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Abstract

Extended target tracking requires both accurate shape representation and efficient recur-
sive estimation. In non-ellipsoidal extended target tracking, ellipsoidal random-matrix
models are computationally efficient and suitable for Bayesian recursion, but they mainly
describe the overall spatial dispersion of measurements and cannot represent local con-
tour variations such as protrusions and concavities. In contrast, non-ellipsoidal contour
models provide stronger shape representation but usually introduce higher computa-
tional complexity and stronger prior assumptions. To address this trade-off, this paper
proposes an extension-difference-mapping-based Poisson multi-Bernoulli mixture filter,
termed EDM-PMBM, for non-ellipsoidal extended target tracking. First, each local Ber-
noulli component carries a Fourier-based contour estimate and an ellipsoidal baseline
propagated from the previous posterior. At the current scan, the predicted EDM function
is used to map each candidate measurement subset into the EDM domain, where the
EDM-induced GGIW likelihood is evaluated for PMBM data association. After the asso-
ciation is determined, the assigned measurement subset is used to update the posterior
contour, the EDM ratio, and the EDM-domain state. The updated EDM information is
then propagated to subsequent scans. In this way, shape differences are introduced into
likelihood evaluation and data association without changing the basic recursive structure
of the PMBM filter. Simulation results in two scenarios show that the proposed EDM-
PMBM filter achieves lower GOSPA error than the compared filters and maintains more
stable tracks in dense crossing situations. These results indicate that the proposed method
improves the discrimination ability for non-ellipsoidal extended targets.

Keywords: extended target tracking; random matrix; multi-target tracking; Poisson
multi-Bernoulli mixture; extension difference mapping

1. Introduction

Multi-object tracking (MOT) is a prominent topic in both military and civilian fields
[1,2]. In early MOT research, due to limited sensor resolution or small object sizes, objects
were often simplified as point objects that contained only kinematic information such as
position and velocity. Object sets were represented by Random Finite Sets (RFS) [3,4],
leading to filters including the Probability Hypothesis Density (PHD) filter [5-7] and the
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Cardinalized Probability Hypothesis Density (CPHD) filter [8]. To address data associa-
tion, the labeled multi-Bernoulli filter (GLMB) assigns unique labels to targets [9].

The Poisson multi-Bernoulli mixture (PMBM) filter models undetected targets as a
Poisson point process (PPP) and detected targets as a multi-Bernoulli mixture (MBM),
jointly handling target birth, missed detections, and recursive updates, exhibiting strong
adaptability under complex measurement distributions and high clutter [10,11]. Conse-
quently, PMBM has become an important approach in multi-target tracking. For unre-
solved group objects, the UO-PMBM method was developed using the UO likelihood and
probability generating functional [12]. RFS theory has been combined with graph-opti-
mized SLAM for joint data association and batch SLAM via PMBM density sampling [13].
For point/extended targets with type conversion (PETC), a hybrid PMBM method unifies
Gaussian densities for point targets and Gamma Gaussian inverse-Wishart (GGIW) den-
sities for extended targets, improving continuous tracking during type conversion [14]. A
Possibility-PMBM distribution and its filtering recursion have also been defined, along
with a lower-complexity Possibility-PMB approximation [15].

In the PMBM filter, shape characteristics are described by the extended state model.
Existing modeling methods fall into two categories: basic geometric approximations (i.e.,
lines, ellipses, triangles) and complex irregular shape descriptions (i.e., multi-ellipse or
parametric contours) [16]. Among basic shapes, the random-matrix (RM) model repre-
sents the target extent as a symmetric positive definite random matrix, approximates the
shape as an ellipse, and recursively updates the parameters using Kalman filtering for
joint kinematic and extended state estimation [16]. Subsequent Gamma inverse-Wishart
(GIW) and GGIW formulations use a Gamma distribution for the measurement rate, a
Gaussian distribution for kinematics, and an inverse-Wishart distribution for the shape
matrix [17,18]. The RM model features a clear structure and recursive closure, making it
suitable for scenarios where a single ellipse is a good approximation [19,20]. Triangles
have also been used, providing few parameters and a clear structure for oriented targets
or as an approximation basis [21]. However, significant shape deviation leads to model
mismatch, which has motivated irregular shape modeling [22].

For irregular shapes, the multi-ellipse approximation uses multiple sub-ellipses but
requires a predetermined number of ellipses. A variable-number sub-target variational
Bayesian (VB) adaptive filtering method, incorporating sub-target generation and merg-
ing, VB, and an adaptive forgetting factor, jointly estimates kinematic state, extended state,
mixture probabilities, and measurement noise covariance [22]. Another line improves con-
tour description: the random hypersurface model (RHM) represents the target boundary
as a parametric curve; for star-convex targets, the boundary is expanded in Fourier series,
offering greater flexibility than RM but requiring pre-specified constraints and higher
computational cost [23]. The Gaussian surface matrix (GSM) was introduced into RFS the-
ory, yielding the Bayesian recursion of the GSM-PHD filter with a Gaussian mixture
closed-form solution [24]. Additionally, B-spline curves from computer graphics have
been combined with the RFS filter to fit arbitrary shapes via control points, though per-
formance is sensitive to the number and distribution of control points [25].

Overall, existing extended target shape modeling methods inevitably involve a trade-
off between representation capability and computational efficiency: the ellipsoidal ran-
dom-matrix model is computationally efficient and recursive but has limited shape ex-
pressiveness, whereas non-ellipsoidal contour modeling methods offer stronger represen-
tational power but usually incur higher computational complexity and rely on stronger
priors. Therefore, introducing effective shape discrimination information while retaining
the recursive efficiency of the ellipsoidal model remains an important research problem.
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To address this issue, this paper proposes an extension-difference-mapping-based
PMBM filter for non-ellipsoidal extended target tracking. The main idea is to convert di-
rection-dependent contour differences into an auxiliary EDM-domain extension represen-
tation, so that irregular shape information can participate in likelihood evaluation while
the original GGIW-PMBM recursion is retained.

Unlike the random hypersurface model (RHM) [23] which directly incorporates
shape parameters (e.g., Fourier coefficients) into the target state and modifies the meas-
urement equation, our EDM approach retains the original ellipsoidal GGIW recursion.
RHM offers high shape fidelity but at the cost of increased computational complexity and
the need to redesign the filter update. In contrast, EDM introduces shape information only
via a pre-update radial mapping function, leaving the core GGIW-PMBM recursion un-
changed. This distinction makes EDM computationally lighter, easier to integrate into ex-
isting ellipsoidal-based trackers, and more robust in dense crossing scenarios.

This work contributes to non-ellipsoidal extended target tracking through four incre-
mental steps, each detailed in a dedicated section. Section 2.3 establishes a radar measure-
ment model for irregularly shaped targets, linking the true target contour to the spatial
distribution of measurements. Section 3 designs an angular partitioning and Fourier-se-
ries-based method to update irregular contour parameters from measurement subsets af-
ter association. Section 4 proposes extension difference mapping (EDM), which uses the
predicted direction-dependent ratio between the irregular contour and the ellipsoidal
baseline to construct a radial scaling function for current association. Section 4.3 embeds
the EDM-GGIW recursion into the PMBM multi-target filter and separates two operations:
prior EDM likelihood evaluation for data association and posterior EDM shape update
after association. Section 5 validates through simulations that the proposed EDM-PMBM
filter outperforms existing methods in missed detections, localization, and shape accuracy
while preserving ellipsoidal computational efficiency.

The proposed EDM-PMBM filter for non-ellipsoidal extended object tracking is fully
implemented and the source code is publicly available at https://github.com/Ome-
gaEta/EDM.git.

2. Background and Problem Formulation
2.1. Poisson Multi-Bernoulli Mixture Filter

The Poisson multi-Bernoulli mixture (PMBM) filter recursively propagates a multi-
target posterior that always maintains the PMBM density. The posterior consists of a Pois-
son point process (PPP) for undetected targets and a multi-Bernoulli mixture (MBM) for
detected targets.

Let the updated PMBM posterior at time k be expressed as

D () {(ij’ (", kj'i(')}ienf)} @

where Dy (-) is the PPP intensity for undetected targets, J is the set of global hypotheses,

. 7
J€k

I; indexes Bernoulli components under the j-th global hypothesis, W, is the hypothesis
weight, and rkj ' and fkj ’i(-) are the existence probability and single-target density of a
Bernoulli component.

PMBM Prediction: The predicted PMBM density at time k + 1 is obtained by prop-
agating the PPP and MBM components through the target dynamics.

Disaie(Xier1) = DRya (1) + J D5 (i) fewrie Oiean | %) Die (i) dxy, (2)
Wk]+1|k = Wk]' 3)
e =1 ps@if () dx, (4)
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J ps(xi) fi,” (xi)dxy
Here, DZ,(*) is the PPP intensity of newborn targets, ps(-) the survival probability,
and fi41x(-]-) the single-target transition density.

PMBM Update: Upon receiving measurement set Z,,, the updated PMBM poste-

rior is obtained by considering all feasible associations between measurements and exist-
ing Bernoulli components or new targets from the PPP.

Dyya () U {(Wk]ﬁ' {szﬂcrfkjﬂc(')}ceA)}jeﬂk Aea; ©)
) j

where A; is the set of feasible association hypotheses under global hypothesis j, and A €
A; is a specific association. Each association C € A corresponds to either an existing Ber-
noulli component or a new target generated from the PPP.

