components on decoding performance.

Codes BCH (31,16) LDPC (49,24) Polar (32,11)
Methods 4dB 5dB 6dB 4dB 5dB 6dB 4dB 5dB 6dB
E2E DC-CrossMPT 591 7.73 997 568 747 9.66 543 679 8.64
Ablation1 524 692 890 486 629 819 515 653 8.07
Ablation2 562 739 961 511 675 876 548 6.89 8.80
Ablation3 542 713 931 516 693 896 527 6.69 849

The highest score is indicated in bold.

Table 5. Ablation results comparing the impact of individual components on complexity.

Codes BCH (31,16) LDPC (49,24) Polar (32,11)
Methods FLOPs Parameters FLOPs Parameters FLOPs Parameters
E2E DC-ECCT 475M 28,175 510 M 28,775 3.01M 28,406
E2E DC-CrossMPT 3.89 M 29,167 3.92M 31,225 246 M 29,462
Ablationl 2.88 M 28,800 2.62M 32,514 246 M 29,526
Ablation2 2.88 M 27,520 2.62M 30,338 1.74M 28,022
Ablation3 3.89 M 29,455 3.92M 30,951 1.74 M 29,910

5.2. Stability Analysis

To analyze the training stability of the model, this paper presents the loss, the BER,
the variation of the parity-check matrix, ||H; — Hp||;, and the gradient norm observed
during the training process of the BCH (31,16) code in Figure 4. The results show that the
loss gradually decreases and the BER stabilizes during training. In addition, the variation
of the parity-check matrix remains within a bounded range without abrupt divergence.
These results indicate that severe training instability or parameter divergence caused by
gradient mismatch was not observed during the learning process of the binary code matrix.
These observations suggest that the use of clipped STE, a small learning rate, and a cosine
annealing scheduler helps stabilize the learning of the binary code matrix.

Additionally, to analyze the stability and robustness of the proposed model under
changes in channel conditions, we conducted experiments on the Rayleigh fading channel,
as shown in Table 6. The results show that E2E DC-CrossMPT outperforms E2E DC-ECCT
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for all codes, indicating that the proposed model remains more robust than the existing
model even under the Rayleigh fading channel.
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Figure 4. Training stability curves: (a) Training loss. (b) Training BER. (c) Variation of the parity-check

matrix || Hy — Hp||;. (d) Training gradient normalization.

Table 6. Comparison of decoding performance in Rayleigh fading.

Codes BCH (31,16) LDPC (49,24) Polar (32,11)
Methods 4dB 5dB 6dB 4dB 5dB 6dB 4dB 5dB 6dB
E2E DC-CrossMPT 249 287 328 223 254 292 262 294 345
E2E DC-ECCT 237 271 305 214 250 269 255 282 335

The highest score is indicated in bold.

6. Discussion

In this paper, we propose E2E DC-CrossMPT, an end-to-end model designed to si-

multaneously improve the design and decoding performance of linear block codes. The
proposed model redesigns the conventional CrossMPT architecture for an end-to-end code
design framework and uses the magnitude and syndrome vectors obtained from the re-

ceived signals as separate inputs. In addition, the decoder applies a one-hot encoding-based

embedding to the syndrome vector and directly incorporates the parity-check matrix into

the prediction module, allowing the code structure information to be reflected more ef-
fectively. The redesigned decoder independently embeds the magnitude information and
syndrome information of the received signal into different representation spaces, and then
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learns the interaction between these two types of information through cross-attention. This
structure is conceptually similar to the message-passing-based decoding process widely
used for linear block codes. For example, in the Tanner graph of an LDPC code, variable
nodes represent the reliability information of the received bits, while check nodes rep-
resent parity-check constraints. A conventional message-passing decoder estimates the
error pattern by iteratively exchanging messages between variable nodes and check nodes.
Similarly, the cross-attention mechanism in the proposed CrossMPT learns to model the
relationship between the magnitude representation, which represents bit-wise reliability,
and the syndrome representation, which reflects parity-check constraints. In particular,
by using a parity-check matrix-based mask, the attention mechanism is encouraged to
perform information exchange that reflects the structural constraints of the code. Therefore,
the proposed cross-attention-based decoder structure can be interpreted as a data-driven
generalization of fixed message-passing rules such as BP, and this is one of the main factors
contributing to the improved decoding performance.

