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Abstract

To address the energy efficiency optimization problem in power wireless private networks
caused by fixed node positions, strong coupling between relay selection and power al-
location, and strict quality of service (QoS) constraints, an intelligent reflecting surface
(IRS)-assisted hybrid multi-hop relay network model is proposed. An IRS is deployed
on the surface of an obstacle located between the source node and the first-hop relay
to specifically enhance the first-hop link. By integrating path planning and cooperative
power control, a joint optimization problem is formulated to maximize the system energy
efficiency. To tackle the coupling issues in resource allocation, a joint optimization algo-
rithm based on the block coordinate descent framework is developed, where the original
problem is decomposed into three subproblems: relay selection, power allocation, and
IRS phase shift configuration. These subproblems are solved using a greedy strategy, the
Dinkelbach method, and a closed-form phase alignment solution, respectively. Simulation
results demonstrate that the proposed algorithm outperforms conventional schemes in
terms of system energy efficiency, reliability, and latency, making it suitable for power
communication scenarios with extremely stringent QoS requirements.

Keywords: intelligent reflecting surface; multi-hop relay; phase shift configuration; power
control; power wireless private networks

1. Introduction

As the “nervous system” of the smart grid, the power wireless private network
carries critical services such as relay protection and load control, which impose extremely
high requirements on communication reliability (outage probability below 10~°) and
latency (on the order of milliseconds) [1,2]. However, China’s power grid covers a vast
geographical area, and within substations, distribution stations, and other sites, obstacles
such as transformers, buildings, and equipment cabinets are densely distributed, leading
to numerous blind spots and shadow fading regions for wireless signals. This severely
restricts the coverage capability and transmission reliability of power wireless private
networks [3,4].

Multi-hop relay technology, which deploys relay nodes between source and desti-
nation for store-and-forward transmission, can effectively bypass obstacles and extend
network coverage, making it an important means to address communication blind spots
in complex power station environments. Its successful application in a 220 kV substation
by the Jiangsu Electric Power Research Institute has verified its engineering feasibility in
multi-obstacle scenarios [5]. However, in power scenarios with fixed node positions and
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rigid topology, traditional multi-hop relay networks are often forced to increase transmit
power to meet strict quality-of-service (QoS) constraints, leading to a drastic increase in
energy consumption and conflicting with green and low-carbon goals. During the extreme
rainstorm disaster in Zhengzhou in 2021, a large number of base stations failed and optical
cables were damaged, causing some substations to lose contact with the dispatch center
and resulting in prolonged paralysis of the distribution automation system [6]. Therefore,
breaking through the existing resource optimization paradigm and investigating novel high-
energy-efficiency resource co-optimization mechanisms under extreme QoS constraints has
become a core research topic for the development of power wireless private networks.

Substantial research achievements have been made in resource optimization for multi-
hop relay networks. Early works mostly focused on a single dimension, such as relay
selection or power control. For two-hop scenarios, references [7-9] discussed relay selection
strategies based on location and channel information, maximum received signal-to-noise
ratio, and an improved A* algorithm, respectively; references [10-13] concentrated on
power control, leveraging the Dinkelbach method, adaptive mechanisms, and joint energy-
efficiency-delay optimization to improve energy efficiency. The above studies revealed
the strong coupling between relay selection and power allocation and their joint decisive
effect on network performance. However, existing studies are mostly confined to two-
hop networks, and when facing the rigid topology and deterministic QoS constraints of
power private networks in multi-hop scenarios, current algorithms show deficiencies in
adaptability and global optimization capability [14,15]. Another common limitation of
the above studies is that they are all built upon traditional active relays. The inherent
energy consumption, noise introduction, and processing delay of active relays during
signal processing place them in an inherent “performance vs. energy efficiency” trade-off
dilemma when supporting ultra-reliable and low-latency communication (URLLC) services
for the power grid.

In recent years, the intelligent reflecting surface (IRS) has emerged as a promising
technology to overcome the above challenges. An IRS is composed of numerous pro-
grammable, low-power passive reflecting elements. By flexibly manipulating the phase of
electromagnetic waves, it can actively reconfigure the wireless propagation environment,
which not only expands signal coverage and improves link reliability but also features low
cost and low energy consumption. Its seminal work was completed by Di Renzo et al.,
systematically elaborating the vision of “smart radio environments” [16]. Domestic refer-
ence [17] also provides a systematic review of IRS progress. At the core algorithm level,
IRS phase shift optimization needs to handle the unit-modulus non-convex constraint,
and manifold optimization has been proven to be a high-precision tool for dealing with
this non-convex constraint, achieving successful application in beamforming design for
multiple-input-multiple-output (MIMO) systems [18,19]. However, manifold optimization
methods typically require complex steps such as computing Riemannian gradients, vector
transport, and line search, needing iterative solutions and making it difficult to obtain
closed-form solutions. Meanwhile, alternating optimization or block coordinate descent
(BCD) frameworks have become mainstream paradigms for solving joint optimization
of IRS and transmitter parameters [20,21]. In terms of IRS and relay cooperation, some
scholars have studied resource allocation problems for IRS-assisted wireless powered
communication network relay systems [22].

Despite the enormous potential of IRS technology, significant gaps still exist in its
research for power multi-hop relay scenarios. First, existing IRS studies are mostly based on
assumptions of civilian cellular networks, neglecting the rigid topology, fixed nodes, and
strong deterministic QoS characteristics of power private networks, and rarely consider the
fundamental constraints that extreme URLLC indicators impose on resource allocation [23].
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Second, under the extreme constraints of power communication, the tightly coupled joint
optimization of discrete relay selection, continuous power allocation, and non-convex
IRS phase shifts is a complex problem that has not been fully explored. Reference [24]
investigates IRS-assisted seamless connectivity in multi-hop networks but focuses on
connectivity rather than energy efficiency, and does not consider strict URLLC constraints
or joint optimization of relay selection and power allocation. Reference [25] addresses relay
selection and power allocation for D2D communications without IRS assistance, and thus
cannot exploit passive beamforming gains. References [26,27] incorporate IRS into wireless
powered networks and general energy efficiency optimization, respectively, but are limited
to two-hop or single-hop scenarios and rely on iterative algorithms without closed-form
solutions. Finally, in the context of “carbon neutrality,” how to utilize the passive reflection
characteristics of IRS to achieve breakthrough improvements in system energy efficiency
while strictly satisfying URLLC-level reliability and latency hard constraints has not yet
been sufficiently investigated as a core scientific problem.