The PPP intensity is updated as

Diey1(Xk41) = qp Ok 1) Diearje (i 1), (7)

dp (Xper1) = 1= pp(Xpes1) + Pp (Xpeqq)e 7V k), (8)

where pp () is the detection probability, y(-) the Poisson measurement rate of an ex-
tended target, and g, (-) the probability that the target is not detected or detected but
produces no measurements.

2.2. Ellipsoidal Extended State Modeling

The description of symbols related to the measurement model for irregularly shaped
extended targets is given in Table 1.

Table 1. Description of symbols related to the measurement model for extended state modeling.

Index Symbol Description
2 x target state, with x = {y, £, X}
3 X ellipsoidal extended state matrix, with X = {v,V}
4 v degrees-of-freedom parameter of the inverse-Wishart distribution
5 %4 scale parameter of the inverse-Wishart distribution
6  JW(X;v,V) the extended state matrix X follows an inverse-Wishart distribution

Let the center of the i-th target at time k be mi € R?, and let its ellipsoidal exten-
sion state be represented by a symmetric positive definite matrix X. € §2,. The corre-
sponding ellipsoidal boundary can then be expressed as

G-m)' XD -m) =1, ©)
where y € R? denotes a point on the ellipsoidal boundary in the plane, and $%, denotes
the space of 2 X 2 symmetric positive definite matrices.

Let the true shape-constrained region corresponding to the target state x. be C(x}),

and let its ellipsoidal approximation be denoted by C,(x}). Then the region occupied by
this ellipsoidal extension can be expressed as

Co(xi) = {y ER*: (y —m)" (X)) (v —mp) < 1} (10)

To provide a more intuitive illustration of the geometric meaning of the ellipsoidal
extension state, the extension state matrix X ,‘( can be decomposed as

k1)

0 (/1;2)2]

. . [(,1 .
Xi = Rot (a}) Rot T (a}l), (11)
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cosal —sin a,’;]. 12)

Rot (a,ic) = [ o ;
sinay  cosaj
where af denotes the orientation angle of the ellipsoidal principal axis, and 2, , and
Ak, denote the lengths of the two semi-axes, respectively. From the above expressions,
the ellipsoidal extension state essentially captures the overall dispersion range, the prin-
cipal extension direction, and the major and minor axis scales of the target measurements
in space. In other words, within the ellipsoidal model filter, a complex target contour is
compressed into a quadratic region jointly determined by the center, orientation, and axis
lengths.
In the random-matrix approach, the extension matrix X} in (11) is typically modeled
as an Jw distribution,

XL ~aw(vp Vi), (13)
whose probability density function is given by
Wh-d-1)a  vk=d-1
27 2z |V ? 1 . .4
- etr <——V,éX,l( ), (14)
vi—d—1\ ;& 2
Lo () IXi

where d € N, denotes the matrix dimension, v} is the degrees-of-freedom parameter,
Vi € $¢, is the scale matrix, I;(-) denotes the multivariate Gamma function, and etr (-
) = exp (tr ().

The inverse-Wishart distribution is conjugate to the Gaussian likelihood for the meas-
urement covariance, which enables closed-form recursive updates within the Bayesian fil-

IW (X vi, Vi) =

tering framework. This conjugacy property, together with the positive definiteness con-
straint naturally enforced by the sw distribution, makes it particularly suitable for ran-
dom-matrix-based extended target tracking.

2.3. Problem Formulation
2.3.1. Measurement Model for Irregularly Shaped Extended Targets

To model irregularly shaped extended targets, one must first define their measure-
ment model and then describe the extended target state via the measurement distribution
and the kinematic state. Rather than directly assuming that the measurement points are
distributed around a given contour, the measurement model is established by considering
the generation process of the echo source points originating from the target shape.

The description of symbols related to the measurement model for irregularly shaped
extended targets is given in Table 2.

Table 2. Description of symbols related to the measurement model for irregularly shaped extended

targets.
Index Symbol Description
1 z single extended target measurement
2 Z extended target measurement set
3 s noise-free echo source point
4 uc) defined uniform distribution
5 N(E, 0) Gaussian noise with mean £ and covariance o
6 £ conditional likelihood
7 4 measurement rate of the extended target
8 Poisson(-) denotes a Poisson distribution
9 p:(6) polar radius of the irregular shape at angle 6
10 F() polar radius function of the irregularly shaped target
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11 Ce parametric representation of the irregular shape contour
12 D maximum polar radius

13 c@) irregular shape modeling constraint of the target

14 C.() ellipsoidal shape modeling constraint of the target

15 () spatial distribution of measurements for irregular shape
16 ®e () spatial distribution of measurements for ellipsoidal shape
17 Cov(-) covariance of the measurement samples

18 ay orientation of the ellipse major axis at time k

19 Ak semi-major axis length of the ellipse at time k

20 Ak,2 semi-minor axis length of the ellipse at time k

21 IFO)] multivariate Gamma function

The uniform model is adopted here to provide a tractable connection between the
target region C(x;), the measurement spatial density @(z | x;), and the set likelihood.
Similar Gaussian-noise-based measurement assumptions are widely used in random-ma-
trix and GGIW extended target tracking models [16,18], while the PMBM association re-
cursion follows the standard implementation in [10].

Let the true shape-constrained region corresponding to the target state x;, be C(xy).
This region is uniquely determined by the shape parameters of the target and can be any
non-ellipsoidal closed region. Based on the above setting, the following assumptions are
made:

Assumption 1. After the sensor illuminates the target and receives the echoes, the true spatial
occupancy region of the target can be described by the shape constraint C(x,,), which denotes the
true shape region of the target on the observation plane. The noise-free echo source points generated
by the sensor within this region are uniformly distributed.

Assumption 2. The echo sources of the target are uniformly distributed within the region C(x);
that is, all locations within the region have the same probability of generating an echo.

Assumption 3. The sensor measurements are subject to location errors; each echo source is cor-
rupted by Gaussian-distributed position noise before forming the final measurement.

Under the above assumptions, if the target produces a total of n, measurements at
time k, the r-th measurement can be expressed as

zf = s+ N(0,Ry), 7 = 1,2,...,ny, (15)

sk ~ UC (%)), (16)

where s denotes the noise-free echo source point, NV (0,R;) denotes the zero-mean
Gaussian measurement noise, and R; isthe covariance matrix of the sensor measurement
noise. U(C(xy)) denotes the uniform distribution defined on the region C(xy). The
above equations show that the generation process of a single measurement can be divided
into two steps: first, a noise-free echo source point is uniformly sampled within the true
shape region C(x;) of the target; then, Gaussian noise is added to that source point to
obtain the final sensor measurement.

Consequently, the measurement set corresponding to the target at time k can be
written as

n
Z, ={z},2¢, ... 2,*}, 17)
Given the target state x;, the spatial distribution of a single measurement can be ex-

pressed as the convolution of the uniform distribution with Gaussian noise.
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9z %) = [ N (z;5,Ri) Us; C(x1)) ds. (18)

The spatial distribution of measurements for a non-ellipsoidal extended target is no
longer determined by a simple ellipsoidal geometry, but rather by the true shape region
C(xx) and the sensor noise. If the area of the region C(x;) is denoted by |C(x;)|, the
above expression can also be written as

ozl x) = N(z;s,Ry) ds. (19)

|C(xk) | SEC(xE)
If, additionally, the number of measurements generated by the target follows a Pois-
son distribution,

n ~ Poisson(y (xy)), (20)

where y(x;) is the measurement rate associated with the target state x;, then the condi-
tional likelihood of the measurement set Z; corresponding to the target can be written as

2(Zy | %) = eV 0 1_[ Y(xi) ¢z | ), Zy # 9. 1)

ZEZy

2.3.2. Problem Formulation for Ellipsoidal Extended Targets

Although ellipsoidal extension modeling is widely used in extended target tracking,
it has limitations when the true target shape exhibits markedly irregular boundaries. As
shown in Section 3, given the target state xj, the spatial distribution of a single measure-
ment is jointly determined by the true shape region C(x;) and the sensor noise R; (see
(18) and (19)). For irregular targets with sharp corners, concavities, or local protrusions,
the measurement distribution carries richer geometric information than just the overall
scale and principal direction.

In ellipsoidal modeling, the target shape is approximated by an ellipsoidal region
Ce(xx) with (13), where X, is determined solely by the center, orientation, and axis
lengths. Consequently, the measurement distribution becomes an approximation based
on the ellipsoidal region,

0z x) = @e(z | xx) = N (z;s,Ry) ds. (22)

| Ce(xi) sec,x)

Compared with the true distribution ¢(z | x;), @.(z | x;) only reflects the disper-
sion range and loses local boundary details. Local geometric differences are compressed
or obscured, weakening the ability to represent irregular shapes.

This point is further illustrated by the decomposition of the ellipsoidal extension ma-
trix. Let the sample means and covariances of two targets A and B be approximately equal:
z{ =~ zf and Cov (4) ~ Cov (B). Then, the resulting ellipsoidal extension matrices satisfy
X& ~ XE. Decomposing X, as

A1 O T
X, = Rot (ay) [ 0 /1k2] Rot " (ay), (23)

where a; is the orientation and 41,4, , the semi-axis lengths, it follows that aj ~ af,
My = A4, and Af, ~ A7 ,. Thus, under ellipsoidal modeling, targets with different true
shapes may be represented by similar ellipsoidal extensions, as illustrated in Figure 1.

https://doi.org/10.3390/electronics15132822
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Irregularly shaped target contour boundary

® Radar Measurements
ellipsoidal extension state modeling

Figure 1. Similar representations of targets with different shapes under ellipsoidal modeling.