Experimental results showed that the proposed E2E DC-CrossMPT achieved superior
decoding performance compared with conventional decoding algorithms and existing
Transformer-based models across various linear block codes, including BCH, Polar, LDPC,
and RS codes. The codes designed by the proposed model also exhibited enhanced error
correction capability compared with conventional linear block codes and the codes designed
by E2E DC-ECCT when evaluated using the BP decoder. In addition, E2E DC-CrossMPT
reduced FLOPs, training time, and inference time compared with the conventional E2E
DC-ECCT. Therefore, the proposed model can be regarded as an efficient end-to-end code
design and decoding framework that simultaneously improves decoding performance and
reduces computational complexity.

The threshold T of the clipped STE used in this study is an important hyperparameter
that can affect the training stability of end-to-end code design. Following the existing E2E
DC-ECCT, we fix T = 0.5, which enables a fair comparison under the same STE setting. The
value of T does not change the binarization result in the forward pass. Instead, it restricts
the range of surrogate gradient propagation in the backward pass, thereby mitigating
excessive updates of the learnable code matrix (). However, since STE approximates the
non-differentiable sign/bin operations using surrogate gradients, a gradient mismatch
exists between the forward operation and the backward gradient, and convergence to the
global optimum is not theoretically guaranteed. Therefore, STE-based learning of a binary
code matrix should be interpreted as a practical approximate optimization method for the
discrete code design problem.

This study has several limitations in that the experiments were conducted only on
a limited set of model sizes and code configurations. For larger models and longer block
lengths, memory usage and training time increase significantly because the learnable code
matrices and decoder parameters must be optimized simultaneously. Therefore, due to
computational resource constraints, larger-scale models with deeper decoder structures
or larger embedding dimensions could not be fully evaluated in this study. Further ex-
periments are needed in future work to verify whether the performance improvements
of the proposed model can be consistently maintained across larger models, longer block
lengths, and various code rates. We also plan to conduct a more comprehensive complexity-
performance Pareto-front analysis by considering fully converged BP/SC decoders, various
numbers of iterations, and hardware-optimized implementations.

Another future research direction is to extend the proposed E2E DC-CrossMPT to
integrated 6G physical-layer systems. In this study, we validated the code design and
decoding performance mainly under the AWGN channel and a 1D bit-stream representa-
tion. However, in recent 6G vehicular and aerial communications, high-dimensional and
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dynamic environments such as UAV-based aerial-terrestrial integration, integrated sensing
and communication (ISAC), stacked intelligent metasurface (SIM)-based propagation con-
trol, distributed arrays, and intelligent reflecting surface (IRS)-assisted transmission have
become increasingly important [29-31]. In such environments, spatial channel variations,
mobility, interference, sensing information, and physical-layer security can directly affect
decoding reliability and code stability. Therefore, future work may consider integrating
environmental information, such as location, velocity, channel state, sensing features, and
SIM configurations, into the decoder or the code design process. In addition, distributed
array and IRS-based secure transmission techniques can improve security and interference
resilience in the spatial domain, and thus may be combined with E2E DC-CrossMPT in a
complementary manner, which improves reliability in the coding/decoding domain.

7. Conclusions

In this paper, we proposed E2E DC-CrossMPT, an end-to-end model that enhances
linear block code design and decoding via a redesigned decoder. The redesigned de-
coder applied a one-hot encoding-based embedding to the syndrome and integrated the
parity-check matrix into the prediction module, thereby reducing model complexity while
improving decoding performance. Experimental results showed that E2E DC-CrossMPT
improved decoding performance and error-correction capability and reduced complexity
across the considered codes compared with conventional methods. These results indicate
that the proposed decoder structure can effectively learn code-aware representations and
provide an efficient framework for joint code design and decoding. In future work, once
the current computational limitations are alleviated, we aim to conduct experiments on a
wider range of code rates and block lengths, as well as larger-scale models.
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