To address the above research gaps, the main contributions of this paper are as follows:

(1) Propose to introduce IRSs into power multi-hop relay networks by deploying it on
the obstacle surface between the source node and the first-hop relay, specifically targeting
the “first-hop blind spot” issue that is common yet largely overlooked in power substations,
thereby better matching practical engineering scenarios.

(2) To tackle the mixed-integer non-convex problem, we propose a BCD framework
that decomposes it into relay selection, power allocation, and IRS phase shift. A greedy al-
gorithm efficiently constructs multi-hop paths under rigid power topology. The Dinkelbach
method yields a closed-form solution for power allocation, and phase alignment provides
a closed-form global optimal IRS phase shift without iterative optimization. This work
thereby jointly optimizes the three modules with closed-form solutions, tailored to power
wireless private networks under strict URLLC constraints.

(3) Simulations demonstrate that the proposed algorithm significantly outperforms
traditional schemes in energy efficiency, reliability, and latency; numerical comparisons with
a grid search benchmark in small-scale scenarios show that it can effectively approximate
the benchmark solution, providing feasible algorithmic support for green and highly
reliable communication in power private networks.

2. Problem Formulation
2.1. System Model

Consider an IRS-assisted multi-hop relay network, suitable for communication scenar-
ios at the distribution substation or industrial park station level within power wireless pri-
vate networks. The system model is shown in Figure 1. The coverage area is 500 m x 500 m
and includes a source node S, a destination node D, K relay nodes Ry (k =1,2,...,K), and
an IRS composed of N passive reflecting elements. The source node S and destination node
D correspond to the main grid access point and end-service terminals (such as distribution
automation terminals, online monitoring sensors, etc.) within the station, respectively.
Relay nodes are deployed at fixed locations such as towers or equipment cabinets, and the
node positions remain unchanged during the entire communication process. This reflects
the rigid topology of the power grid, eliminating the possibility of dynamic node relocation
and forcing resource optimization to rely solely on relay selection, power control, and
IRS configuration.

The IRS is deployed on the surface of an obstacle between the source node S and
the first-hop relay R, actively participating in signal reflection only during the first-hop
transmission to provide reflection enhancement for that link. Subsequent relay links do
not rely on IRS assistance, and their channels are considered traditional point-to-point
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links. The assumption that a single IRS only assists the first hop is due to the practical
engineering constraints of the power wireless private network. Transformers, cabinets,
walls, and other obstacles are usually densely distributed near the source node, causing
serious “first-hop blind spots”. Deploying IRS on these obstacle surfaces is low-cost and
easy to maintain, avoiding complex modifications to existing relay nodes. In addition, once
the signal bypasses the first obstacle, subsequent jumps usually have a relatively clear line
of sight path due to tower lifting, thus reducing the necessity of IRS assistance.

transformer equipment

-~ L. ]
Destination/nodé/ D

selected path + = -« —  candidate path

— — — == IRS reflection path x The direct path is blocked

Figure 1. IRS-assisted multi-hop relay network model for power transmission.

All relay nodes operate in half-duplex decode-and-forward mode, with only the trans-
mitting and receiving nodes of the current hop being active in each time slot. The decision
variables for network optimization include relay path selection, transmit power allocation
of each node, and IRS phase shift configuration. The optimization objective is to maximize
the system energy efficiency while satisfying the QoS constraints of power services.

2.2. Channel and Signal Transmission Model
2.2.1. Path Loss Model

In the power wireless private network, the Okumura-Hata model [28] is selected as
the inter-node channel fading model, which is suitable for the 230 MHz frequency band of
the power wireless private network. The path loss (in dB) is expressed as

L = 69.55 + 26.16 log,, f- — 13.82log,, H}, + (44.9 — 6.55log,, Hy) log,yd — a(H,) (1)

where f. denotes the selected operating frequency, H, denotes the height of the transmitting
antenna, H, denotes the height of the receiving antenna, d denotes the distance between
the transmitter and receiver, and a(H,) is the antenna correction factor. In the context of
the power wireless private network [28],

«(H,) = 8.29(log,, 1.54H,)* — 1.1 )

2.2.2. Small-Scale Fading and Channel Coefficients

On the basis of path loss, the channel coefficients incorporate the effects of small-scale
fading. The following channels are defined:

hs R, is the direct channel coefficient from the source node S to the first-hop relay Ry;

hr,Rr,,, is the channel coefficient from relay Ry to relay Ry ;

hg,p is the channel coefficient from the last-hop relay node Rk to the destination
node D;

hg € CN*1 js the channel vector from the source node S to the IRS;

8r, € CN*1 js the channel vector from the IRS to the first-hop relay R;.
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The above channel coefficients all include path loss and small-scale fading, i.e.,

h=4/10—L(d)/10-h 3)

where 1 is a complex random variable with a mean of 0 and a variance of 1, and its envelope
follows a Rayleigh or Rician distribution.

To focus on the overall reflection effect of the IRS, it is assumed that its dimensions
are much smaller than the distance to the nodes, so that the distances of each reflecting
element are approximately equal; meanwhile, the IRS is often deployed in the line-of-sight
path, so the channel vectors can adopt the Rician fading model:

[ x /1
h= K+1hLOS+ K+1hNLOS (4)

where « is the Rician factor, h°S is the deterministic line-of-sight component vector, and
hNL is the random scattered component vector, whose elements follow an independent

and identically distributed complex Gaussian distribution CA/(0,1).

2.2.3. IRS Phase Shift Model

The phase shift matrix of an IRS composed of N reconfigurable units is denoted as
@ = diag(B1e/%, Brel®, ..., Bnel®N), where B, € [0,1] represents amplitude attenuation
and 6, € [0,277) denotes phase shift. For an ideal passive IRS, B, = 1, each reflective unit
satisfies the unit modulus constraint |ef On |= 1, meaning it only changes the signal phase
without amplifying or attenuating its amplitude.

2.2.4. Time Slot Division and Equivalent Channel Modeling

The system operates in half-duplex mode. When all K relay nodes are selected, the
configuration of transmitting and receiving nodes in each time slot is as follows:

TSq: Source node S transmits, and relay R; receives;

TS;(i=2,3,...,K): Relay R;_; transmits, and relay R; receives;

TSk+1: Relay Rg transmits, and destination node D receives.