In Figure 1, although the contours of object A and object B differ significantly in pro-
trusions and concavities, their measurement means and covariances are similar, leading
to nearly identical ellipsoidal extensions (yellow dashed circles of radius about 2). Hence,
ellipsoidal modeling captures the overall measurement envelope but is insensitive to di-
rection-dependent local boundary variations.

3. Irregular Shape Parameter Estimation Method

Following the limitations discussed in Section 2.3.2, this section estimates a radial
contour representation from the target-associated measurement subset. The estimated
contour provides the direction-dependent radial observations required for the subsequent
EDM construction. A parametric representation of the true contour is therefore necessary
to enable subsequent extension difference mapping. This section presents a contour esti-
mation method for irregularly shaped targets. In Section 2.3, C(x;) denotes the true ir-
regular contour and C,(x;) the ellipsoidal approximation. Since C(x;) is not directly
available in filtering, a measurement reconstruction method is used to obtain the irregular
contour estimate CACJR.

Given a target-associated measurement subset, this section extracts direction-de-
pendent radial observations and reconstructs a Fourier-based contour representation. The
resulting contour parameters provide the local radial information required for the subse-
quent EDM construction.

The contour estimation in this section is a posterior shape-update operation applied
to the assigned measurement subset after association. Instead, the updated contour is
stored as posterior shape information and is propagated to the next scan.

To facilitate recursion and comparison, C, is described in polar coordinates,

C Q) ~ F(Cepi 6), (24)

where F(C,;;0) is the radial function of the true contour in direction 6 € [0,27), i.e., the
distance from target center m; to the contour boundary. A J-th order Fourier series ex-
pands this radial function, and the contour parameter vector is defined as

Cere = (a0 {ajutoy (=1, (25)
with the radial function given by

]
F(Cor: 0) = % + Z(a,,kcos (j8) + b; sin (j6)). (26)
=
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To extract direction-dependent local extension information from the measurement
set Zy, an angular partition is constructed around the target center m;. Define

Dy = jmax F(Ceii-1; 6), (27)

as the maximum radial distance of the predicted contour. I, is the radius of the circum-
circle centered at my, providing a unified spatial scale for partitioning. If the predicted
contour parameter is unavailable, D, may be approximated by the maximum semi-axis
length of the baseline ellipsoid Cl,.

As illustrated in Figure 2, the angular interval [0,2m) is uniformly divided into N
sectors, with the center direction of the n-th sector defined as

2n(n—1)
===~ n=12,..,N. (28)
N

sectors 1
3l sectors 2

true target shape contour

[ J radar measurements
2 |-
1+
O |
Ak
2F
3+
-5 -4 -3 -2 -1 0 1 2 3 4

Figure 2. Illustration of angular measurement partition.

For any measurement point z € Zy, let 6z = z — m;. The forward projection ®, and
lateral deviation @, onto the sector center direction are

(DZ(Z; en) _ _
o o] = REDE = my. 29)
The measurement subset for the n-th sector is
T
Zin = {2 € Zi | 1 ®1(z;6,) 1< Dsin 7, @5(z: 6,) > 0}, (30)

Here,Z,, is the measurement subset assigned to the $n$-th angular sector. The con-
dition on &,(z;0,) controls the lateral width of the sector, while the condition
®,(z; 0,) > 0 ensures that the measurement lies in the forward direction of the sector.

Thus, the original measurement set is divided into directionally localized subsets. For
each sector, the local random-matrix extension estimate is used to extract a direction-de-
pendent radial scale. It should be noted that this step does not assume that the true local
contour is exactly elliptical. Instead, the inverse-Wishart random matrix is used as a pos-
itive-definite local equivalent extension model, from which a stable directional extension
length can be obtained.

For the n-th sector, the local equivalent extension matrix is modeled as

Xin ~ IWa(Vien, Vien)s (31)

where X, € S%, denotes the local equivalent extension matrix of the n-th sector, d is
the measurement dimension, v, is the degrees-of-freedom parameter, and V; , € $%,
is the scale matrix.The measurements assigned to this sector provide the second-order

https://doi.org/10.3390/electronics15132822
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information used to update the local extension parameters. In the random-matrix update
form, the parameter update can be written as

Vin = Vik—1n ! Zign |, (32)
Vin = Vilke—1n + Z (z —my)(z —my)T, (33)
Z€Zkn

Here, Z, is the measurement subset assigned to the n-th sector, | Zy, | is the
number of measurements in this subset, z is a measurement point, and m,, is the esti-
mated target centroid at time k. The summation term represents the second-order contri-
bution of the measurements in this sector. It is used to update the scale matrix Vj, ,,, rather
than being interpreted as an inverse-Wishart distributed random matrix.

Under the inverse-Wishart convention adopted in this paper, the local equivalent ex-
tension estimate is obtained by
Vk,n

Ry = ——K"
T Y — 2d — 2

(34)

where X, denotes the posterior mean of the local equivalent extension matrix in the n-
th sector. Since V., is positive definite, it defines a local equivalent ellipse. Let its eigen-
value decomposition be

Xk,n = Uk,ndiag (Al,k,nvlz,k,n)ulz‘,nv (35)

where Uy, is an orthogonal matrix, whose columns are the eigenvectors of V. ,, and
Mxn and A, , are its eigenvalues. The quantities \/m and m correspond to
the two principal semi-axis lengths of the local equivalent ellipse. Therefore, the random-
matrix estimate provides a local elliptical support, whose principal axes describe the local
extension scale of the measurement subset.

The direction vector of the n-th sector is

u, = [cos 8,,sin 6,]7, (36)

where 6, is the center angle of the n-th sector. The radial distance sample in this direc-
tion is then computed as

Per(6) = \[uaxk,nun. 37)

When u, is aligned with a principal direction of V. ,, this value equals the corre-
sponding principal semi-axis length. For a general sector direction, it gives the directional
extension scale of the local equivalent ellipse. Since each sector covers a narrow angular
region, this directional scale is used as an approximation of the distance from the target
centroid to the outer contour in direction 6,.The radial samples {Pc,k(gn)}:ﬂ are then
used to reconstruct the Fourier contour parameters according to Equations (38) and (40).

Specifically,

N
1
Qo =77 ) Pk O, (39)
n=1
2 N
Qi =7 . Pek (62)605 (60,1 = 1,0, (39)
n=1
2 N
it = D e (65N (160, = 1,...]. (40)
n=1

The resulting parameter vector

Cere = (a0 {ajutoy, (bjut=1), (41)

https://doi.org/10.3390/electronics15132822
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defines the reconstructed irregular contour at time k. The procedure is summarized in
Table 3.

Table 3. Pseudocode for local extension state and contour parameter estimation of irregularly

shaped targets.

1. Input: original measurement subset Zj, local shape state prior V,_; ,, irregular contour prior parameter
éc,k\k—ﬁ

2. Output: local shape state posterior V, ,; irregular contour posterior parameter C,;

3. Parameters: N is the number of sectors, with n=1,2,...,N;

4. Partition of the original measurement subset.

5. Compute the maximum polar radius D}, for contour partition, refer to Equation (27);

6. Compute the forward projection ®, and lateral deviation ®; of the contour, refer to Equation (29);

7. Partition the original measurement setinto N measurement subsets {Z k,n}:: v refer to Equation (30);

8. Local extension state estimation:

9. forn=1,...,Ndo

10. Compute the local extension state V., for the corresponding sector; refer to Equations (31)-(33);

11. Compute the discrete contour sample p. at the current time; refer to Equation (37);

12. end for

13. Reconstruct the irregular contour parameter C,, at the current time; refer to Equations (38)—(40).

4. Extension Difference Model

Before presenting the EDM construction, it is necessary to clarify the role of the radial
scaling used in this paper. Although EDM also uses a direction-dependent scaling function,
its purpose is different from the random scaling factor in RHM. In RHM, the scaling variable
belongs to the measurement generation process and describes the possible source location
of an individual measurement inside a scaled version of the target boundary. Hence, the
boundary parameters are directly involved in the nonlinear measurement update.

In contrast, the EDM scaling function is constructed from the radial ratio between the
irregular contour estimate and the ellipsoidal baseline. It is used to transform the meas-
urement subset into an auxiliary EDM domain rather than to describe the physical gener-
ation position of each measurement. The subsequent likelihood comparison is performed
by evaluating the consistency between the EDM-domain posterior extension and the pre-
dicted EDM-domain prior extension. Therefore, EDM introduces non-ellipsoidal shape
cues into PMBM data association without replacing the original GGIW random-matrix
recursion.

4.1. Key Method of Extended Difference

The purpose of EDM is to introduce direction-dependent shape information into the
ellipsoidal GGIW-PMBM framework without changing its basic recursive structure. For
each local Bernoulli hypothesis, the predicted irregular contour and the predicted ellip-
soidal baseline are compared in polar coordinates. Their radial difference is converted into
a direction-dependent scaling function, which maps a candidate measurement cell into
the EDM domain. The mapped cell is then evaluated by the EDM-domain GGIW likeli-
hood, and the resulting marginal likelihood is used in the PMBM association weight.

Therefore, EDM does not introduce an independent shape classification rule. Shape
information affects data association only through the transformed-domain likelihood. The
symbols used in the EDM construction are summarized in Table 4.
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Table 4. Description of symbols related to the extended difference mapping method.

Index Symbol Description
1 Hor (h) candidate hypothesis h = {C,, C,, fepm(0)}
) € the candidate measurement subset is composed in candidate hypoth-
esis counter
3 Z extended target measurement set
4 X ellipsoidal extended state matrix
5 fn EDM function constructed from h
6  Map (Z,fn) mapping operator applied to Z using the EDM function f,

subset of measurements in the EDM domain under candidate shape

7 Zs .
hypothesis h
g X; extended state matrix in the EDM domain under candidate shape hy-
pothesis h
9 vy degrees-of-freedom parameter of the inverse-Wishart distribution in
the EDM domain
10 Vr scale parameter of the Wishart distribution in the EDM domain

In this paper, the candidate shape hypothesis h,]c.'i is attached to the i-th Bernoulli
component under the j-th global hypothesis, rather than selected from a predefined
shape-template library. It is defined as

hy' = {Cc],'lilk—l' ée],'llqk—v E]l;M,ka—l(e)}' (42)
where C, C] ’,il «—1 is the predicted irregular contour obtained from previous recursive shape
estimation, C e] ‘,il x—1 is the predicted ellipsoidal baseline contour, and fE];'JiM,m k—1(0) is the
predicted direction-dependent EDM radial scaling function. These quantities are not se-
lected from an external template library, but are gradually updated from historical meas-
urements.

The role of h,]{"i is to provide a shape-conditioned likelihood for measurement parti-
tion and association. When targets are well separated, the measurement-to-target associ-
ation is usually dominated by spatial distance and kinematic consistency. However, when
multiple extended targets are closely spaced or crossing, measurement partition becomes
highly ambiguous. In this case, the candidate shape hypotheses propagated from previous
time steps provide additional contour information. For a possible measurement subset
Z¢, the EDM mapping constructed from h}' maps Z. into the EDM domain, and the re-
sulting EDM-domain likelihood evaluates whether this subset is consistent with the pre-
viously estimated target contour. Thus, the measurement subset with higher shape con-
sistency obtains a larger likelihood.

Therefore, the number of candidate shape hypotheses is not determined by a shape-
template library. It is determined by the number of local target hypotheses involved in the
current ambiguous association region. In closely spaced or crossing scenarios, the candi-
date shape hypotheses correspond to the previously estimated contours of the neighbor-
ing targets. The filter does not enumerate multiple independent Fourier parameter vectors
for the same target. Instead, different candidate shapes arise from different local target
hypotheses maintained by the PMBM recursion.

With this clarification, for each candidate shape hypothesis h,{'i, a corresponding
EDM function f,, can be constructed from the angular scale difference between the pre-
dicted irregular contour and its predicted ellipsoidal baseline. After applying the EDM
mapping associated with h,’;'i to a possible measurement subset Z;, the mapped meas-
urement set in the EDM domain is

Z7" = Map (Z' f), (43)
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The likelihood computed from Z fc M s then used to evaluate the shape consistency
between the candidate measurement subset and the historical target contour represented
by hi’i.

Let the original measurement subset of a target at time k be Zj. For each candidate
shape hypothesis h, a corresponding EDM function f, can be constructed. This function
is determined by the angular scale difference between the candidate shape contour and
its baseline ellipsoid; it is essentially a direction-dependent radial scaling function. After
applying the EDM mapping of candidate shape hypothesis h to the original measure-

ment subset Z, ,ic, the measurement set in the EDM domain is
Z,\" = Map (zl f,), (44)

where Map () denotes the radial mapping operator induced by the EDM function. This
operator keeps the angle of each measurement point relative to the target center un-
changed and only adjusts the radial position according to the scale differences in the can-
didate shape in various directions.

After obtaining the EDM-domain measurement set Z fgc ), it serves as the observation
basis for the EDM-domain extension state, and the EDM-domain extension state parame-
ters can be further updated, yielding the corresponding EDM-domain ellipsoidal exten-

sion estimate
l(h) 7Wd( l(h) L(h) ) (45)

Consequently, the mean of the equivalent extension state in the EDM domain corre-
sponding to this candidate shape is
XK = [xMM] = Vi 46
fk ;gch) 2d —2 (46)
On the other hand, the EDM-domain extension state obtained at the previous time
step can be propagated to the current time according to the prediction relation of the ran-
dom-matrix model, giving the EDM-domain prior extension state
Xfidnr = M(Er) X732 MT(hmr). 47
For the same original measurement subset Z:, different local shape hypotheses h
produce different EDM mapping results Z fgc ), and further yield different EDM-domain
posterior extension parameters. If a shape hypothesis is close to the true target contour,
the EDM mapping induced by this hypothesis makes the mapped measurement set more
compatible with the predicted EDM-domain extension. Conversely, if the shape hypoth-
esis deviates significantly from the true contour, the corresponding EDM mapping pro-
duces inappropriate angular-radial scaling, and the mapped measurement statistics be-
come less compatible with the predicted EDM-domain extension.
The likelihood used for association is the EDM-domain marginal likelihood

enZo) = || [Un@1|S € (252 | 2 Y0 (eps ey (48)
ZEZ¢
where p(x; ¢ }l kik—1) is the predicted EDM-domain GGIW density, £¢(-) is the EDM-do-
main extended-target likelihood, and | J,(2) | is the Jacobian determinant of the EDM
transformation. Therefore, the consistency discussed here is reflected in the value of
€1 (Z¢): a mapped measurement subset that is more compatible with the predicted EDM-
domain state gives a larger marginal likelihood and hence a larger association weight.
For interpretation, the compatibility between the predicted EDM-domain extension
and the extension induced by the mapped measurements can be described by the follow-
ing log_det, discrepancy:
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log_dety, = tr [(Re-1)” Xfi] = log |(Rfi-s)” Xfi| - . (49)
where X/, is the predicted EDM-domain extension mean, Xf'; is the posterior EDM-
domain extension mean induced by the mapped measurement subset under shape hy-
pothesis h,and d is the measurement dimension. The discrepancy log_det; isnon-neg-
ative and reaches its minimum when the two extension matrices are equal. Thus, a smaller
log_det;, indicates a higher compatibility between the predicted extension and the
mapped-measurement-induced extension.

Under the GGIW random-matrix likelihood, mismatch between the predicted exten-
sion and the mapped measurement scatter is reflected through trace and log-determinant
terms. Therefore, when the measurement number, measurement rate term, and kinematic
innovation are comparable, a smaller extension discrepancy log_det;, corresponds to a
larger extension-related likelihood contribution. This provides a principled likelihood-re-
lated explanation for the consistency shown in Figure 3.

candidate
shape A

true shape contour
candidate shape contour
== == EDM-domain extension state posterior
EDM-domain extension state prior
®  original measurement
® EDM-domain measurement

Figure 3. EDM domain differences of a target under two shape hypotheses.

Take Figure 3 as an example. Suppose the true target contour is shown by the blue
solid line in the upper left, and the two local shape hypotheses correspond to shape A and
shape B. Since shape A is closer to the true target contour, the mapped posterior extension

Iéf‘k(A) is closer to the predicted EDM-domain extension I{cf;fﬁc)_l, which corresponds to a

smaller extension discrepancy and a larger EDM-domain marginal likelihood. If shape B
is used instead, the EDM mapping causes a larger mismatch between the mapped meas-
urement-induced extension W;‘k(B) and the predicted extension I{cf;{(ﬁc)_l , leading to a
smaller marginal likelihood. Therefore, a shape hypothesis that better matches the true
contour produces a smaller EDM-domain extension discrepancy and a larger marginal
likelihood. In this way, shape information enters the PMBM association process through

the EDM-domain likelihood, rather than through an additional shape decision rule.
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4.2. Extend Difference Mapping

This section gives the construction of the EDM scaling function. For association like-
lihood evaluation at scan k, the predicted irregular contour C,j;_; and the predicted
ellipsoidal baseline C,;_, are represented by radial functions in the same polar coordi-
nate frame. Their direction-dependent radial ratio defines the predicted EDM mapping
used for candidate measurement subsets.

Considering that the construction of the EDM must be consistent with the random-
matrix model and maintain low computational complexity, the baseline elhpsmdal con-
tour used for current association is obtained from the predicted extension state X;;,_, of
the corresponding Bernoulli component. After association is selected, the assigned meas-
urement subset is used to update the posterior extension state and the posterior baseline
ellipsoidal contour. Let V,; denote the positive definite matrix parameter corresponding
to this ellipsoidal representation; then the radial function of this baseline ellipsoidal con-
tour in direction 6,, can be written as

_ coanT cos 6, _ 50
Pei(On) = [sinﬂn Ve [sian ,n=12,..,N, (50)

where p,(8,) denotes the radial sample of the baseline ellipsoidal contour in direction
6,,. By computing for all sector center directions {6,}}_,, one obtains the set of radial sam-
ples of the ellipsoidal baseline at discrete angles

{pe,k (Bn)}yL:l- (51)

Since the irregular contour parameter C,; has already been parameterized in the form
of a Fourier series, to ensure that the two types of contours share a unified representation
for the subsequent EDM construction, the baseline ellipsoidal contour C, is also expressed
as a Fourier series of the same order. Its parametric representation is denoted as

A (5 5 ) no)

Ce,k - (aO,k' {aj,k}jzl' {bj,k}jzl)' (52)
where dg) is the zero-order Fourier coefficient of the ellipsoidal baseline, d;; and 13] "
are the cosine and sine Fourier coefficients of order j, respectively, and J is the maximum
Fourier order.