Since the IRS actively participates in signal reflection only in time slot TS1, and does
not perform phase adjustment in subsequent time slots (its impact has been included in the
statistical characteristics of channel fading), the equivalent channel for each time slot needs
to be defined separately:

1) TS5

In time slot TSy, source node S transmits signals with power Ps, while relay R;
simultaneously receives signals from both the direct path and the IRS-reflected path. The
equivalent channel coefficient for T'S; is

hiy) = hs g, +gf ©hg 5)

where (-) denotes conjugate transpose, and the received signal-to-interference-plus-noise
ratio (SINR) is

thr

NOR R

72

(6)
@) TS (i=2,3,...,K)
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In time slot TS;, relay R;_1 forwards the signal to relay R; with power Pg, . At this
time, the IRS does not participate in active reflection, and the equivalent channel coefficient
is determined solely by the direct path between the transmitting and receiving nodes, that is

WY =g, r, i=23,...K )
The received SINR is
o _ Preal? a
T 0,2 ’ Z:2,3,...,I< (8)
(3) TSk41

In time slot TSk 1, relay Rg forwards the signal to destination node D with power
Pr, . This time slot also lacks IRS assistance, and the equivalent channel coefficient is

h&’é“) = hry,D )
The received SINR is 5
K+1)
Pry héq
Y (KF1) — — (10)

For decode-and-forward multi-hop relay networks, the end-to-end equivalent SINR is
well approximated by the minimum per-hop SINR when the per-hop SINRs are equalized
under optimal power allocation or in the medium-to-high SINR regime

Ye2e = H%isn')’(Ts) (11)
Based on the end-to-end SINR, the total transmission rate of the system is
R = Blog, (1 + 7Ye2e) (12)

Here, R denotes the long-term average throughput under pipelined half-duplex trans-
mission. Although Shannon capacity is a theoretical upper bound, it is adopted for fair
comparison because all schemes use the same rate model; the relative performance ranking
remains valid.

2.3. Key Performance Indicators and Constraints

Based on the aforementioned channel and signal transmission model, this section
defines three core performance metrics of the system: latency, reliability, and energy
efficiency, and provides corresponding constraints. Assuming the selected multi-hop path
comprises M relay nodes (M < K), the end-to-end transmission involves M + 1 hops.

2.3.1. Latency

The end-to-end delay consists of two parts: the processing delay at relay nodes and
the transmission delay of data packets. Let the fixed processing delay of each relay node be
t, and the size of the data packet be Q. Then the total delay can be expressed as

bt = Mty + 2 13)

Power services are categorized according to IEC 61850 [29]: protection (latency < 4 ms,
outage probability below 10~°), automation (latency < 16 ms, outage probability below
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1075), and metering (latency < 250 ms, outage probability below 10~°). Our model targets
the most stringent class (protection) and therefore the system must meet

Erotal < tmax (14)

where tmax represents the maximum end-to-end delay permitted by the service. As can be
seen from Equation (13), the delay performance is directly dependent on two key factors:
relay hop count and end-to-end rate. The hop count is determined by the relay selection
strategy, while the rate is jointly determined by power allocation and IRS phase shift
configuration. Therefore, hop count and rate are the core variables affecting delay.

2.3.2. Reliability

Power control services have extreme requirements for reliability, which are reflected in
the constraint on the probability of interruption. The system requires that the probability of
the end-to-end SINR being below a certain threshold <y, must be lower than a limit value ¢
(e.g., outage probability below 10°)

Pr(veze < ) < € (15)

Under the deterministic optimization framework of this paper, it can be simplified to
a strict SINR threshold constraint in the worst case

Ye2e > Yth (16)

This constraint ensures that the instantaneous SINR always meets the reliability re-
quirements under a given channel implementation, thereby indirectly guaranteeing the
outage probability metric [12]. Unlike civilian networks that often adopt probabilistic
QoS (e.g., outage probability averaged over fading), power protection services require
deterministic QoS, i.e., the SINR must satisfy the threshold for every channel realization.

2.3.3. Energy Efficiency

With energy efficiency optimization as the core objective, the system energy efficiency
is defined as the ratio of total transmission rate to total power consumption. Meanwhile,
let the relay selection indicator variable be a; € {0, 1}, indicating whether relay node Ry is
selected. Then, the energy efficiency can be expressed as

R o B logz(l + r)/e2e)

= (17)
Ptotal

EE = X
Ps+ Y apPr, + Pc
k=1

Among them, the total power consumption Py, includes the transmission power
Ps, the transmission power }_a;Pg, of the selected relay node, and the circuit power

consumption P¢, which includes the circuit consumption of the relay node and IRS. This
definition intuitively reflects the number of information bits that can be transmitted per
unit of energy consumed by the system.

In addition, system optimization must also satisfy the following physical resource
constraints.

2.3.4. Power Constraints

The transmission power of each node is limited by hardware capabilities.
Source node:
0 < Pg < pmax (18)
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Relay node:
0 < Pg, < PR (19)
Total system power:
K
Ps+ ) aPr, < Pl (20)
k=1
2.3.5. IRS Phase Shift Constraint
Each reflection unit must satisfy the unit modulus constraint
=1 (21)

2.3.6. Relay Selection and Path Constraints

In a multi-hop relay network, it is necessary to select M relays from K candidates
to form an acyclic and effective path from the source node to the destination node. Let
R = {Ry,Ry, ..., Rk} denote the set of candidate relay nodes, and ¢;; € {0,1} represent
whether link i — j is selected. Then the path constraint can be expressed as

Outflow constraint:

Y dsi=1 (22)
j#S
indicating that there is only one link originating from the source node;
Inflow constraint:
Y b4ip=1 (23)
i#D
indicating that there is exactly one link entering the destination node D;
Flow conservation constraint:

Z 5i,Rk = Z ‘SRk,j <1, VR, eR (24)
i#Ry J#Rk

indicating that for any relay node Ry, if it is selected, the in-degree equals the out-degree
equals 1; otherwise, both are 0. Leveraging the fixed node positions in power wireless
private networks, assigning a monotonic order to all nodes along the direction from S to D
is sufficient to guarantee acyclicity.

In addition, the relationship between the relay selection indicator variable a; and the
link selection variable (Si,j is

a= Y g, k=12...K (25)
1EV\{Re}

2.3.7. Transmission Rate Constraint

To ensure the basic communication needs of the power business, the end-to-end
transmission rate of the system must meet the minimum rate constraint, that is

R Z Rmin (26)

Based on the above analysis, the resource coordination optimization problem of IRS-
assisted multi-hop relay networks is modeled as a joint optimization problem aimed at
maximizing system energy efficiency. The decision variables include the discrete relay selec-
tion variable a = [ay,ay, . . ., aK]T € {0, 1}KX1, link selection variable A = [51',]‘]
K+1)

, con-
Vx|V

tinuous power allocation variable P = [Ps, PRy, PRy, - - +s PRK] T € R( %1 and non-convex
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IRS phase shift variable ® = diag(e/®1,e/%,. .., e/fv) € CN*N_ Finally, the constructed joint
optimization problem is as follows:

max —_ _R _ B 10g2 (1+'Ye2e)
an b~ Pou Po+ 3 apPp, +P,
5L kPR (27)

s.t. Equations (14), (16), (18)—(26)

Equation (27) falls within the category of mixed-integer non-convex optimization.
The objective function exhibits a fractional structure, and the constraints encompass both
discrete variables and unit-modulus non-convex constraints, rendering direct solution
challenging. Theorem 1 provides a guarantee for the existence of an optimal solution to
this problem.