The radial function of the ellipsoidal baseline can be written, with reference to Equa-
tion (26), as

F(Cop:0) = @ + Z(a, <C0s (j6) + by sin (j6)), (53)
o
o = NZ Pe (O, (54)
n=1
2 N
G = Nz Pex (Bn)cos (j6r),j = 1,2,...,], (55)
n=1
2 N
B = Y ek 65 (i6,),) = 1.2,...., (56)
n=1

where the Fourier coefficients dyy, d;x, and Ej,k are obtained from the discrete radial
N . . . .
samples {p,x (Hn)}n:1 via the discrete Fourier relations.

After the parametric representation of the baseline ellipsoidal contour is obtained
from (54), the irregular contour parameter CA‘Cyk and the ellipsoidal baseline parameter
C.) take a consistent functional form, so that their radial differences can be directly com-
pared in each direction, and the EDM scaling function can be further constructed.
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Let F (CAC,k ;0) and F (C‘e,k ; 9) denote the radial functions of the irregular contour es-
timate and the ellipsoidal baseline in the same direction, respectively, as
F (f‘ ok 6)
F (ée,ki 0 )
For the discrete angular partition, the raw EDM ratio in the n-th direction is com-
puted as

fepm(68) = ,6 €[0,2m), (57)

N _ T(éc,k; 9n) _

Ven=—rr =
F(Cop: 6)

Since both . and C,; are derived from noisy finite measurements, the bounded

instantaneous ratio ), may still fluctuate over time. If it is directly used to map the

1,2,...,N. (58)

original measurement set, the mapping result will be sensitive to contour estimation er-
rors, thus affecting the robustness of the EDM-domain extension state estimation. For this
reason, Kalman recursive smoothing is applied to the ratio sequence in each direction sep-
arately.

Let v}, denote the true but unknown EDM ratio state in the n-th direction, and
adopt a random walk model to describe its temporal variation:

7~pl>:t,n = w}t—l,n + Wi 59)

where wy, is zero-mean process noise with variance @Q,. After association has been de-
termined, the discrete ratio computed from the assigned measurement subset is treated as
a noisy observation of the EDM ratio state,

lpk,n = d];n + Nk (60)

where 7, is zero-mean observation noise with variance R,,.

Denote 1, k-1 and Yrin as the predicted and posterior estimates of the EDM ra-
tio in the n-th direction, respectively, and let Py,_1, and Py, be the corresponding
error variances. The Kalman prediction step is

1/3k|k—1,n = lljk—llk—l,nr (61)
Prik-1n = Pr-1ik-1n + Qns (62)
and the Kalman gain is
Prik=1n
Ky = il
“" " Prik—1n t Rn (63)
The update step can then be written as
Vrikn = Yiik—1n + Kk,n(lpk,n_lﬁklk—l,n)' (64)
Prjen = (1=%) Prjie—1,n- (65)

For likelihood evaluation at the current scan, the EDM ratio used for measurement
mapping is the predicted smoothed ratio propagated from the previous posterior. Since
the angular direction of a measurement point usually does not exactly coincide with a
sector center direction, piecewise linear interpolation of the predicted ratio values from
two adjacent directions is used to obtain a continuous predicted EDM function over the
angular interval. The posterior smoothed ratio updated from the assigned measurement
subset is stored and used only from the subsequent scan.

For a candidate measurement subset Z' and the i-th Bernoulli component under
the j-th global hypothesis, the angle of a measurement point z € Z}! with respect to the
predicted target center is defined as

6(z) = atan2 (z, — m,{fk_l_y, Zy — M1 )- (66)
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The mapped point in the EDM domain is obtained using the predicted EDM function:

2r = Myl_y + fipmune—1 02 (2=, 2 € Z. (67)
Thus, the mapped candidate subset is
Zf,lgj D= Map(Z}p» fE]DlM,ka—l)‘ (68)

In these equations, Zf' denotes a candidate measurement subset at scan k, mz{'|ik—1
denotes the predicted center of the i-th Bernoulli component under the j-th global hy-
pothesis, z; denotes the mapped measurement point in the EDM domain, and Z;l’ ',Ej A
denotes the EDM-domain measurement subset obtained under the predicted EDM func-
tion of that local hypothesis.

Equations (66)—(68) indicate that the EDM mapping keeps the angular information of
each measurement point relative to the target center unchanged, and only adjusts its ra-
dial position with a direction-dependent scaling. After this mapping transformation, the
candidate measurement subset is represented in the EDM domain under the predicted
shape information carried by the corresponding Bernoulli hypothesis. This mapped sub-
set is used only for likelihood evaluation before association. The posterior EDM function
updated from the assigned subset is not used in this likelihood evaluation.

The EDM mapping is centered at the predicted target center of the corresponding
Bernoulli hypothesis. The same center and coordinate frame are used for both the irregu-
lar contour and the ellipsoidal baseline. To reduce the influence of temporary estimation
errors, the EDM ratio is recursively smoothed and constrained within a positive bounded
interval. If the assigned subset is sparse or the kinematic innovation is abnormal, the pos-
terior shape update is weakened or skipped.

4.3. Extended Difference Mapping and Its PMBM Filter Recursion

Before introducing the EDM-GGIW recursion, the temporal order of the proposed
filter should be clarified. The contour parameter, ellipsoidal baseline, and EDM radial ra-
tio used for current association are obtained from the prior prediction propagated from
the previous posterior. The current measurement subset is not first used to construct a
posterior contour and then reused to evaluate its own likelihood. Instead, it enters the
recursion only as a candidate measurement cell to be evaluated by the predicted EDM-
domain likelihood. After a target-cell association is selected, the associated measurement
subset is then used to update the contour parameter and EDM ratio. The updated shape
information is stored as posterior information and used for the next prediction step.

To facilitate the introduction of EDM into the target extension state recursion, the
EDM-GGIW component parameter for a target at time k is defined as

Ceompe = {10 Br o Mpser Prios Ve koo Ve Vi Coior Cope ) (69)

where ¥y = {@fy, Brx} is the measurement rate parameter in the EDM domain, follow-
ing a Gamma distribution; &gy = {mgy, Prx} is the kinematic state parameter in the EDM
domain, following a Gaussian distribution; X, = {v¢, Vs x, Vi} is the extension shape pa-
rameter in the EDM domain, corresponding to an inverse-Wishart distribution, and Vj,
denotes the scale matrix parameter of the baseline ellipsoid in the original measurement
domain; C.; and C,; represent the irregular contour estimate parameter and the ellip-
soidal baseline estimate parameter, respectively.

Thus, the single-target state x, in the EDM domain and its GGIW density

Pepm (X7 x; (epmi) are given by

X = {Vf,ki ff,k;Xf,k}. (70)

Peom (x5 i Cepme) = G (Vi @pjes Brie) N (& My ke Prse) TW (Xp s Vi ger Vi ) - (71)
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4.3.1. The Shape Hypothesis in PMBM

The maintenance and pruning of candidate shape hypotheses follow the PMBM hy-
pothesis management. A candidate shape hypothesis hi’i is attached to a local target hy-
pothesis rather than maintained as an independent shape template. When a new Bernoulli
component is initialized by a measurement subset, its initial contour parameter (f'cj_ ,i is
reconstructed by angular partitioning and Fourier series estimation, and its initial ellip-
soidal baseline C e],i is obtained from the corresponding ellipsoidal extension estimate.
The initial EDM scaling function E]gM'k (6) is then constructed from the ratio between
these two contours.

When an existing local target hypothesis is associated with a non-empty measure-
ment subset, its candidate shape hypothesis is updated by the EDM-GGIW update and
the shape estimation step. The assigned measurement subset updates the irregular con-
tour, the ellipsoidal baseline, and the EDM radial scaling function. When missed detection
occurs, no new contour is reconstructed from measurements, and the candidate shape
hypothesis is predicted or retained from the previous time step.

Therefore, candidate shape hypotheses are instantiated, maintained, and pruned to-
gether with the PMBM local and global hypotheses. If a local target hypothesis or a global
hypothesis is removed during PMBM pruning, merging, or global hypothesis selection,
its attached candidate shape hypothesis is removed at the same time. No additional shape-
template enumeration or shape-template pruning is introduced.

4.3.2. EDM Transformation Density and PMBM Likelihood

To incorporate EDM mapping into the PMBM likelihood, the density change induced
by the radial transformation is considered. For a candidate measurement subset Z; asso-
ciated with the i-th Bernoulli component under global hypothesis j, the EDM function
used for likelihood evaluation is the predicted function ij]')iM‘kl k—1(8). For a single meas-
urement z € Z;, the mapped point in the EDM domain is

zr = My + filpw s (0(2)) (2 — my), (72)

where my, is the predicted or filtered target center, and 6(z) is the angle of z —my. In
polar coordinates with respect to m,, the mapping can be written as

R N C) LA ) (73)
Therefore, the two-dimensional Jacobian determinant of the EDM mapping is
.. L. 2
VoM@ = [fepmpi-10@)] - (74)
Let
Zg ) = Map (ZC'fE]gM,klk—l) (75)

denote the mapped measurement subset in the EDM domain. If £7(Zs | x¢) is the stand-
ard extended-target likelihood evaluated in the EDM domain, then the corresponding
EDM-induced likelihood in the original measurement domain is

teom e 139) = || [Viwa®| € Zpic1 %0, (76)

ZEZC

After marginalizing the predicted EDM-GGIW density, the single-target marginal
likelihood used in the PMBM association weight becomes

thm(Ze) = 1_[ o 1| S 26 p i | x0)PEom (x5 S a1 )4 (77)

ZEZ¢
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This equation shows that the transformed measurements are not treated as ordinary
GGIW measurements without correction. The GGIW likelihood is evaluated in the EDM
domain, while the Jacobian product accounts for the probability-volume change caused
by the radial transformation. Since fE]gM,kl x—1(0) depends on the predicted shape state
carried by the local Bernoulli component, the Jacobian term is generally not a common
constant among different local association hypotheses.

For the PMBM update, the recursive structure remains unchanged. The ordinary sin-
gle-target marginal likelihood is replaced by the EDM-induced marginal likelihood
217 . (Zc). Thus, EDM enters the PMBM update through the transformed single-target
likelihood, while the PMBM hypothesis management, missed-detection term, clutter nor-
malization, and global hypothesis normalization are retained.

It should be noted that the exact transformed noise covariance may become direction-
dependent after the nonlinear radial mapping. To preserve the closed-form GGIW recur-
sion, the mapped measurement set Z;;is modeled by the GGIW likelihood in the EDM
domain as an approximation, while the Jacobian term explicitly corrects the probability-
volume change in the transformation.

4.4. EDM-GGIW State Update and Prediction
4.4.1. EDM Update

Let Z{ be the measurement subset assigned to a Bernoulli component after associa-
tion evaluation. The association likelihood of this subset has already been computed using
the predicted EDM function ij,’JiM‘kl x—1(0), as described in Section 4.3.2. In the posterior
update below, the same mapped subset obtained under the predicted EDM function is
used to update the EDM-GGIW state ZfC’ ',fj‘i) = Map(Z§ fE];‘)iM,klk—l):

For convenience, the EDM-domain sample covariance matrix is denoted as

$CUD Z (2 =250 (z - 2500,

£k Z—ka (78)
ZEZC(LU
f.k
SC0U0D _
Zr |ZC(,L) Z z (79)

EZC(J )

Correspondingly, the sample covariance matrix of the assigned original-domain sub-

set is
Zlg = Z (Z —Z_,g)(Z - Z-Ig)Tv (80)
zEZf
Zie = 1281 Z (81)
zEZk

Here, Z{ denotes the assigned measurement subset in the original domain, Z]f’ ',Ej 0

denotes its mapped version in the EDM domain under the predicted EDM function,
E;;E"l) denotes the EDM-domain scatter matrix, and Z{ denotes the original-domain
scatter matrix. The posterior EDM function fE];‘)iM_k (8) is updated only after this posterior

state update and is stored for the next scan.
The update of the measurement rate parameter vy = {@sx, Brr} is

Qp ke = Ap -1 Ze e |,
= 82
Vi = { Brik = Briie—1 + 1 (82)
The update of the kinematic state ¢, = {mgy, Py} is
My == My -1+ Kr €
Sk =Py == P N R (83)
ke == Pric-1 — KraSpackr
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Xr k-1 = Xp k-1 + Ry, (84)
Kr i = Pripe—1H'Si s (85)
X
£ klk—=1
Sf.k = HPf’k”(_lHT + ﬁ (86)
£k
The update of the extension shape parameter X¢, = {vey, Ve, Vi) is
Vik =Vegk-1+ Negx +Z5p,
Xrr =94 Vrk = Vrrk—1H Zr |, , (87)
Vk = Vk|k—1 + Nk + Zk
_ pl/2 -1/2 T o-T/25T/2
Nese = Xehe-1Sp i ErirnSer’ X kik—10 (88)
Nk = Xk1/25k_1/2€f£fTSk_T/ZX](T/Z. (89)
gf,k = Z_f,k - Hmf_k”(_l. (90)

Propagating in the EDM domain also requires updating the ellipsoidal baseline pa-
rameter CAe'k. Furthermore, after association, the assigned original-domain measurement
subset Zg is used to update the posterior baseline ellipsoid parameter V. Taking the ex-
pectation of V}, in Equation (87),

- Ve

Xie = Ve —2d—2 Ol
where X, is the posterior mean extension matrix of the original-domain ellipsoidal base-
line, and d is the dimension.

Then one can extract the ellipsoidal baseline radial samples in each direction and re-
construct the ellipsoidal modeling parameter C, according to the discrete Fourier rela-
tions in Section4.2. Meanwhile, the posterior irregular contour parameter is reconstructed
following Section 4.3, using the angular partition results and local extension components
of the assigned original-domain measurement subset Zf.

Thus, the state update likelihood in the EDM domain is obtained as

—as2 | Ve ggemy 1"VPRD Ty (v ) | Xp i 12 G s B peii-1)

Ceom = (TP | Ze . (92)
eon = 1) | Ve I"Y20 Ty (U piie—1) | Spe 112 G(@p -1 Bric)
where
—d-—1
vv) = ——, (93)
2
G(a,B) =T~ (94)

Equation (92) gives the EDM-domain likelihood form used in the posterior update of
the assigned subset. Its input is the mapped assigned subset in the EDM domain rather
than the untransformed original-domain subset.

4.4.2. EDM Prediction

After the EDM-GGIW update at time k, the prediction for the next time step follows
the recursive form of the GGIW. For the EDM-domain measurement rate parameters,

r k
(af,k+1lk = %

Vit = | o 95)
k,Bf,k+1Ik =—

For the kinematic state,
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¢ B { Mg peyqe = Fie(mpy)
i Pr sk = GiPriGr + Qi

For the extension shape,

(96)

Vk+1lk = Ve + e_TS/T(Vf,k —2d-2)
Xejerrie =3 Verrne = €7 M(ED Ve MEDT 97)
Vierre = €75/F M(§1) Vie M(§1)T
In Equations (95)-(97), 71 is the measurement rate parameter; G is a transformation
matrix with G = V:F(m); m is the target kinematic state; P is the error covariance ma-
trix; R is the process noise covariance; d is the scene dimension; 7 is the maneuver cor-
relation constant; T is the sampling period; F(-) is the kinematic state transition matrix;
and M(-) is the state transformation matrix.
Taking the expectation of V.4 in Equation (97) yields
Vi+1ik
Ve = Veksuk — 2d — 2 ©8)
from which the discrete radial samples of the ellipsoidal baseline at the predicted time
step can be obtained. These samples are then used to fit the predicted contour parameter
¢ ek+1k Via the discrete Fourier relations described in Section 4.2. As for the shape contour
parameter CA'C‘k,

Cc,k+1lk = Cc,k- (99)

This is feasible because C, is not part of the random-matrix state but rather the ir-
regular contour parameter reconstructed from measurements. In the prediction stage,
maintaining its parameters to be unchanged is a simple and stable approach in the absence
of extra shape evolution priors. If a relevant shape evolution model is available, the cor-
responding parameters can be added accordingly.

Based on the single-target GGIW component prediction and update process in the
EDM domain, the EDM-related single-target likelihood and state recursion results can be
further embedded into the PMBM multi-target filter. The complete implementation of the
EDM-PMBM filter is described in Tables 5 and 6.

Table 5. EDM domain prediction pseudocode.

1. Input: posterior EDM-GGIW parameter Zé]')iM}k, posterior irregular contour C CJ ’,i, posterior ellipsoidal
baseline C e’ " posterior discrete EDM ratio @iﬁ(n, posterior ratio covariance ?,j'l’,i’n, and the dynamic
model parameters at scan k.

2. Output: predicted EDM-GGIW parameter (ééM,k +1% predicted irregular contour ¢ C] ,i +1% predicted el-
lipsoidal baseline C é ,‘c +1)% Predicted discrete EDM ratio l[)é:ll wn Predicted ratio covariance ?kj ,’fll ks and

predicted EDM function fo: .11 (6)-

3. Predict the EDM-domain measurement rate parameter yfj,i k= {a}",‘; 1k B;,l{ 11k}, refer to Equation
(95).

4. Predict the EDM-domain kinematic parameter ¢ };( k= {m}{:,i( 1k Pf] kL +1i), refer to Equation (96).

5. Predict the EDM-domain extension parameter X ;,L( k= {ij,':i 1k Vf{,'(i +1i), refer to the GGIW extension

prediction equation. Here, vj!;( +11s the predicted inverse-Wishart degrees-of-freedom parameter and
I{c{,‘: 11k 18 the predicted inverse-Wishart scale matrix. If the current manuscript numbering is retained,

refer to the corresponding extension prediction equation used around Equation (97).

6. Predict the original-domain extension parameter Vk};;ill «» refer to Equation (97).
7. Compute the predicted mean extension matrix of the original-domain ellipsoidal baseline: X, Z,,'( k=
vt
—7—E— refer to Equation (98).
V1~ 242
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10.

11.
12.

13.

Extract the predicted ellipsoidal radial samples {p;,l( +1 k(en)}:=1from X 6{;( 111 Tefer to Equation (50)—
(52). Then reconstruct the predicted ellipsoidal baseline parameter C é i 41k using the discrete Fourier
relations, refer to Equations (53)—(56).