Theorem 1. For the given parameters B, o2, P, PR, Ryins Yins ngﬁ tmax, the maximum
value of the objective function in Equation (27) must exist.

Proof of Theorem 1. See Appendix A for details. [

3. Algorithm Design and Implementation

For the mixed-integer non-convex optimization problem constructed in Chapter 2,
directly solving it would result in an excessively large computational burden. To address
this, the BCD framework is introduced, decomposing the originally complex joint optimiza-
tion into three more manageable subproblems: relay selection, power allocation, and IRS
phase shift configuration. By iteratively optimizing these three sub-modules, we gradually
approach the global optimal solution.

The overall flow of the algorithm is shown in Figure 2. Its core idea is to fix two variable
blocks in each iteration and optimize the third variable block, repeating this process until
convergence is reached.

Initialize relay scheme, power
allocation, IRS phase shift

Block Coordinate Descent (BCD) alternating optimization

Fixed power and Optimized power Fixed relay and
IRS phase shift allocation for fixed power allocation
optimization for relay and IRS optimization for
relay selection phase shift IRS phase shift

Is the I R e ]
No system [ Latency and

energy .Y reliability under
efficiency QoS constraints

Output the optimal
solution

Figure 2. Algorithm flowchart.

3.1. Relay Selection Based on Greedy Algorithm

Given that the BCD framework requires multiple iterations, the computational effi-
ciency of the relay selection subproblem directly constrains the overall convergence speed.
Compared to high-complexity algorithms such as global search, greedy algorithms are
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more suitable for quickly constructing effective multi-hop paths within this framework due
to their low computational cost and simple implementation.

Under the BCD framework, the relay selection subproblem requires the rapid selection
of an end-to-end multi-hop path P from the source node S to the destination node D from
a set of candidate relay nodes R = {Rj, Ry, ..., Rx}, under the conditions of fixed power
allocation P and IRS phase shift configuration @, in order to maximize system energy
efficiency. The relay selection subproblem can be expressed as follows:

max fige = gy
s.t. Equation (22)—(25)

(28)

Defining the link quality cost of node j for the current partial path Ppart as the basis
for greedy selection,
I — Vij
P i+ Pe

(29)

where i is the last node of the current path, j is the candidate node, and 7; ,; is the SINR
of link i — j, which is calculated based on the fixed power vector P and the fixed IRS
phase shift matrix ®. This metric comprehensively considers both link quality and energy
consumption cost, favoring the selection of nodes with good channel conditions and
relatively low energy consumption. The specific process of the algorithm is shown in
Algorithm 1.

Algorithm 1. Greedy relay selection algorithm

Inputs:

Source node S, destination node D, candidate relay node set R, fixed power
allocation vector P, fixed IRS phase shift matrix ®, minimum SINR threshold ;.

Outputs:
Relay selection vector a and link selection matrix A
Procedure:

1. Initialize the current path P = [S], the set of unvisited nodes % = R, and the
temporary disabled list 7 = @

2. While the last node of the current path # D do:

3. Let i be the last node of path P

4, Filter candidate node set C = {k € H | vij > v } from H
5. fC=0

6. If P =S]

7. Algorithm failed, returning an empty path

8. else

9. Undo: Remove i from P and add itto 7

10. else

11. For each k € C, calculate the link quality cost ratio compared to I'; ,;
12. Select the optimal candidate node k* = argmaxI’;_,;

keC
13. Update the path and node sets P = P U {k*} and H = H\{k*}

14. end if

15.  end while

16. Update the relay selection vector a and the link selection matrix A based on the
final path P
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The greedy algorithm backtracks when a selected relay leads to a dead end: it removes
that relay, disables it temporarily, and resumes from the previous node. Termination
occurs successfully when the destination is reached, or with failure (empty path) when
backtracking exhausts all options. With at most six relays, the worst-case complexity is
O(M?). An empty path triggers re-routing or QoS relaxation in the outer BCD loop.

3.2. Power Allocation Based on Dinkelbach and Lagrange Multiplier Method

Under the BCD framework, the power allocation subproblem requires optimizing the
transmit power of the source node and each relay node under the condition of fixed relay
selection vector a and IRS matrix ©, in order to maximize system energy efficiency. To
simplify notation, the transmit power of each hop is denoted as Py = Ps, Py = Pg,,(m =
1,2,..., M), respectively, and the power vector is denoted as P = [Py, Py, P>, .. ., PM]T.

After selecting fixed relay a and IRS phase shift matrix @, the power allocation sub-
problem can be expressed as

maX g = 7PR(P()P)
P total
st. 0< Py < Pyax, m=0,...,.M

M
PRI (30)

'YeZe(P) > TYth
R > Rmin

This is a typical fractional programming problem, which is transformed into an
equivalent parameterized problem using the Dinkelbach method. By introducing an
auxiliary parameter g, the function can be defined as follows:

F(q) = glea%({R(P) —q Ptotal(P)} (31)
where F represents the feasible region defined by the power constraint in Equation (30).
The core theorem of the Dinkelbach method states that the corresponding g* is the
optimal energy efficiency value of the original problem if and only if F(q) = 0, and the P*
that achieves this value is the optimal power allocation [30]. Based on this, power allocation
can be solved alternately through outer Dinkelbach iteration and the inner maximization
problem. The outer iteration updates the value of g, while the inner maximization problem
in Equation (31) is solved under a given 4.
When g is given, the inner problem is

M

mI?Xf(P) = Blogz(l + Ye2e(P)) —q ZO Py,
m=
st. 0< Py, <Ppax, m=0,..., M
M (32)
Y Pu < PSSy
m=0

’)’eZe(P) > max{')’thr 2Rmin/B 1} £ Ymin

The minimum rate constraint and the SINR threshold constraint have been consoli-
dated into a unified lower bound for the SINR, which is defined as the pointwise minimum
SINR across all hops. At the point of optimal power allocation, the SINR values for all
selected links should generally be equal [12]. If this is not the case, the total power con-
sumption can be decreased without compromising the data rate by reducing the power
allocated to non-bottleneck links. Hence, at the optimal solution, it is observed that

W =@ = =M =g > g (33)
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Substituting the expressions for the SINR of each hop into Equation (33) yields the
proportional relationship between the powers. Define the equivalent channel gain as

H 2
)hisl +gR1 ®hS
2

o= (34)
G = % m=2,...,M+1
Then 7(1) = PGy, 'y(m) = P,,_1Gy,, and from Equation (33) we obtain
PyGr = PGy =...= PyGpy1 =7 (35)
From this, each power can be expressed as a function of v:
Po—gl Pm:GZH,mzl,...,M (36)

At this point, the total power consumption can be denoted as Py, = 7 Z 1/Gpa1 +

P;, and the inner-level Equation (32) degenerates into an optimization problem 1nV01V1ng a
single variable :

1
max Blog,(1+ ) — qry Z NG
7 m+1
s.t. Y = Ymin
i < Ppax, m=0,...,.M (37)
Gm+1
= 1 < pmax _ p
v Z total ¢
m=0 +1

Take the derivative of the objective function with respect to -y, and set the derivative
to zero to obtain the unconstrained optimal solution. The objective function is

8(7) = Blogy(1+17) —q7A (38)
M
where A= Y 1/Gy11, let ¢/ () = 0; then
m=0

B B

Arypmz M4=0 = Y= 75 39)

Taking into account the constraints in Equation (37), the optimal y* needs to be
projected into the feasible region. The upper bound of 7 is determined by the combined
power constraints <y, = min rrEn{PmaXGmH} (Poiy —Pe)/ A}, while the lower bound
iS Y1, = Ymin- Therefore, the optimal solution is

" = max{ Y, min{Yopt, Yub } } (40)

After obtaining ¢*, the transmit power of each node is given by Equation (36), and
further truncation is required to satisfy the upper and lower bounds of power. After
truncation, the per-hop SINRs are re-evaluated. If any hop violates ypin, the truncated
solution is discarded and the power allocation subproblem is declared infeasible for the
current relay selection and IRS configuration. The objective function in Equation (38) is
strictly concave in 7 (its second derivative is negative). Hence, the unconstrained maximizer
* is unique, and the constrained optimum is obtained by projecting v* onto the feasible
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interval. This projection preserves optimality because the objective is monotonic outside
the interval. The final closed-form solution for power allocation is

o :min{PmaX,max{O, 7 }} m=0,1,...,M 41)
Gm+1
If yip > Yup, then Equation (37) has no feasible solution, and the QoS constraints
cannot be met under the current relay selection and IRS configuration. Based on the above
derivation, the algorithm for solving the power allocation subproblem is as follows. The
specific process of the algorithm is shown in Algorithm 2.

Algorithm 2. Power allocation algorithm based on Dinkelbach

Inputs:

Selected relay sequence Ry, Ry, ..., Ry, fixed IRS phase shift matrix @, channel gain
G1, Gy, ..., G+, System parameters B, o2, P, Prax (P, P}{}:X), P, Rmins Vehs
convergence accuracy €.

Outputs:
The most power-efficient allocation P* or indicate that there is no feasible solution.

Procedure:

M
1. Initialization : Calculate A = Y. 1/Gy01, Ymins Yub- I Ymin > Yub, return "No
m=0
feasible solution.".

2 Set q(o) = 0, n = 0, maximum iteration count 50
3 Repeat
__ B
4 Calculate yopt = AT 1
5. Calculate v* = max{yip, min{Yopt, Yub } }
6 Calculate the powers P, = v*/G;,;41 according to Equation (36)
M
7 Updateq("*!) = Blog,(1+7*)/ ¥ Pu+ P
m=0
8 n=n+1
9 Until |¢(") — "1 | < eorn > 50

10.  ReturnP* = [Py, Py, Py, ..., Py’

When Ymin < Yup, there exists at least one set of power allocation that satisfies all
constraints. In this case, Algorithm 2 must return a feasible solution. If infeasibility occurs,
it is necessary to backtrack to the relay selection module for rerouting, or appropriately
reduce QoS requirements.

The Dinkelbach method iteratively updates an auxiliary parameter g (outer loop). For
each fixed g, the fractional objective is transformed into a parametric form, and the optimal
power allocation is obtained in closed form via Equations (36)—(41). Thus, the overall power
allocation algorithm consists of an outer Dinkelbach iteration and an inner closed-form
power update.

3.3. IRS Phase Shift Configuration Based on Closed-Form Solution

From the preceding system model, it can be seen that the IRS is only deployed between
the source node S and the first-hop relay R;. Its phase shift matrix ® only affects the
equivalent channel gain of the first-hop link and has no effect on subsequent-hop links.
Therefore, under the premise that relay selection and power allocation are fixed, the end-to-
end SINR 7, depends on ® only when the first-hop link is the bottleneck. If the SINR of
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the first hop is already higher than that of other hops, further optimizing the IRS phase shift
cannot improve ., thus having no effect on energy efficiency. Therefore, the reasonable
goal of IRS phase shift optimization is to maximize the received SINR (1) of the first-hop
link. According to Equation (8), the SINR of the first hop can be written as

i 2
Pg|hs g, + g, ©hsg

1) _
7 = = (42)
The subproblem of IRS phase shift configuration can be expressed as
max 71)(@)
st. O= diag(efel,. ..,efeN) (43)

0,€[0,27), n=1,...,N

Expanding Equation (42) to gk ,©hg = Z g5 hye®n, where g, and h, represent the

n-th element of channel vectors g and hg, respectlvely Then, the SINR of the first hop is
2

proportional to ‘hs R, T Z gy elfn

From the triangle 1nequahty, it can be seen that the aforementioned modulus reaches
its maximum when all phases are consistent. Specifically, let the direct path phase be
¢o = Zhg g,, and let the equivalent channel phase introduced by the IRS reflection unit in
the n-th reflection path be ¢, = Z(g;1,). In order to make all reflected signals superimpose
in phase with the direct signal at the receiving end, the phase shift 8, of the n-th unit of the
IRS should be adjusted to compensate for the phase delay of this path, that is

9: =¢o — Pn :ZhS,Rl —Z(g:;hn), n=12,...,N (44)

Although the direct link may be severely attenuated by obstacles, a weak direct path
still exists under the Rician fading model, providing a well-defined phase reference for
IRS alignment. In the extreme case of complete blockage, aligning the IRS phases to a
common reference is equally valid, because only relative phases matter. Consequently, the
signals from each reflection path are aligned in phase with the direct signal, resulting in the
maximum amplitude of the received signal:

N
hS,R1 + Z g;hnejg”
n=1

N
= |hs,r, | + ) |gnil (45)
n=1

The corresponding maximum first-hop SINR is

2
P N
’)’rg;x = 0% <|hS,R1‘ + Z gnhn> (46)

n=1

Equation (44) provides a closed-form expression for the optimal phase shift of each
reflection unit in the IRS. This solution relies solely on the phase information of channel
state information and can obtain the global optimal solution without iteration. The specific
process of the algorithm is shown in Algorithm 3.
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Algorithm 3. IRS phase shift configuration algorithm

Inputs:
Channel coefficient hs r , hs, 8R,/ IRS element number N
Outputs:
Optimal phase shift matrix @*
Procedure:
1. Calculate the direct path phase ¢g = Zhs R,
2. Forn=1toNdo
3. Calculate the equivalent reflected channel phase¢, = Z(g;hn)
4. Calculate the optimal phase shift for the n-th unit 6, = ¢9 — ¢y
5 end for
6 construction @* = diag (efef ... el )
7 return @*

In the proposed BCD framework, each subproblem is solved in a way that does not
decrease the objective function #gg. Specifically, Algorithm 1 picks the best available relay
under fixed power and IRS phases, so #gg either increases or stays the same. Algorithm 2
is known to monotonically increase #gg [30]. Algorithm 3 maximizes the first-hop SINR,
which does not reduce the end-to-end rate and hence does not reduce #gg. Therefore, the
sequence {UEE(m)} generated by the algorithm is non-decreasing. Moreover, Theorem 1
guarantees that #gg is upper-bounded under the given constraints. A non-decreasing and
upper-bounded sequence always converges to a finite limit. Hence, the proposed algorithm
is guaranteed to converge.

The complexity of each BCD subproblem is as follows. Greedy relay selection with
backtracking costs O(M?) (M < 6). Dinkelbach power allocation costs O(Ip - M), where
Ip < 10 and M is the number of hops. IRS phase alignment costs O(N) (N = 64). The over-
all BCD complexity is O(Ipcp - (M2 + Ip - M+ N)) with Igcp < 50, which is manageable
for real-time power communication.

4. Case Implementation and Analysis
4.1. Parameter Setting and Initialization

To evaluate the performance of the BCD-Joint optimization algorithm proposed in this
paper, multiple sets of simulation experiments are designed in this section. By comparing
with various benchmark algorithms, the performance of the proposed algorithm in an
IRS-assisted multi-hop relay network is assessed based on three core performance metrics:
system energy efficiency, outage probability, and average delay.

The simulation scenario is a 500 m x 500 m rectangular area, representing a distri-
bution substation or industrial park core area. The source node is fixed at (0,250) m, the
destination node at (500,250) m, and six relay nodes are randomly but statically placed
within [(50,150), (450,350)] with a fixed random seed (0). The IRS is deployed on an obstacle
surface between the source and the first-hop relay to address the “first-hop blind spot”.
The 230 MHz carrier frequency and Okumura-Hata path loss model comply with standard
power private network specifications. The per-relay processing delay is 1 ms (based on
field measurements), and the IRS has 64 reflecting units. For each parameter set, 10,000 in-
dependent Monte Carlo trials are performed. The outage probability is computed as the
ratio of trials where the end-to-end SINR falls below <y, over the total number of trials.
IRS phase shifts are assumed continuously adjustable (no discretization), as practical IRSs
achieve fine phase control. The remaining key parameters are listed in Table 1.

https:/ /doi.org/10.3390/ electronics15132836


https://doi.org/10.3390/electronics15132836

Electronics 2026, 15, 2836 16 of 24

Table 1. Parameter settings.

Parameters Numerical Values
coverage area 500 m x 500 m
number of relay nodes K 6
IRS reflection unit count N 64
operating frequency f. 230 MHz
transmitting antenna height H, 50 m
receiving antenna height H, 10 m
system bandwidth B 1 MHz
minimum transmission rate Rpin 1 Mbps
maximum power of source node Pg*® 30 dBm
maximum power of relay node Pg®* 27 dBm
maximum total power of the system Pi7oY 33 dBm
Circuit power P¢ 10 dBm
Noise power ¢ —114 dBm
SINR threshold 7y, 0dB
Relay processing delay £, 1ms
the maximum end-to-end delay tmax 10 ms
Rician factor 10dB

The initialization process of the joint optimization algorithm based on the BCD frame-
work proposed in this paper is as follows: the IRS phase shift randomly generates a set
of initial values satisfying the unit modulus constraint [18]; the power allocation adopts
a uniform allocation strategy, allocating initial transmit power to each node under the
total power constraint; the relay selection subproblem is solved based on the current
power and IRS phase shift, thus no initial path needs to be specified in advance. The
number of iterations refers to the typical setting of the alternating optimization algorithm
in the literature [22], ensuring convergence accuracy while also considering computational
efficiency. All power values in dBm are converted to watts using Py = 10(Pasm—30)/10
before calculations.

To evaluate the individual contributions of IRS, relay selection, and power allocation,
we compare BCD-Joint with three complementary baselines: No-IRS (same relay selection
and power control but without IRS), Dijkstra-Relay (IRS and Dinkelbach power control
kept, greedy relay selection replaced by the classical Dijkstra shortest-path algorithm
with path-loss edge weights, as in [31]), and Equal-Power (EPA) (IRS and greedy relay
selection kept, Dinkelbach power control replaced by uniform power distribution among
all transmitting nodes, which is a standard non-adaptive baseline [32]). By contrasting
BCD-Joint with these baselines, we isolate the necessity of IRS, the effectiveness of greedy
relay selection, and the advantage of Dinkelbach power control, respectively.

4.2. Simulation Results and Analysis

Figure 3 illustrates the variation of system energy efficiency with the number of candi-
date relay nodes (network size) under different algorithms. As the number of candidate
relays increases, the greedy relay selection tends to construct longer paths (i.e., selects
more relays) to satisfy the QoS constraints. Under the fixed transmit power, distributing
power over more hops reduces the per-hop SINR and the end-to-end rate, leading to lower
energy efficiency. The proposed BCD-Joint algorithm consistently achieves the highest
energy efficiency across all network sizes. For instance, when there are six candidate
relays, BCD-Joint yields an energy efficiency of 0.53 Mbps/], which is 6% higher than Dijk-
stra+Dinkelbach, 36% higher than Greedy+EPA, and 83% higher than No-IRS. These results
validate the necessity of the IRS, the benefit of greedy relay selection, and the advantage
of Dinkelbach-based power control. The performance gap becomes more pronounced as
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the network size increases, indicating that the joint optimization is particularly effective in
dense relay deployment.