Propagate the irregular contour parameter: C, CJ ,: +1i Tefer to Equation (99).

For each angular direction n = 1, ..., N, predict the discrete EDM ratio state: J’}ﬁu o tefer to Equation
(61). Here, @,ﬁ‘;{n is the posterior EDM ratio at scan k, and 1ﬁ,ﬂi1l knis its predicted value for scan k + 1.

Predict the ratio covariance: P/

+1kn Tefer to Equation (62).

i N
Interpolate the predicted discrete ratio sequence {{;,, k.n}n:1 over 6 € [0, 2m)to obtain the predicted
continuous EDM function fElgM,k +1x(0), following the interpolation operation after Equation (65).

Assemble the predicted EDM-GGIW parameter: (éi;M K+1lk

The update in Table 6 is divided into two stages. Stage I performs prior EDM likeli-

hood evaluation for data association. In this stage, each candidate measurement subset

Z; is mapped and evaluated using only the predicted EDM function fE]gM,kI x—1(0) and

the predicted EDM-GGIW parameter (éi;M,m «—1- No posterior contour or EDM function

is updated before association. Stage II is performed only after the association is selected.
The assigned measurement subset is then used to update the EDM-GGIW state, recon-

struct the posterior contour, update the EDM ratio, and obtain fE’;')iM’k ).

Table 6. EDM domain update pseudocode.

1.

Input: Candidate measurement subset Zf, predicted EDM-GGIW parameter (ééM,kl x—1- predicted irreg-
ular contour € cj,'fi|k—1/ predicted ellipsoidal baseline C ej,';im—y predicted discrete EDM ratio lﬁéi;_lyn, pre-
dicted ratio covariance ka]"‘,i_Ln, and predicted EDM function ]%ISM’M «—1(0). Here, Z{denotes a candidate
measurement subset at scan k, rather than the entire measurement set.

Output: EDM-induced association likelihood Eéf)M (Z§). If the association is selected, output the poste-
rior EDM-GGIW parameter ZééM’k, posterior irregular contour C, c] ',i, posterior ellipsoidal baseline C ej,l(,

osterior discrete EDM ratio 1. _, posterior ratio covariance P/’ , and posterior EDM function
klkn klk,n

Fin (6)-

10.
11.
12.

Stage I: Prior EDM likelihood evaluation for association. This stage uses only predicted EDM infor-
mation. No posterior contour, EDM ratio, or EDM function is updated in this stage.
Use the predicted EDM function fE]gM'kl x—1(0) carried by the local Bernoulli hypothesis. This func-

i N
tion is obtained from the predicted discrete EDM ratio sequence {lp,ﬁ;ﬁl’n}n_l, following the interpo-

lation operation after Equation (65).
For each measurement point z € Z{, compute its angle with respect to the predicted target center
m,’{"lik_1 according to Equation (66). Here, m,{‘lik_l is the predicted target center of the i-th Bernoulli
component under the j-th global hypothesis.
Map the candidate measurement subset into the EDM domain using the predicted EDM function,
refer to Equations (66)—(68) after replacing fgpm, with ijIIJiM,ka—l:Zf = mi’likf1 + fE};)iM,kI we10(@)(z =
mit._.),z € ZE, Zf",&j'i) = Map(Z{, fipmuper)- Here, Zﬁ'lgj'i) is the EDM-domain mapped subset un-
der the predicted EDM function of the local hypothesis (ji).
Compute the Jacobian determinant of the predicted EDM mapping for each z € Z{, and form the
Jacobian product according to Equation (74)
Evaluate the standard extended-target likelihood ¢ (Z fC ,lgj D |xf) in the EDM domain. Here, x; de-
notes the EDM-domain single-target state.
Marginalize the predicted EDM-GGIW density to obtain the EDM-induced association likelihood,
according to Equation (77)
Use £45u(Z5) only for PMBM local hypothesis weighting and global association selection.
Do not update €y, Cli, Yriiens Pilins OF fapmx(6) before the association is selected.
Stage II: Selected association. If the association between Z{ and the Bernoulli component (j: i) is
selected, use the mapped subset Z;’,(ci’i) obtained in Stage I to update the EDM-domain GGIW state.
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Here, Z¢ denotes the assigned original-domain measurement subset, and Z?,? "D denotes its EDM-

domain mapped subset under the predicted EDM function f’;:’,i)M,m r-1(0)-

13. Compute the EDM-domain sample mean and scatter matrix, refer to Equations (78)—(79).

14. Compute the original-domain sample mean and scatter matrix, refer to Equations (80)—(81)

15. Update the EDM-domain measurement rate parameter y}}c = {a;:,i, ij”,i}, according to Equation (82)

16. Update the EDM-domain kinematic parameter ¢/, = {m/,, P/}}, according to Equation (83)-(86)

17. Update the EDM-domain and original-domain extension parameters, refer to Equations (87)—(90).

18. Compute the posterior mean extension matrix of the original-domain ellipsoidal baseline, according to
Equation (91)

19. Interpolate the predicted discrete ratio sequence the posterior ellipsoidal baseline, according to Equa-

tions (53)—(56)
20. Reconstruct the posterior irregular contour after association. Invoke the shape estimator in Table 3

using the assigned original-domain subset Z{, and obtain the posterior irregular contour parameter
i T ey ;
Ch= (a{):;c' {ali ) _ (bl r:1)' refer to Equations (38)—(41).

r=1
21. Compute the posterior radial function of the irregular contour F(C c’ ,i ; 8), according to Equation (26).
22. Compute the posterior radial function of the ellipsoidal baseline F(C, ; 1), according to Equation
(53).
23. Compute the instantaneous posterior EDM ratio in each direction 1/;,{; = ii%:";, according to Equa-
ek mn
tion (58).
24. Compute the Kalman gain for the EDM ratio update X ,irll, according to Equation (63).
25. Update the posterior EDM ratio estimate lfiélim, according to Equation (64).
26. Update the posterior ratio covariance :ijfli,nr according to Equation (65).
27. Construct the posterior EDM function. Interpolate the posterior ratio sequence {lﬁ,{i;,n}:ﬂover

, i N
6 € [0, 2m)to obtain the posterior EDM function fi5\ ,(6) = Interp ({9,,' l‘b}i";‘r”}n:1)' This operation

follows the interpolation description after Equation (65).
28. Assemble the posterior EDM-GGIW parameter: (éigM,k'
29. Store posterior shape information for the next scan. Store C C} i C L{ i, 1/3,f,|l,m, ?,gl‘,i‘n, and E’;‘;‘M’k 6).
These posterior quantities are propagated to the next prediction step.
30. Special case of initialization: The first detection of a newly generated Bernoulli component is handled
by the standard PPP-GGIW birth likelihood. The EDM quantities initialized from the assigned meas-

urement subset are posterior initialization quantities and are used only from the subsequent scan.

5. Simulation

This section compares the proposed method with GGIW-PMBM, KS-PMBM,
BGGIW-PMBM, and GBePMB. To evaluate multi-target tracking performance, the gener-
alized optimal sub-pattern assignment (GOSPA) metric is adopted as the overall error
metric. GOSPA simultaneously captures missed detections, false targets, and localization
errors. In the experiments, the GOSPA parameters are set as truncation distance ¢ = 20
and order p = 1.

In addition to GOSPA, this section also introduces an evaluation metric for irregular
shape estimation error. Let the radial function corresponding to the true shape C of a
target be F(C;0), and let the radial function corresponding to the shape parameter esti-
mate C, obtained by the filter be F(C,;8). The shape error is then defined as

2

1 )
ShapeError = . | (F(C;60) — F(C:; 9))" do. (100)
0

It should be noted that the shape error is not incorporated into the overall GOSPA
metric; it serves only as an auxiliary indicator to assess the robustness of shape estimation.
This section presents the simulation experimental results. For two different scenarios,
100 Monte Carlo trials are conducted to verify the performance of the proposed EDM-
PMBM filter in extended target tracking. In the long-term closely spaced and crossing

https://doi.org/10.3390/electronics15132822



Electronics 2026, 15, 2822

24 of 32

multi-target scenario, which contains 50 time steps, three targets with different shapes are
born simultaneously at the initial time and subsequently undergo close-range parallel and
crossing motions. In the complex closely spaced and crossing multi-target scenario, which
contains 100 time steps, a total of 10 targets are born at different times and experience
multiple complex close-range encounters and crossing processes.

The main parameters of the two simulation scenarios are given in Table 7. To make
the new-target initialization process reproducible, Table 7 also lists the PPP-GGIW birth-
related parameters used for newly detected Bernoulli components. These parameters in-
clude the PPP birth intensity and the GGIW birth parameters for the measurement rate,
kinematic state, and ellipsoidal extension. They are used only for the standard PPP-GGIW
birth likelihood at the first detection, before any EDM shape information is initialized.

Table 7. Main parameters of the two simulation scenarios.

Parameter Scenario 1 Scenario 2
Scene size S =400 x 200 S =700 x 700
Dimension d=2 d=2
Detected probability pp = 0.95 pp =09
Survival probability ps = 0.99 ps = 0.99
Poisson rate of target 1=18 1=23
Measurements
Poisson rate of clutter A. =80 A. = 140
Transformation matrix M= [1 0 M= [1 0
0 1 0 1
Measurement model H= [é (1) g g H= [(1) (1) g g
-, . 11 1 0 11 1 0
State transition matrix F = [0 1] ® [0 1] F = [O 1] ® [0 1]
Gaussian measurement noise intensity R=0.1 R =0.15
EDM ratio observation noise variance R, =0.01 R, =0.01
EDM ratio process noise variance Q,=10"* Q,=10"*

Initial width of each sector
Number of angular partitions for

D - sin(r/N) = 2.09

D - sin(n/N) = 2.51

oo N =36 N =36
Shape estimation
Fourier order J=36/2 J=36/2
Bernoulli pruning threshold 0.01 0.01
PPP pruning threshold 0.01 0.01

PPP Measurements parameter y = {a =150, = 10} y ={a =120, = 10}
E={m=[]P=[10102020]} ¢={m=[]P=[16161212]}
X={

X ={v =225V =905} v =225,V =90.5}

PPP Kinematic parameters
PPP Extension parameters

Merging threshold 4 4
Weight of global hyp9the51s (multi- 0.05 0.05
Bernoulli)
Weight of the trajectory is still alive 0.0001 0.0001

5.1. Three-Target Long-Term Close Crossing

Scenario 1 evaluates the proposed method in a three-target long-term close-crossing
case. The scenario contains 50 time steps, three targets with different non-ellipsoidal
shapes, and strong clutter. As shown in Figure 4, the targets enter a close-crossing interval
from step 20 to step 45, where measurement partitioning and data association become
highly ambiguous.

Figure 5 shows that the conventional GGIW-PMBM loses one target around step 35
due to component merging. The ellipsoidal model lacks sufficient shape discrimination,
leading to confusion and track interruptions.

In contrast, the EDM-PMBM maintains continuous tracking of all three targets
throughout (Figure 6). By leveraging contour differences, it effectively distinguishes tar-
gets in close crossing, reducing erroneous merging and improving robustness.
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Figure 6. Tracking detail of the EDM-PMBM.

Figures 7-10 summarize the quantitative results of Scenario 1. During the close-cross-
ing interval from step 20 to step 45, the compared filters show different degrees of perfor-
mance degradation. The total GOSPA and missed-detection components indicate that
GGIW-PMBM is prone to component merging when the targets are close, while KS-
PMBM, BGGIW-PMBM, and GBePMB also suffer from increased association uncertainty.
In contrast, EDM-PMBM maintains lower total error and fewer missed detections during

the crossing interval.
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Figure 7. GOSPA error for EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM, and GBePMB
in Scenario 1.
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Figure 8. Missed-detection error for the EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM,
and GBePMB filters in Scenario 1.
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Figure 9. Localization error for the EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM, and
GBePMB filters in Scenario 1.
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Figure 10. Shape error for the EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM, and
GBePMB filters in Scenario 1.
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The localization and shape-error curves further show that EDM-PMBM provides
more stable state and contour estimates. The contour-based EDM mapping introduces di-
rection-dependent shape discrimination, which helps separate targets whose ellipsoidal
extensions are similar but whose local contour structures differ.

It should be noted that the apparent decrease in localization or shape error for some
baseline filters after severe target loss should not be interpreted as a true improvement.
Once a target is missed or merged, its localization and shape errors may no longer accu-
mulate in the same way. Therefore, localization and shape-error curves should be inter-
preted together with the missed-detection component.

Figure 11 reports the time cost of the compared filters in Scenario 1. The result shows
that EDM-PMBM has a computational cost close to that of GGIW-PMBM in most time
steps. Although EDM-PMBM introduces additional contour reconstruction, EDM map-
ping, and EDM-domain likelihood evaluation, these operations do not significantly in-
crease the overall runtime under the tested setting. A few time-cost peaks appear during
the dense crossing interval, where measurement partitioning and association become
more difficult for all filters. Combined with the GOSPA results, EDM-PMBM achieves
better tracking accuracy while maintaining a runtime comparable to the standard GGIW-
PMBM filter. This indicates that the proposed EDM module improves association discrim-
ination without causing a substantial loss of computational efficiency.

251
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% GBePMB
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e 1T
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osrV.\ >, / -
Ak\-v"“-sf"*" V.V‘ 0;""'“"‘\ -
0 — - . ) . > A&QAA
0 5 10 15 20 25 30 35 40 45 50

TimeStep

Figure 11. TimeCost for the EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM, and GBePMB
filters in Scenario 1.

5.2. The Multi-Target Complex Closely Spaced and Crossing Scenario

Scenario 2 further evaluates the proposed method in a denser multi-target case. This
scenario contains 100 time steps and 10 targets born at different times. The targets undergo
repeated aggregation, separation, and crossing events, as shown in Figure 11. Compared
with Scenario 1, this setting imposes higher demands on measurement partitioning, data
association, and track continuity.

As shown in Figure 12, the scenario features local trajectory crossings as well as sim-
ultaneous aggregation, separation, and re-crossing over extended periods, imposing high
demands on measurement partitioning, data association, and target discrimination.
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Figure 12. Scenario 2 is the illustration of the multi-target complex closely spaced and crossing

scenario.

Figure 13 compares the total GOSPA errors. Before step 50, errors among filters are
small due to few targets and large separations. After step 52, as frequent close-range cross-
ings begin, performance diverges. The EDM-PMBM consistently stays at a low level; alt-
hough fluctuations appear during the densest aggregation, its overall increase is much
smaller than that of other filters.
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I : : ‘

time(s)

Figure 13. GOSPA error of EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM, and GBePMB

in Scenario 2.

Figures 13-16 summarize the quantitative results of Scenario 2. Before step 50, the
number of active targets is relatively small and the targets are well separated, so the per-
formance difference among the filters is limited. After step 52, frequent close-range cross-
ings and local aggregations occur, and the performance gap becomes more evident. The
total GOSPA and missed-detection components show that EDM-PMBM maintains lower
error during the dense interaction intervals, whereas the compared filters suffer from
larger error increases caused by target confusion, erroneous merging, or missed detections.
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Figure 14. Missed-detection error of EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM, and
GBePMB filters in Scenario 2.

Localization error
15F T T T T T T T T .\.1': 3

EDM-PMBM
GGIW-PMBM
10k KS-PMBM

= = BGGIW-PMBM
--------- GBePMB

0 10 20 30 40 50 60 70 80 90 100
time(s)

Figure 15. Localization error of EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM, and
GBePMB filters in Scenario 2.
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Figure 16. Shape error of EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM, and GBePMB
in Scenario 2.

The localization and shape-error results further confirm this trend. EDM-PMBM
keeps a smoother localization error and a lower shape error in the mid-to-late stage. This
improvement comes from the EDM-domain likelihood, which provides additional con-
tour-dependent discrimination beyond the ordinary ellipsoidal random-matrix statistics.

The decrease in localization or shape error of a baseline filter after severe missed de-
tections should not be regarded as a real performance improvement, because lost targets
no longer contribute to the corresponding error accumulation. Therefore, the total GOSPA,
missed-detection error, localization error, and shape error should be considered jointly.
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Overall, Scenario 2 shows that EDM-PMBM is more robust in high-density multi-target
crossing conditions.

Figure 17 reports the time cost of the filters compared in Scenario 2. In this scenario,
the runtime is closely related to the number of maintained targets and the ambiguity of
measurement partitioning. During the middle interval, GGIW-PMBM has a relatively low
time cost because it loses one target in the close-crossing process. After the target is lost,
fewer Bernoulli components and feasible target-measurement associations are maintained,
so fewer likelihood evaluations and global-hypothesis comparisons are required. There-
fore, the reduced time cost of GGIW-PMBM in this interval should not be interpreted as
better computational efficiency alone, but should be considered together with the GOSPA
result, where the missed-target penalty increases.
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Figure 17. TimeCost for the EDM-PMBM, GGIW-PMBM, KS-PMBM, BGGIW-PMBM, and GBePMB
filters in Scenario 2.

In contrast, EDM-PMBM maintains the targets more stably in this scenario. As a re-
sult, more valid target hypotheses are preserved, and more target-measurement associa-
tions are evaluated. This may lead to a higher time cost than a filter that has already lost
a target, but it also corresponds to better track continuity and lower GOSPA error.

6. Conclusions

This paper proposed an extension-difference-mapping-based PMBM filter for non-
ellipsoidal extended target tracking. The method represents the irregular target contour
by a Fourier-based radial function and constructs a direction-dependent EDM scaling
function between the irregular contour and its ellipsoidal baseline. By mapping target-
associated measurements into the EDM domain, the proposed method introduces non-
ellipsoidal shape differences into likelihood evaluation and data association while retain-
ing the recursive structure of the GGIW-PMBM filter.

Simulation results in two close-crossing scenarios showed that EDM-PMBM reduces
the total GOSPA error, missed detections, localization error, and shape error compared
with the baseline filters. The results indicate that the EDM-domain likelihood provides
additional shape discrimination when multiple extended targets have similar ellipsoidal
extents but different local contour structures.

The current method still has several limitations. First, the EDM mapping relies on a
radial contour representation and is most suitable for targets that can be approximated as
star-convex with respect to the estimated center. Strongly non-star-convex contours or
multiple boundary intersections along the same ray may reduce the accuracy of the radial
approximation. Second, the current simulations use a simplified measurement model.
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Sparse measurements, structured clutter, persistent occlusion, and realistic radar reflec-
tivity may affect contour reconstruction and EDM likelihood evaluation. Future work will
consider more general contour representations, more realistic sensing models.
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