0.7 T T
@ —©— BCD-Joint
[\ —&— Dijkstra+Dinkelbach
06 F Greedy+EPA
—A— No-IRS

05}

o
IS
T

Energy efficiency (Mbps/J)
o
w

o
)

0.1 1 1 L L L L 1
2 3 4 5 6 7 8 9 10

Number of candidate relay nodes

Figure 3. The variation in energy efficiency with the number of relay nodes under different algorithms.

Figure 4 shows the outage probability versus the SINR threshold under different
algorithms. As the SINR threshold increases, all curves rise steeply on the logarithmic
scale because higher reliability requirements demand better channel conditions. The
BCD-Joint algorithm consistently exhibits the lowest outage probability, followed by Dijk-
stra+Dinkelbach, Greedy+EPA, and No-IRS. For example, at an SINR threshold of 0 dB,
the outage probabilities of BCD-Joint, Dijkstra+Dinkelbach, Greedy+EPA, and No-IRS are
approximately 9.2 x 107%,3.0 x 1075, 1.2 x 1073, and 5.6 x 1073, respectively. The substan-
tial reduction achieved by BCD-Joint confirms that the combination of IRS phase alignment,
energy-efficient power control, and adaptive relay selection significantly improves link
reliability, even under stringent QoS constraints. Notably, the gap between BCD-Joint
and Greedy+EPA widens as the SINR threshold increases, indicating that the Dinkelbach
power control becomes increasingly critical when high link quality is required. Further-
more, the difference between the IRS-assisted schemes (BCD-Joint, Dijkstra+Dinkelbach,
Greedy+EPA), and No-IRS demonstrates the essential role of IRS in mitigating the “first-hop
blind spot”, which is the primary source of outage in power wireless private networks.
10° T T T T T T T T T -
—©— BCD-Joint
—&— Dijkstra+Dinkelbach

Greedy+EPA
—~A— No-IRS

Outage probability
5

10-® | . . . . . . . .
-10 -8 -6 -4 -2 0 2 4 6 8 10
SINR threshold (dB)

Figure 4. The variation in outage probability with signal-to-interference-plus-noise ratio threshold
under different algorithms.

Figure 5 illustrates the energy efficiency versus the minimum transmission rate re-
quirement. For all algorithms, energy efficiency decreases as the rate requirement increases,
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because higher rates require higher transmit power following a logarithmic Shannon re-
lationship. The BCD-Joint algorithm maintains the highest energy efficiency across the
entire range. When Rpin = 1 Mbps, BCD-Joint achieves 0.52 Mbps/], which is 9% higher
than Dijkstra+Dinkelbach, 37% higher than Greedy+EPA, and 73% higher than No-IRS.
Moreover, the performance gap widens with increasing rate requirements, demonstrating
that the proposed joint optimization is particularly beneficial for high-rate services. This is
because BCD-Joint’s greedy relay selection avoids weak links that would otherwise require
excessive power to meet high rate demands, while Dinkelbach power control ensures that
power is allocated only where it is most effective. In contrast, Greedy+EPA wastes power
on all links equally, and No-IRS suffers from poor first-hop signal quality, both leading to a
faster decline in energy efficiency as the rate requirement becomes more demanding.

0.7

T T
—6— BCD-Joint
=& Dijkstra+Dinkelbach | |

Greedy+EPA
—A—No-IRS

0.65

06

0.55

0.5

0.45

0.4

035

Energy efficiency (Mbps/J)

03

025

0.2

. . I . . . .
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
Minimum transmission rate requirement (Mbps)

Figure 5. The variation in energy efficiency with minimum transmission rate under different algorithms.

Figure 6 depicts the energy efficiency as a function of the SINR threshold. As the
required SINR increases, all schemes suffer from decreasing energy efficiency because
more transmit power is needed to meet the stricter link quality. The BCD-Joint algorithm
consistently outperforms the three baselines. When <y, = 0 dB, the energy efficiencies
of BCD-Joint, Dijkstra+Dinkelbach, Greedy+EPA, and No-IRS are 0.52, 0.49, 0.38, and
0.30 Mbps/J, respectively. Notably, the advantage of BCD-Joint over Greedy-EPA becomes
more significant at higher SINR thresholds, highlighting the crucial role of Dinkelbach-
based power control in maintaining energy efficiency under high-reliability requirements.
The IRS also contributes substantially, as seen by the large gap between No-IRS and the
IRS-assisted schemes. For instance, when <y, = 4 dB, the energy efficiency of BCD-Joint is
0.38 Mbps /], while No-IRS is only 0.19 Mbps/J—a relative improvement of nearly 100%.
This demonstrates that IRS phase alignment not only reduces outage probability but also
directly improves energy efficiency by increasing the effective SINR of the first hop without
extra transmit power.

Figure 7 shows the average delay of the BCD-Joint algorithm as a function of the
minimum transmission rate and relay hop count in three-dimensional curved form. From
the graph, it can be seen that when Rp,ij, = 0.5 Mbps and the number of relay hops
M = 3, the delay is about 9.5 ms; when R,ijn = 1 Mbps and the number of relay hops
M = 3, the delay is about 5 ms; when Ry, = 0.5 Mbps and the number of relay hops
M =5, the delay is about 10.5 ms. The end-to-end delay depends on both processing
delay and transmission delay. The trend of three-dimensional surfaces indicates that
in low-speed regions, transmission delay dominates, and delay decreases rapidly with
increasing speed; in high-speed regions, processing latency becomes the main component,
and latency increases linearly with hop count. The BCD-Joint algorithm controls the number
of hops through relay selection, and combines power and IRS optimization to improve
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transmission rate, placing the system in a favorable area of “low hop count, high rate”,
thereby controlling latency in milliseconds and meeting the strict requirements of power
services for latency.

1.2 T T T T T T T T T

R —6— BCD-Joint

—8— Dijkstra+Dinkelbach
14 Q Greedy+EPA 4
—A— No-IRS

0.8

0.6
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SINR threshold (dB)

Figure 6. The variation in energy efficiency with SINR threshold under different algorithms.
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Figure 7. The variation in average delay with minimum transmission rate and relay hops.

Figure 8 compares the performance upper bound of the BCD-Joint algorithm proposed
in this paper with grid search benchmark in small-scale scenarios (candidate relay K = 3,
IRS reflection unit N = 8). The grid search enumerates all possible relay paths and
discretizes the transmit power with a 1 dBm step and the IRS phase with 77/4 discrete steps.
This grid search provides an approximate reference rather than a true global optimum,
due to the discretization of continuous variables. As shown in the figure, the energy
efficiency of BCD-Joint is highly consistent with this grid search benchmark at different
SINR thresholds (average deviation < 3%), indicating that the proposed algorithm can
effectively approximate the benchmark solution in this small-scale scenario.

Figure 9 shows the energy efficiency outage probability relationship between the
BCD-Joint algorithm proposed in this paper and the No-IRS benchmark scheme. Each
point on the curve corresponds to the optimal operating point under different minimum
transmission rate constraints. The green shaded area represents the typical feasible region
of the power URLLC business. By comparison, it can be seen that under the same outage
probability requirement, the BCD-Joint algorithm can achieve higher energy efficiency;
at the same energy efficiency level, its reliability is significantly better than the No-IRS
scheme. It is almost impossible for the No-IRS scheme to enter the feasible region of URLLC,
while the BCD-Joint algorithm can maintain high energy efficiency while meeting extreme
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reliability requirements, verifying the dual gain of IRS introduction and joint optimization
on system performance.
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Figure 8. Performance comparison between BCD—Joint algorithm and grid search benchmark in
small-scale scenarios.
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Figure 9. Pareto frontier of system energy efficiency and outage probability.

5. Conclusions

This study focuses on the energy efficiency optimization problem of power wireless
private networks under extreme service quality constraints, and proposes a multi-hop
relay network resource optimization method based on intelligent reflector assistance. A
hybrid multi-hop relay system model with IRS-enhanced first-hop link was constructed
to address the problem of the “first-hop blind spot” caused by internal obstruction in
power plants, making the scene setting more realistic in engineering. On this basis, the joint
optimization problem of relay selection, power allocation, and IRS phase shift configuration
is modeled as a mixed-integer non-convex programming, and is decomposed into three
subproblems for alternating solution based on the block coordinate descent framework.
Differently from traditional iterative algorithms, this paper derives closed-form solutions
for power allocation and IRS phase shift optimization subproblems, significantly reducing
computational complexity. In addition, comparison with the grid search benchmark in
a small-scale scenario shows that BCD-Joint can effectively approximate the benchmark
solution (within 3% deviation), supporting its practical effectiveness. The simulation results
show that the proposed method outperforms benchmark schemes such as No-IRS, random
IRS, and fixed relay in terms of system energy efficiency, outage probability, and delay
control. The Pareto frontier analysis of energy efficiency and reliability reveals a significant
expansion of the system performance boundary by introducing IRS.
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Although this paper assumes a single IRS assisting only the first hop, the proposed
BCD framework is modular and extensible. For multiple IRSs assisting multiple hops,
additional phase shift subproblems can be added, each solved by the same closed-form
phase alignment principle. Relay selection and power allocation remain unchanged except
that the equivalent channel gains incorporate the optimized IRS reflections. Our algorithm
also supports multi-IRS cooperation by sequentially optimizing each IRS’s phases while
fixing others. Thus, this work provides a foundational module for richer IRS-assisted multi-
hop networks in future power communication systems. The study assumes fixed topology
and ideal CSI, and is validated by simulations only. In the future, further research will
be conducted on adaptive optimization strategies in dynamic channel environments and
exploring distributed IRS collaborative architectures to enhance the flexibility of network
coverage, while introducing intelligent methods such as deep reinforcement learning to
enhance the robustness and real-time decision-making ability of the system in uncertain
environments, in order to adapt to more complex power communication scenarios.
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Abbreviations

The following abbreviations are used in this manuscript:

QoS Quality of Service

IRS Intelligent Reflecting Surface

URLLC  Ultra-Reliable and Low-Latency Communication
MIMO  Multiple-Input-Multiple-Output

BCD Block Coordinate Descent

SINR Signal-to-Interference-plus-Noise Ratio

Appendix A. Proof of the Existence of the Maximum Value of a Function

Proof. The decision variables for Equation (27) include discrete relay selection vari-

able a = [al,az,...,aK]T and link selection variable A = [4;;] vy continuous

ZE
power allocation variable P = [Ps/PRlszzr- ..,PRK]T, and IRS phase shift variable
@ = diag(e/™1,el®2,...,e/N). The properties of the feasible region are analyzed below.
O

The Feasible Range of Relay Selection Variables

Relay selection variable a; € {0,1} and link selection variable ; ; € {0,1} must satisfy
path validity constraints Equations (22)—(25). Due to the limited number of candidate relay
nodes K in the network, all possible relay selection combinations form a finite set. If the
finite set is A, then | A| < 2K. 2l < o
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Feasible Range of Power Variables

For any fixed relay selection, the power variable P needs to satisfy Equations (18)-(20).
These constraints define a bounded closed set (polyhedron) in M + 1-dimensional Euclidean
space, denoted as P(a).

P(a) = {P c RM*1

M
0 < Pu < Pmax, Y, P < Pt — Pc} (A1)
m=0
Among them, Py is Pg*®™ for the source node and Pg®* for the relay. Obviously, P(a)
is a compact set (bounded closed set).

The Feasible Range of IRS Phase Shift Variables

The IRS phase shift variable 6, € [0,271) must satisfy the unit modulus constraint
|ef|= 1. Therefore, the phase shift vector [6y, ..., 0x] T e TV is located on the Cartesian
product of N circles, where T = [0,277) is a one-dimensional circle. Since TV is a compact
manifold, the feasible region of the IRS phase shift variable is a compact set.

The Compactness of the Overall Feasible Region

For any fixed relay selection (a,A) € A, the corresponding feasible subset is
F(a,A) = {(P,@)]P €P(a), ® TV} (A2)

Since both P (a) and TN are compact sets, their Cartesian product .A(a, A) is also a
compact set. The overall feasible domain is the union of a finite number of compact subsets

F= U F(aA]) (A3)
(a,A)eA
The union of a finite number of compact sets remains a compact set; therefore F
is compact.

Continuity of the Objective Function

For any fixed relay selection, the end-to-end rate R is given by Equation (12), where
the end-to-end SINR 7yee ~ rr%isn'y(”). According to Section 2.2, the first-hop SINR is

a continuous function of power v(1), power Ps, and phase shift ®, and the subsequent
hop SINR (") is a continuous function of power Pg, ,. The minimum operation is a
continuous function, and the logarithmic function is also continuous, so R is a continuous
function of (a,A) on F(a, A).

The total power consumption Py, is a linear function of the power variable P, clearly
continuous. Due to Py, > P, > 0, the objective function g = R/ Py, is a continuous
function on F(a, A).

Existence of Maximum Value

For every fixed continuous function (a, A) € A, g must be able to reach its maximum
value on the compact set F(a, A) (according to the extremum theorem). Let the maximum
value be 77*;(a,A). Since A is a finite set, the global maximum value is

Ngp = max, 1 ge(a B) (A4)

The maximum value in a finite number of real numbers must exist. Therefore, the
maximum value of the objective function in Equation (27) must exist. O
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